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Abstract. We study an interplay between homoclinic behavior and singularities in surface endomorphisms.
We show that appropriate rescalings near homoclinic orbits intersecting fold singularities yield families of non-
invertible Hénon-like maps. Then we construct positive measure sets of parameters corresponding to maps which
exhibit nonuniformly hyperbolic behavior. This implies an extension of the celebrated theorem of Benedicks and
Carleson, and that of Mora and Viana to surface endomorphisms.

1. Introduction

It is well-known that unfoldings of non-transverse homoclinic orbits of diffeomorphisms
unleash incredibly rich arrays of complicated behaviors. A program was proposed by Palis
[14], which aims to understand all dynamical complexities beyond uniform hyperbolicity
through the study of homoclinic bifurcations. The aim of this paper is to contribute to ad-
vancing this program to endomorphisms.

For endomorphisms, interactions of invariant manifolds with singularities (points where
the Jacobian of the map is singular) bring new phenomena which are not well-understood
(see e.g. [10, 16]). In this paper we reveal an interplay between homoclinic points and fold
singularities which leads to the emergence of chaotic attractors.

Landmark theorems on the abundance of nonuniform hyperbolicity, or chaotic attrac-
tors, were obtained by Jakobson [11] for one-dimensional maps with critical points, and by
Benedicks and Carleson [2] for the Hénon map. Mora and Viana [13], Diaz, Rocha and Viana
[8] pushed their argument further and proved the existence of chaotic attractors in very gen-
eral global bifurcations of diffeomorphisms. See Wang and Young [22] for more advanced
properties of the attractor. For other subsequent developments in the creation of the theory of
nonuniformly hyperbolic dynamics for Hénon-like maps, see [3, 4, 5, 6, 21, 23].

A characteristic of these developments is an almost exclusive concentration on invertible
systems. Unfortunately, substantial overhauls are necessary for extensions to non-invertible
systems. Moreover, in many applications of practical interest, (e.g. control theory, economics,
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electronics, neural networks, etc.) systems are often modelled by non-invertible maps. We
aim to narrow this gap.

1.1. Homoclinic points on singularities. Let M be a surface and f a C*° endomor-
phism on M. Let py € M be a hyperbolic fixed point of fy. Let A, p denote the eigenvalues
of Dfo(po). We assume 0 < A < 1 < pand Ap < 1. Let W¥(pg) denote the unsta-
ble manifold of pg, which is a smoothly immersed real line possibly with self-intersections.
Let W} (po) denote the local stable manifold of po. The stable set of pg is defined by

WS (po) = Unzo fo_” Wi (po), which is not necessarily a manifold. Let Sy denote the set
of singularities of fy.

DEFINITION 1.1 (Simple homoclinic points). A homoclinic point ¢ € W"(pg) N
WS (po) is simple if there exists a sequence {q,}necz such that gqo = ¢, fogn = gn+1 for
everyn € Zandt{n € Z: g, € So} = 1.

Let g € W*(po) N W¥(po) be a simple homoclinic point. We may assume g € Sp. We
write go for g, and assume that qq is a fold singularity, namely there exist neighborhoods U, V
in R? of the origin and C* orientation-preserving diffeomorphisms ¢: U — M, y: V — M
such that ¢ (0, 0) = go, ¥ (0, 0) = fo(q0), and

v o foop(x,y) = (% y).

Since qo is simple, there exist a short compact curve £; in W*(po) which contains go
in its interior and has an well-defined sequence of preimages not intersecting Sp. We assume
there exists a short smooth compact curve £; in W¥(pg) which contains go in its interior.
Since g is simple, £; is obtained as a preimage of a compact curve in W} (po). We assume
the following, the geometric meanings of which are in the parentheses:

(T1) the tangent direction of £; (resp. £;) at go is transverse to that of Sy at go, and to

the kernel of Dfy(qo) ( folp (resp. fofy) makes a quadratic tangency to foSp at

foqo):
W (po) .
4 o
v
) """" ">4L//__
q0 / \ S G = ©, 1)/ \S
/ f,‘[VCI;lZ(l,M)
‘N N IS,
1o a0 //fov So ,/ u I
S i’ W (po) " /ﬂl\
Po fON['g P =(0.0) /;iviii

FIGURE 1. 1 =0 (left, €% C W (pg), V€5 € Wi .(po): 1t # O (right).
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(T2) Zg and Z(S) meet transversely to each other at g (the curvature of fofj at foqo is
different from that of fp€p at foqo).

Let N denote the smallest positive integer such that fON g0 € Wy .(po). In order to get

recurrent dynamics involving Sp, we assume the component of fON So containing fON qo is on
the same side of Wﬁoc( po) as that of the branch of W{(‘)C( po) containing go (See Figure 1).

We consider a generic arc (f,,) of endomorphisms on M through fy. Unlike the case of
homoclinic tangencies of surface diffeomorphisms, it is not possible two pull the two parabo-
las folg, fofy meeting tangentially at foqo apart. Nevertheless, it is possible to slide one to
the other, as indicated in Figure 2.

For a generic (f,,), we show that an appropriate re-scaling near the fy-orbit of g¢ yields
a family of Hénon-like endomorphisms of the form

(1) (x,y) > (1 —ax>,0)+b-R(a,b,x,y),

where the components of R are bounded continuous functions. Moreover, there is a vertical
line close to the y-axis which is the set of fold singularities. Hence the map is non-invertible,
and similar to the “twisted horseshoe map”, considered in [9, 11].

Unfortunately, the non-uniform theory mentioned previously fails to apply for this class
of families. For instance, the existence of singularities is an intrinsic hurdle for an extension
of the solution of the basin problem, given by Benedicks and Viana [3], and subsequently
Wang and Young [22]. Some regularity conditions of the Jacobian of the maps were assumed
in these papers and they no longer hold for maps with singularities. This leads us to the study
of Hénon-like endomorphisms, a broad class of planar endomorphisms including the above as
a prime example.

Mora and Viana [13], adapting the idea of Benedicks and Carleson [2], proved the abun-
dance of non-uniform hyperbolicity in generic unfoldings of dissipative quadratic homoclinic
tangencies of surface diffeomorphisms. The next theorem extends their result to surface en-
domorphisms. What we mean by “chaotic attractors” in the statement is explained in Sect.1.3.

THEOREM A. Let (f.) be a C*™ arc of endomorphisms on surfaces through fy as
above. Under open and dense assumptions, there exists a positive measure set E accumulating
w = 0 such that for u € E the corresponding f, exhibits a “chaotic attractor” near the fy-

orbit of qo.
\ T s N

w=0 u#0

FIGURE 2. fol( and fol;) are tangent to foSp (left).
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1.2. Re-scaling near simple homoclinic points. To prove Theorem A, we introduce
a re-scaling near the simple homoclinic point go which converges uniformly to families as in
(1). Let p,, denote the continuation of pg for f,,. Letr > 4 be an integer. By the linearization
theorem [17], under open and dense conditions on A, p there exists a C” coordinate (x, y)
near p, such that f,(x, y) = (Ax, py). Moreover, these coordinates are taken to be C" in u.

We extend the domain of linearization so that it contains gg and fON qo- In what follows we
suppress any linearizing coordinate from notation.

For 1 small, let ZfL denote the continuation of K(S). This makes sense because Wl"oc( Du)
depends on w in a continuous way. Analogously, let £}, denote the continuation of £“. Let S,
denote the set of singularities of f,,. Let g, denote the point of intersection between ¢}, and
S,.. Since g is a simple homoclinic point, g, is a fold singularity of flﬁv . Forall u # 0 we
assume g, ¢ £),. This gives rise to a displacement of the two parabolas, indicated in Figure

2.
We adapt our u-dependent linearizing coordinates in such a way that for all u, g, =

(0, 1) and the x-coordinate of f,iv qu is 1. We re-parametrize p in such a way that the y-
coordinate of flf’ qu 1s . Since gy, is a fold singularity, there exist -dependent local coor-
dinates ¢, near ¢, and ¢, near flf’q,l such that ¢,(0,0) = (0, 1), ¢,(0,0) = (1, u) and
go;l o flf’ o u(%, ) = (¥, 3). Clearly, ¢, and ¢,, are taken to be C” in . Let

ngMl(O,l):(al Zi) and Dgou(0,0):(bl bz).

as 2
For (x, y) near (0, 0) we have
¢, (x.y+ 1) = (a1x + a2y + G1(x, y), azx +asy + Ga(x, y)) .
and at (x, y) = (0, 0) we have
2) G =G, =0G| =0,G| =9G,=09,G,=0.
Similarly, for (x, ¥) near (0, 0) we have
PuE,9) = (1, u) + (b1X + b2y + Hi (X, §), b3k + bad + Ha(R, 9)) ,

and at (X, y) = (0, 0),

3) H1=H2=8);H1zayAHl:a)gHz:a};Hz:O.
Keep in mind that ay, as, ..., b3, by are functions of u, and G, G, Hy, H> are func-
tions of u,x,y. For u = 0, since goalfONOSo = {(0, )}, the second component of

Dy (0, y) ((1)) attains a local minimum or maximum at y = 0. This implies

) 89§H2(0, 0)=0 for u=0.

LEMMA 1.2. We have: (a) a2(0)b2(0)b3(0) # 05 (b) b4(0) = %(O) =0.
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PROOF. The tangent direction of Sy at go is spanned by D¢, ' (0,0) (9) = (3258; )

By (T1), it is transverse to the y-direction () in the linearizing coordinate. Hence a2(0) # 0
. . b

holds. The tangent direction of fliVSu at flivqﬂ is spanned by D¢, (0, 0) ((1)) = (biEZ; )

For u = 0, it is tangent to the x-direction and thus b4(0) = 0. Since b4(w) attains a local

minimum or maximum at u = 0, we have ‘fi—l:f(O) = 0. Since ¢g is a diffeomorphism,
det Do (0, 0) = —b2(0)b3(0) # 0 holds. ]

We now define our rescaling as follows:
Em) = (p™"PE+ Lo n+p™") . pn®) =p 70 + 7",
and

Yn(0,€,m) = &' o 100 0 CalE, ) .

Letoy = az(u)2b3 (1). (a) in Lemma 1.2 gives a, # 0.

PROPOSITION 1.1. The map (0,&,n) — V¥n(0,&,n) converges uniformly on any
compact set in R3 in the C" topology to (0, &, 1) — (0, agn® + 0) as n — oo.

We finish the proof of Theorem A assuming the conclusion of this proposition (and Theo-
rem B). Setb = p~"/? and write ¥, (6, &, n) = (bT1(0, b, &, ), aon® + 0 + bTo(0, b, £, 1)) .
By the substitution £ = x, n = —ay/ag, 8 = —a/ap, this transforms into

(a,x,y) —> (le(a, b,x,y),1 —ay*+bDr(a,b,x, y)) .
By the definition of the rescaling, this map has a line of fold singularities close to the x-axis.
PROOF OF PROPOSITION 1.1. Let (x,y) = qb;l o fl’jn(e) o ¢n(&,n). Then
F=a(p™"6 + D+ ap™"n + G (0725 + 1), 07 )
V=asi" (072 + D) +asp ™" n+ G2 (075 + D p M),

Let (£, 9) = (X2, 7). A direct computation shows ¥, (0, £,7) = (0, almz +6)+ I, 1),
where

I =p"?(b1% + b2y + Hi(R, 9)),
I = p™(b3(% — a2p™2"n%) + bsd + Ha(%, 9)) .

It suffices to show that I, II converge uniformly to zero (the null function) as n — 00, in the
C” topology on any compact set.

CO-convergence. By G1(0,0) = G2(0,0) =0in (2) wehave ¥ = O(p™) and 5 = O(p~").
Moreover, (2) gives G1(x, y) = O(p~2") and Ga(x, y) = O(p~2"). Hence £ = O(p~2").
Using (3) and the estimates for X, § = 7 we have H{(%,3) = O(p~?"). Altogether these
yield I = p"/? - 0(p~"/?), and thus the uniform C°-convergence of I as n — oo.
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Regarding 1, £ = %2 and the estimate for G give £ — a%p‘z’l n? = O(A"p~"), which
is o(p~2") by Ap < 1. Lemma 1.2 gives by = O (p~2"). For the last term H», (3) gives

A 1 R U R
(®)] Hy(x,y) = 58););H2(0, O)x2 + 935 H2(0, 0)xy + anAsz(O, O)y2 + h.o.t.,

where h.o.t. denotes the higher order terms in x, y, with coefficients depending on . Sub-
stituting the previous estimates of £, § and then using (4) gives H (%, §) = 0(p~2"). Conse-
quently we obtain II = p2" - o(p~2").

C'-convergence. (2) gives G1(x, y) = Aﬂx2 + Byxy + Cﬂy2 +h.o.t. Substituting (x, y) =
(A" (p~"%& + 1), p~"n) into this and then differentiating the result gives G| = O (p~2"),
where 0 = 0g, d,, d9. The same estimates hold for Go. Hence dx = O(p™") and 0y =
O(p™™), and therefore 3% = o(p~>"). An estimate analogous to that of G| gives 0H; =
o(p~™). We obtain 31 = p/%- O(p~").

The estimate of 9% gives d(x — a%pfz”nz) = o(p~?"). By (b) in Lemma 1.2, we have
39 (b4y) = o(p~") and e (bay) = o(p~) = 3, (b4¥). For II, an analogous estimate to that
of 3 H; (i.e. substituting the formula for x, y into (5) and differentiating the result) we obtain
dHy = o(p~2"). Hence 911 = p*" - o(p~2") holds.
C*-convergence, 2 < s < r. Let (i, j,k) be such that 2 < i + j + k < s. By the
chain rule and Ap < 1, for any function F = X, y, X, G, G2, H|, Hy we have 8§8g3,]7‘F =
O(p~—2n —3nj—nk ). This readily yields the desired uniform convergence on /.

For II we also have the uniform convergence, except for the case (i, j, k) = (0,0, 2).
In this exceptional case, the worst factor in the first term of I7 is G%. A direct computation
gives 83(G%) =2G10,,G1 + 2(8,,G1)2 = o(p’z”). For the second term, Lemma 1.2 gives
85(194&) = b48§§ = o(p~ ). For the last Ho, it suffices to show that the derivatives of
the first three terms in (5) are o(p~2"). The previous estimates give 35}?2 = o(p~%") and
92(£3) = o(p™2"). For the third term, (4) gives 35 H2(0,0) - 92(3%) = o(p™>"). This

completes the proof of Proposition 1.1. O
"i/u’\(p—)/—/’”./
7<//=4’:/

FIGURE 3. Critical points on the unstable manifold with self-intersectionp.
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1.3. Nonuniform hyperbolicity for Hénon-like endomorphisms. We are con-
cerned with a parametrized family f,: [—2, 2]> — R? of maps of the form

(6) fa:(-xvy)'_>(gax70)+b'R(avb7x7y)s

where (a, b) is close to (a*,0), and R is bounded, continuous, C* in (a, x, y). The ¢, is a
map on [—2, 2] with the following properties:
(A1) ga[—1,11C [—1, 1] fora < a* and (a, x) = gux is C*;
(A2) g, has a nonempty critical set Crit = {xg € [—1, 1]: g,xo = 0} in (=1, 1). We
assume Crit does not depend on @ and g/, xo # 0 for each xo € Crit.

For g,+ we assume:

(A3) ;= gi+(Crit) () Crit = #;

(A4) all periodic points of g,+ are hyperbolic repelling;

(AS) by (A3) (A4), gu+(Crit) belongs to a hyperbolic set K,«. Let K, denote the
continuation of K+, which is a hyperbolic set of g,. For each xo € Crit, let
x1(a) = gaxo. Let r(a) denote the point in K, whose kneading sequence relative
to Crit is the same as that of x| (a*). We assume for each xg € Crit,

« dxy, dr
(7 pxo,a”) := %(a )—%(a ) #0.

The next theorem asserts the abundance of non-uniformly hyperbolic parameters, ex-
tending the theorem of Benedicks and Carleson [2] to Hénon-like endomorphisms. Let | - |
denote the one-dimensional Lebesgue measure.

THEOREM B. For sufficiently small b > 0 there exists a set A = Ay, of a-values near
0 for which |A| > 0 and the following holds for all f € {f,: a € A} : for each fixed saddle
p of f with W*(p) C [—2, 212, there exists a countable set C C W"(p) near Crit x {0} such
that each ¢ € C satisfies:
(@ |IDf"(f?) ((1)) | > e for every n > 0, where & > 0 is a constant which depends
only on ggx;
(b) ¢ admits a tangent direction which is exponentially contracted by both positive and
negative iterations.

Elements of C are called (dynamically) critical points [2, 13]. Each ¢ € C is obtained as
a limit: there exist a monotone increasing sequence n; < ny < --- of positive integers, and a
sequence &y, , {n,, . - ., of points on the unstable manifold with { = lim; o0 &p;, and gy, is a
critical point of order n; (see Sect.3.5).

