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Existence and Stability of Almost Periodic Solutions of
Nonlinear Damped Equations of a Suspended String

Hitomi HATTORI and Masaru YAMAGUCHI

Tokai University

Abstract. In this paper we shall show the existence and the stability of almost periodic solutions of the bound-
ary value problem to a nonlinear suspended string equation with a linear damping term and an almost periodic weakly
nonlinear forcing term. We treat both weak solutions and strong solutions. Also we show the existence of time global
solutions of the initial boundary value problem to the equation.

1. Introduction

In recent researches of the behavior of suspended strings the existence of periodic oscil-
lations of a nonlinear suspended string with finite length has been investigated under both the
existence of damping (Hattori [4], Nagai [6] and Yamaguchi-Nagai-Matsukane [14]) and the
nonexistence of damping (Yamaguchi [10, 11, 13]). On the other hand, for the existence of
almost periodic and quasiperiodic oscillations of the suspended string only a few results have
been obtained; it is shown in [10] that when the equation is linear, has a quasiperiodic forcing
term and has no damped term, there exist infinitely many almost periodic and quasiperiodic
oscillations of the suspended string. However there have been no works on the existence of
almost periodic oscillations of the suspended string when the equation is nonlinear.

In this paper we shall be concerned with a suspended string to which almost periodic
nonlinear forces and a linear damping operate. We show

(i) the existence of almost periodic oscillations ;

(i) the exponential stability of the almost periodic oscillations.

Consider the following equation of the suspended string with a linear damping and
weakly nonlinear forcing terms

82u(x, 1) + Lyu(x,t) + dyu(x, 1)

(SS)
=h(x,t) +ef(x,t,u), (x,1)€(0,a)xR",

where L, is a second order differential operator whose principal part is degenerate at x = 0 :

Lo x #+a
" m+19x2  9x )’
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m is a constant larger than —1, ¢ is a small parameter and @ > 0 is a constant, the length of
the string. For the derivation of the equation of the suspended string, see Koshlyakov-Gliner-
Smirnov [5].

Throughout this paper except Section 4 we suppose that the forcing terms & (x, ) and
f(x,t,u) are almost periodic in ¢ uniformly with respect to other variables. See Section 2.3
for the definition of almost periodic functions.

In the first part of this paper we shall consider the following BVP (the boundary value
problem) to Eq. (SS)

32u(x, 1) + Lyu(x, t) + du(x, 1)
(P) =hx,0)+ef(x,t,u), (x,1)€(0,a)x R,
ua,1)=0, reR',

and prove the existence of almost periodic solutions under suitable assumptions on m and #,
f (see Section 3, Theorems 3.1 and 3.2). In the periodic cases where & and f are T -periodic
([4, 6, 11, 13, 14]) the time interval is taken as [0, 7] that is compact in R!. Then in the
suitable Lebesgue-type and Sobolev-type spaces with respect to the space-time variables x and
t, the Fourier expansion method with respect to both x and ¢ can be applied, and the periodic
solutions of the linear BVP with ¢ = 0 are represented by the Fourier series in the spaces.
From this fact, the existence of the periodic solutions of the linear BVP and the fundamental
estimate of the inverse of the linear operator 8,2 + L,, + 9, are obtained. Then the contraction
mapping principle, the Schauder fixed point theorem or the fixed point continuation method
is applied to nonlinear BVP (P).

However in the almost periodic problems the time interval naturally is taken as
(—o0, +00) that is not compact, whence different from the periodic problems, we are not
able to apply the Fourier expansion method with respect to ¢. In this paper, instead of the
Fourier expansion method in both x, #, we combine the Fourier expansion method with re-
spect to x with the representation formula of the almost periodic solutions of the second order
scalar ODE with almost periodic forcing term (Lemma 3.1). Using this method in some well-
defined function spaces (see below and Section 2), we obtain the existence and uniqueness of
an almost periodic solution of a linear BVP with ¢ = 0 and the basic energy estimates of the
solution in suitable function spaces of almost periodic functions (see Section 3, Proposition
3.1). Then we apply the Picard iteration method to BVP (P), and show the existence of an
almost periodic solution that is locally unique in the function space. We shall deal with the al-
most periodic solutions with weak regularity (Theorem 3.1) and strong or classical regularity
(Theorem 3.2). In the former case we take m > 0 arbitrarily, while in the latter case we shall
take m = 0 so that the generalized Sobolev-type inequality to the SS operator (see [10]) can
be applied in order to obtain the regularity of the solutions.

In the second part we shall deal with the (local) exponential stability of the above almost
periodic solutions of BVP (P). Let the almost periodic solution obtained in Section 3 be given,
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denoted by ug(x, t). Consider IBVP (initial boundary value problem) to the equation (SS)
Ou(x, 1) + Lyu(x, 1) + du(x, 1)

=h(x,t)+ef(x,t,u), (x,1)€(0,a)xR",
Q 1
u(a,t) =0, teR,

ux,0)=¢x), oulx,0)=vx), xe€(,a).

It turns out (Theorems 4.1-4.2) that IBVP (Q) has a unique time-global solution u (x, t; ¢, )
in suitable function spaces for small e. Then we show (Theorems 5.1-5.2) that any so-
lution u(x, t; ¢, ) starting from initial data (¢, ) in some neighborhood of the data
(uo(x,0), d;up(x, 0)) converges to ug(x, t) exponentially as ¢ goes to +00. The rate of the
exponential decay depends on the value of the max eigenvalue A ; satisfying4A; < 1, where 1,
the right hand side, means the damping constant. This statement will be proved by estimating
the energy of the difference u(x, t; ¢, ¥) —uo(x, t) similar to the proofs of Theorems 4.1-4.2.
In IBVP to nonlinear SS equations without a damping term Wongsawasdi-Yamaguchi [7, 8]
and [13] proved the existence of both weak and classical time-global solutions. The solutions
are stable; i.e., the solutions in [7, 13] exist in the bounded stable set in HO1 (0, 1; x™) for all

¢ € R, and the solutions in [8] are bounded in H*(0, 1; x%) forall t € R1.

The operator L,, has the principal part that is degenerate at x = 0. In order to deal with
this degeneracy, the Lebesgue and Sobolev type function spaces with power weight at x = 0
were introduced in [10], and the properties of the spaces and inequalities in such function
spaces were studied (see [10, 11, 12, 13, 14]). In this paper, different from the above function
spaces, we introduce function spaces whose elements have finite weighted norm at x = 0 in
x-direction and uniformly bounded in # € R! with its derivatives (see Section 2). We consider
IBVP (Q) in such function spaces.

As we stated above, the time interval treated in this paper is not compact. Hence we
define other necessary function spaces to deal with almost periodic solutions and functions,
different from the periodic problems ([4, 14] and so on).

This paper is organized as follows. In Section 2 we introduce some necessary function
spaces related to the SS operator. Also we define some function spaces of almost periodic
functions, and state the properties of almost periodic functions, used in this paper. In Section
3 we consider the existence of almost periodic solutions of BVP (P). In Section 4 we show the
existence of global solutions of the IBVP (Q). In Section 5 we prove the exponential stability
of the almost periodic solutions.

2. Function Spaces, Eigenvalue Problem and Almost Periodic Functions

We introduce some function spaces with power weight at x = 0 (¢f. [10, 11, 12, 13, 14]).
We also state the definition and properties of almost periodic functions (cf. Amerio-Prouse
[1] and Corduneanu [2]) in these function spaces used in later sections.
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In this paper the constants such as C1, Ca, . .. appeared in the proofs of Theorems, Propo-
sitions and so on will be suitably taken independent of x, ¢ and u, if not specified.

2.1. Definitions of Function Spaces. Let O be any open set in R"”. Let Z, and
R}r be the set of nonnegative integers and the set of nonnegative real numbers, respectively.

L%(0) and H*(0) are the usual Lebesgue and Sobolev spaces, respectively. Let m be any
fixed nonnegative number.

Some function spaces below are defined in the above references, but we again write those
spaces for readers.

