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Abstract. 'We consider random walks on random graphs determined by a some kind of continuum percolation
on R. The vertex set of the random graph is given by the Poisson points conditioned that all points of Z are contained.
The edge set of the random graph is determined by the random radii of the spheres centered at each points. We give
heat kernel estimates for the random walks under the condition on the moment of the random radii. We will also
discuss random walks on continuum percolation clusters in Rd, d > 2.

1. Introduction and Main results

There have been many studies on random walks on random graphs. The heat kernel
estimate for random walks on percolation clusters is one of the topics which have been well
studied. Among them, in [1], the detailed Gaussian heat kernel estimates are shown for the
random walks on the supercritical bond percolation clusters in Z¢. For the studies on the
transition densities of the random walks on the critical percolation clusters in trees and other
graphs, see for example [3], [2]. Also, in [7], strongly recurrent random walks on random
media are discussed in some general settings, and as an application, on-diagonal heat kernel
estimates are given for the random walks on the long-range percolation clusters in Z. For the
heat kernel estimates on the long-range percolation clusters, see also [5]. In this paper, we
apply the argument in [7] to random walks on random graphs determined by a some kind of
continuum percolation on R, and give heat kernel estimates.

The continuum percolation (or the Poisson Boolean model) is a stochastic model given
by random points in R? and spheres with random radii centered at each points. Two points x
and y are adjacent if the sphere centered at x and the sphere centered at y intersect; see Sub-
section 1.1 for more precise definitions. For the basic results on the continuum percolation,
see [8] and references therein. Among the previous works, in [9], the homogenization of the
reflecting Brownian motions in the continuum percolation clusters is shown. Also, in [10],
the type problem for the random walks on the continuum percolation clusters is studied.
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For the long-range percolation discussed in [7], one can observe a some kind of discon-
tinuity for a given parameter, and such a phenomenon appears if and only if d = 1. On the
other hand, for the continuum percolation, the picture is relatively simple for d = 1. But, it
seems that known results on random walks or diffusions on continuum percolation clusters are
not so many, especially in the case that the radii of the spheres are unbounded. In this sense,
the result of this paper for d = 1 may be a one attempt for further studies on such important
problems. In Section 3, we will also give a brief discussion for random walks on continuum
percolation clusters in R?, d > 2.

1.1. Random graphs determined by Continuum percolation. First, we define the
random graph I" = (G, E) in the following way. Let {M = {m,}° |, {r»};2 ,} be the Poisson
Boolean model in R, arising from an underlying point process M = {m,};°, and random
radii {r,}7° . Here, M is the Poisson points in R with intensity n € [0, 00), conditioned that
there is a point at x for all x € Z. Note that M = Z forn = 0, and M D Z for n > 0.
For any disjoint subsets A, A2, ..., A, € B(R) satisfying A; N Z = @ and |A;| < oo for

i =1,2,...,m, the number of points in Ay, ..., A,, are independent, and
(mlA; D"
PE(MNA;) =n] = - exp(—nl|A;l)
forl <i <mandn =0,1,2,.... Inthe above, |A;| is a one-dimensional Lebesgue measure

of A;. Further, {r,,},‘i‘;1 are i.i.d. random variables which take values in [0, 00), and also
independent of the underlying point process. The value of r, stands for the radius of the
sphere centered at m,,. We define the vertex set G by G = M, and the edge set E by

E={(mi,mj):i+#j.ri+rj>=|mi—mjl|}.

Here, | - | stands for the Euclidean metric on R. In other words, two points m; and m ; are
connected by a bond if and only if the intersection of two balls

{yeR:|mi —y|l<ri},

{yeR:|mj—yl<r;}
is not empty. Here, we are considering bonds which are not oriented, and we identify (x, y)
and (y, x). We denote §2 as the probability space on which I" is defined, and denote P as
the corresponding probability measure. We denote E as the expectation under P. We write
w to denote elements of 2. We denote x ~ y if (x,y) € E. Let uyy be a {0, 1}-valued

random variable, which takes 1 if x ~ y and takes O otherwise. We note (tyy = [y, and
Uy = 0. Let puy = Z},EG txy be the number of the bonds which contain x. For A C G, set

w(A) = 3" o4 Mx. In Sections 1 and 2, we always assume the followings.