For the family (1), it is not hard to show the existence of a positively invariant region
which contains the fixed saddle near 1/2 in its interior. Theorem B applies. In addition, along
the line of [2] one can show that the closure of the unstable manifold contains a dense orbit.
(b) implies that this set is not uniformly hyperbolic, that we call a “chaotic attractor” in the
statement of Theorem A. To really deserve the name of attractor, the basin of attraction should
have nonempty interior. We do not know if this is the case.
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1.4. Sketch of the contents. The rest of this paper consists of five sections and one
appendix, entirely for the proof of Theorem B. In the first two sections we pursue the study of
one fixed map. In the remaining sections we deal with parameter issues. To keep the length
of this paper within reasonable bounds, we put the emphasis on those of our arguments which
are new or differ non-trivially from previous ones, giving precise references to published
computations in [2, 13, 22].

In the context of one-dimensional maps on intervals or the circle, the worst enemy for
nonuniform hyperbolicity is the set of critical points. It is now classical [7] that, an exponen-
tial growth of derivatives along the orbits of critical points, called Collet-Eckmann condition,
implies the existence of a nonuniformly hyperbolic behavior. It is also classical [1, 11] that, by
excluding undesirable parameters inductively (looking at the recurrence of the critical points),
one can construct a positive measure set of parameters corresponding to nonuniformly hyper-
bolic behavior.

In the work [2] of pivotal historic importance, Benedicks and Carleson extended their
parameter exclusion argument in one dimension [1] to the Hénon family. As the Hénon map
is a diffeomorphism, there is no critical point in the usual sense. Nevertheless, they showed
that it is possible to construct dynamical critical points for certain Hénon maps, allowing
them to perform a parameter exclusion with some resemblance to the one-dimensional case.
At this point, a significant difference from the one-dimensional case is that, the construction
of critical points constitutes an integral component of the whole inductive scheme.

For the purpose of presenting a clearer perspective, we elect to recover the one-
dimensional scenario to the extent that is possible. We do this in the following steps:

e define (approximations of) critical pointsdefine (approximations of) critical points;

e introduce three conditions (G1), (G2), (G3) in terms of derivatives along the orbits of
the critical points (“Collet-Eckmann condition for two-dimensional maps”);

e show that under the assumption of (G1-3) for every “regular” critical point, there exists
a recognizable source of nonuniform hyperbolicity;

e show that the set of parameters for which this assumption holds has positive Lebesgue
measure.

The contents of each section are briefly outlined as follows. In Sect.2 we develop pre-
liminary estimates and constructions, including the definition of critical points. In Sect.3,
under the assumptions (G1-3) on regular critical points we develop a procedure for choosing
binding points, to recover the loss of hyperbolicity due to returns to critical regions. We
also show that these assumptions to hold for every n ensures the existence of the set C as in
Theorem B.

In Sect. 4 we commence the study of the dependence of critical points on parameter. This
preliminary step is important to handle the issue that critical points do not persist when the
parameter is varied, because of their dynamical definition. This issue was successfully tackled
in [2, 13, 22], by introducing continuations of critical points. However, their construction of
continuations is deeply rooted in the whole inductive scheme. We introduce continuations
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(deformations in our terms) in a different way, well-adapted to our critical points. In Sect.5,
Sect.6 we construct a parameter set A as in Theorem B and show |A| > 0. At this point
we follow the combinatorics of Tsujii [19, 20] instead of [2, 13, 22], primarily because the
extension of this approach is more transparent in our dealing with multiple critical points, and
moreover allows us to dispense with a large deviation argument in parameter space altogether.
Proofs of some lemmas originating in [2, 13, 22] necessitate slight adaptations, because
of the differences of formulations and the non-invertibility. These proofs are given in appen-
dix, in which we closely follow the ideas or the arguments of those of the published papers.

2. Preliminaries

In this section we develop preliminary estimates and constructions needed for later sec-
tions.

2.1. Hyperbolicity, quadratic behavior and curvature estimate. Forr > 0, define

Ir)= | (xo—r.xo+7r) x [-vb,Vb].

x€Crit
The next lemma follows from the properties of the interval map g,».

LEMMA 2.1. There exist ¢, g > 0 independent of M, § such that the following holds
for f = f, with (a, b) close to (a*,0): let 7 € [-2,2] x [—/b, /b] and v be a tangent
vector at 7 with slope < \/1_7

(i) ifz € fI(Vb), then |Dfiv| = c|Df'v| for0O <i < j < M;

(i) ifz, fz,..., "7z ¢ 1(8), then:

(a) slope(Df"v) < Vb and |Df"v| > ¢S ||v];
(b) if, in addition, "z € 1(8), then | Df"v]|| > ce*"|v||.

2.2. Constants. Fix Cp > 0 once and for all so that the norms of all the partial
derivatives of (a,z) +— faz are bounded by Co. The letter C is used to denote generic
constants which only depends on (g,).

We are concerned with positive constants A, o, M, §, b, chosen in this order. Sufficiently
small b is chosen last. Some of the purposes of these are the following:

A= %Ao are concerned with rates of growth of derivatives along critical orbits;
o < 1 determines the rate of approach to criticalities;

e M >> 1 is the minimal order of critical points, and is chosen so that 2Cone %" < log2
holds forn > M;
e § < 1 determines the size of a critical region.

Set kg = Cyy 10, 9 =co3and N = [%] , where the square bracket denotes the integer

part. Some of the purposes of these are the following:
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e K is the rate of growth of derivatives needed for various constructions:

e 6 bounds the number of critical points needed to be considered at step n of induction
for the construction of the parameter set;

e N > M is the minimal order of critical points needed to deal with returns to 7 (3).

In the next lemma, proved in Appendix A.1, we assume y is a horizontal curve, namely,
a C2-curve such that the slopes of its tangent directions are < 1/10 and the curvature is
everywhere < 1/10. For z € y, let #(z) denote any unit vector tangent to y at z. We assume
slope(Dft(¢)) = C/~/b holds for some ¢ € y. Let e denote any unit vector tangent to fy
at f¢. Split Df1(z) = A(z) (§) + B(z)e. Let us agree that for two positive numbers, a ~ b
indicates that there exists C > 1 suchthat 1/C <a/b < C.

LEMMA 2.2. Forallz € y NI(8), |A(z)| = |z — ¢| and |B(z)| < C~/b.

A version of the next curvature estimate was in [[22], Lemma 2.4] for Hénon-like dif-
feomorphisms. It is straightforward to check that the same proof works for endomorphisms.

LEMMA 2.3. Lety be a C? curve tangent to a nonzero vector v at z. Leti > 0 and

suppose that Df v, . .., Df'v are nonzero. Let k;(z) denote the curvature of f'y at fiz. Then
vl = IDf )
ki (z) < (Ch) —————«ko(z) + E (Chy ————
’ IDff vl pa IDff vl

2.3. Most contracting directions. Some versions of results in this subsection were
obtained in [2, 13, 22]. Although diffeomorphisms are treated in these papers, it is straight-
forward to check that they hold for endomorphisms. Our presentation closely follows [[22],
Section 2.1].

Let M be a 2 x2 matrix. Denote by e the unit vector (up to sign) such that | Me|| < ||Mul||
holds for any unit vector u. We call e, when it exists, the most contracting direction of M. For
a sequence of matrices M1, M», ..., weuse M® to denote the matrix product M;, ..., Mo My,
and ¢; to denote the mostly contracting direction of M.

HYPOTHESIS FOR SECT.2.2. The matrices M; satisfy | det M;| < Cb and | M;| < Co.

LEMMA 2.4 ([22]Lemma?2.1). Let i > 2, and suppose that |MP| > «' and
IME=D| > k= for some k = b'/10. Then e; and e;_1 are well-defined, and satisfy

cp\i-!
lle; < ei—1ll < (K—2> .

COROLLARY 2.5 ([22] Corollary 2.1). If |[MD| > k' for 1 <i < n, then:

Ch.
@ llew—erll < 2

. i
®) [MDe, | < (%) holds for 1 < i < n.
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Next we consider for each i a parametrized family of matrices M; (s, 52, s3) such that
18/ det M; (s1, 52, s3)|| < C'b, and |8/ M; (s1, 52, 53)] < C! for each 0 < j < 3. Here, 9/
represents any one of the partial derivatives of order j with respect to s, 52, Or s3.

COROLLARY 2.6 ([22] Corollary 2.2).  Suppose that ||MD (s1, 52, 3)|| = k! for 1 <
i <n.Thenforj=1,2,3and2 <i <n,

. ch \'"!
V(o . Lo
(8) 187 (e; x ei_1)| < </<2+j> ,
S Ccb \'
J @) .
9) 107 (M e;)| < (;c2+-1'> .

Let e1(z) denote the most contracting direction of Df (z) when it makes sense. From the
form of our map (6), e1(z) is defined for all z ¢ 1(¥/b). In view of [[13] pp- 21], we have

(10) slope(er) = C/v/b and [|de1|| < CV/b.
We say z is k-expanding up to time n, or simply expanding, if there exists a tangent
vector v at z and « > b/19 such that for every 1 <i <n,
IDf ol = ol
With a slight abuse of language, we also say v is x-expanding up to time n. Forn > 1, let

e, (z) denote the most contracting direction of Df" (z) when it makes sense. From Corollaries
2.5,2.6 and (10) we get

COROLLARY 2.7. If z is k-expanding up to time n, then slope(e,) > C/Nb and

Cb
laeall < €b.

2.4. Long stable leaves. A C2?-curve I of the form

I={x),y): 1yl < Vb, 1x'(| < CVb, 1x"(»)| < CVb}.

is called a vertical curve. By a vertical strip of radius r > 0 around I we mean the region
{x,):lx—x)| =<r |yl < Vb}. A C2-distance between two vertical curves is measured
by regarding them as C2-functions on [—~/b, V/b].

LEMMA 2.8. Letk > Calo. If 7 is k-expanding up to time n, then for 1 < i < n,
the maximal integral curve I';(z) of e; through z contains a vertical curve. In addition, for

i—1
1l <i < Vl,ch([‘i(Z)v E*I(Z)) = (Q) .

P

PROOF. For the construction of I7(z), see [[13] Section 6]. The bound on the C2-
distance follows from this construction and Lemma 2.4, Corollary 2.6. O

By a long stable leaf of order i through 7 we mean the curve I;(z) in the statement.
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2.5. Bounded Distortion. In the next lemma, we assume v is a unit tangent vector at

z which is k-expanding up to time n > M. Let

Dfiv]|?

(11) Dy (v) = e 3" min ”—4ff—ﬂ—.
iel0,n—1] jelin] || Dfiv]3

LetybeaC 2 curve tangent to v such that length(y) < D, (v), and the curvature is everywhere
<1.

LEMMA 2.9 (Bounded distortion). Forall &1, & € y we have

IDf Ol IIDf”t(El)II_l‘ 161 — &l
IDf (€N~ IDf"t(E) = Dy(v)

where t (&) denotes any unit vector tangentto y até,, o =1, 2.

)

PROOF. Fori > 0,letv; = Dfivandy; = f'y. Let k; denote the maximum of the
curvature of y;. The first inequality would hold if for 0 <i < n,

(12) a+m)m@mm)<x74wmﬁw.
Vi

Indeed, for all £ € y we have

n—1 1 n—1
Dfitly 1 + «;)length(y;
Z llvig1l ~log [ g : &l <2c Z ( +Kl\|146?|% (vi) 7
i+
27 i IDfi1®)] = Dl
and therefore
Df"t
IIDf”t(«‘Ez)II
We prove (12) by induction on i. Let
llvo, 112
d —
= ol

We have length(yo) < D, (v)d,(0)~'d,(0) < D, (v)d,(0)~||v; > < Coe3*"||vy||. This and
the assumption ko < 1 give (12) fori = 0.

Assume (12) holds for 0 < i < k. The choice of M In Sect.2.2 ensures Hgﬁk;g;” <
for all £, n € y, and therefore

length(yx) <2 - [lvx|llength(y) <2 - Dy (vo) vkl -

Lemma 2.3 gives (1 + «x) - length(yx) < Dy (vo) (I + I1I + III) where

22(Ch)k g lJve—i I
I =2llwll, II= : =28) (Ch' —+-.
l[ue 12 2: l[ve 12
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By definition,
(13) 1= da (0 da (k) < )" ”ﬁ’;:ﬁ';z,
and thus
I < Cody -1 101
[zl

Multiplying (13) with the definition of 11,

2 —
212 _ e cmpipE a -1 2 g ot 1l

I < 4(Cb)*d, (k)~! S
[lv | llvg | lvrll

9

where we have used the assumption on vy and || Df || < Cy for the second inequality.
The most problematic term /11 is treated as follows. First,

13 2
dnth — 1)y — WS gt e W gy el
llok |l k—i<j<n |lvgll okl
where the last inequality follows from ming_;<j<p [|v; I < llvk Il vk II. Consequently,
ot ll o~
< =22 N Chy - dk— i)

Il &

Plugging the three inequalities into the previous one and then using the definition of D, (v)
yields (12) fori = k.
For the second inequality, let y/ denote the curve in y; which connects f g1 and f&.

The same reasoning as above, replacing y; by yi’, and D, (v) by |&1 —&>|, shows for 0 < i < n,

2Co|&1 — &2

(14) (14 x;)length(y)) < — — .
ming<;<n—1 dn(j)
This yields
Df"t = 2Cone 3" g — -
o IDf"t D < Z(1+K,-)length(yl-') <2 one [ Szl. < €1 Szl’
IDfE] ~ ~ e ming<i<y—1 dy(D) ~ Dy(vo)
and the second inequality holds. O

For z € [-2, 2], write v(z) = ({}) € T.R%.

LEMMA 2.10 (Bounded distortion in vertical strips.). Let k > Calo, and let 7 be k-
expanding up to time n > M. For all &1, & in the vertical strip of radius D, (v(z)) around
I, (z) andfor1 <i <n,

IDf v -3
IDffvE)I —
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PROOF. Letn, denote the point on I;,(z) with the same y-coordinate as that of &; (o0 =
1,2). By a result of [[13], Section 6], we have for 1 < i < n, |[Dffv(n)|l/IIDf v(n2)| <
1+ ¢, e <« 1. It follows that |&; — ns| < D,(v(&5)). Hence, the desired inequality follows
from Lemma 2.9. a

2.6. Recovering expansion. Let y be a horizontal curve in /(8) and n > M. We say
z € y is a critical point of order n on y if:

(i) fitl¢e[-2,21%forl <i <nand | Dfi(fz)| = c/10forl <i <n;

(i) en(fz)istangentto Dft(z), where 7(z) is any unit vector tangent to y at z.

We now introduce three conditions on derivatives along orbits of critical points, which
will be taken as assumptions of induction for the construction of the parameter set A. Let ¢
be a critical point of order n and assume that fi+1§ e [-2, 2]2 for1 <i <20n. Fori > 1,
let w;(¢) = DfI~V(fo) ((1)) . We say ¢ has a good critical behavior up to time k > M if the
following holds:

(G Nwi(O)|| = =D forM <i <k;

(G2) Nlwj Ol = e Jwi @) for M <i < j <k

(G3) there exists a monotone increasing integer-valued function x on [M,k] N N

such that for each j € [M, k] there exists x(j) € [(1 — /)], j] such that
lwy iy (O = c¢éllwi (§)] holds for 1 <i < x(j).

We simply say ¢ has a good critical behavior if it has a good critical behavior up to time
20n.

Besides the mere exponential growth in (G1), a certain information on oscillations of
derivatives are necessary. (G2) is a variant of basic assumption in [1, 2]. One implication of
(G3) is that the set {i € [1, k]: slope(w;) < «/E} is quite dense in [1, k].

HYPOTHESIS FOR THE REST OF SECT. 2.6: ¢ is a critical point of order n on a horizon-
tal curve y, with a good critical behavior.
Under this hypothesis, we establish key analytic estimates. For each M < k < 20n,

write Dy for Dy (w1 (¢)). Write I3,(f¢) = {(xa(y), ¥): |y| < v/b}. Let
1
Vi = {(x,y): ¥ = x| = 5Dk |y = \/1_7} .

Take a monotone increasing function x satisfying the condition in (G3). Let v denote
any nonzero vector tangent to y at z. If fz € Vi \ Vi41, then we say v is in admissible
position relative to ¢. Define a bound period p = p(¢, z) by

p = xk),
and a fold period g = q(¢, z) by

g=min{l <i<p:[¢—2zP |wj1 (@) = 1foreveryi < j < p} .
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where

(15) = 2log Cy

~ logl/b

It is easy to check that ¢ makes sense, by (G1-3) and the assumption on z. If fz € Vyp,—1,
then we say v is in critical position relative to ¢ .

PROPOSITION 2.1. Lety, ¢, z, v be as above.
(i) Ifv is in admissible position relative to ¢ and 7 € Vi \ V41, then:

3

(@) loglt — 2 ™@ < p <loglt —z| %,

__B_ 28
(b) log|¢ —z| ™% <gq <log|t —z|"+.
© DSl ~ g =2l [wi @)l forq <i < k;
@ ¢ =zl < IDFIv] < 15 = 21"l

- A

@ IDf ol = 15 =2l T ol = e ¥ o]l
O IDfvl < vl for 1 <i < g;
(@) D7l = (c8/10|IDf vl for0 < i < p;
) [f7¢—flzl <eP forl <i<p:

(i) Ifv is in critical position relative to ¢, then | Df"v|| < e 3*||v].