By L?(0,a; x™) we denote the Lebesgue-type space whose elements f(x) are real-
valued and measurable in (0, a), and satisfy x 7 f € L*(0, a) with norm defined by

1
a 3
[f12200.a:xm) = </o xmf(x)zdx> .

The space is a Hilbert space with the inner product
a
(fs g)Lz(O,a;x’") = / x" f(x)g(x)dx .
0

Lets, j € Z4+. We define the Sobolev-type Banach space H*(0, a; x™) whose elements

f and their weighted derivatives x%B}{ f(O < j < s) belong to L%(0, a; x™) with norm
defined by

s i

| flas ©.a0m) = <Z Ix28] f(x)@z(o,a;xm))
j=0

Let HOl (0, a; x™) be a subspace of H'(0, a; x™) whose elements f satisfy f(a) = 0. We
also define a subspace K*(0, a; x™) of H*(0,a; x™) whose elements f satisfy Lﬁlf €
HO1 0,a;x™) (0<j <I[(s—1)/2]). K*(0, a; x™) is a Banach with the norm | - | gs0,a;x™).
We set KO(O, a;, x™) = L2(0, a; x™). Clearly KI(O, a; x™) and KZ(O, a; x™) are respectively
identified with H(0, a; x™) and H2(0, a; x™) N H} (0, a; x™).

Let  be an interval in R' and X be a Banach space with norm | - |x. We denote by

C*(I; X) a function space whose elements f (¢) are k-times continuously differentiable in X.
The norm is defined by

d’f
W(f)

k
I fleka:x) = sup Z
1

teR ]: X

We write CO(1; X) as C(I; X).
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Let s and o be positive integers with s > ¢. Define the norm

d* f
ar "

o

1fOlsom =

k=0

HS=k(0,a;x™)

for f € N7_oCX(R'; K57%(0, a; x™)). We denote by F,;° the class of functions f €
N7_o CK(R'; K*7%(0, a; x™)) with sup,c g1 | f ()]5,0.m < +00. The norm of F,;“ is defined
by

|f|F,f{“ = sup |f(t)|s,o,m .

ter!
F,;° is a Banach space with the norm | - | zs.c. We define ), by replacing R' by R} in the

et S,0 5,0 - .
definition of F;,;”. The norm | - | Fi° of F,, is defined in the same way as | - | gso.

2.2. [Eigenvalue Problem for L,,. Consider the eigenvalue problem
Lp¢p(x) =2p(x), x€(0,a),
¢(a)=0.

It is known ([5]) that (2.1) has the eigenvalues A and the corresponding eigenfunctions ¢.
Here A and ¢ are given by

Q2.1

2
A = M ,
4(m + 1a

x_% X

o (x) = — I | iy —

a1 (k) a
fork = 1,2,..., where J,, is the m-order Bessel function, and {ur; k = 1,2, ...} is the set
of all positive zero points of J,, with 1 < wa < --- and limg—, 4o x = +00. From this

note that limy_, oo Ax = +00 holds. The sequence {¢y} is the CONS in L2(0, a; x™).

2.3. Almost Periodic Functions. In this subsection, we again write the definitions
and the basic properties of almost periodic functions for readers (see also [1] and [2]). Further-
more we show necessary properties of almost periodic functions for later use and introduce
function spaces of almost periodic functions, fundamental for the study of almost periodic
solutions of this paper.

Let X be a Banach space. Let f € C(R!; X). A function f(¢) is called X-almost
periodic or almost periodic in X if for any i > O there exists a relatively dense set AP, (f) =
{r}. such that

lfG+0) = fOIx <n
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foranyr € R' andany 7 € AP, (f). Here we call {t}, a relatively dense set if for any u > 0
there exists a constant [, > 0 such that any interval (¢,7 +1,),t € R, contains at least one
7 € {t},. BEach t € AP,(f) is called pu-almost period of f. We denote by AP X the space
of almost periodic functions in X with the uniform convergence norm sup, .1 | - |x.

Almost periodic function in R! is called an almost periodic function in Bohr’s sense or
a numerical almost periodic function that is the most basic almost periodic function.

The following lemma shows the relative compactness of AP X (see [1, 2]).

LEMMA 2.1. Let f(t) be continuous in X. Then f(t) belongs to APX if and only
if for any real sequence {a} there exists a subsequence {B;} of {a;} such that the sequence
{f( + Bj)} converges uniformly in X.

It is well-known ([1, 2]) that the sum and the difference of two X-almost periodic func-
tions are X-almost periodic, and the product of numerical almost periodic function and X-
almost periodic function is X-almost periodic.

LEMMA 2.2. Let {fu(t)} be a sequence of almost periodic functions in X that con-
verges uniformly to f(t). Then f(t) is almost periodic in X.

REMARK 2.1. APX is a Banach space (see [1, 2]).

Let f(t) € APX. Then there exists a sequence of real numbers {Ar} so that f(¢) is
expanded into the Fourier series

> T
(22) f([) ~ E fk ei)»kt , fk — Tll)ngo %/0 f(t)e—i)»kl‘dt )
k=1

Here Ay and f; € X are called the characteristic exponents and the Fourier coefficients of
f(t), respectively. Conversely, if the Fourier series (2.2) converges uniformly in X, then it is
almost periodic in X. Especially a finite trigonometric series Y ;_; gk '™ is almost periodic,
where g, € X and py € RL.

Let f(t,2) € C (R'; X), where > € Aisa parameter. f (¢, A) is called almost periodic
in X uniformly with respect to A € A if the relatively dense set is independent of A.

LEMMA 2.3. Let f(t, L) be almost periodic in X uniformly with respect to . € A,
where A is a parameter domain in R™, and differentiable with respect to (t, \) up to order s.
Assume that the derivatives 0 Bff(t, A), a + |B| < s, are uniformly continuous in R!' x A,
where = (B1. ... Bu). 1Bl = 1Bl + -~ + |Bul and 8 = " 9. Then 82 8 £ (1, )
are almost periodic in X uniformly with respect to A.

The proof of this lemma is done in the similar way to [1].

LEMMA 2.4. Let f(t, L) be almost periodic in X uniformly with respect to . € A,
where A is a parameter domain in R™. For any real sequence {a} there exists a subsequence
{B;} of {a}} independent of A such that the sequence { f (t + B;)} converges uniformly in X.
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The proof is similar to that of Lemma 2.1 ([1]).

LEMMA 2.5. Let B,(a) be a closed ball in X with radius r centered at a € X. Let
F(t,u) be a mapping of R' x B,(a) into X. Assume that F(t,u) is uniformly continuous
inu € By(a) uniformly in t and almost periodic in t uniformly with respect to u € B,(a).
Let v(t) be an almost periodic function in X with {v(t)};cgt C Br(a). Then the composed
function F(t, v(t)) is almost periodic in X.

PROOF. We apply Lemma 2.1. Let {«} be any real sequence. Since F'(¢, u) is almost
periodic in ¢ uniformly with respect to u, the sequence {F (¢ +«, u)} is relatively compact in
X. Hence there exists a subsequence {f;} of {«;} independent of u such that the subsequence
{F(t + Bj,u)} converges uniformly with respect to u. It means that for any & > 0 there exists
n1 = ni(¢) € N independent of u such that

(2.3) |F(t+Bj,u)—F@+Br,u)lx <¢

forany j, k > ny and any u € B,(a). Since F(t, u) is uniformly continuous in # uniformly
with respect to ¢ € R, there exists § > 0 such that

2.4 |F(t,u) — F(t,w)|x <¢

for u, w € B(a) with |u — w|x < & uniformly with respect to #. On the other hand, by
the almost-periodicity of v(¢) we can choose a subsequence {y;} of {8;} so that for a suitable
ny = n2(8) € N the following inequality

2.5 vt +yj) —v +y)lx <9
holds for j, kK > ny. Then we see
|F(t +yj, vt +y)) — Flt + v, vt + yi)lx
S|F@+yj,v@+y) = Fl+yev@+y))lx
+IF@ + v vt +v)) = F@ + v, v+ v)Ix
It follows from (2.3)—(2.5) that
|[F(t+yj, vt +y) — Ft+ v, v+ y)lx < 2e

for any j, k > max(ni, nz). Therefore {F(¢ + y;, v(t + y;))} is a Cauchy sequence in X
uniformly with respect to ¢. This means that the sequence {F (¢ + o, v(f + «;)) is relatively
compact. Therefore we conclude from Lemma 2.1 that F (¢, v(¢)) is almost periodic in X. O

We introduce function spaces APF,;° of almost periodic functions as follows : f
belongs to APFy° if f belongs to Fy° and each d* f(r)/dt* is almost periodic in
Ks_k(O,a; xMfor0 <k <o.