ASSUMPTION 1.1. There exists € > 0 such that

Elr,' ] < 00, (1.1)
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and
Plr, >1/2]=1. (1.2)

REMARK 1.2. By (1.2), all points of G are in the same connected component since
G D Z. Moreover, by a direct calculation or by volume estimates which will be given in
Proposition 1.3, we have that 4, < oo for all x € G. Thus, under Assumption 1.1, I" is an
infinite, connected, locally finite graph which contains the origin 0, almost surely.

1.2. Random walks on Continuum percolation clusters. Next, we define the ran-
dom walks on the continuum percolation clusters. Fix w € £2. Let I’ = (G, E) be the random
graph constructed as in Subsection 1.1. Let X = (X,,n € Z4, P*,x € G) be the discrete-
time simple random walk on I". This is the Markov process in which a particle at the point of
G jumps to one of the points connected by a bond with an equal probability. To define X, we
introduce the second probability space §2, and define X on the product £2 x £2. We write @
to denote the element of £2. In the above, P* is the probability measure for the random walk
starting from x € G. We write E* as the expectation under P*.

The random walk X has transition probabilities

PXi=y)=p ", y~ux.

Forn > 0 and x, y € G, we define the transition density (or discrete-time heat kernel) of X
with respect to the reversible measure by

Pu(x.y) = py T PY(Xy = ).
We have p,(x,y) = pn(y, x). Now, let
B(x,R)={yeG:|x—y| <R}

be the Euclidean ball with center x € G and radius R > 0. We denote Bgp = B(0, R). We
define

TR = TB(,R) = min{n > 0: X,, & BR}.

Further, let ¥, = maxo<k<n |Xk|, and for W, = {Xo, X1,.... Xn}, let S, = u(W,) =
> rew, Mx- We will give several estimates for the random walk X in Theorem 1.4.

1.3. Main results. In this subsection, we state the main results of this paper. We will
use the notation ¢; as positive constants which depend on 7 and the distribution of r,,. We note
that the values of ¢;’s may change from line to line.

We call

V(x,R) = n(B(x, R))

the volume of B(x, R). We denote Vg = V (0, R). For f, g : G — R, we define a quadratic
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form £ by

ELfg =25 D (f&) = FONGE) = gty -

x,yeG

Set H> = {f € RC : £(f, f) < oo}. Let A, B be disjoint subsets of G. We define the
effective resistance between A and B by

Refr(A, B) ' =inf(E(f, f): f e H?, fla= 1, flp = 0}.

We simply denote Reir(x, ¥) = Rerr({x}, {y}). To obtain the heat kernel estimates, estimates
on the volumes and the effective resistances in the next proposition are essential.

PROPOSITION 1.3. (1) There exist g > 1 and qo, ¢c1 > 0 such that

P(ReJ()\))zl—)\% for R>1,% =),

where
JO)={R €[1,00]: 27'R < Vg < AR, Rett(0, Bg) = »™'R,
Reir(0, y) < Alyl, Vy € Br}.
(2) E[Rerr(0, BR)VR] < c2R?.

Then, using Proposition 1.4 and Theorem 1.5 in [7], we have the followings.
THEOREM 1.4. (1) The following estimates hold.:
c1R?> <E(E%tR) < coR*forR > 1,
esn~ V2 < E(p$,(0,0) forn > 1, (1.3)
can'’? < E(E°|X,|) forn > 1.

(2) There exist B1, B2, B3, P4 < 00, and a subset 29 with P(§20) = 1 such that the following
statements hold.
(@) Foreachw € 29 and x € G(w), there exists Uy (w) < oo such that

(logn)P1n=Y2 < p% (x,x) < (logn)’'n™12, n>Us(w).