PROOF OF PROPOSITION 2.1. A central idea follows the well-known line [2, 13, 22].
We split Df v into the direction of e and that of (), iterate them separately, and put them
together after the fold period is expired. We divide the proof of (i) into five steps. O

STEP 1 (ESTIMATE OF THE HORIZONTAL DISTANCE BETWEEN fz AND I'(f¢)). For
a point r near f¢, write

r=fe+EMwWIEQ)T +ne(fO)T,

where T denotes the transpose. Integrations of the inequalities in Lemma 2.2 along y from ¢
to z give

E(fDl~ |z —¢1% In(f2)l < CVblz —¢].

Write fz = (xo, y0). Let y; denote the y-coordinate of f¢. Since fy is tangent to the vertical
curve I, (f¢) at f¢,

d&(x,(y),y)
dy

d*E(xa (), y)
dy?

() =0, ‘ <Ccvb.

Then
16t (v0). y0)| < Cvblyo — y1I* < CVbIn(f2)2 < ChiIE(f2)].

Since |xg — x,(yo)| = [§(fz) — &(xn(¥0), yo)l|, we get
(16) Ixo — xn(Y0)| ~ |z — ¢ 2.
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STEP 2 (PROOFS OF (a), (b)). (G1) gives
Dy < wg—1 ()7 < e
(G2) and the definition (11) give
Dis1 > ef3a(k+l)cofk min(c2, e~y > C072k‘
By the assumption on z and (16),
Co < D1 <€l =2 < CDg < Ce 672,

Taking logs we obtain

[\

logl¢ —zI™' <k < Zloglt —z|7".

17
a7 log Cy A

The definition of p and (G3) give (1 — /a)k < p < k, and thus (a) holds.
(G1) and the definition of g give

D < w, Ol < g — 2P

Taking logs and then rearranging the result yields the upper estimate in (b). The lower estimate
follows from

1<1¢ = 2P lwgs1OIl < 1€ — z1PCd.

STEP 3 (EXISTENCE OF CONTRACTIVE FIELDS). Write I'(f¢) = {(xk (), ¥): |y] <
«/E}. Using the assumption on z, Lemma 2.10 and & < 20n we have

20— xkG0)| = 1¥0 — 50 (0)| + b 00) — 50| = 3D+ (ChYH = Dy
Hence, the contractive fields ey, . . ., ex are well-defined in a neighborhood containing fz, f¢
and all the estimates in Sect.2.3 are in place.

STEP 4 (CORRECTNESS OF SPLITTING). Split Dfv = A (}) + Bex(fz). Write
en(z) = (i?;g:((zz))) and p - Dfv = (Z?If:///’), 0., € [0,7), p > 0 being the normaliz-
ing constant. Lemma 2.2 gives

162(fE) =¥~ p g —zllvll > 1¢ 2.
Thus |6,(f¢) = 0.(f2)] = Clf (&) — f(2)] K 10,(f¢) — ¥, which implies
160 (f2) = ¥ | = 10.(fC) — Y.

We also have |6,(fz) — 6k(fz)] < (Cb)" K |¢ — z|, where the first inequality follows from
Lemma 2.4 and the last one from the assumptionon z. Hence |6 (fz) — V| =~ |6,(fz) — ¥|.
Consequently we obtain

(18) |Al % plOk(f2) — Y| = plOn(f2) — Y| = pl6u(fO) — Y| = |C —zlllv].
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STEP 5 (PROOFS OF (c-h)). Letg <i < k. We have
IAL-IDFNF2) (3) 1= Cle = zllvll - wi (Ol = Cle —zI' P vl

where we have used Lemma 2.9 and (18) for the first inequality; the definition of ¢ for the
second. We also have

1B IDF  ex(F2)1l < (ChY Il < (CH vl < I¢ — 2l [1v]l.

where we have used the lower estimate of g and (15) for the last inequality. These two
estimates yield (c). (c) for i = ¢ and the definition of ¢ gives the upper estimate in (d). The
lower estimate follows from [Jw, ()] > 1.

PROOF OF (e). We have

IDf vl = Cllwe Il - 1¢ — zlllvll = 1¢ — 2|~ e %]y,

where we have used (18) for the first inequality; |wx($)||[¢ — z|2 > =%k for the second
inequality which follows from (G2) and the assumption on ¢. Hence we obtain

— k _1+L
IDfPv]l = CO‘/E IDf vl = | — 2| FEQ ]

For the last inequality we have used the second inequality in (17). This yields the first in-
equality. Substituting | — z|~! > €**/2 into this yields the second one.

PROOF OF (f). Letl <i < g. The definition of ¢ and (G2) give

i lwi (D)l _
AL IDF N (DI < 1g =zl - ol - lwg Ol 550 < 16 = 21"l << ol
llwg ()l

The other component of Df’v is exponentially contracted, and hence (f) holds.

PROOF OF (g). The ratio of the two quantities in (18) can be made arbitrarily close to a
uniform constant, by choosing sufficiently small § and b. With this and the bounded distortion
in Lemma 2.4, forg <i < p,

IDfPoll 1 lwpOll 8
IDffvll = 10 Jwi )l ~ 10°

where the last inequality follows from (G3). For 1 <i < ¢, using (e,f),

IDfPoll 2 0l i
- >e3 - >e3
IDf vl IDf vl

PROOF OF (h). Letz = (x,(yo), yo). (16) gives |fz — fz'| < Di(¢), and thus
|fiz — fiZ] < ClwiOl|lfz — fZ| < Ce™3*P. Here, we have used Lemma 2.9 for the
first inequality and the definition of Dy (¢) for the second. We also have | fic — fi7/| <
(€)' fg = f2']. Hence | f'¢ = flz| < [f7¢ = f1/| +1f'2 = flz] < Ce P < o720,

Finally we prove (ii). Split Dfv = A ((1))+Be,,(f§). Lemma 2.2 gives |A| = | —z|||v].
The assumption on z and || Df"~'(f2)Il < Cllwa(©)ll give A - Df*'(f2) (§) | < e
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We also have

IB- D" ' (fea(fOI < IDF" (FDen(fON + 1D (f2)(en(FE) — en(f)
< (ChY" + Clwa (Ol — 2| < e,

This completes the proof of Proposition 2.1. O

3. Choice of binding points

To recover the loss of hyperbolicity due to returns to 7 (§), we carry on the same strategy
as in [2, 13, 22]: look for a suitable critical point and use it as a guide. Such a critical point,
if exists, is called a binding point. The aim of this section is to establish the choice of binding
points.

3.1. Binding points for returns near the boundary of 7(8). Let 1V)(8), j =
1,2, ..., dCrit denote the components of /(§). Using Corollary 2.6 (and borrowing some
arguments in Sect.4), it is possible to construct for each 1/)(8) a smooth map a — ¢ (a)
defined in a neighborhood of a* such that:

o ) = ¢ (a) is a critical point of order N of f, with good critical behavior;

()
del| < C.

These critical points will be chosen as binding points for returns near the boundary of 7(§).
For returns deep inside /(§), we construct other critical points and choose them as binding
points.

3.2. Construction of new critical points. A CZ curve is called a C2(b)-curve if the
slopes of all its tangent vectors are < /b and the curvature is everywhere < +/b. The next
two lemmas, the proofs of which are given in appendix, are used to construct new critical
points around the existing ones. For corresponding versions, see: [2] p.113, Lemma 6.1; [13]
Sect.7A, 7B; [22] Lemma 2.10, 2.11.

LEMMA 3.1. Let y be a C*(b)-curve in 1(8) parameterized by arc length and such
that y (0) is a critical point of order n. Suppose that:
() y(s) is defined for s € [-b%,b7];
(ii) there exists m € [n/3, 20n] such that ||Df[(fy(0))|| >cforl <i <m.

There exists sg € [—b%, b%] such that y (sg) is a critical point of order m on y.

Next we consider two C2(b)-curves y1, y» in I (8) parametrized by arc length, in a way
that the x-coordinate of y1(0) coincide with that of 12(0). Let 7, (s) denote any unit vector
tangent to y, at Y, (s), 0 =1, 2.

LEMMA 3.2. Let y1, v2 be as above and suppose that:
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S =

u f[9”]u f[ﬁn]Jrl f[Hn]+;1

FIGURE 4. The evolution of u# under iteration. the horizontal segment tangent to D f 1971y indicates v,
and the curves indicate images of y.

() yi(s), y2(s) are defined for s € [—7, 3], & < Cy°;
(i) y1(0) is a critical point of order n on y| and ||Dfi(fy1 ONI=cforl <i<n;
@iii) [y1(0) — y2(0)| < &" and angle(1(0), 12(0)) < &".
There exists sg € [—8%, 8%] such that y»(so) is a critical point of order n on y».

REMARK 3.1. The corresponding versions to Lemma 3.2 in [2, 13, 222] assume that
y1 and y» are pairwise disjoint. The smallness of the angle as in (iii) automatically follows
from this. We allow y; to intersect y», and therefore need to take the smallness of the angle
as an independent assumption.

3.3. Hyperbolic times and regular critical points. Let!
(19) ]
ro = ¢ - min N
0 10
DEFINITION 3.3 (Hyperbolic times). Let v be a tangent vector at z and letm > 1. We
say v is r-regular up to time m if for 0 <i < m,

IDf™v|| > r8| Df vl .

. 1
We say o € [0, m] is an m-hyperbolic time of v if Df#* v is K -expanding up to time m — p.

The next lemma, the proof of which is given in appendix, ensures the existence of hyper-
bolic times. See [2] Lemma 6.6, [13] Lemma 9.1, [22] Claim 5.1 for related issues.

LEMMA 3.4. Let m > log(1/8) and suppose that a tangent vector v at z is ro/10-
regular up to time m. There exist s > 2 and a sequence (11 < (3 < --- < Us of m-hyperbolic

times of v such that:
1
(@) Df*iv is k) -expanding up to time m — ju;;

(b) 1/16 < (m —pjy1)/(m—puj) <1/4for1 < j<s—1;
(©) 0<pui <m/2andm —log(1/8) < us <m —log(1/8)/2.

DEFINITION 3.5 (Regular critical points). Let y be a horizontal curve in 7(8). A crit-
ical point ¢ of order n > N on y is regular if (cf. Figure 4):

CH _IDFI (SOl = clorl <i <n;
2

n the case ga = 1 —ax~, one can take ¢ = 1, rg = 1/10.
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Vi
\ &i Mz
\.‘\
7 i v
Yi +1/

FIGURE 5. Critical points on C2(b)-curves.

(C2) thereexist & € f~19%1¢ and a unit vector u at £ such that:
1
- u is K -expanding and ro/10-regular, both up to time [0n];

- Df19nly is tangent to y .

3.4. Binding regular procedure. For the rest of this section we assume m, n are
integers with

(H1) each regular critical point ¢ of order < n has a good critical behavior;

(H2) atangent vector v at z is ro-regular up to time m, and ™"z € IV (8) C 1(5).
We indicate how to choose a binding point for Df™v. First of all, if Df™v is in admissible
position relative to c;, then we choose ¢; as a binding point. If Df™ v is in critical position
relative to ¢, then in view of Lemma 3.4, fix once and for all a sequence ;1 < 2 < -+ < g
of m-hyperbolic times of v satisfying
m— [i+]

<—forl<i<s.

1 1
(20) m —p1 =6n, ~log(l/8) <m — ps <log(1/8), —
2 16 m— i

Correspondingly, fix once and for all a sequence n > n; > - - - > ng of integers such that

21 m—u; = [On;j]forl <i <s.

Let /; denote the straight segment of length 2/{39ni centered at iz and tangent to Df"iv.
Let y; = f™%il;. By Lemma 2.9, the distortion of f/|l; (1 < j < m — u;) is uniformly

bounded and consequently y; is a C%(b)-curve extending to both sides around f™z to length

> ngnl-_ In particular, y; extends to both sides around f™z to length > Kg log(1/ 5). By Lemma

3.2, there exists a regular critical point of order ny on yy, which we denote by ¢;. If Df™v
is in admissible position relative to s, then we choose ¢, as a binding point. Otherwise we
appeal to the next

LEMMA 3.6 (Existence of regular critical points of higher order). Leti € [2, s] and
suppose that there exists a regular critical point ; of order n; on y; relative to which Df™v
is in critical position. Then there exists a regular critical point {;i—1 of order nj_1 on y;_1
relative to which D f™v is in admissible or critical position.

Recursively using Lemma 3.6, we end up with two cases as below. The choice of binding
points splits into these two cases:
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CASE 1; thereexist j € [1, s], and foreachi € [, s] a regular critical point ¢; of order
n; on y; such that Df™v is in critical position relative to &, ..., {j+1, and in
admissible position relative to ¢;. In this case, choose ¢; as a binding point.
CASE 2; there exists a regular critical point of order n| on y; relative to which Df™v
is in critical position. In this case, choose ¢; as a binding point.
As a corollary we obtain

COROLLARY 3.7. Let ¢o denote the binding point for Df™v and let ko denote the
order of ¢. If Df™v is in admissible position relative to ¢y and o ¢ {c1, ..., cycrit}, then

—log|fo —z| ~ ko .

3.5. Recovering hyperbolicity. Having established the choices of binding points, we
now apply Proposition 2.1. If Df™v is in admissible position relative to the binding point,
then all the estimates in Proposition 2.1(i) are in place: the loss of hyperbolicity and regularity
suffered from the return to 7 (8) are recovered at the end of the bound period.

In addition, in this case one can repeat the binding procedure in the following manner.
Write m = m. Let ¢ denote any binding point for Df™v and let p;y = p(¢, f™z) denote
the bound period. (e,g) Proposition 2.1 implies that v is ¢/10-regular up to time m| + p;.
Let my > mi + p; denote the smallest such that f™2z € [(§). By Lemma 2.1, v is rg-
regular up to time mj. Subsequently the binding procedure is performed once again, replacing
m, fz, Df™v by my, f™2v, Df™2v correspondingly.

In this way, one may define integers

my<mp+pr=<my<my+pr=<m3<---

inductively as follows: for k > 1, py is the bound period of f™*z; niy1 is the smallest
j = myi + pi such that f/z € 1(8). (Note that an orbit may return to /(8) during its bound
periods, i.e. (my) are not the only return times to 7 (§).) This decomposes the orbit of z into
segments corresponding to time intervals (my, my + px) and [mg + pk, my+1], during which
we describe the orbit of z as being“bound” and “free” states respectively; my are called free
return times of z.

PROOF OF LEMMA 3.6. Let y = fHi~Hi-1];_;. Parametrize y by arc length and

assume y (0) = fHiz. Then y (s) is well-defined for s € [_Kgoen,- L1899 because

i i i—Hi— 3 1 — M- .
(1/2)’(30”,—1,((;1(“ M 1) Z (1/2)K(() +4)(m 1% 1) Z Kgoen’ .

The last inequality follows from (20).

We use “-” to denote the differentiation on s. Let ¢(s) = angle(en—y, , (¥ (5)), ¥ (5)).

Forall s € [_KSOOHn,-’ KSOO@n,-]’ we show

lg,.
(22) o(s) > kg
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We finish the proof of Lemma 3.6 assuming this estimate. Let £ = f~("~#)¢; N [;. We have

5000n;
K

Hi) m 0
I5i — [zl < @(s)ds .
0

J
€ — fliz] < 2+
For the second inequality we have used (22), # « 1 and the assumption that Df™v is in

critical position relative to ¢;. This implies that the long stable leaf of order m — u; through &
intersects y. Let y (so) denote any point of the intersection. Then

(23) [Si — f" My (so)| < (ChY"Hi .
By the bounded distortion and Sublemma 3.1 below,
24) angle(Df"™""t(&), Df" M iy(so) < (Ch)" .

Here, 1 () is any unit vector tangent to /; at £. By Lemma 3.2, there exists a critical point of
order n; on y;—1 = f" #i-1l;_1, denoted by ¢/_,, such that [y (so) — ¢/_;| < (Cb)%(’"_’”).
By the bounded distortion, the exponential growth in (G1) for the orbit of ¢; is passed onto
that of ¢/_, up to time 20n;, which is > n;_; by (20). Lemma 3.1 yields a critical point of
order n;_1 on y;_1, which we denote by ¢;_;. We claim that ¢;_ is a regular critical point
of order n;_1 on y;_1. Indeed, (C1) holds as a consequence of the above exponential growth,
and (C2) follows from the bounded distortion and Lemma 3.4.
It is left to prove (22). We have ¢(s) > ¢(0) — I — II, where

I = angle(en—p;_, (v (5)), em—p;_; (¥(0))), 1l = angle(y (0), y(s)) .

We estimate the right-hand-side term by term. Note that y (0) is collinear to Df*iv. Since
Wi is an m-hyperbolic time, ¢(0) is bounded from below as follows. Splitting y (0) into the
direction of e;;,—,,; (v (0)) and the direction orthogonal to it,

Yn—up) IDf"™v| i i
S YT J(Chyr=r + Chsin 90

%Gni

which implies ¢ (0) > «,
To conclude, it suffices to show max(/, II) < ¢(0). This holds for / from Lemma 2.4
and |s| < KSOOQ"". Regarding 11, as [; is a straight segment, Lemma 2.3 gives

pmi—1 —
5 i IDfvll
V() =< (ChyHi—I
_X: | Dfriv|3
J=Hi—1
‘We have
”Df']U” S Cé_rui—l ”D Mi*lU” S Cgi_/‘vi—l ||D Mi*lU”
and

1
. 7 (i—mi-1) .
IDf o)l = Ky IDfFi=1v].
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Replacing these in the fraction and the using Lemma 3.4, |y(s)] < Cg(“ i~ i) <

Cg(m*“"*l) < KO_4809"". Therefore III < |} (s)||s| < ¢(0) holds.