Clearly the following proposition holds.

PROPOSITION 2.1.  APF,° is a Banach space with norm | - | ps.o.
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From the Sobolev lemma the differentiability of functions of Fj,°, hence functions of
APF,?, is shown. Thus we obtain the following propositions. Note that ¢ < s is assumed
(cf. Definition of F;;°).

PROPOSITION 2.2. Leto > 1. Thenany f € Fy° belongs to C(R'; C5~1(0, a)).
COROLLARY 2.1. Lets >3 ando > 2. Then f € Fy° is of C* in (0,a) x R'.

REMARK 2.2. Itis necessary to state the relation between an almost periodic function
in AP F,;° and a numerically almost periodic function that is the most basic and simple almost
periodic function. See Assumption (B2) on the nonlinear function f. Clearly, if f(x,t) is
numerically almost periodic uniformly with respect to x, f belongs to APL" (0, a; x™) for
any r > 0 and m > 0. Similarly, if f(x, ¢) with its derivatives 9% f(x,#) (0 < a < s) is
numerically almost periodic uniformly with respect to x, then f belongs to AP H*(0, a; x™)
for any r > 0 and m > 0. Conversely if f belongs to APH*(0, a; x™) and m, s satisfy
s > m+2, f(x,t) and its derivatives 3% """ "1 £(x, 1) are almost periodic uniformly with
respect to x. This is shown by Proposition 4.2 in [11].

3. Almost Periodic Solutions of BVP (P)

In this section it is shown that BVP (P) has an almost periodic solution for small ¢ that
is locally unique in suitable function space. To this end the Picard iteration method will be
applied to BVP (P). It is necessary to show the existence of an almost periodic solution of a

linear BVP and to derive the energy estimate of the solution in F,f,“’z.

From now on through this paper, we call a solution in Fnll’1 the weak solution, and a
solution in F;:,H’Z(s > 1) the strong solution. Also if the strong solution satisfies BVP or
IBVP in the classical sense, i.e., the solution is two-times differentiable with respect to (x, t),
the solution is called the classical solution.

From now on we denote the operator 8,2 + L,, + 9; by A,, for brevity.

3.1. The Existence of Almost Periodic Solutions of Linear BVP. Consider the fol-
lowing linear BVP

Apw(x, 1) =g(x, 1), (x,1)€(0,a)xR",
(LP)
w(a,t)=0, reR'.
We assume the following condition on a forcing term g.
(A) g(, 1) is almost periodic in K¥(0, a; x™).
REMARK 3.1. Letg € C(RY; K5(0, a; x™)). Assume that g(x,t) is numerically al-

most periodic uniformly with respect to x and the derivatives 8){ gx,t) (0 < j < s)are
uniformly continuous in [0, a] x R!. Then it follows from Lemma 2.3 that g satisfies (A). See
also Remark 2.2.
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PROPOSITION 3.1. Assume (A). Let s > 1. Then BVP (LP) has an almost periodic
solution w unique in APF,‘f['rl’2 satisfying

(3.1 [wlps+12 < C sup |g(, Dl s ©0,a;xm) -
" teR!

Moreover if s = 0, the statement holds by replacing APF5 "% and Ft'? by APF)!
and F,},’l, respectively.

To show this proposition we prepare the representation formula of almost periodic solu-
tion of the second order ODE.

LEMMA 3.1. Let Aj be any eigenvalue defined in Subsection 2.2. Consider the follow-
ing scalar second order ODE

(3.2) Y@+ y@) + (1) = g@),

where ¢(t) is almost periodic in R'. Then there exists a unique almost periodic solution y(t)
of (3.2) represented by

1 o vt VT
(3.3) y() = g/o gt —1t)(eV —ei )dt,
J

where v]j-E are the solutions of the corresponding characteristic equation of the second degree

F+etr;=0,
given by
1
1 __ 1 (1—4x))2
(3.4) V}FI—E‘FCI]', Vj I—E—Clj, Cljziz .

For the proof of this lemma, see [3, 9].
Let jo be the maximum of integers j so as to satisfy 1 —4A; > 0. If there exists no such
number jo, we take jo = 0. In what follows, we define a decay exponent by

{1/2 (jo=10)
1/2—ar (o= 1.

(3.5) y =

Then it follows that
vir —yt
(3.6) le’i’| <e™”
forany j € N and any ¢ > 0.
PROOF OF PROPOSITION 3.1. We expand g(x,f) into the Fourier series in

LZ(O, a; x™)

3.7) gC. 0 =Y gj(e; .

j=1
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We look for the almost periodic solution w(x, ¢) as the Fourier series in LZ(O, a; x™:

(3.8) w1 =Y w;t)¢;.

j=1
Substitute (3.7)—(3.8) into (LP) and compare the Fourier coefficients. Then we obtain the
following system of second order ODEs

3.9 w;(t)—l—)»jwj(t)—i-w/j(t)=gj(t), j=12,....
Clearly g () = (9(-, 1), @) 12(0,q:xm) s numerically almost periodic. It follows from Lemma
3.1 that (3.9) has a unique almost periodic solution of the form

1 o vt V. T
(3.10) wj(t)z—/ gi(t—1)(ei —ei)dr,
2(1] 0

where ijF and a; are defined by (3.4). Differentiating (3.10), we have
1 o vt Vo T
3.1D) w;(t)zg/o gj(z—r)(u;ref —vye'iNdr.
J

We show that (3.8) converges in Fiy" 2

, whence w is the solution of BVP (LP). It is enough
to show that the series Z?’;l (A‘;.Jrl w; 2 + )c} w;. (1)%) converges uniformly with respect to

t € R'. For, if the series converges, this is equivalent to |w(t)|ip+1(O aixm) + IB,w(t)I%,s ©.a1xm)

([10]). We show that this quantity is estimated by sup,cg1 |g(:, t)I%,S (O.azxm)- By this estimate

it follows from Lemma 2.2 that w(-, ) and d,w(-, t) are almost periodic in K*+1(0, a; x™)
and K*(0, a; x™), respectively. The almost-periodicity of 8t2w(-, t) follows from (LP).

First we estimate J = .52, 45" w;(1)%. Using (3.10), (3.6) and ; < c/a;|?, we
calculate

SN Y + - 2
s+ A — vit vt
=2 <2|aj|/o l9; (¢ = Dlle” = e 'df>

0 00 2
<C Z <){;/2 /0 lgj (t — r)Ie"”dr) .
j=1

By applying the Minkowski inequality to the right hand side, we have

0o ( O© % 2 00
J<C U { (A5 1gj — r)|ze_2’”)} dri| < C sup Z,\j. gj(0)?.
0 j=1 tele:1
Thus we obtain
o o0
(3.12) Do wi)? < Csup Y A5 g7

j=1 teR! j=1
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Note that the following inequalities holds ([10], Proposition 3.4)

o
(3.13) SULE s anemy < D A5 7 < 821 s 0.aimy

j=l1
for f € K*(0,a;x™), where §; > O are constants and f = ) fj¢;. Conversely,
if [ € L2(0, a; x™) satisfies (3.13), f belongs to K*(0,a; x™). Hence, from g €
C(R'; K*(0, a; x™)) we obtain

(3.14) W, D gs+1(0,a:0m) < C sup [g(, D Hs0.a:xm) -
teR!
This means w € C(R'; K*1t1(0, a; x™)).
In the similar way, using (3.11), we obtain

[e¢]

o0
(3.15) Z 2w (H)? < C sup

. |-
j=1 teR j=

2 gi(0)?
1
From this and (3.13) we see 3;w € C(R'; K*(0, a; x™)) and obtain the estimate

(3.16) [0 w (s D) s ©,a50m) < C sup |gC, ) Hs©0,a5x0m) -
teR!