Especially, the random walk is recurrent.
(b) Foreachw € 20 and x € G(w), there exists Ry (w) < oo such that

(log R) P2 R? < EXtp < (log " R?, R > R\ ().

(c) Foreach w € 20 and x € G(w), there exist Uy (w, ®), Ry (w, w) such that P};(Uy <
00) = P} (R < o0) =1, and

(logn) P n'? < Y, (w, @) < logn)?n'?, n=>Us(w, @),
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(log R) " R? < 1p(w. ®) < (log Y™ R*, R > R (0. ®).
(d) Foreachw € 29 and x € G(w),

log S, 1
lim O8O _ —, Pr-as..
n—oo logn 2

REMARK 1.5. We define
J)={R €[1,00] : \"'R < Vg < AR, Rer(0, BS) = A7'R,
Reir (0, y) < |yl, Yy € Bg}.

For n = 0, we can replace J (1) by J(V) in Proposition 1.3, and consequently, by Remark 1.6
(1) in [7], we have also

E(p$,(0,0)) < csn Y2 forn > 1, (1.4)
which is the opposite side bound of (1.3). For n > 0, we do not have a proof of (1.4).

1.4. Additional remarks. Here, we give some additional comments.

REMARK 1.6. (1) If we consider the Poisson point process in R without the con-
dition that there is a point at x for all x € Z, it is known that the random graph determined
by the one-dimensional continuum percolation is not locally finite if E[r,,] = oo, and that the
random graph has no connected component with infinite size if E[r,] < co. So, the condition
that G contains all points of Z is essential in the above discussions.

(2) In Assumption 1.1, the condition (1.1) is a little stronger than E[r,,] < co. Whether
this condition can be weaken or not is a remaining problem.

EXAMPLE 1.7. Assume that the random variable r, is subject to the Pareto distribu-
tion, that is, its probability density function p(#) is as follows for given s > 0, 79 > O;

) = 0 t<ty,
PO 1@y 12,

Then, for s > 1, tp > 1/2, Assumption 1.1 is satisfied and we have the heat kernel estimates.

REMARK 1.8. Let us consider the case n = 0 (i.e. G = Z). In Example 1.7, by a
simple calculation, we have

cilx =y <Plpuxy =11 <calx —y|™* (1.5)

for x, y € Z. Recall that the random variable pt,, is determined by the random radii of the
spheres centered at each points. On the other hand, the long-range percolation discussed in
[7] is a model in which the order of the connecting probabilities are as in (1.5), and {ztyy} is
determined for each pair of two points x, y € Z independently. In the long-range percolation,
the corresponding heat kernel estimates hold for s > 2. So, we can observe that the critical
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value of s becomes smaller in the continuum percolation because of the dependence of each
bonds.

We will give the proof of main results in Section 2.

2. Proof of Main results

2.1. Estimates on volumes and effective resistances. In this subsection, we state
the proof of Proposition 1.3. Let I" = (G, E) be the random graph given in Section 1. For
each w € §2, we define the random graph /7 = (G, E1) in the following way. For x € Z, let

x—1,x] x>1,
Ly= {0} x=0,
[x,x+1) x<-1.

Note that R = Uy ¢z L, which is a disjoint union. We denote
Ny =8(GNLy).

Note that {N,},cz are independent random variables, and N, — 1 is subject to the Poisson
distribution with parameter n for x € Z \ {0}, and No = 1. For x € Z, we define

& = 1+sup{ri :m; € Ly},

where {m,}>° , and {r,}°°, are the random points and the random radii given in Subsection
1.1.

LEMMA 2.1. Under Assumption 1.1, we have

supE[£, '] < 00,
xeZ

where ¢ > 0 is the constant given in Assumption 1.1.
PROOF. By the definition, E[EOHE] < 00 is obvious. It is enough to show that
E[sup{r; : m; € L] < 00
for x # 0. We have

o0
Elsup(r; : m; € L)'= P[N, = kIE [sup{ri mi € LYEIN, = k]
k=1

o
= ZP[NX = KIE[sup{r; ™ : 1 <i <k}]
k=1

00 k
<> P[N, =kIE [Z r}“}
k=1

i=1
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[o/0]
Z P[N, = kJkE[r;'t¢] = E[N,]E[r;'7*] < 0.