- - Chi -
SUBLEMMA 3.1. [If|f'§ — f'n| < (57)' for 0 <i < n, then for any nonzero tangent
vectors v, w at &, n,

ch\""V' S IDfiv| D wl]
angle(Df"v, Df"w) < (—) .
K ;0 IDf™ol| [ Df"w

PROOF. From the proof of [[22] Claim 5.3]. a

3.6. Source of nonuniform hyperbolicity: the set C. In this subsection we assume
that every regular critical point has good critical behavior, and show that this assumption
implies the occurrence of nonuniformly hyperbolic behavior. The issue on the abundance of
parameters for which this assumption holds is adduced to later sections.

PROPOSITION 3.1. The following statement holds for all f = f, with (a, b) suffi-
ciently close to (a*,0); if all regular critical points of f of order > N have good critical
behavior, then for each fixed saddle p of f with W*(p) C [—2, 21?, there exists a countable
set C C WH(p) near Crit x {0} such that each ¢ € C satisfies:

@ IDf"(fO) (§) | = & for everyn = 0;

(b) ¢ admits a tangent direction which is exponentially contracted by both positive and

negative iterations.

PROOF. Fix a fundamental domain F in W}’ (p), and let z € F. Let t(z) denote a
nonzero unit vector tangent to Wl’f)c( p) at z. Define a sequence n; < n; + p; < ny <
ny+ p2 < n3 < ... inductively as follows: n is the smallest such that "1z € I(8) and p; is
the bound period of f"!z; ny > nr_1 + pr—1 is the smallest such that f"*z € 1(§), and pi is
the bound period of f"*z. From the fact that p is a fixed saddle, it follows that this sequence is
defined indefinitely, or else there exists an integer m such that Df"¢(z) is in critical position
relative to critical points of arbitrarily high order. If the latter case occurs, we let 'z € C.

The set C thus defined is a countable set, because the defining map F — C is surjective
and any point of the inverse image of the map is isolated in . (a)(b) follow from the fact that
each element of C is accumulated by regular critical points for which (G1) holds. O

4. Parameter dependence of critical points

In the remaining three sections we construct a set A of positive Lebesgue measure for
which every critical point has good critical behavior. The construction of A is done by in-
duction. At each step we exclude all parameters from further consideration for which some
regular critical points may not have good critical behavior and necessary analytic estimates
fail for proceeding to the next step. At this point we face an intrinsic difficulty, not present in
one-dimension: critical points do not persist when the parameter is varied, because they are
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dynamically defined. In this section, we resolve this difficulty by introducing a parametrized
family of critical points.

4.1. Deformations of quasi critical points. We relax the definition of regular critical
points as follows.

DEFINITION 4.1 (Quasi critical points). Let y be a C2(b)-curve in I(8). Letn > N,
and let ¢ be a critical point of order n on y. We say ¢ is a quasi critical point of order n on y
if there exist & € £~z and a unit vector u at £ such that:
(i) Df'9y is tangent to y;
1
(i) u is k; -expanding up to time [On].
HYPOTHESIS FOR THE REST OF SECT.4.1: ¢ is a quasi critical point of order n > N on
aC 2(b)-curve y such that:

QDn IDfI(fON = cforl <i <n;
(Q2), thereexist & € f191¢ and a unit vector u at & such that:

—  Dfl9y is tangent to y;
1
- u is kg -expanding and ro/160-regular, both up to time [6n].

Let H = [—2, 2] x {+~/b}. Let r denote the point of intersection between H and the long

stable leaf of order [0n] through &. Let [ C H denote the horizontal of length 2/(89” centered
atr. Let

(@) =[a —«y,a+ k5]
We now introduce a C3 map a € I,(a) — ¢(a) called a deformation of ¢. Here, ¢(a) is
a quasi critical point of order n of f, given by the next

PROPOSITION 4.1. The following holds for all a € I,,(a):

(a) fa[en]l is a C%(b)-curve extending both sides around fa[en]r to length > /cg‘g”;

(b) there exists a quasi critical point ¢ (a) of order n on fa[en]l. In addition, | —¢(a)| <
Ch;

(¢) a € Iya) — ¢(a)is C3, and there exists C > 1 such that for j = 1,2,3,
[fac@] < c.

Before entering a proof of this proposition we prove the next lemma on iterates of f;.

LEMMA 4.2. f&wn]l is a C%(b)-curve extending both sides around f&w"]r to length
> /cge”. Morveover, there exists a quasi critical point £ (a) of order n on f&wn]l. Furthermore,
It - ¢@l < (Ch)¥.

PROOF. Write f for f;. For a point p € [—2,2]?, let us write v(p) = ((1)) The next

i

comparison of derivatives is used: [|Df v(&)|| & || Df'v(z)| forz € land 1 <i < [On]. This
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follows from the bounded distortion in a neighborhood containing £ and / in consequence of
the assumption on & and Lemma 2.10. Lemma 4.2 follows from this and ||Df[9”]v(r)|| >

on
IO @I = DM ull = Jxy
By Lemma 2.3, the curvature of f1%1 is bounded from above by
[6n]—1

wn—i IDfo@]?
‘ ; NN VY TR

We evaluate the fraction as follows. For 0 <i < 6n/2,

IDfivE) || < i tn/2 . —20m=0)
IDfeyE| — 00 =70 '

For6n/2 <i < [6n],splitu = A ((1)) + Be;(£). An analogous reasoning to the proof of (22)
shows ||Dfiu|| ~ |A|- ||Dfiv($) ||. By the bounded distortion and (Q2),,,

IDf v()] -c. IDf ull ¢
IDfEm@I — ~  IDfOmu| ~ 8

Replacing all these in the summand, we obtain the curvature is everywhere < +/b. The
second inequality with i = [#n] — 1 implies that the slopes of the tangent directions of £[01]

are < \/1_7
Subemma 3.1 gives angle(Df19"ly, Dfy(r)) < (Cb)%, and also | f1071g — f10nly) <
(Cb)%n. By Lemma 3.2, there exists a critical point of order n on f1°"1]. The bounded
distortion and (Q2),, together imply that this critical point is a quasi critical point of order .
The last assertion follows from Lemma 3.2. O
PROOF OF PROPOSITION 4.1. Letz €l,a € I,(a) and 1 <i < [On]. Then

on

IDfiv(r) — D) < kg° .

(Q2),, and the bounded distortion give

IDFL() = CIDFE)] = Cr

Hence, ||Dfév(r)|| ~ ||ijv(r)|| holds. The bounded distortion in Lemma 2.9 gives
IDfiv(r)|l ~ [IDfiv(2)l, and consequently || Dfiv(r)| ~ ||Dfiv(z)||. From this and the
proof of Lemma 4.2 we obtain (a).

We divide the rest of the proof of Proposition 4.1 into three steps. In the first two steps
we prove (b). In the last step we prove (c).

STEP 1 (CONSTRUCTION OF A CRITICAL POINT OF f; ON fa[e"]l). Parametrize [ by
arc length s. For a € I,(a), let x(a) € [ denote the point such that the x-coordinate of
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10n] (@) coincides with that of ¢(&). Then

9
(25) £ x (@) — £ @) < 21 fx @) — £A7x @) <k

on

1£x (@) — fx @) < 1 £ x @) — fIMx @1+ 1 £ x @) — £Ex @) < 260

a

By the C?(b)-property,

angle(Df v (x (a)), D v(x(a))) < 2\/51((;% .

The proof of Lemma 4.2 implies

angle(Df1"v(x (@), Df"u(x (@) = wd?

Hence
9n

(26) angle(Dfv(x(a)), DA v(x(@))) < 2" .
(25) (26) permit us to use Lemma 3.2 to construct a critical point of f; of order n on faw"]l ,

4l .
which we denote by z, located within ;" of (a). By the bounded distortion, || D 1 (fall =
c/3holdsfor1 <i <n.

STEP 2 (CONSTRUCTION OF A QUASI CRITICAL POINT OF f, ON faw"]l). Let y

n

denote the C 2(b)-curve in fa[en]l which extends both sides around z to length KO7 . Since | fz—
faz| < Cokyy, the bounded distortion gives, for 1 <i <n,

IDfv(faDdll = (1/2) DV fa)ll = c/6.
Asa € I,,(a),

9n

IDfgv(fa2)|l = IDf3v(fa2) | = 1Df5 (faz) = DF; (fa2)]l = ¢/6 = &g" .
Namely, f,z is expanding up to time n under the iteration of Df,. By Proposition 2.4 and

diam(fyy) < C/c(;%, the most contracting direction of D f(j , denoted by e, ;, is well-defined in
a neighborhood of f,y.

Parametrize y by arc length and assume y(0) = z. Let 7(s) denote any unit vector
tangent to y at y (s). Split

Dft(s) = A(s) (§) + B($)ean(f22) s
Dfat(s) = A'(s) () + B'(9)ean(fay (5)) .
These two equalities and || Df, (¥ (s)) — Df;3(y (s))|| < Cla — a| altogether imply
A'(s) = A(s) + B(s) cos 03 (fa2) — B'(s) cos 0a(fay (5)) + R,
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0 = B(s)sin0;(f32) — B'(s) sin0, (fay (s)) + R,

where ¢q,() = (gg;g;g;;) and [R| < Cla — a| < Ci!'. Letting ¥(s) = |04(fa2) —
Oa(fay ()|,

|B(s) — B'(s)| < Cy(s) + C|IR| and |A(s) — A'(s)| < Cy(s) + C|R]|.
From the results in Sect.2.3,

Y(s) < 10:(fa2) — 0a(fay )| +10a(fay (8)) — Ou(fay ()] < Cx/E(|S| +la—al) .
Lemma 2.2 gives |A(x. )| ~ kg, Al )A(—k ) < 0 and | B(s)| < C+/b, and hence
Ak ) — A/ ()] < CVbKE + Cill < |A(xl)] .

This implies A,(Kg)A,(—Kg ) < 0, and therefore A’(s) = O has a solution. Lemma 2.2
implies that this solution is unique, and by definition, it corresponds to a critical point of f,
of order n on y, denoted by ¢ (a). By construction, ¢ (a) is a quasi critical point of f, of order
n.

STEP 3 (DERIVATIVE ESTIMATES). Parametrize [ by arc length s. Let o(a) denote the
unique parameter such that
@7) t(a) = f"i(o(@)) .
Consider the unit vector F(s,a) = p - D fa[G"H]v(l (s)), where p > 0 is the normalizing

constant. Let G (s, a) denote the most contracting direction of Df] at fawn]Jrl [(s), so that
F(o(a),a) — G(o(a),a) =0.
[6n]

Let vo = Df; “v(l(0(a))) and vi = Df,vg. Let ko denote the curvature of fw"]l at ¢(a).
We claim

(28) Ko > Cllvoll*/llvilI*,
and

56 2p p=1
10aFll = &g>"" 135 FIl = wollvrll = llvoll“llor ™ > llwoll ,

10.Gll < CVb, 115Gl < CVblwoll,
where all the partial derivatives are taken at (¢(a), a). The factor ~/b in the upper estimate of

on
|10 G|| comes from (10) and Corollary 2.6. Hence ||0s(F — G)|| > CKO2 holds. The implicit
function theorem yields

96n

d g
— K
dag -0
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Differentiating (27) with a and using this we obtain the desired bound of ‘ %{ | Higher order
derivatives are bounded in the same way.

It is left to prove (28). Write yp = faw"]l . Parametrize yo by arc length s so that
y(0) = ¢(a), and let y1(s) = fyo(s). Let “-” denote the differentiation with respect to 5. We

have 71(0) = Df (y9(0))70(0) + X0 (0), where

(A B _ ((VA.70(0)  (VB.70(0))
D1 i) = <c D) and X = (<vc, Jo(0)) (VD, y'o(0)>> '

From the form of our map (6) and the fact that yy is C2%(b), we have 1Po(O)|| < C+/b and
[{VA, y0(0))] = C > 0. In addition, all the other entries of X are < Cb in norm. Hence

171 (0)|| > C > 0 and slope(#; (0)) < C+/b hold. Since slope(y1(0)) > C/+/b , the curvature
is
171(0) x ¥1(0)]| ._ ¢
ly1(0))13 IO

This proves (28). a

[T3NR2]

4.2. Uniform derivative estimates. From this point on, we use to denote the a-
derivatives. Since the construction of deformations of quasi critical points of order n involve
n iterations, and now n is arbitrary, the next uniform bounds on derivatives of deformations
are highly nontrivial.

PROPOSITION 4.2. Let ¢ be a quasi critical point of order n > N of f; on a C2(b)-
curve y. Assume:
@ DOl =2cforl <i <n;
(i) there exist € € f719"1¢ and a unit vector u at & such that:
— DfYy s tangent to y;

—uis /cg -expanding and ro/40-regular, both up to time [On].
For the deformation a € I,(a) — ¢(a) and j = 1,2 we have

. —101og(1/8
IE @)l < kg 1N

PROOF. We divide the proof into three steps. First, in a slightly different way from
Proposition 4.1 we construct a smooth map a € I,(a) — z(a) such that z(a) is a quasi
critical point of order n of f,. Next, we repeat similar constructions for lower orders. Finally
we put these together and complete the proof.

STEP 1 (CONSTRUCTION OF A PARAMETRIZED QUASI CRITICAL POINT OF ORDER

n). Let y denote the straight segment of length KSQ” centered at £ and tangent to u.

LEMMA 4.3. Foralla € I,(a) we have:
(@) |log|IDfiE)ul —log | Df}(E)ulll < 1for 1 <i <[on];
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(b) fa[en]y is a C%(b)-curve extending both sides around faw"]é to length > KSH”;

(c) there exists a quasi critical approximation z(a) of order n on faw"]y;

(d) forallnevy,
(29) |fin— figl < kg™ 0<i <[6n].

PROOF. (a—c) follow from slight modifications of the arguments in Sect.4.1, 4.1. The
Hausdorff distance between f[i y and f(f yis < KSH”, and (d) follows. O

STEP 2 (CONSTRUCTION OF PARAMETRIZED QUASI CRITICAL POINTS OF LOWER
ORDER). In view of the assumption n > N and Lemma 3.4, fix once and for all a maximal
sequence 0 = u1 < U2 < --- < g of [@n]-hyperbolic times of the tangent vector u at &€ under
the iteration of f;. Correspondingly, fix once and for all a sequencen =:n; > ny > -+ - > ng

of integers such that [0On;] = [6n] — w; holds for 1 < i < 5. Let £(a) € y be such that

faw"]éE (a) = z(a). Let y;(a) denote the straight segment of length 2K39"i centered at £} &(a)

and tangent to £}y .

LEMMA 4.4. Foreveryl <i <sandalla € I,,(a) we have:

(@ fLom

vi(a) is a C%(b)-curve extending both sides around z(a) to length > ngn,-;

(b) there exists a quasi critical point z;(a) of order n; on fa[en’]y,- (a) such that
i
Ony,
(30) i@ —z@] <Y b .
k=1

PROOF. (a) follows from a slight modification of the proof of Proposition 4.1 (a) . We
prove (b) by induction on i. The argument is parameter-independent. So, let us suppress a
from notation and write z(a) = z, z; (a) = z; and so on.

(b) for i = 1 follows from the fact z; = z. Assume (b) fori = j > 1. The lower
estimate of length in (a) for i = j permits us to use Lemma 3.1 to construct a critical point of
ordernjii on f [9"-/]yj, denoted by p, such that

nj+l

(31) lzj — pl < (Cb)™3
[Onjy1],,.
f Yi+l1 2 | q
Z \ '
flomily, Zj P
X = X0

FIGURE 6.
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We regard the two C2(b)-curves f[e"f]yj, f[9”-/+1]yj+1 as graphs of functions y; (x), yj41(x)
correspondingly. Let xo be such that p = (x¢, y;(x0)). The assumption of the induction gives
length(f1"1ly;) > |z — p|. Hence, y;41(xo) makes sense. Let ¢ = (xo, yj+1(x0)). Let
s € y be such that f10%ls = p.

1
The bounded distortion on y gives | fHi+1& — 5| < 2 300 ”/+1]| —pl < (Cb)%g"f“.

From this and the lower estimate of the length of y;1, it follows that the long stable leaf of
order [0n 1] through s intersects y; 1. Then |y;(xo) — y;j+1(x0)| < (Cb)?"i+1 | and Sub-

On ;g
lemma 3.1 gives |y} (x0) — y}H (x0)| < (Ch) 5 . By Lemma 3.2, there exists a quasi critical
On iy
point of order n; on y;41, denoted by z;11, such that |z;11 — g| < (Cb) ol Consequently
we obtain
lZj+1 —zl < lzj+1 —ql+1lg —pl+1p —zjl +1z; — zl

-1-21217?A ' 5 .

k=1

i
‘»

This proves (b) fori = j + 1. O

STEP 3 (OVERALL ESTIMATES). Puta = a in Lemma 4.4. Then we obtain a sequence
L1, - .., ¢s of quasi critical points of f;, of order n; > --- > ng correspondingly. By the initial
assumptionon ¢, &, u, (Q1),,, (Q2),, holds for ¢;, for each i € [1, s]. Hence, the deformation
a € I, (a) — &i(a) of ¢ is well-defined by virtue of Proposition 4.1. Asn| = n, {1 = ¢, and
Z1(a) = ¢(a) holds for all a € I,,(a).