Using Eq. (3.9), we have

o0 o

G17 Y AW <) 0 w0 + 45w @07 + 45 g0
j=1 j=1

By (3.12), (3.15) and (3.13) we have 3?w € C(R'; K~1(0, a; x™)) and

(3.18) 197w, )] o1 (0.a:xmy < C SUP 190 15 0,a:0m) -
teR!

Therefore by (3.14), (3.16) and (3.18) we obtain w € F,‘fl“’z and the estimate (3.1).
Finally we show that the solution w(-, #) is almost periodic, more precisely w belongs

to APF,ZH’z. Since g(-, t) is almost periodic in K*(0, a; x™), it follows that for any ¢ > 0
there exists a relatively dense set {t}. such that

lgC, 1+ 7) = gC, DlHs 0,a;0m) < €
fors € RL. Since v(x,?) = w(-, t + ) — w(-, 1) is a solution of BVP
Apv = g(x, 1 4+7) —g(x,1), (x,1) € (0,a) x R,
v(a,t) =0, teR',
it follows from (3.1) that

sup lv(-, t)ls+1,2,m <C sup lg(,t+71)—gC(, t)|HS(O,a;xm) <Ce.
teR! teR!
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This means w € APF,‘flJrl’2 with Ce-almost periods. The uniqueness is clear from (3.1).
From the above proof the case s = 0 is clear. O

3.2. The Existence of Almost Periodic Solutions of Nonlinear BVP. In this sub-
section we consider BVP (P)

Apu(x, 1) = h(x,t) +ef (x,t,u), (x,1) € (0,a) x R,
(P)
u(a,r)=0, teR',
and show that under several conditions on & and f BVP (P) has locally unique almost periodic
solutions in APF,,11’1 (weak solutions) and APF,‘,Y[H’2 (strong or classical solutions).
3.2.1. The Existence of Almost Periodic Weak Solutions of BVP (P). First we
show the existence of almost periodic weak solutions of BVP (P).
We assume the following conditions on /& and f.
(A1) h(.,t) is almost periodic in L2(0, a; x™).
(A2) (i) f(x,t, ) is continuous in [0,a] x R' x R'. f(x,t, 1) is locally Lipschitz
continuous in A € R! : For any r > 0 there exists a constant po(r) > 0 such that
(3.19) [f G2, h1) — fx, 1, 22)] < po(r)[a — 22|

for A1, Ay € (—=r,r) and (x,1) € [0,a] x R
(i) f(.,t,¢) is almost periodic in L%(0, a; x™) uniformly with respect to any bounded
function ¢ (x).

REMARK 3.2. Instead of (Al), assume that h(x,t) is numerically almost periodic
uniformly with respect to x (Remark 2.2). Then clearly 4 satisfies (Al). Also instead of
(A2)(ii), assume that f(x,t, A) is numerically almost periodic uniformly with respect to
(x, 1) € [0,a] x R'. Then f satisfies (A2)(ii).

EXAMPLE 3.1. As typical examples of f(x, ¢, 1) satisfying (A2), we can take
(D) [0 = e 0A" 4,
2) f&, 6,0 =alx,0)[A”,
B) fx,t,N) =alx, )\’ for pe Zy,
@) f(x,t,A) =a(x,t) sink,

where «a(x, 1) is continuous in (x,¢) € [0,a] x R' and numerically almost periodic in ¢
uniformly with respect to x € [0, a] and p > 1 is a constant.

THEOREM 3.1. Assume (A1)—(A2). Then there exists ¢y > 0 such that BVP (P) has
an almost periodic solution u € APF,,I{1 for any ¢, |e| < &g. The solution u is locally unique
in APFpy'.
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PROOF. We prove this theorem by the Picard iteration method. We define a successive
approximation sequence {u,} by the following scheme:

Apuo =h(x, 1), (x,1) € (0,a) x R",
(3.20)
uo(a,t) =0, teR',
and
Amttn1 = h(x, 1) +ef (x,t,un), (x,7) € (0,a) x R",
3.2D
Uny1(a, 1) =0, 1eR!

forn =0,1,2,.... We first show that the sequence {u,} is well-defined in APF,}{I. In fact,
as (Al) holds, ug € APF,,11’l by Proposition 3.1. Assuming that u, belongs to APF,,11’1, we
show that u,1 belongs to APF,},’I. We have only to show that f(x, t, u;) fulfills the condi-
tion (A) with s = 0 i.e., the composed function f (x, t, u,) is almost periodic in L2(0, a; x™).
To this end first we show that f(-, ¢, u, (-, t)) is continuous in LZ(O, a; x™). We calculate

|f(7 t’ un('a t)) - f(’ fO» un(" tO))|L2(0,a;Xm)
= |f(7 z, ul’l(" t)) - f(’ t, un('a to))le(O,a;xm)
+ |f(a t’ ul’l(" fO)) - f(’ t07 un(" tO))lLZ(O,a;xm) .

Since u, belongs to Fnll’l, i, (x, 1) is bounded in (0, a] x R! by the Sobolev-type inequality.
By the local Lipschitzness of f with respect to A and the continuity of u, (-, #) in L(0, a; x™)
the first term tends to 0 as ¢t — #p. Since f(x, 7, A) is continuous in [0, a]x RIx R!, the second
term in the right hand side tends to O as ¢t — #p. Hence f (-, t, u,(-, 1)) € C(R!; LZ(O, a; x™)).
Also by the local Lipschitzness of f in (A2) f(-, 1, ¢(-)) is a continuous mapping of R! x
HO1 (0, a; x™) into L%(0.a; x™). By (A2)(ii) f (-, t, ¢(-)) is almost periodic in L2(0, a; x™)
for ¢ € HO1 0, a; x™), since HO1 (0, a; x™) is continuously embedded in C ([0, a]). Hence by
applying Lemma 2.5 to f (-, t, ¢), the composed function f(-, ¢, u,(-, t)) is almost periodic
in L%(0, a; x™). Therefore G, t,un(-, t)) fulfills (A).

Let C be the same constant as in (3.1) in Proposition 3.1. We prove the following : For
any R > 2C sup,cpi |h(-, 1)[12(0 4:xm) there exists &9 > 0 such that for any &, |¢] < & the
sequence {u,} satisfies

1 |”"|F,,‘;' <R for n=0,1,...,

)  |ups+1 — “”'F,};' <kK|u, — “”—1|F,,1;‘ for n=1,2,...,
where « is a constant in (0, 1). We show (i) and (ii) by induction. First applying Proposi-
tion 3.1 to BVP (3.20), we obtain ug € F,},’l and |MO|F,1," < R. This shows that (i) holds for

n = 0. Assume that u; € F,},’l with |uj| 11 < Rfor j =1,2,...,n. Then the sequence

|1
{un(x, 1)} is uniformly bounded in (0, @) x R!. In fact, applying the Sobolev-type inequality
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([11]) to the middle term below, we have

|un (x, )] < sup |up(x, )] < C1 sup [un (-, D p10,a;0m) < Cilttn|prr < C1R.
teRr! teRr!

From this f(x, ¢, u,) is uniformly bounded in (x, 7) € (0, a) x R! by some constant K > 0
independent of n. Then again applying Proposition 3.1 with s = 0 to (3.21), we have

lunsil g < C (sup [h(, )] 12(0 g.xmy + 1€l SUP [ f (X, 2, Un)l12(0,4:xm))
m t t

R
§§+|5|C2K,

where C, depends only on a. Therefore by taking g9 > 0 so as to satisfy g9 < R/(2C2 K),
Uy satisfies (i).
Next we show that (ii) holds. v, = u,4+1 — u, satisfies

Anvn = e(f (e, t,un) = fx tun—1)), (6,0 € (0,@) x R,
wia,t)=0, teR'.
Applying Proposition 3.1 to the above BVP and using (A2)(i), we have

|v”|FJ[1 <C |e| sup1 [f(xst,un) — f Qs un—1)12(0,q:0m)
teR

< Cslel sup [vn—1(, D 2(0.q:xm)
teR!