So, the assertion holds. O

For each m,, € G, we define m,, as follows. If m,, > 0, let i, be the first integer which
is not smaller than m,,. If m, < 0, let m,, be the last integer which is not larger than m,,. We
set

;nzéﬁz,,'
Then, we define the graph I'T = (G1, E1) by G1 = G and
Ey={(mi,mj):i# j, 7 +F = |mi —mjl}.

By the definition, I" is a subgraph of I7.
Now, we consider the estimates on the volumes. The lower bound for Vg is obvious,
because Vg > 2R — 1 for each w. We show the upper bound for Vg in the next lemma.

LEMMA 2.2. We have

c1
P[VngR]zl—T.

PROOF. Since P[Vr > AR] < = E[VR], it is enough to show that
E[VR] < R. 2.1

We denote VR for the volume corresponding to I'1. Then, Vg (w) < \7R (w) for each w, and

R
Z +Z Z Nl{x;eE.}

- x=—R yeZ\{x

Furthermore,

R R
E[Z Nf] = Y EIN;] <R,

x=—R x=—

and

R R
Z Ny Z Nyl yeby | = Z Z E[NxNylix,y)eE]

x=—R yeZ\{x} x=—R yeZ\{x}
R

<> > EWI NPl y) € ENV

x=—R yeZ\{x}
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R
= > Y aPlx.y) e E]V7.

x=—R yeZ\{x}

We have used the Holder inequality for p, g, suchthat 1 < g < 1 + ¢, % + % = 1, where

& > 0 is the constant given in Assumption 1.1. By Lemma 2.1, note that

Pl(x,y) € E1] =P[5 + &y = [x — yl]

fP[sxz ngy|}+P[§yz ngyq

14€
(E[& "1 + Elg,'1¢])

1
lx — y|'*e

<csle — y| 70,

So,
R R
YY) aPlx,y) e EdVi< Y Y aglx —yT1H < R,
x=—R yeZ\{x} x=—R yeZ\{x}
From these, (2.1) holds. O

Next, we would like to prove the lower bound for the effective resistance. Before this,
we prepare some technical tools.

LEMMA 2.3. There exists sufficiently small o > 0, such that
[vé«l o
supE ( Z NxNx_kk> < 00,
xeZ k=1

forall y > 1. Here, [-] stands for the integer part.

PROOF. We prove the estimate for y = 1. The general case can be proved by the same
way. For suitable o € (0, 1], we have

[£] «
E < Z N, Nx_kk>
k=1

6] \«
E (sup{zvxzvx_k 1<k< [&J}Zk)

k=1

IA

[5x] a
<E (Z NxNx_kclsf)

k=1

o0 o
<oE |:< Z 1{Exzk}NxNx—k) Sfa}

k=1
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(e.¢]
<oE |:Z g =k (Nx ka)“éf“}

k=1

oo
=c ) E [1{§x2k}(NxNx7k)a‘§3aj|
k=1

o
<2y PlE = kB[N Neg)* U821
k=1

o0
<y (k" FORET D MBI N ) E N = T
k=1

We have used the Holder inequality for u, v, suchthat 1 < u < 1+¢, 1 < v < 14%,

% + % = 1. We can find such u, v, if we choose « satisfying 0 < « < ¢/4. Furthermore,
(k—(l-i-s)E[%—;-i-s])l/u < C3k—(1+8)/u ,
and
1/2 1/2
E[(N, Ne_)*"£2"] < E[(N, Ne_)2"1*Elg21 Y
< c4E[N V) PE[N, 2" < 5.
So, we have
o0
I <ce Zk_(l+8)/” < 00.
k=1
O

Let It = (G, E1) be the graph constructed as the above. For each w € 2, we construct
the new weighted graph I> = (G2, E2), by shorting all bonds of I} which connect the points
in G| N Ly for each x € Z. More precisely, we define G, = Z,

Ey={{x,y):x,yeZ,x#y, 6 +& = |x -y},

and we set that each (x, y) € E; has a weight N, Ny.
We have the following lemma.