On
LEMMA 4.5. Foreachi € [1,s]and forall a € I,,(a), |¢i(a) — zi(a)| < (Cb) =

We finish the proof of Proposition 4.2 assuming the conclusion of this lemma. We appeal
to the next

LEMMA 4.6. (Hadamard) Let g € C2[0, L] be such that lg| < Mg and |g"| < My. If
4Mo < L? then |¢'| < v/Mo(1 + M>).
Write ¢ (a) = &, £i(a) = &, &i(a) = & and z;(a) = z;. Proposition 4.1 gives |Zj+] —

Eil < 2/{6 30"’. Lemma 4.4 and Lemma 4.5 give
On;
[Git1 — il < 1&iv1 — zigtl + 16 — zil + |zig1 — zi] S (CH)5 .
. . On; . .
This permits us to use Lemma 4.6 to get ||¢i+1 — ¢ill < (Ch)6 . Summing this over all
1<i <sand ||§S I < K(;30ns < K310g5 from Proposition 4.1,

s—1

HEN < UEl+ Y i1 = &ill < kg

i=1

410g5
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For the second order derivative estimate, use Lemma 4.6 with respect to i1 — ¢; together
with the third order derivative estimate in Proposition 4.1.

It is left to prove Lemma 4.5. To this and we need some notation. Let §;(a) € y;(a) be
such that faw""]éi (a) = zi(a). Leta, a’ € I,(a). Let x;(a, a’) denote the point of intersection
between H and the long stable leaf of f, of order [0n;] through &;(a’). Let §; (a) denote the

ni

horizontal of length 2/{39 centered at x;(a, a). Analogously to the proof of Lemma 4.2, it

is possible to show that fa[gni]c‘;,- (a)is a Cz(b)—curve, and there exists a critical point z; (a) of

order n; on §; (a) such that |z;(a) — z;(a)| < (Cb)gztﬂ.

To conclude, it suffices to show Z;(a) = ¢;i(a). Let I = |x;(a,a) — x;(a,a)| and II =
|xi(a,a) — xi(a,a)|. Corollary 2.6 gives I < Cl|a — a| < 2«j. Meanwhile we have II <
Cl&i(a) — &(a)] < CK(‘)‘Q". Here, the first inequality follows from the Lipschitz continuity of
e[on;]> and the second from (d) in Lemma 4.3. We obtain

(32) %1 (@, &) — xi(a, a)| < Cg ™ .

By the construction of the deformation, there exists a horizontal ; C H of length 2/{39"’ cen-
tered at x; (a, a) such that faw""]l,- is a C%(b)-curve on which ¢;(a) lies. By (32), I; intersects

;. Therefore fa[gni](l,- U §;) is a C2(b)-curve as well, on which lie two critical points z; (a)
and ¢;(a). As they are of order n;, they coincide with each other. a

5. Parameter exclusion I: preliminaries.

In this last two sections we define the parameter set A in Theorem B, and show that it
has positive Lebesgue measure. In this section we do some preliminary works.

The definition of A is inductive: at step n, we define a parameter set A, by excluding
from A,_; all those undesirable parameters for which some regular critical points do not
behave in a good manner, in a possible violation of (G1-3). We set A = ﬂnzo Ay. In Sect.5.1
we give a formal definition of A,,.

To conclude |A| > 0, the main step is to show that |A,,_; \ A,| decreases exponentially
in n. Our strategy is briefly outlined as follows. We first decompose A,,_1 \ 4, into a finite
number of subsets, based on certain combinatorics describing itineraries of critical points. We
then estimate the measure of each subset separately, and unify them at the end. In Sect.5.2,
5.3 we introduce an integral part of this combinatorics.

5.1. Definition of parameter sets. We give a formal inductive definition of A,.
Choose small ¢ > 0, so that if b is small, then for any f € {f;: a € [a* — 2¢,a™ — ¢]}
and any critical point of ¢ of f we have:

@ Jwi©)l = e~ for M < i < 20N;

() [lwj(@)l = e > w; ()] for M <i < j <20N.

This choice is feasible by the fact that any critical point is contained in 7 (+/b). Set A, =
[a* —2e,a* —¢]for0 <n < N.



84 HIROKI TAKAHASI

Letn > N, a € A,—1 and suppose that every regular critical point of f, of order < n
has a good critical behavior. Let 20(n — 1) < m < 20n. We say a regular critical point ¢ of
fa of order > n satisfies (G),, if:

(i) the orbit £z, f2¢,..., f™¢ into is decomposed into bound and free segments in
the sense of Sect.3.4;
(i) letn; <ny < --- < ng < m denote all the free return times of ¢, with z1, ..., s
the corresponding binding points. They are of order < n and
(33) Y loglf"ic —zil = —am.
1<i<s

Forn > N, define A, to be the set of all a € A,_; for which every regular critical point
of order > n satisfies (G)20,—1. In other words,

ac A,_1: (G)y fails for some m € [20(n — 1), 20n) }

A1\ Ay =
n=1\ An { and some regular critical point of order > n of f,

The next proposition indicates that, for parameters in A, regular critical points of order
n can be used as binding points, and thus allows us to proceed to the definition of A, 1.

PROPOSITION 5.1. Letn > N,a € A,—1 and let { be a critical point of order > n of
fa- If 20(n — 1) < m < 20n and (G);, holds for ¢, then:
@ Jwi@)l ==Y for M <i <k,
®) NwjO)ll = e |lw; ()l for M <i < j <k;
(c) there exists a monotone increasing function x : [M, m + 11NN — N such that for
each j € [M,m + 1] there exists x(j) € [(1 — /&) ], j] such that lwy )OI >
cSlw;i (¢)]| holds for 1 <i < x(j).

Let f € {fa: a € A}. By the definition of A and Proposition 5.1, every regular critical
point of f has a good critical behavior. Then Proposition 3.1 ensures the existence of the set
C as in Theorem B. Hence, to complete the proof of Theorem B it is left to show |[A]| > 0.

PROOF OF PROPOSITION 5.1. We divide the proof into three steps.

STEP 1 (PROOF OF (a)). We begin with the elementary case where there is no re-
turn to 1(8) before time k. In this case, Lemma 2.1 and c8¢**~D > 1 from the defini-
tion of N give |wi ()| = cSeo—k=Doak=D > pAk=1) "and in addition, ||w(¢)| >
8P D lwi (0)]| = c8e** D Jw; ()]l = e~ flw; ()| for i < k.

Proceeding to the general case, let n; < --- < ng denote all the free return times of ¢
before k, with py, ..., ps, q1, ..., gs the corresponding bound and fold periods. Proposition
2.1 and condition (G) give

(34) > pi = Satk-1).

i=1
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The chain rule gives
s—1

0, )1 = i ) [ | Ao L o O
=1

10ne @ L T, @)1
where
||wn](§)|| > 57]6‘)”” ’ ||wn/+|(§)|| > Ce)ho(nl“,n,,q,) ’ ||wnz+p1(§)|| > —1
lwn+p, (O] lwn, (Ol

The first inequality holds for (a, b) sufficiently close to (a*, 0); the second follows from
Lemma 2.1; the last from Proposition 2.1. Putting all these together,
(35) Wny1p (D)1 = (&) ePotrstPemici i)

3a(k—1)

If £¥¢ is bound, namely ng + py > k, thenusing C; ™ > C, *

_(logCo 30 (g
lwi @) = €y 1wy 1y (Ol > H(-(F5H)04) e

where we have used (34) for the third inequality. If f¥¢ is free, namely ny + py < k, then

Proposition 2.1 gives [|wi (¢)[| > c8e**"s=P)||w, 4, (¢)]. Combining this with (35) we
obtain [|wy (¢)| > e**=2XP) > grok—ak) > oAk=1) "and hence (G1) holds.

STEP 2 (PROOF OF (b)). We deal with five cases separately.

CASE I:  both fi¢ and f/¢ are free. Suppose that no return takes place in [i, k]. This
case can be covered by the argument in the beginning of the proof. Otherwise, we split the
orbit into free and bound segments. Using Lemma 2.1 for each free segment and Lemma 2.1
for each bound segment we have

(36) lwj () = 859wy ()] = e flwi (2] -

The last inequality is because cde3 > 1 because j is large as there is a return time.

CASEIL:  fi¢ isfree and j € (n; + qi,n; + p;) for some | € [1,s]. Let z denote the
binding point for f™¢. Then

. A s
lw; () = Clf"¢ — 2| lwi (0)]] > CesU=D=M |, (¢)]|
o 3 . 3 . 3 .
> Ce3i2% oG=30G =Dy ()| > ™2 |y (7))

where the first inequality is because j is out of fold period; for the second inequality we have
used (36) from time i to n; (8 is dropped by Lemma 2.1) and | "¢ — z| > ¢~ from (G);
n; < j for the third; the last inequality is because j is large.

CASEINL:  fi¢ isfree and j € [n;+ 1, n; + q;] for some | € [1, s]. The upper estimate

2
of fold periods in Proposition 2.1 and condition (G) give |w;(¢)[| > C, * / w44, (&)l For
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the segment from time i to n; 4 g;, Case II applies and therefore
20&

lwny+q, (O Mw;i (Ol - Ce%j—%aie(%—%a)(nl-i-ql—i)c(; s e

lwi (O w44, N~

CASE V: i € (n;,n; + q) for somel € [1,s]. From the proof of Proposition 2.1,
lwi (O]l < llwy, (£)] holds. This and the estimates in Cases II, III yield the desired one.

CASEIV: i€ [n;+qi,n+ p1) forsomel € [1,s]. If j € [n; + g1, n; + p1), then the

bounded distortion gives “llﬁ-: ((8” > % > ¢~ QOtherwise, n; + pr < (1+ 3Ta)”l from (G)
and from Cases I, 11, III,
10uen @O N0 €8 St - 20

lwi (O Mwn4p, (N~ 10

STEP 3 (PROOF OF (¢)). Let j € [M, k]. Define a finite sequence
jZZh() >h1 > e >ht(j)

of free return times of ¢ inductively as follows. Let ﬁk+1 denote the largest free return time
before Ay, when it makes sense. Let pi4+1 denote the corresponding bound period. If

~ 1
37 hk — hiy1 — prg1 < o log(10/(cé)) ,

then let hxy) = fzk_H. In all other cases, hiy1 is undefined, namely k = #(j). Define
x(j) = hy(j). Obviously, x (j) < j holds. It is left to show for 1 <i < x(j),

(38) lwy HON = cdllwi (O,
and
(39) (1 —Va)j < x().

If there exists no return time before x (j), then (38) follows from Lemma 2.1. Otherwise,
we first observe [[wy (j (&)l = cdllw; ($) || for hs(jy+1 + pr(jH+1 <1 < x(j), from Lemma
2.1. For all other i, [|w; G+ Pi @) = (c6/10)||w; (¢)]l holds. Using all these and the

1(j t(j

reverse inequality of (37) for k = (),

. )»O(X(j)fflz(')ﬂfpt(')ﬂ) . .
> J J >
lhwy () () = cde ||wht(j)+l+pt(_/)+l(€)|| = 10”wht(j)+l+l7t(j)+1

Hence (38) holds for 1 <i < il;(j)_i_l + Pr(j)+1-

We show (39). If #(j) = 0, there is nothing to prove. If 7(j) = 1, then the inequality
follows from a condition (G). Suppose 7(j) > 1, and that h;¢j) < (1 — /&) j. We derive a
contradiction. Let ko € [0, #(j)] denote the smallest such that &z, < (1 — /o). Condition
(G) and (37) together implies kg > 1. Let B = {i € [(1 — /a)j, jI: fi¢ is bound} and
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F=1{ie[(l-a)jjl: f’f is free}. By definition and the assumption, [Ak, by + pr] C
[(1 — /&)j, j] holds for every i € [1,ko — 1]. The lower estimate of bound periods in
Proposition 2.1 gives B > log%co(ko—l) log(1/8). Summing (37)overalli =0, 1, ...,ky—2

gives {F < C(k%\—;l)log 1/8. Hence 4/aj < CgB holds, where this C depends only on

Co, 1o, ¢. On the other hand, condition (G) and (a) Proposition 2.1 give i B < 3% These two
estimates are incompatible, if « is chosen sufficiently small, depending only on Co, Ap, c. O

5.2. Expansion at deep returns. Letn > Nand f € {f;:a € A,—1\ A,}. Let¢
be a regular critical point of f order > n, having v < 20n as its free return time. If v is not
the first return time to 7(8), thenlet n; < --- < n; < v denote all the free return times of
¢ before v, with zy, ...,z and py, ..., p; the corresponding binding points and the bound
periods. Foreachi € [1,v) \ U1<s<z[”s’ ng + ps — 1], let

lwit1 (Ol
0i(f) = —7">,
’ lwi (£)112
and let
10
on, (§) = lfst — 2|9
» lwa, ()]
Let Lo = infeecrit,n>0 d(g)«c, Crit), where d denotes the minimal distance apart. Define
LO v—1 -1
(40) Ov&) =75 [2@'(()1}
=

It is understood that the sum runs over all i such that f/¢ is free. The g,+ is the interval map
in Sect.1.3 with the critical set Crit and d denotes the minimal distance apart. By (A3), the
infimum is nonzero.

LEMMA 5.1. Forthe above f, ¢, v, ||[wy,(0)]|©,(¢) > e 2*B=Dv,

PROOF. We estimate ||wv(§)||’1cr,'(§)’1 foreach 1 <i < v such that f"g is free.
STEP | (ESTIMATES FOR FREE RETURNS): Letn,4+; = v. For1 <s <t we have
lwn,+p, (ON - N[wa, ()]

lwn,, (O Nwng+p, (Ol

N
= T BlY =M alT

W, (O o ()" = TR

For the last inequality we have used (d,e) Proposition 2.1. As [[wy (O] = lwa,,, (O] we
obtain

1
lwy (O o ()71 < [f75¢ — 25| 710 < @B~ Dns
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where the last inequality follows from (G). Summing this over all s gives
t
1) Z wy (O]~ Lo, ()7 < 24DV,
s=1

STEP 2 (ESTIMATES FOR FREE SEGMENTS): Let F := [0,n1) JUi<s</[ns +
Ps»> Ns+1). Let

e :max{Z, 45, logCo} . Co=1-1/C1 (0, 1), C3=min{l/2,Cs}.
Put 59 = —%. Foreachi € F , Lemma 2.1 gives

()03 (2) = Iva(C)IIIIwi+21 @l > 8V = §C2gMV=i=s0)
lwi (Ol
Split F = FilUF,,where F| ={i e F:i <v—sp}and F, = {i € F:i > v—sp}. Summing
the reciprocals of the above inequality over all i € Fj,

C
8

D llwe@I™ e @) <

ieF)
We claim fi¢ ¢ I(3\/5) for each i € F,. Indeed, if this is not the case, then _\I%(C)H <
3V - C C(‘)’f" holds. On the other hand, Lemma 2.1 and Proposition 2.1 give ‘\llﬁi((g))ll\‘ > c.
These two inequalities yield v — i > —%, a contradiction to the assumption i € F3.

Hence the claim holds and

D lw@l™ ot < Cibr _Cso 1
ich, ' T T TV

These two estimates yield

C
(43) Dl @I a7 =

ieF
STEP 3 (OVERALL ESTIMATE): (41) (43) give

v—1
C
D@l o) = 26 P 4 o < 3Py,
i=1 )
where the last inequality is because of the fact that v is a return time of ¢. Taking reciprocals
we obtain the desired inequality. O

The expansion estimate in Lemma 5.1 does not reflect the depth of the return at time v.
Hence, it is useless for our purpose if the depth of the return is shallow, compared with ov.
However, the exclusion rule in (33) does allow this case to occur. A solution to this problem
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is to introduce a particular type of returns for which another expansion estimate is available,
and do exclusions only at these returns.

DEFINITION 5.2 (Deep return times). Let f € {f,:a € Ay,—1 \ An}. Let ¢ bea
regular critical point of f order > n, having v < 20n as a free return time, with z the binding
point. If v is not the first return time to /(8), then let n; < --- < n; < v denote all the free
return times of ¢ before v, with zp, . .., z; the corresponding binding points. Write n;4y| = v
and z;41 = z. We say v is a deep return time, if it is the first return time to /(8), or else for
1<s<t,

t+1
> 2log| e —zjl <loglf™¢ — zl.
j=s+1
Let
(44) C4 = max{1/5, C3} € (0, 1).