= Gslel [vn—1l g1,

where C3 = C p(C1R). Therefore again taking &9 > 0 such that C3 |¢g| = k < 1, we obtain

(3.22) [tp1 — uplp11 < K |up — up—q] 1
Fu Fu

for any ¢, |¢| < g9. Hence {u,} is the Cauchy sequence in APF:!. By the completeness of
APF,},’I, {u,} converges to some u € APF,,I;I. Take n — +00 in

(3.23) Uns1 = Ay (B + ef (un)) .

Then u is the solution of the integral equation u = A;l (h + ef (u)). This means that u is the

solution of BVP (P) in F,--!.
The local uniqueness of the solution is proved in the similar way to the above argument
to show (3.22). O

From Theorem 3.1 and Remark 3.2 we obtain the following:

COROLLARY 3.1. Assume that h(x,t) is numerically almost periodic uniformly with
respect to x and f (x, t, L) satisfies (A2)(i) and is numerically almost periodic uniformly with
respect to (x, )). Then the same conclusion as Theorem 3.1 holds. Moreover the solution is
numerically almost periodic.
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3.2.2. The Existence of Almost Periodic Strong and Classical Solutions of BVP (P).
In this part we show the existence of the almost periodic strong and classical solutions of BVP
(P). More precisely, the almost periodic solutions belong to A P

Throughout this part we assume that m is equal to 0 and s is any fixed positive integer
> 2.

We assume the following conditions on / and f.

(B1) h(-, 1) is almost periodic in K*(0, a; x°).

(B2) (i) f(x,t,A)isof CS=class in [0, a] x R! x R!, and its derivatives up to order s
are uniformly continuous in [0, a] x R x I, where I is any finite interval in RL.

(ii) Foru € K**t1(0,a; x%), f(-, 1, u) belongs to C(R'; K*(0, a; x0)).

(iii) f(x,t, A) is numerically almost periodic uniformly with respect to (x, A) € [0, a] x

s+1,2
Feth2,

I, where [ is a finite interval in R!.

LEMMA 3.2. Assume (B2) (i) (iii). Then f(-,t, A) is almost periodic in H*(0, a; xo)
uniformly with respect to \.

PROOF. As (B2) (i), (iii) holds, we apply Lemma 2.3 with X = R! to f(x, ¢, A) so that
the derivatives (07 f)(x, ¢, A) (o < s) are numerically almost periodic uniformly with respect
to (x, A). Let {«;} be any sequence in R'. From the above fact and Remark 3.2 we have

|FCot e, h) = O+ ek Mg

=Y HENC+aj ) = @ N+ @k T2 g0,
=0

<C ) sup|@,f)(x, 1 +aj, k) — (B4 f)x, 1+ ax, M)
1=0 ©*

Hence from Lemma 2.4 we can choose a subsequence {fi} of {a} independent of A so that
each term in the right hand side tends to 0 as j, k — oo. Therefore the conclusion holds from
Lemma 2.1. O

Let B, (0) be a ball with radius r and center 0 in K*(0, a; x°).
LEMMA 3.3. Letr > 0 be any constant. Assume that (B2) holds. Then f(-,t, $(-)) is
almost periodic in K* (0, a; x°) uniformly with respect to ¢ € B, (0).

PROOF. Let{«;} be any real sequence. Then by Lemma 3.2 there exists a subsequence
{B;} independent of A such that the sequence {f(-,# + B;, 1)} converges in H*(0, a; x0)
uniformly with respect to A € R'. We calculate

|f(9 t+ ,8]’ ¢()) - f(9 t+ IB/ﬁ ¢('))|%15(0,a;x0)

(3.24) s 12 5
=Y IS+ B d) = F b+ B 920 ix0)

=0
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By using the chain rule
(3.25) 0 fx t,¢) =Y Capy (3F0) f)(x. 1, $)(@})™ - ()™,

where the summation is taken for oy +--- + oy = y and 8 + o1 + 202 + - - - + loyy = [, each
term in the summation in (3.24) is estimated:

2L Cot 4 B ) = Gt + B ] 20 000,

2" Capy (0] f)(x,t + By ) — (920) £)Cx, £+ Br. §)}

2
X (D) -+ (9, )
L2(0,a;x0)
< C ) supl(@fd] f)x, 1+ Bj, §) — (L] /)(x, 1+ Br, 9)I
X
2
X (x1/28;¢)a1 . (Xl/28i¢)al
L2(0,a;x%)

The last term is estimated in the same way as in the proof of Proposition 4.2 in [14] :
2
(x1/2a;¢)a1 . (xl/28)lc¢)al

5 c (1 + |¢|?.1Sx(0’a;x0)) .
L2(0,a;x9)
Since (af 8{ f)(x,t, @) is numerically almost periodic in ¢ uniformly with respect to (x, ¢),

we can choose a subsequence {ry} of {8} such that {(E)f 8{ f)x, t+rj, ¢)} converges. There-
fore it follows from (3.24) and the above calculations that {f(-,7 + r;, ¢(-))} converges in

K*(0, a; x°) uniformly in ¢ € B, (0). Hence the conclusion follows. O

LEMMA 3.4. Assume that (B2) holds. Then for u € APFSH’2 fG,t,u(-, ) is
almost periodic in K*(0, a; xo).

PROOF. We apply Lemma 2.5. Take F(t,u) = f(,t,u) and X = By(0) =
K40, a; xO). From (B)(ii) F is a mapping of R! x X into X. From the Moser-type in-
equality f(-,?, ¢) is Lipschitz continuous in ¢ € B, (0) uniformly with respect to ¢ for any
r > 0. From Lemma 3.3 f(-,t, ¢) is almost periodic in K*(0, a; x9) uniformly with re-
spect to ¢ € B.(0). Letu € APFS“’Z. Then u(-, 1) is continuous in K*(0, a; x°), i.e.,
u e C(R'; K°(0,a; x9)). Let to € R' be fixed. By the triangle inequality we have

|f(a t9 u('a t)) - f(a th M(', tO))'HS(O,a;XO)
5 |f('7 t9 u('a t)) - f('9 ta M(', to))|H5(0,a;x0)

+ |f(7 z, u(-7 tO)) - f(’ fo, u(-7 tO))'HS(O,a;xO) .
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Since by (B2) (i) the Moser-type inequality ([14]) holds, the first term is estimated by
Clu(-,t) —u(, to)|HX(0’a;xo) that tends to 0 as t — #9. By (B2)(ii) the second term tends
to 0 ast — ty9. Hence f(x,t, u(x,t)) belongs to C(RY; K5(0, a; x9)). By applying Lemma
2.5to f, it follows that f(-, t, u(-, t)) is almost periodic in K* (0, a; xo). Hence the conclusion
holds. -

The following example of f (x, ¢, A) is a typical one that satisfies (B2).

EXAMPLE 3.2. We take
fG,t,0) =alx, A",

where «(x, 1) is of C’-class in [0, a] x R! and numerically almost periodic uniformly with
respect to x, and r is any integer > s.

THEOREM 3.2. Assume (B1)—(B2). Then there exists g9 > 0 such that BVP (P) has an

s+1,2
FO

almost periodic solutionu € AP for any e, |e| < &y. The solution u is locally unique

in APFy!2,

PROOF. To prove the theorem we again apply the Picard iteration method. We define
the successive approximation sequence {u,} by (3.20)—(3.21).

In the proof we need to derive the higher order energy estimates of the solutions so
that the differentiability of the solutions and so the almost-periodicity of the higher order
derivatives of the solutions are obtained. For that main point is to estimate the higher order
derivatives of the nonlinear term f (x, t, uy).

First we show by induction that {u,} is well defined in APF(‘)Y +1.2 By (B1) Proposition

. Assume that u,, belongsto A P . We have only to show that

3.1 assures ug € APFSH’2

s+1,2
FO

toup) i iodi (0, a; xV). nt1 17 by Propo-
f(,t,uy) is almost periodic in K*(0, a x9). Then we obtain u € APFOJ’1 by P

sition 3.1. By (B2) (i) f(-, t, u,) belongs to C(R'; K*(0, a; x°)). By (B2) (i) (iii) it follows
from Lemma 2.3 that af Bi f(x,t, L), k+I1 < s are numerically almost periodic uniformly with
respect to x, A. Hence f(-, ¢, 1) is almost periodic in K*(0, a; xo) uniformly with respect to
A. It follows from Lemma 3.4 that f(-, ¢, u, (-, t)) is almost periodic in K*(0, a; x9).