LEMMA 2.4. Fori € Z, we define
Ai={u,v) e Ey:u,veZ,u<v,[u,v]D[i—1,il}.

Then, there exists sufficiently small B > 0 such that

B
supE < Z Nqulu—v|> < 0.

i€Z (u,0)€A;
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PROOF. For suitable 8 € (0, 1], we have

E

00 p
Z(l{zsmu ol + 1282 u—vi) Nu Nvlu—vl} }

00 i—1
D lpgseivy Y. NeNjlx —ji

x=i J=lx—26]

i 00 B
=E < Zl{su+sv>|u ol N Nvlu—v|> ]
U=—00

i—1 [X+2Ex
+Z 1{2&'x>1x Z Nle_]|)

X=—00

o
<Zl{2$X2xi+l} Z NxN; IX—J|>
x=i

=[x—2&x]

[x+2&:]
( Z L2t zi—x) Z NiNjlx |>

X=—00
=Ji1+ )
foreach i € Z. Then,

00 i—1 B
Ji <E 21{2§x2xi+]}< > Nxlex—jl)

x=i J=lx—2£] ]

oo B 1— ﬂ_
2|t 3 Mo i)

=i | =[x —2¢,] ]

o | [2£,+1]
SZE 1{2’§x2x—i+1}< Z NN, kk>

x=i L k=x—i+1

o / [26,+1] P
<> PRE >x—i+1]""E < > NxNx_kk> =J.

x=i k=x—i+1

We have used the Holder inequality for u’, v/, suchthat 1 <u’ <1+4¢,v = % i/ +14 =1,

v
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where @ > 0 is the constant given in Lemma 2.3. We can find such u’, v/, if we choose B
ag

satisfying 0 < B < 7. Then,

I+e
P[zfxzx—i+115< ) E[£17] < e1(x —i + )70+,

x—i+1
and by Lemma 2.3,

[26,+1] v’ [26,+1] v
E < Z NxNx_kk> <E <Z NxNx_kk) <) <00,
k=x—i+1 k=1

So, J3 <> 2 c3(x—i+ 1)~1+e)/u" < ¢, < 00. We can check J» < ¢5 < 0o similarly. O

Now, we show the lower bound for the effective resistance.

PROPOSITION 2.5. There exist ¢ > 0 and c¢1 > 0, such that
P[Reir(0, BR) = 27'R1 = 1 —c1n ™9,
forall R > 1.

PROOF. Let I, = (G», E») be the weighted graph constructed as the above. Further,
for each w € 2, we construct another weighted graph I3 = (G3, E3) from I3 = (G2, E3) in
the following way.

(1) Ifabond (x,y) € E>suchthatx,y € Z, x + 2 < y exists, then, divide (x, y) into
y — x short bonds with weight Ny Ny (y — x).

(2) Foreachi =1,...,y—x,replace the ith short bond by a bond which has x +i — 1
and x + i as its endpoints and has a weight Ny Ny (y — x).

(3) Repeat (1), (2) for all bonds of E, except nearest-neighbor bonds. We denote Reff
for the effective resistance corresponding to 3. By the way of construction, we can see that

R

-1
Refr(0, R) = Z < Z NyNylu — v|> .

i=1 “(u,v)eA;

We may consider under the case that By is defined as a closed ball. Then, by the cutting law,
the effective resistance does not increase when we construct ] from I". Moreover, by the
shorting law, the effective resistance does not increase when we construct /5 from /7 and
construct I3 from I5. Thus, for suitable g € (0, 1],

E[Resr (0, B) ™11 < E[Resr (0, BG) 1
= E[{Rer(0, B) ' + Regr(0, —R) ' }7]
<E[Rer(0, B) * + Regr(0, —R) 7] = 2E[Regr(0, R) 1.
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Furthermore,

i=1 “(u,v)eA;

R
SR_q_IZE ( Z Nqu|M_v|)
i=1

(u,v)€A;

q
<cR77.