LEMMA 5.3. Forthe above f, ¢, v, z, if v is a deep return time of {, then

C
lwy (OO () = [f7¢ —z|™.
PROOF. If v is the first return time, then the desired estimate is a consequence of (43).
Assume that v is not the first return time. As v is an deep return,

t+1
e =zt = T 1M — 2172

j=s+1

The proof of Lemma 5.1 gives [|w,,,, (§)||_la,;1(§) <|f"¢— Zs|_%, and so

141
45) ln,, O o @) < [T 1% — 2175
Jj=s+1
Forl <s <'1t,

t

[ Wnyyy (O lwnj+p; (O Nfwn; (Ol d M O
lwu (O l_[ 1 wn g O w4, (O1 D llwn;+p, I

j=

Multiplying these,

t
o, O
46wl @) = 1/ — 275 [] ”u}-—§|ff¢—z,,~| ;.

j=s+1 wnj+pj (§)||
For each term in the product, (e) Proposition 2.1 gives

llwn, (O

W, 4, )]

1FYE =278 < | fe— 212 < V5.
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Hence

t—s

lwo @) ou, ()" < 17 — 27567

Summing this over all 1 < s < ¢ and (45) for s = ¢ gives

t t
lo @17 Y0, @) < 1£70 =275 Y 8T <110 — 275
s=1

s=1

The estimate for free segments in (43) and the above inequality yield

v—1
C 1
oI 07 @) < o + 1 =275 < =27

= 3G
i=1
Taking the reciprocals of both sides yields the desired inequality. O

5.3. Grid coordinates. For each u > 6N, fix a subdivision of R x {«/E} into right-
open horizontals of equal length K(’f . We label all of them intersecting H with/ =1,2,3, ...,
from the left to the right. By a u-grid coordinate of a point x on H we mean the integer /
which is a label of the horizontal containing x.

In general, let ¢ be a regular critical point of order n on a horizontal curve y. By defi-
nition, there exists & € f~19"¢ and a tangent vector u at £ for which (C2) in Definition 3.5
holds. Let u be any [On]-hyperbolic time of u. We call u a hyperbolic time of ¢. The long
stable leaf through f*& of order [On] — w intersects H exactly at one point. Let A(S, w)
denote the ([#n] — w)-grid coordinate of the point of the intersection.

6. Parameter exclusion II: positive measure

In this last section we show |A| > 0. In Sect.6.1 we decompose A,_1 \ 4, into a finite
number of subsets, based on the combinatorics introduced in the previous sections. Assuming
a key measure estimate (Proposition 6.1) on each of these subsets, we conclude |A| > 0. All
the remaining subsections is devoted to a proof of the key measure estimate.

6.1. Decomposition of parameter sets excluded at step n. We decompose A,_1 \
A, as follows. Fix the following combinatorics:

(D1) positive integers m € [20(n — 1), 20n), s, ¢, R;

(D2) sequences ((1, ..., MUs), (X1, ..., xs) of s positive integers;

(D3) sequences (vi,...,v), (U1,..., L), (n1,...,n), (r1,...,718)y (V1,...,y:) of t

positive integers.

Let E,(x) = E,(m,s,t, R,...) denote the set of all a € A,_1 \ A, for which there
exists a regular critical point ¢ of f, = f of order > n such that the following holds:

(Z1) (G);;u—1 holds, and (G),, fails;

(Z2) {1 <--- < us} C [0, [6n]] is a sequence of hyperbolic times of ¢ satisfying
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1 on] — 1 1 On] — i 1
_5["]4’“51, [On] — puy > =6n, —SMS—for1§i<s.
2 log(1/6) 2 16 [On] — i 4

(47)
Lemma 3.4 ensures the existence of such a sequence;
(Z3) xi =A@, u;) forevery 1 <i <s;
(Z4) vi < --- < vy = m are all the free return times in the first m iterates of ¢, with
Z1, - . ., 2 the corresponding binding points;
(Z5) foreachk € [1,1],Ix € [1, #Crit] is such that f¥¢ e 1% (8);
(Z6) ni < n,and

the order of zj if zx # ¢y,
ng =
0if zx = ¢y .

(Z7) Ifvg <m,then | f%*¢ — zx| € [e™"*, e " 1), If vy = m (which means k = ¢ and
vy = m), then r; is defined as follows. If | f™¢ — z;| > e~*™, then r; is such that
| f™c —z;| € [e™"", e”"tT1) holds. Otherwise, r; = am;

(Z8) 1If ny # 0, then yr = A(zk, 0). Otherwise, yx = 0.

If a € E, (%), then any regular critical point of f, of order > n for which (Z1-8) hold is called
responsible for a, or a responsible critical point of f,. The parameter set E, (k) is called an
n-class. By definition, any parameter in A,_1 \ A, belongs to some n-class.

Before proceeding let us record constraints on the above integers. Corollary 3.7 gives

(48) ng~r if vy <m.

By the definition of 7, in (Z7),

(49) ny < oflrt if vp =v; =m.
(G) and the definition of r in (Z7) give

(50) e <av forl<k<t.

PROPOSITION 6.1. |E,(¥)| < e_%RIAoLwhere R=ri+r-+r.

We finish the proof of Theorem B assuming the conclusion of Proposition 6.1. We begin

by counting the number of all feasible n-classes. The number of all feasible (1, ..., Us) is
bounded by the number of ways of choosing s objects from [On] objects, which is ([9;’] ) . For
one such way, there are at most ]_[f: 1 KO_ n=H) humber of ways to choose (x1, ..., x;s). (47)

givesm — pu; < 415 (m — Ws), and therefore

N

D m—pp) <D A Tm = ) < 20m — ) < 20n.
i=1

i=1
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Hence, it is possible to choose C > 1 such that the number of all feasible sequences in (D2)
is

[6n]\ T

—(m—p;) On
< | | < C"".
_( s > Ko =

i=1
The number of all feasible (vq, ..., v;) is < (',’ ) The number of all feasible (rq, ..., r;) is
equal to the total number of combinations of dividing R objects into ¢ groups, which is ( Rjr’ )

(48) (49) give ny + - -- +n; < Ca~'R. Hence, the number of all feasible (n, ..., n;) and

. -3 _
that of (y1, ..., y;) are correspondingly < (%ﬁ’) and < «, Lkt < Ca

~'R. Using
max {t/R, t/n} < C/log(1/5) and Stirling’s formula for factorials, we have that the number

of all feasible sequences in (D3) is

R
- (n) <R +t> <m +t> oCOa'R er(S)n-ﬁ-C@a_]R’
-\t t t -

where 7(§) — Oasé — 0.
The next lemma asserts that the the sum of deep return depths has a positive definite
proportion.

LEMMA 6.1. R > am/2.

PROOF. Leta € E,(x) and ¢ be a responsible critical point of f,. Write f for f,. If
the orbit of ¢ does not return to /(§) before time m, then necessarily f”*¢ € 1(8) holds, and
r1 = r; > am, because of (Z1). Hence the desired inequality holds in this case.

Suppose that there exist return times of ¢ in (0, m). For a non deep return time 1 €
(0, m), let n’ denote the smallest integer in [0, n — 1] such that
(51) Y 2loglfie =Gl = loglf" ¢ — byl

0 +1<i<n

free return
where ¢; denotes the binding point for f7¢. By definition, there exists no deep return time in
[7" + 1, n]. Define a strictly decreasing sequence n; > 12 > --- > n, of integers in (0, m]
as follows: 7 is the largest non deep return time in (0, m]. Given n;, let ;41 denote the
largest non deep return time which is < n; + 1. By definition, the intervals [nl’ + 1, ;] for
(I =1, ..., u) are mutually disjoint and cover all the non deep return times in (0, m]. In view
of (51) we have

Yoo 2loglfit =Gl =Y loglflic —Lyl= Y loglfic — &l
=1

0<i<m: non deep O<i<m

Hence we obtain

t
D rez

t
k=1 k=

1 . -
—log /"¢ —al = =3 Y loglf't — &l = 5.

1 O<i<m
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The last inequality follows from (33). O

Using R > am/2 > 10a(n — 1) and max(z(§), 0) < «, we have

eTONHGE G=CsR - T®) g5 ,—CsR < ,=3C5R
Hence
oR _GR
[Ani\Aul <140l D5 D0 Y Bl = [Agle™ e T e
m,s,t,R R>am/2r;+--+r=R R>am/2

7C5am _ _
<|Aple™"5 < |Agle ¥ =D

Since Ag = Ay we obtain
1Al = AN = D 1An1 \ An] = |AN|<1 -> e—“CS“("—”) >0.
n>N n>N

6.2. Structure of the rest of this section. The rest of this section is entirely devoted
to the proof of Proposition 6.1. The main step is to analyze the parameter dependence of
positions of responsible critical points at each return time vy, . .. v, in the definition of Ej, ().
In the next three subsections we treat this main step. Building on this we give combinatorial
considerations. In Sect. we complete the proof of Proposition 6.1.

HYPOTHESIS FOR SECT. 6.3, 6.4, 6.5: a € E,(x), and ¢ is a responsible critical
point of f; of order > n.

6.3. Critical curves. We need to consider all responsible regular critical points of
order > n, while bad parameters are excluded at each deep return time vy, .. ., vy, which are
< 20n. This necessitates working with deformations commensurate with each vy. We argue
as follows.

Fix once and for all sequence m| > --- > my of integers such that for each i € [1, s],

[Omi] = [On] — i .

A slight modification of the proof of Lemma 4.4 shows the existence of a sequence
g“(l), R 4(5) of quasi critical points of order my, ..., mg such thatfor 1 <i <y,

. Om;
(52) g —¢Pl<(ChyT .
For each vy, let
(53) nkzmin{l§i§s:e_’\”k/2§/cg1’}.
DEFINITION 6.2 (Adapted deformations). The deformation a € Imnk @) — ¢ (a)

of £ ) is called a v-adapted deformation of €.

We prove a couple of lemmas surrounding the vi-adapted deformation of {. The next
lemma indicates that the f;-orbits of ¢ and ¢ ) are indistinguishable up to time vg.
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. . v
LEMMA 6.3. |fic — fi£09] < (Cb)™ for0 <i < v

—Avi/2

.. . my, —
PROOF. Suppose nx > 1. The definition gives e > Ky Tk ], and thus m, 1 >

A /(2log(1/k0)). (47) gives 11_6 < o and hence my, > Avr/(321log(1/«p)). This yields

Tk
— My

. . . om Ov,
i = fie ™) < Chle — ¢ W] < CPH(Ch) T < (Ch)H .
Suppose nx = 1. Then m,, = m; > n. Since 20n > vy, we get my, > v;/20, and the same

inequality holds. U

Let
(54) Jl)k(&a §)=[&_@Vk(€)a&+@Vk(§)]-

LEMMA 6.4. J,(a,¢) C I, (a). If moreover ny # 0, then I, (@) C In(a). In
particular, the deformation of the binding point for f;k{,' is well-defined on J,, (a, ¢).

PROOF. Thereissomei € [(2/3)vk, vx] such that fi¢ is free. Hence @, (¢) < e™*%/2
holds. On the other hand, (53) gives e~ M/2 < Kgl " Hence the first inclusion holds.

For the second inclusion, it suffices to show my, > ny. This holds for the case vy = v; =
m, from ny < n and m,, = m; > n. Suppose vy < m. Then ny < Cavy < Can holds. If
nx = 1, then m,, = my > n, and hence m,, > ny. If g > 1, then the inequality in the proof
of Lemma 6.3 gives the same inequality. O

In what follows, we consider the evolution of parametrized curves:
a€ @)~ k)= fic™@), i=012... u,

and show that this evolution is similar to that of a curve under the iteration of the fixed map f;.
A central idea follows the well-known line [2, 13, 22] and consists of two parts; to establish
an equivalence between space and a-derivatives (Sect.6.4) and then; to transfer phase-space
analyses to parameter space (Sect.6.5).

6.4. Equivalence between space and a-derivatives. Recall that (g,) is the unper-
turbed family of maps on [—1, 1]. For each xo € Critand i > 0, let x;(a) := g(ixo. Let

dxy
=k (a
Qk(x0, a) = #~
(92 )'x1(a)
According to [18], we have
(55) Qi (x0,a*) = p(xo,a™) #0ask — oo,

where p(xg,a*) is the one in (7). Pick a positive integer kg such that |Qp(xo)| >
p(xp,a®)/2 > 0 holds for all k > ko and each xg € Crit. Fori > 1, write w;() =

DETN(£:0) (3)-
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LEMMA 6.5. There exist C1 > 0, Cy > 0 such that for a € Im];(&) — ¢o(a, k) we

have
Cilwi ()N < 5@, b < Callwi (@)l forko <i < v
In addition, the second inequality remains to hold for all 1 < i < k.
Let 6; = angle(w (¢), £i(@, k)).
LEMMA 6.6. Foreveryi > ko such that fé( is free, 6; < m

Proofs of these lemmas are given in Appendices A.5, A.6.

6.5. Evolution of critical curves Fori € [kg + 1, vi], define

pi = Z et +0j71(§)@vk )+ Z length(yj)ll_o,

ko< j<i: free ko< j<i: free return
Fori > 1, write wi(a) := Dfi=1(¢1(a, b)) (})-

LEMMA 6.7. The following holds for ko < i < v such that fég’ is free:

@ [logligi(@, k)l —logligi(a, b)ll| < pi < 1fora e Jy (@, );
) i@, k) < (€8)3C=D|&i(a, k)| fora € Jy, (@, ¢) and ko

=Jj=i
(c) the curvature of y; := {i(a, k): a € Jy, (@, {)} is everywhere < 15.

We postpone a lengthy proof of this lemma to Sect.6.9 and instead derive two corollaries.
For r € (0, 1) and a compact interval J centered at d, denote by r - J the interval of length
r|J| centered at a. Fix Cs € (0, 1) such that

(56) Ci1+C5€(0,1).
COROLLARY 6.8. Foralla € J,,(a,¢)\ e 5 - J,, (@, ¢),
|20 (@, k) — Ly (@, k)| = e~ (CHEI
PROOF. From Lemma 6.7(d), y,, is a horizontal curve. Lemma 6.7(a) gives

12, (@, k) — ¢y (a, k)| = C || ¢y @, 0| la — al = Cllwy, (Ollla —al,

where the second inequality follows from Lemma 6.5. From the assumption on a, the
right hand side is > Cllw,, (O] @, )] - e~ 65" If vy < m, then Lemma 5.3 gives

Wy, (O 10 (@, ¢)| > e~ €4, If vx = m, which means k = ¢ and v, = m, then r; < am,
B =10/9, C4 > 1/5 and Lemma 5.1 give

1wy (O, @, §)| > e 24Dk — p=2e(B=bm > o=Carr

Consequently, in either of the two cases we obtain the desired inequality. O
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DEFINITION 6.9 (Critical parameter). From the second inclusion in Lemma 6.4, the
deformation a € I, (a) — zx(a) of the binding point for f&”kg is well-defined on J,, (@, ¢).
Proposition 4.2 and Corollary 6.8 together imply the existence of a unique parameter ¢y €
e~ Csmk . Jy, (@, ¢) such that the x-coordinate of ¢,, (co, k) coincides with that of zx(co). We
call ¢g a critical parameter in J,, (a, £).

6.6. Combinatorial lemmas. We shall reduce the measure estimate of E,, () to ele-
mentary combinatorial considerations. To this end we need three key lemmas, based primarily
on the expansion estimate in Corollary 6.8 and the notion of critical parameters.

LEMMA 6.10. Letai, ax € E,(x) and let &1, {» be responsible critical points corre-
spondingly. Ifk < t and a; € e™"/10. Jy(az, ), then J,, (a1, §1) C 2¢7"/10. Jy (a2, £2).

PROOF. The next sublemma allows us to “relate” critical points responsible for differ-
ent parameters through their deformations.

SUBLEMMA 6.1. Letay,ay € E (%) and ¢!, ¢? be responsible critical points corre-
spondingly. Let 7 denote the binding point for fakeo and let zy () denote its deformation
(c = 1,2). If Jy (a1, &) N Jy(az,82) # O, then for all ¢ € Jy (a1, 1) N Jy(az, &),
ae k) = ¢2(e, k) and 2} (c) = 22 (c).

PROOF. By the construction of deformations in Sect.4, there exists a horizontal / lcH
30 0
of length 2« "k such that fc[ m"k]l Uis a C%(b)-curve and §01 (c, k) lies on it. Correspond-

36 0
ingly, there exists a horizontal /> C H of length 2k, " such that fc[ m"k]l2 is C%(b) and
{,'Oz(c, k) lies on it. By (Z3), the midpoints of /!, 12 have the same [6my, ]-grid coordinate.
28
Hence, I! intersects /2 and fc[ Tk ](ll UI?) is C2(b). From the elementary fact that one C2(b)-
curve does not admit more than two critical points of the same order, ;“Ol (c, k) = {OZ(C, k)

follows. An analogous argument with (Z8) in the place of (Z3) gives z,l (c) = z,%(c). O

Returning to the proof of Lemma 6.10, let co denote the critical parameter in J,, (az, ¢ 2).
We claim ¢o ¢ Jy,,, (a1, ¢1). This claim and the assumption on a together imply that one of

the components of Jy, (a1, ¢1) \ {a1} is contained in e k/10 . Jy (a2, {2). This yields the
inclusion.
It is left to prove the claim. We argue by contradiction assuming co € J,,_, (a1, ¢ 1. The

last inequality in (61) implies that {vlk (co, k + 1) is in admissible position relative to z}((co).
Hence, {vlk (co, k) is in admissible position relative to z,i (co) as well. The assumption co €
Ty (a1, ¢') N 7y, (a2, ¢%) and Sublemma 6.1 give z; (co) = z7(co) and ¢! (co. k) = £2 (co. k).
Hence, §U2k (co, k) is in admissible position relative to z,% (co). This means that ¢ is not a critical

parameter in J,, (a2, {2), a contradiction. a
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LEMMA 6.11. Letay, ar € E, (%) and let {1, {2 be responsible critical points corre-
spondingly. If ar ¢ J, (a1, ;1), then J,, (ay, ;1) N Jy (az, {2) =0.