By Proposition 3.1 we have

|un+1|Fg+1,z < Cle| supl [f(xs 2, un)l gs 0,a:x0) -
teR

Let |un|ps+12 < M. Then from Proposition 2.2 it follows that
0
(3.26) lun (x, D] < C lup| 12 < CM
0

for any (x, 1) € [0, a] x R!. Then using the Moser-type inequality (see [14]), we see

SUp | f G 1y ) s 0,040 < C1(SUP [nlys g g0y + 1D < CL(M + 1)

teR! teR!
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Hence we obtain

|u”+1|F(‘;+l~2 < |£|(1\~4Y +1).

Therefore taking &1 > 0 so as to satisfy ] < M /{C> (M* + 1)}, we obtain

[Unt1]ps+12 < M
0

for any ¢, |¢| < ¢7.
We show the convergence of {u,} in FS +1.2 Applying the Moser-type inequality to the
difference of BVP (LP) for n + 1 and n, and using Proposition 3.1, we have

[tnt1 — unIFgﬂ,z
S Cl |8| Sup |f(x9ta un(t)) - f(x9ta un—lO‘))'Hﬁ'(O,a;xO)
teRr!

< Cale| sup |up — tn—1lgs0,4:x -
teRr!

Hence we have

u —Up| pst12 < Colellun — up—1| ps+1.2 .
|n+l n|F8+, = 2| || n n 1|F6+

Therefore again taking €1 > 0 so as to satisfy C» |e1| < k for some constant ¥ € (0, 1), we
obtain

[nt1 — uanng <« |uy — u”_1|FS+l'2 .

for any ¢, |¢| < e1. Hence {u,} is the Cauchy sequence in Fg +1’2, which leads to the conver-
gence of {u,} to some u € FS“’Z satisfying | ps+12 = M. u satisfies BVP (P) if n — 0o in
0

(3.23).

From Lemma 2.2 we see the almost periodicity of u.

The local uniqueness is shown in the similar way to the above iteration convergent argu-
ment. -

4. Global Solutions of Nonlinear IBVP

Before showing the stability of almost periodic solutions obtained in the previous sec-
tion, in this section we shall assure that IBVP (Q) has a unique global solution. We show the
existence of time-global solutions of IBVP (LQ) and IBVP (Q) under more general condi-
tions (see (C1)—(C2) and (D1)-(D3), respectively, below) than the conditions that the external
forces h and f are almost periodic functions.
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4.1. The Existence of a Solution of Linear IBVP. We consider a linear IBVP to a
nonhomogeneous SS Eq.

Apw(x, 1) = g(x,1), (x,1) € (0,a) x RL,
(LQ) w(a,t) =0, teR.,
wx,0) =¢x), dwkx,0)=vx), xe(0,a).
We assume the following conditions on a forcing term ¢ and initial data ¢, V.

(C1) g belongs to F;:,(ir

(C2) ¢ and ¥ belong to K*T1(0, a; x™) and K* (0, a; x™), respectively.

The following proposition shows the existence and the uniqueness of a solution of the
linear IBVP (LQ) and the energy estimate of the solutions and the higher order derivatives.
The proposition plays an essential role in showing the exponential stability of the almost
periodic solutions obtained in Section 3.

PROPOSITION 4.1. Assume (C1)—(C2). Let s > 1. Then IBVP(LQ) has a unique

global solution w in F;:,ﬂz satisfying

[w(, Dls+1,1,m < C{e_yt (|¢|HS+1(0,a;x”’) + |¢|H“(0,a;x”’))
4.1)

t
+ / e gt = ”'Hﬂ(o,a;xn’)dr}
0

fort € RL, where y is the constant defined by (3.5) and C is independent of ¢, ¥, g.
Moreover if s = 0, the statement holds by replacing F;:,ﬂz by F,},ﬂr, respectively.

It follows from the above proposition that for any initial data ¢ and ¥ satisfying (C2)
there exists a unique solution # = Bj,g € F;:,ﬂz of IBVP (LQ) for g € F;:,"gr, where
B, = By, (¢, V) is a linear integral operator.

PROOF. We again use the Fourier method in the x-direction. Consider the Fourier
series of g, ¢ and

4.2) 9.0 =Y _gi¢;, b= pidj, V=) q;0;.
j=I1 j=1 j=1

From (C1)—(C2) the above Fourier series of ¢, ¥ and ¢ converge in K*T1(0,a; x™),
K*(0,a; x™) and C(R'; K*(0,a; x™)), respectively. We expand w(-, ) into the formal
Fourier series

(4.3) w1 =Y wit) ;.

j=1
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Substitute (4.2)—(4.3) into (LQ) and comparing the Fourier coefficients, we obtain

w}/(t) +Ajw;(r) + w}(t) =g;j@),
4.4)
w;(0) = pj, w}(O) =q;, j=12,...

Using the representation formula of the solutions of (4.4), we have
vt vt 1 ! vie VT
4.5) w;t) =bje i —cjei + — gi(t—1)(e —ei)dr,
261]' 0

where a; and v]j.E are defined by (3.4) and

b = vipi—a; o= Vi Pj—dj ‘
2a;
Also we have
w}(t) = vj_bjevj_t - v}"cjev;'rt
4.6) 1 t + ovte e
+gj/0 git —0)(vjes —v e )dr.

We estimate Z?OZ ! (X;“ w;i(t)? + A w/j (1)?). This is done in the similar way in the proof of
Proposition 3.1. We have, from (4.5)—(4.6)

o]

oo
205 w0 + 5w < YA { (b5 + lejI)e ™!

j=1 j=1
2}

By the use of the inequality A;(|b;|* + |c;jI?) < c(jlp;I* + I¢;|*) and the Minkowski
inequality, it follows that

t —
m /0 gj(t—r)(ev-;rr—ev-fr)dt
J

o0 o0
D5 w0 + M%) < ce” Y05 i1+ 201g51)
j=1 j=1

/ o 1/2
+/O e—ZW{Z/\;|gj(z—r)|2} dr .
j=1

Using the equivalence relation (3.13), we have

lw(, t)|H”l(0,a;xm) + 10 w(, D) Hs 0.a:xm)
t

<Ci {e_V'(I¢IHs+1(0,a;xm) + Yl Hs0.a:xm)) +/ e gl t - T)IHs(o,a;xm)dT} .
0
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This shows that the energy inequality (4.1) holds and w belongs to F,;JZ:I Using the
equation in (LQ), we have

o0 o
Y Twier<cy {,\;“wj(t)z +25 7wl (0 + xj.—‘g,-(t)z} :

j=1 j=1
The right hand side converges uniformly in f. Hence by (3.13) we have 8t2w €
C(RY; K 5_1(0, a; x™)). Therefore w belongs to F,;JZ:Z The uniqueness of the solution
of IBVP (LQ) is clear. O

The following energy estimate will be used to show the existence of a unique global
solution of the nonlinear IBVP (Q).

COROLLARY 4.1. Under the same assumptions as Proposition 4.1 the solution w of
IBVP (LQ) satisfies

4.7) w1 = C<|¢|H”l(0,a;x”’) + ¥ |15 0.a:xm) + sup g(, t)IHS(o,a;xm)> .

1
teER

4.2. The Existence of a Global Solution of Nonlinear IBVP. We consider IBVP
Q)
Apu(x,t) =h(x,t)+ef(x,t,u), (x,t) € (0,a)x R! ,

Q) u(a,t)=0, teR},
ux,0)=¢x), oulx,0)=vx), xe(,a).

4.2.1. Global Weak Solutions. First we deal with weak solutions of IBVP (Q). We
assume the following conditions on A, f and ¢, V.

(D1) 7 belongs to C(RL; L2(0, a; x™)) with sup, LG D120 g0m) < +00.