We have used the Holder inequality in the first inequality and Lemma 2.4 in the second in-
equality. We have taken ¢ = 8, where 8 > 0 is the constant given in Lemma 2.4. Hence,

P[Rer(0, BR) <A~ Rl < 4”7 RIE[Rerr(0, BR) /] < e3179,
which completes the proof. O

Next, we see the upper bound for the effective resistance. For n = 0, it is obvious that
Reir(0, y) < |y|, Yy € Bg for each w € £2. We consider the case n > 0.

LEMMA 2.6. Forn > 0, we have
Cl
P[Refr(0, y) < Alyl, Vy € Bpl = 1 — 3

PROOF. Itis obvious that Reer(0, y) < |y|+ 1 fory € Bg N (—1, 1)€. Also,
P[Reir (0, y) > Alyl, Iy € B N (=1, DI <P[1 > Aly[,Fy € GN (=1, 1)\ {0}]

11
SP[GO (—X,X>\{0}#®}
=1—e 21" <2p/x.

So, the assertion holds. O

From Lemma 2.2, Proposition 2.5 and Lemma 2.6, we obtain Proposition 1.3 (1). More-
over, Proposition 1.3 (2) follows by (2.1) and the trivial bound Refr(0, By) < R/2 which
holds for each w € §2. We have proved Proposition 1.3.

2.2. Heat kernel estimates.

PROOF OF THEOREM 1.4. For the continuum percolation clusters in R, we have
shown suitable estimates on the volumes and the effective resistances in Proposition 1.3. So,
by using Proposition 1.4 and Theorem 1.5 in [7] (see also Proposition 3.5 and Theorem 3.6
in Appendix, which explain the corresponding assertions) with D = « = 1, we obtain the
desired results. Here, R? stands for the order of the volume Vg, and R® stands for the order
of the effective resistance Refr(0, BY). O
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3. Discussion in High dimensional case

In Sections 1 and 2, we have considered random walks on continuum percolation clusters
in R. In this section, we discuss corresponding problems in R¢, d > 2. We consider the
Poisson points M = {m,}>° , with intensity n € (0, 00), and i.i.d. random variables {r,,}>° |
which take values in [0, co) and also independent of the underlying point process. The value
of r, stands for the radius of the sphere centered at m,,. Note that, unlike the case d = 1, we
do not need the condition that M contains all points of Z¢. Then, we define the random graph

I' = (G, E) as follows. Let the vertex set G = M, and the edge set
E={{mi,mj):i# j,ri+trj>=|mi—mj|ga}.

The graph is locally finite when E[r,?] < co. When I' is locally finite and there exists an
oo-cluster, say, a connected subgraph of I" which has infinitely many points, we will consider
the simple random walk on it. It is known that, almost surely, there is at most one co-cluster;
see Theorem 3.6 in [8]. Among the important problems, let us discuss the type problem
in the followings. For d = 1, we have shown in Theorem 1.4 that, under some technical
assumptions, the random walk is recurrent. For d > 3, by analogy with the result of the bond
percolation, it seems natural that the random walk may be transient, though we need to check
carefully. The case d = 2 is most interesting. By using a result in [4], we obtain a partial
result as follows.

THEOREM 3.1. Letd = 2. Assume that there exists ¢ > O such that E[r,*T¢] < oo.
We also assume that, almost surely, there exists an oo-cluster under the Poisson Boolean
model. Then, almost surely, the random walk on the co-cluster is recurrent.

REMARK 3.2. Inthe bond percolation, it is shown that the random walk is transient if
and only if d > 3 ([6]). In the long range percolation, it is shown that, for d = 1, the random
walk is transient if 1 < s < 2 and recurrent if s = 2, and for d = 2, the random walk is
transient if 2 < s < 4 and recurrent if s > 4 ([4]). Here, the long range percolation is the
model in which each pair of distinct points x, y € Z is connected by a bond with probability
p(x,y) ~ |x — y|za—*, independently of other pairs. Let us return to the continuum percola-
tion. For d = 2, the case E[r,,2] < 0o and E[r,*T¢] = oo is still open. Is there any possibility
that the random walk becomes transient? Is the random walk always recurrent? It seems to be
an interesting problem.