PROOF. We derive a contradiction assuming the intersection is nonempty. Using Sub-
lemma 6.1 and Lemma 6.7, it is possible to show |J,, (a1, §l)| ~ |Jy (a2, {2)|. Let ¢, denote
the critical parameter in J,, (as, ¢%) (0 = 1,2). Since ap ¢ J,, (a1, §1), c1 # c3 holds.

Let z7 denote the binding point for f;jg"’ and let z{ (-) denote its deformation (o =
1, 2). Sublemma 6.1 gives z,i (cp) = z,%(cz). Hence

lze(c1) = zi(e2)] = Izp(en) — z(e)] < CT1¥er — e,

where we have used Proposition 4.2 for the last inequality. On the other hand, Lemma 6.7 and
(G1) give

160 (c1, k) = &2 (c2, B)| = 1€, (1, k) — &2 (ca, k)| = Ce* ey — ca .

Since ¢1 # 2, |§U1k (c1, k) — §U2k (c2, k)| > Iz,lc(cl) — z,%(cz)l holds. This yields a contradiction
to the fact that ¢; and c¢; are critical parameters. O

LEMMA 6.12. Letay € E,(x) and let ¢! denote any responsible critical point for ay.
Then Jy, (a1, ¢ 1 \ e Gk . Jy (ar, §1) does not intersect E, ().

PrROOF. Letay € Jy (a1,¢ 1)\e’c5rk “Jy (ar, §1). We argue by contradiction assuming
ar € E,(x). Let £? denote any critical point responsible for a>. Let zy denote the binding
point for fav(fg" and let z7 (-) denote its deformation (0 = 1,2). As ap; € J, (a1, Hn

Jy (a2, §2), Sublemma 6.1 gives

(57) 5o (a2, k) = ¢ (az, k), z(a2) = z3(@2) -
By the construction of deformations in Sect.4,

(58) 127 — 2 (a0)] < (Ch) & < et

If vi < m, then the last inequality follows from (48). If vy = v; = m, it follows from the
definition of r;.

CLAIM 6.1. Foro =1,2,¢0 (ag, k) — audk{,"’l < ek,
Ov
PROOF. Lemma 6.3 and (50) give [ (dq, k) — fi5¢%| < (CH)T < ™™ <™. O
Using (58) and Claim 6.1, we have
|f2e% — 22l > |60 (a2, k) — zg(a2)| — |¢5 (a2, k) — f%¢%] — |zj(a2) — 2

> |§V2k (a2, k) — z3(ap)| — 2e "% .
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For the first term of the last line,
|65 (@2, k) = 23 (a2)] = |6 (@2, k) = &) (@1, K)| = |¢) (a1, k) — z5(a)| — |z (@) — 23 (a2)]
= [¢y, (a2, k) — £} (a1, )| — |¢) (a1, k) — zj@D)| — |zj(a1) — z3(a2)]

where the equality follows from (57). We estimate the three terms in the last line one by one.
For the first term, Corollary 6.8 gives

|§v1k (az, k) — C,,lk (a1, k)| > Ce™(CatCsnc
For the second term, (58) Claim 6.1 give

80 (a1, k) — zp(aD)] < o) (ar. k) — £ + 1 £ — 2l + |z — zi(an)| < 3e77™.

For the third term, Proposition 4.2 gives

_ _ Mk _ A
1zt (@1) — z3(a2)| < CT102%|q) —ay| <e™ 2 < e T'%,

For the last inequality we have used (50). Consequently we obtain | favzk I 2 _ Z,%| >

Ce~(C4t+C)k Tt follows that £2 is not a responsible critical point for a2, a contradiction. [

6.7. Proof of Proposition 6.1. By induction, for each k € [1, ¢t] we choose a finite
sequence Ji 1, Jx,2, ..., of parameter intervals with the following properties:
(1) each Ji; has the form Ji; = Jy, (ak,;, zk,i), where ax; € E, (%) and z;; is a
critical point responsible for ay ;;
(1)  Jk.1, Jk2, ..., are pairwise disjoint and E, (x) C Ul- e~ Csrk . Jr.is
(iii) if ¢ > 1, then for each k € [2, ] and (ax,;, zk,;) there exists (ax—1,;, 2k—1,;) such
that Ji; C 2e=C5"1. Ji_y ;;
(iv) > Uil < 10]Ag|.
A simple computation gives

_ _GsR
|En(6)] <2'e” SR Tl <e7 77 | Al

1

To choose the intervals as required, start with k& = 1. We claim that it is possible to
chooseay i, a2, ..., in E,(x) and responsible critical points z1,1, 21,2, . . . , correspondingly,
for which the intervals Ji 1, J12, ..., satisfy (ii). Indeed, choose some a;; € E,(x) and
define J;,; choosing some responsible critical point for a; 1. If Ji1 covers E, (%), then the
claim holds. Otherwise, choose some a1 € E,(x) — Ji.1, and define J> | choosing some
responsible critical point for a2 1. By Lemma 6.11, J; 1, Ji 2 are pairwise disjoint. Repeat
this. As the length of these intervals are uniformly bounded from below, there must come a
point at which our claim is fulfilled.

Given Jr—1,1, Jk—1.2, - - ., for which (ii) (iii) hold, Ji 1, Jk 2, . . ., are defined as follows.
For each Ji_1 i, in the same way as the previous paragraph it is possible to choose a finite
number of parameters a1, ak2, ..., in E(x) N e Cshi-1 . Jk—1,i such that the corresponding
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intervals Jx 1, Jk,2, . . ., are pairwise disjoint and satisfy Ej, (x) Ne Csmi-1. Jk—1,i C Uj Ji,j-
Lemma 6.10 gives Uj Jrj C 2¢~C5"~1 . Ji_1;. Repeat the same construction for every

Ji—1,;. (1) (iii) for Ji 1, Jk.2, . . . , follow from the construction. (iv) follows from the pairwise
disjointness of the intervals and the next

LEMMA 6.13. Foreveryi, |J1,| <4|Ao|.

PROOF. Recall that Jy; = Jy, (a1, ¢1,i), where a1; € A,—1 \ A, and & ; is a critical
pointresponsible foray ;. If vi—1 > —loge/A, then |Jq ;| < [|lwy, (g“l,,~)||_l <e =D < ¢
As Ag = [a* — 2¢, a*™ — ¢], the desired inequality follows.

Suppose that v; — 1 < —loge/A. Asay,; € Ao, it suffices to show a* ¢ J; ;. We derive
a contradiction assuming a* € Ji ;. By condition (A3) on the interval map g,+, it is possible
to choose sufficiently small b depending only on ¢ so that all quasi critical points of f,« are
apart from /() in a distance by at least %Lo during their first [— log e /A] iterates. Consider
the vi-adapted deformation a € Ji; — z(a) of ¢1;, and write z,,(a) = fi'z(a). Since v
is a return time of {1, zy,(a1,;) € 1(28) holds. Hence |z,,(a*) — zy,(a1,1)| > %Lo. On
the other hand, Lemma 6.7 and (40) together imply |z,, (a*) — z,,(a1,;)| < %Lo. We reach a
contradiction. O

6.8. Holder distortion. For the proof of Lemma 6.7 we need the next distortion esti-
mate. We assume ¢ is a critical point on a horizontal curve y. Let @ be a curve in y containing
a point having p with its bound period, and length(w) < d(¢, w)' 2. Here, d denotes the min-
imal distance apart and § < ¢. For our purpose, ¢ = 1/3 suffices. For z € w, let ¢(z) denote
any unit vector tangent to w at z.

SUBLEMMA 6.2. Forallé,n € o,
IDfP1 &)l _q
IDfPr(mll

PROOF. From the assumption, the contractive fields ¢;, 1 < i < p are well-defined in
aneighborhood of fw. Let z denote both & and . Split Df1(z) = A(z) ({)+ B(2)ep-1(f2).
Then ||DfPt(E) — DfPt(m)|| < I) + I + I3 + I4, where

I = [AE) — AIIDFP N (fOI

L =|BE) — BIDFP~ (f9)l,

L= BIIDfP (f&)ep—1(fE) — DFP (fmep_1(f)l.
I = [AMIDFPNFE) (§) = DN rm (D) 1

We divide the rest of the proof into three steps. First we estimate I, I>, I3. Next we estimate
14. In the last step we glue all these estimate together and complete the proof.

< C|fPe— fry|T .
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STEP 1(ESTIMATES OF Iy, I, I3). The proof of Lemma 2.2 implies |A(§) — A(n)| <
C|& — n|. Hence
I < CIE = nlllwp ()]l < Cd(E, )€ — 0l T wy(O)]] -

The last inequality follows from the assumption on w. The same reasoning gives

L < Cd(Z, w)|E — 0T |w, @)l

The second estimate in Corollary 2.6 gives

I < (ChP'E—nl <& = nlllwp@)ll.

STEP 2(ESTIMATE OF I4). Take a point r such that the long stable leaf of order p — 1
through fn intersects the horizontal line through f& at fr. For a point y and i > 1, let

wi(y) = DT (fy) (). Let
6; = angle(w; (§), w; (1), 6] = angle(w; (), w;(r)), 6, = angle(w, (&), wy(r)).

Integrations of the two inequalities as in Lemma 2.2 along the path in w connecting & and n
give | f€ — fr| < Cd(¢, w)|E —n| and | fn — fr| < Cv/blE — n|. The second estimate in
Lemma 2.9 give

lw, ()l ‘ & — fr] .
T <22 o g -y
@&l | = Clg —nl

d*(¢, w)
(G2) on ¢ and the bounded distortion give |[w;+1(n)] = Ce % ||lw;(n)|l and |w;y1 ()] >
Ce ™ ||w; (r)| for 1 <i < p. Hence
p—1
<CY e f = firi+6).

i=1

p—1

‘log UAGITIS S

lw, Il = &

lwiri I wi 1 ()]
— 1o

il 8wl

Using | fin — fir| < (Cb)' "' fn— frland 0] < (Cb)'~'| fn— fr| which follows from the
proof of Sublemma 3.1, we get

p—1
‘logM <Clfn—frlY_ e (Ch)~" < Clt —nl.
RG] <
These two estimates yield
lwp(ll 1‘ B
lwp @)l

Let [ denote the horizontal connecting f& and fr. Then P~/ is C?(b) and

0, < VbIfPE — fPrl < CVbIfPE — fPnl.
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The second is because of the definition of r and the fact that f”w is C2(b). Together with the
upper estimate of@l/, and | fP& — fPn| > |& — n|, we obtain

Op <0, +0, <CVb|fPs — fry).
Using [A(n)| < Cd(¢, @) and [[w, )] ~ [, ()],

lwp @)l
Iy = Cd(§, o) |[wp(§) —wp( = Cd(C, o) |wp(ON | Op + |7 — 1

lw, ()
< Cd(. o) |wp©II fPE — fPy|T.

STEP 3 (OVERALL ESTIMATE). Gluing all the estimates together, we obtain

IDfPtE) — DfPt(m)ll < Cllwp(O)Id (¢, w)| fPE — fPnl
Combining this with || Df?t(z)|| = Cllw,(¢)|ld(¢, @) yields the desired inequality. d

6.9. Proof of Lemma 6.7. We proceed by induction on i. To ease notation, let us
write ¢(a, k) = z(a), and fori > 0, f(jz(a) = z;(a). When no ambiguity arises, we drop a
from notation and write f, = f, zi(a) = z;.

STEP1 (i = ko +1). (a)fori = ko + 1 follows from Lemma 6.5.

PROOF OF (b). It suffices to show the next

SUBLEMMA 6.3. Fori = ko, ko+ landalla € I,(a), |Zi|| < 1073z |3

PROOF. Wehave z; = Df(zi—1)zi—1 + ¥ (zi—1), where ¢ (z) = %(a). Using this
inductively,
i—1

(59) G =Df @z + Y DT T @)Y (zs) -

s=1
For each 0 < s < i — 1, using l_[] —on IDFEHI = IDF= oDl = wi(@)l/

lws+1(5) |l because of i € {ko, ko + 1},
i—1

C + Clizl lwi (£l
D i—s—1 s J
< I|IDf (zs+ Dl —Em IDF <C 0wt O , Es+1” w;(§)-

H Df = (ze41)

From ||z;|| > C|lw;(¢)|| in Lemma 6.5, we have
i—1

c lw; @)
=y RN ¢
S o @l 2= @ S

j=s+1

1
llzi

d i—s—1
—Df (Zs+1)

1212

Using this for s = 0 and the uniform boundedness of ||z ]|, [|Z1 | from Proposition 4.2,

1 d o eici
BIE (H Pl

: i— . ~101log(1/6
Izl + 1DF " @O ||> < Ck, 0g(1/9),
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On the other hand, foreach 1 < s <i — 1 we have

= Clizsl = Cllws (1l -

lic
da Y (zs)

Hence
! - _ Clwl
1z 17 T Nlwi (O Hws+1 (O —

Differentiating (59) and substituting these estimates yields

. d
Dfi =N zy41) - El/f(zs)

Zi c / _
||' z||3 < ("o 101log(1/5) +i) <1073,
z:ll llzi l

The last inequality holds for sufficiently large k. O

PROOF OF (c) FORT = ko + 1. Let j > ko and let A; denote the curvature of y; at z;.
Let
A I1Df(z;)z; x Zj+1ll

A @) X 2l
j+] - .. 3 ) = 3
IZj+11

i+t1 = -
7 I1Z 4113

’

/ "
Note that A1 < AjJrl + Aj+1'

SUBLEMMA 6.4. Forevery j > ko,
125113

A, <Ch
1 = .
I+ 24113

(A +AT+1).

PROOF. Write F(a, z) = f,z. Differentiating z;41 = F(a, z;) twice and then substi-
tuting the result into the definition of A/j+1’ we have A’jJrl < I+ II + III, where
I=|zj1 73| Df 2)2) % (9:aFZj + Baa F)| .
I =241 17| Df (2))2) x (D* £ (2)) + a: F)Z |

I = |zj1173| Df z))2; x Df ()% -

’

All the partial derivatives are taken at (a, z;). The D? f(z;) in II is defined as follows. Let

Df e = (1 12),V = b +dy.and

D f()) = ((an,z'j) (Vflz,ij)) ’

(V. zj) (V)
where (-, -) denotes the scholar product.
The second components of the vectors involved in the product in [ has a factor b. Hence

1202 + 0200 _, 1P

I < Cb—— 37— < b 7
lZj+1l lZj+1l
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For the last inequality we have used ||z;|| > 1 which follows from Lemma 6.5. In the same
way,

&

2.
11 |.| .
lzj+1ll
For the last term,
. 3 . . . 3
Zj Zj XZj Zj
11 < Cb |‘| ill 3|| J_ 3]II < |‘| ill A+ AT
lZj+ll° Nzl IZj+1ll :

O

Putting these three inequalities together we obtain the desired one.

Lemma 6.3 for i = ko gives A}(o < C, AZO < C. Hence Sublemma 6.4 gives A;<o+1
Cb. Together with AZO 41 =< 1/1000 which follows from Lemma 6.3 we obtain Ag,4+1 <
1/100.

IA

STEP 2 (j — j + p). Suppose that (a), (b), (c) hold for some j € [kg + 1, vr) such
that f[;l’ ¢ is free. If faj ¢ € 1(8), then let p denote the bound period. Otherwise, let p = 1. In

either of the two cases, f&jﬂ’{ isfree and j + p < 1.
PROOF OF (a) FORi = j + p.

SUBLEMMA 6.5. Foralla € J,,(a,¢),

DFP(s, Z_] _ wj+p(§)H <l o lwj+p @)l
H PEDTT ™ Twyon| = 3 (oitr = 21) T Ol
PROOF. The left hand side is < I + II + III, where
1 b @y 2@ @]
Ja @O T ™ Ty @l
II = | Dff (zj(a)) — DfL (zj(@)]
11 = | bz a9 _ prre; @y -9 H
fi (zj(a)) @l 1. (zj(a)) @l
Recall that 6 (a) is the angle made by w;(¢) and z;(@). Then
(60) I < CO@IDSL @)+ IDfF ;@) — DFL(FLo)l < e T

To bound the first term of the right-hand-side, we have used (d) fori = j and p < Coj < j.

Ov,
By Lemma 6.3, the second term is bounded by (Cb) 0,
To estimate / we deal with two cases separately.

CASE (i): p = 1. Since the curvature of y; is < 1/100 from the inductive assumption
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(©),

1 R
I < %IZj(a) —zj(@|+ 1.

1 R 1 .
I+ 11 < %|Zj(a) —zj(a)|+ 21 < Elzj(a) —zj(a)|.

By the definition of ©,, (¢),

lwjer Ol

RG] 0; (£)Oy(2).