(D2) (i) f(x, 1, 1) is continuous in [0, a] x R' x R!.

(ii) f(x,t,A) is locally Lipschitz continuous in A € R! uniformly with respect to
(x,1) € [0,a] x R : For any r > 0 there exists a constant po(r) > O such that

(4.8) |f (s 1, A1) = fx, 1, 22)] < po(r)[A1 — A2

for A1, A2 € (—r,r) and (x,1) € [0,a] x R,
(iii) f(x,1t, 1) is locally bounded in A € R! uniformly with respect to (x, ) € [0, a] x
R!: For any r > 0 there exists a constant p1 (r) > 0 such that

(4.9) Lf(x, 1, M) = p1(r)

forx € (—=r,r) and (x,7) € [0,a] x RL.
(D3) ¢ and ¥ belong to K'(0, a; x™) and L?(0, a; x™) respectively.

REMARK 4.1. The condition (A1) implies (D1), and the condition (A2) implies (D2).
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EXAMPLE 4.1. The functions in Example 3.1; f(x,t,1) = ot(x,t)IMp_lA,
fx,t,0) = alx, )P, f(x,t,2) = a(x,)A’ (p € Zy) and f(x,f, ) = a(x,t)sinA
satisfy (D2), where o(x, t) is continuous and bounded in (x, t) € [0, a] x R}r.

The following theorem shows the existence of a time-global weak solution of IBVP (Q).

THEOREM 4.1. Assume (D1)-(D3). Let R > 0 be any constant. Take ¢ and  so as
to satisfy 1@l p10.q:xmy + 1¥112(0.4:xm) < R. Then there exists &1 > 0 dependent on R such

that IBVP (Q) for any ¢, || < €1 has a global unique solution u in F,,Hr

PROOF. Let X = F,LL and Y = F,g’fi for simplicity. Consider IBVP (LQ). By
Proposition 4.1, for any initial data ¢ and v satisfying (D3) there exists a unique solution
u=B,ge Xof IBVP (LQ)forg €Y.

Now let us deal with IBVP (Q). We define a nonlinear operator F (u) by B, o (h(-,t) +
ef (-, t,u)) for u € X, where o means the composition of operators. Set r = |h|y. We show
that there exists ¢; > 0 dependent on R and r such that F; for ¢, |¢| < ] is a contracting
mapping of a domain Byc(ryr) = {# € X; |ulx < 2C(R+r)} into itself. Here C is the same
constant as in (4.7) in Corollary 4.1. First we show that f(x, ¢, u) belongs to Y for u € X.
Since u belongs to X, u(x, t) is bounded in [0, a] x R!; lu(x,t)| < M for some M > 0. In
fact, applying the Sobolev-type inequality [11] to the left hand side below, we have

|u(x7 t)l S M0|M(', t)|H1(O,a;xm) 5 MO Sup |u('7 t)lHl(O,a;xm) S M0|M|X'
teR}

Hence by (D2) (iii) we have | f (x, ¢, u)| < p1(Mp |u|x). Therefore

[fC,t,w)ly < Crp1(Molulx)
foru € X. Let |u|xy <2C(R + r). Then we have, by Corollary 4.1
[Fe(u)|x < C{R+r+|e|C1 p1CMoC(R + 1))} .

Take ¢1 > 0 so as to satisfy €1 < (R +r)/{C1 p1(2MoC(R + r))}. Then it follows that F;
maps Byc(r+r) into Byc(r4r) for any e with |g] < ;.

Next we show that F; is a contraction mapping in X for any ¢ with |¢| < &1 for a replaced
constant 1. Then by the contraction mapping principle we obtain a unique fixed point « in
Bc(r+r) that is the desired solution. Using Corollary 4.1 and (D2)(ii) in order, we have, for
u, v € Boc(r+r)

[Fe(u) — Fe()|x = Clel sup [f(,1,u) = f( 1, 0)1200,a;0m)

1
teR,

= C |8| ,OO(ZC(R + r)) sup |M(, t) - U(', t)'LZ(O,a;x’")

1
teER

=ClelpoC(R+ 1)) lu —v|x .
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Take further &1 > 0 so as to satisfy €1 < 1/{C po(2C(R + r))}. Then F; is contracting in
Byc(r+r) for any € with |¢| < &1. Therefore the conclusion follows. O

4.2.2. Global Strong and Classical Solutions. In this part we deal with the existence
of strong and classical solutions of IBVP (Q). To this end some smoothness assumptions on
the data are required. Also in this subsection we take m = 0 to obtain the regularity of the
solutions, since we use the Sobolev-type inequality to derive the energy inequality. Through
this subsection we assume s > 1.

(E1) h belongs to Fy").

(E2) (i) f(x,t,))isof C*-class in [0, a] x RJlr x RY, and its derivatives up to order s
are bounded in [0, a] x RL x I, where [ is a finite interval in R'.

(ii) Foru € C(RL; K*71(0,a; x% (-, t,u) belongs to C(RL; K*(0, a; x°)).

(E3) ¢ and ¢ belong to K s+l 0, a; xo) and K*(0, a; xO), respectively.

REMARK 4.2. The condition (B2) implies the condition (E2).

The following theorem shows the existence of a global unique strong solution of IBVP

Q.

THEOREM 4.2. Assume (E1)—(E3). Take m = 0. Let R > 0 be any constant. Take ¢
and y so as 1o satisfy || gs+10,4:x0 + ¥ | g50,a:x0) < R. Then there exists &, > 0 dependent

on R such that IBVP (Q) for any ¢, || < &1 has a global unique solution u in F(‘)Y:_l’z.

PROOF. The method of the proof is similar to the proof of Theorem 4.1 based on the
contraction mapping principle. So we briefly describe the proof. In the proof the essential part
is to use the higher order estimate of the nonlinear term to obtain the higher differentiability
of the solutions.

Again take F(u) = By o (h+ef (-.t,u). Let X = Fy .\ Y = Fy') and Be = {u €
X; |lulx < c}. Setr = |h|y. It follows from the Moser-type inequality ([14]) that f(x, t, u)
belongs to ¥ foru € X. Let u € Byc(r+r). Applying Corollary 4.1 and the Moser-type
inequality ([14]) to F; in order, we estimate F;

|Fe(u)lx < C(R+r+le| sup | f(, 1, u)ly)

teRi
<C{R+r+cilel(1 + |ul})}
<C[R+r+cilel{l + QC(R+r)}].

By taking &; > 0 so as to satisfy &; < (R+r)/[c1{l + QC(R 4+ r))*}], |Felx <2C(R+r)
holds for any & with |¢| < & ie, F; maps Byc(gr4r) into Boc(gyr). Similarly applying

Corollary 4.1 and the Moser-type inequality to the difference F.(u) — F.:(v), we show the
Lipschitzness of F in Byc(g+r) as follows: For u, v € Byc(r+r)

|Fe(u) — Fe()|x < Clelsup | f(. 1, u) = f (1, 0)| s 0,a:20)
t
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s—1 s—1
< Clel(luly ™ + lvly Dlu—vix

<2C1el2CR+ )Y Nu —v|x .

Take again €1 > 0 so as to satisfy &g < 1/[2C {2C(R + r)¥¥~1]. Then F, is contract-
ing in Byc(r+r) for & with |¢] < &. Hence by the contraction mapping principle F; has a
unique fixed point u in Byc(r+r) that is the solution of IBVP (Q). Since f(x, ¢, u) belongs to

C(RL; K*(0, a; x°)), we obtain u € Fy ™2, O

From Theorem 4.2 and Corollary 2.1 we obtain a classical solution of IBVP (Q) for
s> 2.

COROLLARY 4.2. Lets > 2. Then the solution u of IBVP (Q) in Theorem 4.2 is of
C%-classin (x,1) € (0,a] x RL.

5. Stability of Almost Periodic Solutions of BVP (P)

In this section we consider the stability of the almost periodic solutions obtained in Sec-
tion 3. More precisely, we show that the solutions are locally exponentially stable. Main tool
to show the stability is the energy estimate obtained in Proposition 4.1. We show the stability
of both weak and strong almost periodic solutions of BVP (P).