H 1% <lengih(y) = £112@104 () = 13010y ()=
Combining this with (60) we get the desired inequality.

CASE (ii): p > 1. Let z denote the binding point for f&j;. As p < j we have
(61) I <CPla—al <z;(@) — zj(@)] < C - length(y)) < |z — f¢17 07 (0)0,,©).

length(y;) < |z — f({{l%). It is possible to choose a horizontal curve y containing y;, on
which z lies. This allows us to use Sublemma 6.2 with ¢ = 1/3 to get

lwj+p @)l 1
< ————length(y;)?7 .
llw; @)1 ’
This and (60) yield the desired estimate. O

Sublemma 6.5 and pj4, — p; < 1 gives

3llwj+p Ol
62 D —.
° ‘ s (’)HJH‘ 4w @l
Hence
63 I DwiH_]M o
( ) Og ‘ f (Z])sz” (0] ||w1(§)|| S 3 ( ]+P p])

Dividing the both sides of ||Zj4+, — Df?(zj)z;| < CP by |zj|| ~ |w; ()|l and then using
P <L,

IZj+pll

64 — P -1/2.
This and (62) together imply

1Zj+pll _ 3 Twj+p@l 1w p @)l
65 — — lw; 2>
) Izl =3 lw; () oy O = 2w (O
This implies

log

‘ ) Izjpll
izl

‘ fp(Zj)
12 ]”
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< 2||wj(§)||_%M < lllw;'(C)ll_l Sl(pj+p_pj)~
lwitp@OI — 6 - 6
Hence, foralla € J,, (4, ¢),
1Zj+pa@)ll lwjtpOl 1
‘ BT - = 5 (pj+p = pj)-
1z (@l lw; ()
This yields
1Zj+p@ll lzj (@)l
log -————— —log -———| < pj4+p — pj-
‘ I2j+p @] Izj@i |~
lz; (@)l IZj+p @]l

This and the assumption ‘log

half of (a) fori = j + p.

< pj yield ‘log ‘ < pj+p- This proves the first

Iz @I

IZj+p @I

For every free return time i < j, (64) implies ||Z|| > %012, ]1, and thus length(y;) >

e%(j_[)length(yi). This yields
3 length(y)™ < length(y))® Y e %00,
free retorn =

which implies p;4, < 1. This proves the second half of (a) fori = j + p.

PROOF OF (b) FOR i = j + p. Forevery kg <i < j we have

Il < (€O Nz; 17 < (€)1, 1P < (€ TV 254,11,

where we have used: (b) for the previous step for the first inequality; ||z;]| < (C 7z j+pll

for the second inequality. Hence, it suffices to show for j + 1 <i < j + p,

(66) 1Zi0 < 124007
Write G(a, z) = Lisz. Let 9,G = (g; gg) V = 9y + 3y, and define

o= (T3 )
where (-, -) denotes the scholar product. Differentiating z; = G(a, z;) gives

Zi = 0:0GZj + 9aaG + (302G (Zj) + 04 (3.G)) zj + 9,GZ;
where all the partial derivatives are taken at (a, z;). We have:

18:aGll < CP, 1320 Gl < CP, 1182 (3:G)|| < CP, |8:G )| < CPliz;ll;

1 ||wj+p(§)||

3.G|l < Clz— fl¢Im
19:Gll < Clz = fe1™ =2

ifp>1;

10.Gll <C ifp=1.
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We first treat the case p > 1. Using the above estimates and ||Z;| < ||z'j||3 < C||wj(§)||3
from the assumption of the induction,

1 lwj+pOl
llw; ()l

< CPIw; I+ Clz = £ el Mwjp O lllw; 12

On the first term of the right-hand-side, p < j gives

IZ:1 < CPz; 1% + Clz — f{¢1™ Iz

1
CPw; @I < T5lwiep O,
On the second term, (e) Proposition 2.1 gives

lw; ()%
w4 ()]

<lz= £l s p O < 83 wjp @I

Plugging these into the right-hand-side yields (66). In the case p = 1, use the alternative
estimate of ||0,G||.

2= £ e wsp Olllw; O = |z = £ el w1

PROOF OF (¢) FOR i = j + p. Using Sublemma 6.4 inductively,

’ Jj+p—ko ||Z'k0||3 ’ iy i||Zj+P—i||3 ”
A, <(Cb) S A+ Y (Ch) (A, +C).
1Zj+pll P Zj+pll
Lemma 6.5 gives
|!Zk0|| - llwi, (Dl < 5!
1Zj+pll lwj+p O

(b) gives

2=l

L P (or ) I
IZj4pl® 7P

Plugging these into the above inequality gives A/j 4p = Cb. Combining this with A/j’ 4p = 1
which follows from (b), we obtain A1, < 1/100. This recovers the assumption of induction
and completes the proof of Lemma 6.7. O

Appendix: computational proofs

A.1. Proof of Lemma 2.2. We regard y as a graph of a function yp and write z =

(x,y0(x)). Lete = (2) and S = ((1) 2 )_1. Let R(x) denote the rotation matrix by the angle

made by 7(z) and ((1)) which we denote by 8(x). Then A(z), B(z) are equal to the (1, 1),
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s entries of the matrix . Z) X))~ correspondingly. rite = an
(2, 1) entries of th ix S- Df(z) - R(x)™! dingly. Write § = ('} %2 ) and

Df (z) = (% ()1 @), A direct computation gives

Al =1+ 81)(9(;()6) cosf + ag sinf) + e3(a3 cosH + a4 sinb)
B(z) = 83(gé(x) cosf + aysinf) + (1 + e4) (a3 cosO + a4 sinfh) .

To evaluate A" = dA/dx, we use |0] < 1/10, |0'| < 1/5, |&i| < CVb, lai| < Cb (I =
1,2,3,4), and the non-degeneracy of Crit. Then |A’| ~ 1 holds. Since A(¢) = 0, the mean
value theorem gives the desired estimate of |A|. The estimate of | B| is straightforward from
the formula. O

A.2. Proof of Lemma 3.1. By (i) (ii), the vector fields e; (i = 1,2, ..., max{m, n})
are well-defined in a neighborhood of fy. Let ¢(s) denote any unit vector tangent to y at
y(s). Let y(s) = fy(s). Split Dft(s) in two different ways:

A(s) () + B(s)ea(7(0)) = Dft(s) = A'(s) (§) + B'($)em (7 (s)) -

Let ¥ (s) = angle(e, (y(0)), en(y(s))). Comparing the two components of the vectors on
both sides,

(67) |A(s) — A'()] < 2|B()|¥(s) < CVbY(s),
where the second inequality follows from Lemma 2.2. From the results in Sect.2.3,

¥ (s) < angle(e, (7(0)), ex (7 (5))) + angle(en (P (), em (P(5))) < CV/bls| + (Cb)5 .

This gives 1//(:I:b%) < Cb%, and therefore |A(:I:b%) —A’(:I:b%)| < Cb%J“%. Lemma 2.2 gives
|A(£b%)| ~ b7 and A(—b3)A(b%) < 0. Then A'(—b3)A'(b7) < 0 follows. Hence there
exists 5o € [—b%, b%] such that A’(sg) = 0. In other words, y (so) is a critical point of order
mony. (]

A.3. Proof of Lemma 3.2. Lety,(s) = fys(s), o = 1,2. Split
Dfty(s) = A(s) ({) + B(s)en(71(0)) .

Since y» is Cz(b), it is possible to choose a horizontal curve which is tangent to #; (0), tz(e%),
tz(—s%). Lemma 2.2 applied to this curve implies A(E%)A(—S%) < 0. Hence, A(sg) = 0
holds for some s9. Since y» is a horizontal curve, the uniqueness of such sg follows from
Lemma 2.2.

By (i) (i), the contractive fields e, . . ., e, are well-defined in a neighborhood of f(y2).
Split

Dfty(s) = A'(s) () + B (s)en(P2(s)) .

Let ¥ (s) = angle(e, (71(0)), e, (72(s))). Comparing the components of the above two equal-
ities,
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(68) |A(s) — A'(9)] < 2|B$)|¥(s) < CVbY(s)
where the last inequality follows from Lemma 2.2. By the results in Sect.2.3,
¥ (s) < angle(e, (71(0)), en(y1(s))) + angle(en (V1 (5)), en (2(s)))
< CVbls| + CVb(Is| +&").
To estimate the second term of the right-hand-side of the first inequality we have used
[71() = 72| = [71(5) — P1(O)] + [71(0) — P2(0)] + [72(0) — P2 ()| < Cls| + Ce",

which follows from (iii). Then ¥ (£e2) < C+/be?, and hence |A(£e?) — A'(£e?)| < /2
follows. Lemma 2.2 gives |A(£e?)| ~ &2, and therefore A’'(—e2)A’(e2) < 0 follows.
Hence A’ (sg) = 0 holds for some s € [—8%, 8%]. a

A4. Proof of Lemma3.4. LetH = {{i; < fi < --- < [i;} denote any sequence of

integers in [0, m] with the following properties:
(1) a1 <m/2and s > m — log(1/6);

(i) |DfFFiv] > Ké IDffv]| for 1 < j <m — fi;

(iii) 4(m — ;) = m — ;1.

We finish the proof of the lemma assuming the existence of such a sequence. Define a
subsequence H of H inductively as follows. Let fi; € H. If i; € H, let Y(j) < j denote the
largest such that 4(m — fi;) > m — [Lyjy. Let Lj_1, ..., fly(j) ¢ H. Unless ¥ (j) = 1, let

fy(j-1 € H.

Write H = {1 < 4 < --- < us}. By definition, ug > m—log(1/8),4(m—u1) = m/2
and 4(m — pi1) < m — p;. To finish, we prove the lower estimate in (b). Let ;41 = [i;.
Then p; = fly(j)—1, and

m—pit1 =m— ;= (1/4)m — fly)) = (1/16)(m — fiyj)—1) = (1/16)(m — ).

To prove the existence of such a sequence, we borrow an argument in the proof of [[22],
Claim 5.11].

SUBLEMMA 6.6. Foreachi € [log(1/8), m] there exists i’ € [m — i, m — [i/2]] such
g 7 y
that | Df" v\l = kg |Df" vl holds for 1 < j <m —i'.

PROOF. Let G denote the graph of the function k € [0, m] — log||Df*v|. Let L
denote the infinite line through the point (m, log || Df™v||) with slope log Co. All points
of G lies above L. Let P denote the point of intersection between L and the vertical line
{x = m — [i/2]}. Let L be pivoted at P and rotate it clockwise until it hits G. Let i’

be such that (i’, log | Df i/v||) belongs to the set of points of the first hit. We clearly have
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/

i’ € [m —i,m — [i/2]]. The slope of the rotated L in its final position is bigger than

Df™y 1
1Dl Ly

log(1/Co) + (m — i) Mog ~———— >
IDfi"v|| ~ 4

where we have used m — i’ > i > log(1/8) and | Df™v| > (r98/10) - ||Dfi/v|| for the first
inequality. Since G lies above L in its final position, the desired inequality holds. O

Consider the maximal monotone decreasing sequence in {i’ Hog(1/8)<i<m- By Sublemma
6.6 and m > 31og(1/4), it contains multiple integers and satisfies (i) (ii). It also satisfies (iii),
by the next

SUBLEMMA 6.7. Ifi’ < j and k' ¢ (i, j') for every k € [log(1/8), m], then 4(m —
N =m—i.

PROOF. We have i’ < m — [i/2] < [i/2]. Hence j’ < [i/2] < m — i/4, and thus
4(m — j') > i. We also havei > m — i’. O

A.5. Proof of Lemma 6.5 We adapt the proof of [[22] Proposition 6.1] to our setting.
We have z; = Df (zi—1)Zi—1 + ¥ (zi—1), where ¥ (z) = 2422 (4). Using this inductively,

i—1

G=Df @i+ ) DT T DY zs) -

s=1

SUBLEMMA 6.8. Foreachi € [kg, vi] we have
IDFS (Ol < e lwi@)ll for 0<s <i.

By the sublemma and the uniform boundedness of z; from Proposition 4.2,

(B N el
— < e s/ <C.
llwi (2) ;0

Hence the second inequality holds.

To prove the first inequality, split z; = I + II, where

ko
I=Df @Dz + ) DFf 7 @) ¥ ),
s=1
i—1 '
= > Df " zqn¥ ().
s=ko+1
Write

I =Df )V,
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where
ko—1

V=D ena + Y DT T @Yz

s=1

SUBLEMMA 6.9. There exists C > 0 such that ||V || > C|lw,(2)|.

PROOF. Let xo € Crit be such that (xo,0) and ¢ belong to the same component of
I1(8). Let x; = g'.xo. As (a,b) — (a*,0) we have z; — (x1,0), [lwi, (O] = £(g*7)x1,
z1 — (%(a*), O). The last convergence is because of z; = Df (z0)zo + ¥ (zo) and the
uniform boundedness of zg. Hence

_ dxi
— D ko—1 7 <:|:— * ,O) .
o D@m= (EF @)

We also have vy (z5) — g—g(a*, Xs), where g(a, x) = g,x. Hence

ko—1 ko—1 dg

: Z DO Nz )Y (z) = iZ da -

w1l

(a*, xs)

(g5+)'x1
and therefore

N 3g (a Xs)

0= ,0).
(ga*)’m (£Qk (x0), 0)

—1 V —>
llwiy ()

s=0
To get the equality, differentiate x,(a) = g(a, xk,—1(a)), divide the result by (gk(’ ! Yx1 =
gaxko_l . gaxl and use the result inductively. By (55), the claim holds. a

Sublemma 6.8 gives

il L
<C e .
[wi (@) 2

s=ko+1
Taking kg sufficiently large and then taking (a, b) close to (a*, 0), we obtain
1] = CIDF @) NIV = CUDS ™ (@) - Hlwig (] = Cllwi ()1 > 1.
This proves the first inequality.

PROOF OF SUBLEMMA 6.8. Let g; denote the bound period of a free return r < i, and
let Iy = [t — gs, 1 + g1

CLAIM 6.2. For eachs & Uyl w0l = 6min (e, G5 ) ws(@©)ll for 1 < j =<

i—s.
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PROOF. If s + j is free, then, as s is free, (36) and Lemma 2.1 give ||ws4;($)]l >
cSllws (). If s + j € (r,r + g,) for some free return r, then r — s < j. Since s ¢ I,
s < r — g, holds, and hence g, < j. It follows that |w, 44, ()|l = |lw,($) ] and [Jw, ()]

\%

e8llws (I, and therefore lws; ()l = C; T Jwypg, (O = CT¥ wrg, (Ol >
8¢5 1w @)1I.

Returning to the proof of Sublemma 6.8, we argue with subdivision into cases.

O

CASEL: s ¢ U I;. By the claim, e;(zy) is well-defined for 1 < j < i —s. Since s is
free, slope(w;(¢)) < /b holds. Hence we obtain
lwi ()l <
lws (Ol

CASEIIl: s € U;I;. Let rg denote the last free return such that s € /,,,. Condition (G)
gives g, < 3aro/A, and hence (1 — 3a/M)rg < ro — qr, < 5. We getg,, < Cas.

IDF (Ol <cC Ce™™ wi(@)].

CASEIl-a: i € Iy,. Since i — 5 < gry, DS (FO) < Cg® < e/ 2wy (0.

CASEILb: i ¢ Iyandi —s < 3ai/A. We have | DfI=5(f¢)|| < Ci% < 0 <
e 2 wi ().

CASEIl-c: i ¢ I, andi —s > 3ai/A. Define a strictly increasing sequence so <
s1 < --- of integers inductively as follows: Start with s := s. Given s, let 7, denote the last
free return such that s € I,,.. Put sgy1 = rx + g, If sp ¢ Ul then s, is undefined. By
definition, sg41 — sk < 2g,, holds.

Suppose that s; > i holds for some ¢. Then 2 Zﬁ;(l) qr, =S¢ —50 > 1—150 > 3ai/A.On

the other hand, (G) gives Zf;(l) qr, < 3ai/A. We reach a contradiction. Hence, for the largest
integer in the sequence, denoted by s¢, s¢ ¢ UI; and sp < i hold. Then the estimate in Case |
gives [ DfI S (f50)|| < Ce ™ |lw;(¢)|, and

-1
IDFZS O < DL ON T IR ()l
k=0
< P OICE " < o F i ()]
This completes the proof of Sublemma 6.8.
A.6. Proof of Lemma 6.6 Since ||z; x w; (D)l = lIzjllw;(¢)] sin6;,
. (<& - lw;(©) x Df (z0)z0]
0; < — j Df/™* s s— +
0= 2 a4/ &) X I Gy Gl T, @)1
1 ||ws(§>|| H wy (¢) s lzoll :
< s (€)= + ——=—(Cb)’
=zl |w,(§)|| TRGIESA R ;O <
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o0

o] _ C
< S+ ——_(Ch)! < ,
= sl 2_(€h) ol = s

s=0

where the third inequality follows from [[w;(¢)[| = C8||lwg(¢)||. For the last inequality we
have used the boundedness of ||zo|| in Proposition 4.2 and that kg is a large integer.
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