From now on we always take ¢ such that the almost periodic solutions of BVP (P) in
Theorems 3.1-3.2 exist respectively.

Let ug be the almost periodic solution of BVP (P) in Theorems 3.1-3.2. Let ¢o(x) =
uo(x, 0) and ¥o(x) = d;up(x, 0). It follows from Theorems 3.1-3.2 that (¢, o) belong to
K10, a; x™) x L*(0, a; x™) and K510, a; x°) x K*(0, a; x0), respectively according as u
belongs to F,, ' and Fj, 7%

We have the following result on the stability of the almost periodic weak solutions in
Theorem 3.1.

THEOREM 5.1. Assume (A1)-(A2) and (D3). Let ug be the almost periodic solution
in Theorem 3.1. For any fixed constant R > 0, let ¢ and  satisfy

I — Bol 1 0,a50m + 1V — Yolr20,a:0m) < R

Then there exists € > 0 dependent on R such that IBVP (Q) for ¢ with |e| < & has a unique
solution u in Fnlll+ satisfying the following asymptotic property
5.1 luC, 1) —uo(s Dl g1 o,a:0m) + 10 @, 1) —uoC, ))N12(0,4:xm)

' < Celrivledt e R,

where v > 0 is a constant.
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PROOF. Note that the conditions (A1)—(A2) and (D3) imply the conditions (D1)—-(D3).
Consider the following IBVP

Apv(x,t) =e(f(x,t,v4+ug) — f(x,t,ug)), (x,1)€(0,a)x R!
(5.2) v(x,0) =¢(x) —go(x), 0v(x,0) =v¢(x)—volx), xe€(,a),
v(a, 1) =0, reR..

The nonlinear term ¢ (f (x, ¢, v+ uo) — f(x, t, up)) satisfies (D2), and the initial data satisfy
(D3). Therefore by Theorem 4.1 there exists € > 0 dependent on R such that IBVP (5.2) for

& with |e| < € has a solution v in F,},ﬂr Take u = v 4+ ug. Then u is a unique solution of
IBVP (Q) in F,LL Also by Proposition 4.1 we have

e’ (18, (, DN 120,a:0m) + 1VC DI E10,0:0m))
'
<(C (L + |8|/ e VT f(x,T,v+uo) — fx, T, u0)|L2(O’a;xm)dT) .
0

Here we set L = |¢ — ¢oly1(0.q:xm) + [¥ — Y0lp2(0.a:xm)- Using (A2) (ii), we see
ew(|atv(" f)|L2(0,a;xm) + Jv(, f)|H1(o,a;xm))
t
<C (L + C|5|/ e’ T)le(O,a;xm)dT> :
0
Seta(t) = e"" (10:v(-, )| 12(0.g:xm) + [V, D1 (0,4:xm))- Then we have the inequality
t
a(t) < Cr(L —I—clel/ a(r)dr).
0
Therefore it follows from the Gronwall inequality that
(5.3 a(t) < CoLeC2clEln

Hence we obtain (5.1) with v = C»c. |

Next we state the stability result of the strong and classical almost periodic solutions of
BVP (P).

THEOREM 5.2. Assume (B1)-(B2) and (E3). Let ug be the almost periodic solution
in Theorem 3.2. Let R > 0 be any constant. Let ¢ and \r satisfy

¢ — ¢0|HH1(O,a;x0) +1v - w()lHS(O,a;xO) =R.
Then there exists ¢ > 0 such that IBVP (Q) for & with |e| < & has a solution u in F&':_l’z
satisfying the following asymptotic property
(-, 1) —uo(, Dl gs+1(0.q:x0) + 10 @, 1) — w05 1)) s 0,4:x0)

5.4) 3
S Ce(_y+v‘8|)[ s t e R-lf- s
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where U > 0 is a constant.

PROOF. The strategy of the proof is similar to that of the proof of Theorem 5.1 by
using the energy estimate (Proposition 4.1). So we describe only the outline of the proof. In
order to deal with the regularity of the solutions, we use the Moser-type inequality ([14]). The
existence of the global solutions is shown, using Theorem 4.2.

Consider IBVP (5.2) and apply Proposition4.1 and the Moser-type inequality to the
IBVP. Then we have

e’ (|0, (-, f)|Hs(o,a;x0) + lv(, l‘)|1—1s+l(o,a;x0))

t
<C (Ll + |8|/(; et f(x, T u) - fx, T, uo)|HS(0,a;x0)dT>

t
< C; (L1 + ¢ |8|/ eVt u(-, t) —uo(, ‘L')|Hs(0’a;xo)d‘l,') .
0

Here we set L1 = | — ol ys+1(0,4:x0) T 1¥ — V0l g5 0,4:x0)- APplying the Gronwall inequality
to this inequality, we obtain (5.4). O

ACKNOWLEDGEMENT. We would like to thank Professor Tokio Matsuyama for his
careful reading of the manuscript and give us useful advices and comments, and also thank
the referee for his helpful suggestions and comments.

References

[1] L. AMERIO and G. PROUSE, Almost-Periodic Functions and Functional Equations, Van Nostrand Reinhold
Co., 1971.

[2] C.CORDUNEANU, Almost-Periodic Functions, Interscience Publishers, 1961.

[31 J.K.HALE, Oscillations in Nonlinear Systems, McGraw-Hill, New York, 1963.

[4] H.HATTORI, Existence of periodic solutions of nonlinear damped equation of a suspended string, Proc. Sch.
Sci. Tokai Univ. 43 (2008), 1-18.

[5] N.S.KOSHLYAKOV, E. V. GLINER and M. M. SMIRNOV, Differential Equations of Mathematical Physics,
Moscow, 1962 (in Russian). English Translation: North-Holland Publ. Co., 1964.

[6] T.NAGAI, Global solutions and periodic solutions of nonlinear suspended string equation with linear damping
term, Master thesis (Tokai University), 2005.

[7] J. WONGSAWASDI and M. YAMAGUCHI, Global solutions of IBVP to nonlinear equation of suspended string,
Tokyo J. Math. 30, no. 2 (2007), 543-556.

[8] J. WONGSAWASDI and M. YAMAGUCHI, Global classical solutions of IBVP to nonlinear equation of sus-
pended string, Tokyo J. Math. 31, no. 2 (2008), 351-373.

[9] M. YAMAGUCHI, Existence and stability of bounded and almost periodic solutions of perturbed quasilinear
partial differential equations of standard types, Proc. Fac. Sci. Tokai Univ. 45 (1978), 45-57.

[10] M. YAMAGUCHI, Almost periodic oscillations of suspended string under quasiperiodic linear force, J. Math.
Anal. 303, no. 2 (2005), 643-660.

[11] M. YAMAGUCHI, Infinitely many periodic solutions of nonlinear equations of suspended string, Funkcial.
Ekvac. 51 (2008), 245-267.



EXISTENCE AND STABILITY OF ALMOST PERIODIC SOLUTIONS 61

[12] M. YAMAGUCH]I, Global smooth solutions of IBVP to nonlinear equation of suspended string, J. Math. Anal.
Appl. 342, no.2 (2008), 798-815.

[13] M. YAMAGUCH], Existence and regularity of periodic solutions of nonlinear equations of a suspended string,
Funkcial. Ekvac. 52 (2009), 281-300.

[14] M. YAMAGUCHI, T. NAGAI and K. MATSUKANE, Forced oscillations of nonlinear damped equation of sus-
pended string, J. Math. Anal. Appl. 342, no. 1 (2008), 89-107.

Present Addresses:

HiToMI HATTAORI

GRADUATE SCHOOL OF SCIENCE AND TECHNOLOGY,
TOKAI UNIVERSITY UNIFIED GRADUATE SCHOOL,
TOKAI UNIVERSITY,

HIRATSUKA, KANAGAWA, 259-1292 JAPAN.

e-mail: kotabkota3 @yahoo.co.jp

MASARU YAMAGUCHI

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE,
ToKAI UNIVERSITY,

HIRATSUKA, KANAGAWA, 259-1292 JAPAN.

e-mail: yamagchi @keyaki.cc.u-tokai.ac.jp