PROOF OF THEOREM 3.1. Foreachx = (x1,x3) € 72, we define Ly =[x;,x1+1)x
[x2, x2 + 1), and N, = #{G N Ly }. Note that {N}, .72 are i.i.d. random variables subject to
the Poisson distribution with parameter n. Also, let §, = V2 + sup{r; : m; € Ly}. If there
is no Poisson point in L,, we set sup{r; : m; € Ly} = 0. In the same way as the proof of
Lemma 2.1, E[r,,**¢] < oo implies E[£,41¢] < oo.

Now, we define a new graph I'1 = (G, E1). Let the vertex set G| = Z2, and the edge
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set

Ei={(x,y):x,y €Z x #y,& +& > |x — ylga) .

For each (x, y) € E1, we give a weight Ny Ny. In the same way as the calculation in the proof
of Lemma 2.2, we have

P[(x.y) € E1l < cilx — y| 3
Next, we construct another graph I> = (G, Ez) from I as follows. Let Gy = 7Z2. We
project the bonds of E to nearest-neighbor bonds of Z2 in the following way.

(1) Ifabond (x,y) € E; such that x = (x1,x2),y = (y1,¥y2) € 72, |x — ylgze =
[x1 — y1| 4+ |x2 — y2| > 2 exists, then, erase the bond, and to each nearest-neighbor bond in
[(x1, x2), (x1, y2)] U [(x1, ¥2), (x2, ¥2)] increase the weight by Ny Ny|x — y|z2.

(2) Repeat (1) for all bonds of E; except nearest-neighbor bonds.

By the shorting law, the effective resistance does not increase in the procedures. Hence,
it is enough to show the recurrence of I>. In this way, we have reduced the original model to
the random conductance model in Z2.

Let 10,1 be the weight of (0, 1) in I>. We have

E[po,1]1=E |:Z Lix,yye B} Nx Nylx — )’|z2:|
X,y

=D Ix = YIZEll . yyer NiNy ]

X,y
<Y lx = ylzPl(x, y) € E1]PEI(N: N,V
X,y
o
< Z I — y|1Z;(4+s)/p < c3 Zn3—(4+s)/p < 0.
X,y n=1

In the above, the summation is taken over all x = (x1,x2), y = (y1,y2) € YA satisfying
(0, 1) € [(x1,¥2), (y1, ¥2)]. We have used the Holder inequality for p, g, such that 1 < p <

1+ f_w % + % = 1. Thus, 10,1 has the Cauchy tail. In other words, there exists c4 > 0, such
that P[po,1 > can] < % holds for all n € N. Also, we note that the weights of the bonds in

I are identically distributed and stationary. So, by Theorem 3.9 in [4], we have that I, is
recurrent, and the result follows. O

Appendix: Heat kernel estimates for strongly recurrent random walks on random
graphs

In this appendix, we overview some of the results in [7] for strongly recurrent random
walks on general random graphs. We consider a probability space (§2, F, P) carrying a family
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of random graphs I' (w) = (G(w), E(w), w € £2). Here, G is the vertex set and E is the edge
set. Assume that the graph is infinite, locally finite, connected, and contains a marked vertex
0 € G. For x € G, let u, be the number of bonds that contain x. We extend u to a measure
on G. Let d(-,-) be a metric on G. We write B(x, R) for the ball with center x € G and
radius R > 0 under the metric d. Let V(x, R) = w(B(x, R)) be the volume of the ball. We
denote Bg = B(0, R), Vg = V(0, R). Further, we write X = (X,,n > 0, P*,x € G)
for the discrete-time simple random walk on I". For n > 0 and x,y € G, we define the
transition density of X with respect to i by p,(x, y) = ;Ly_lP" (X, = y). We also define
g = min{n > 0 : X,, & Bgr}. To define X, we introduce a second measure space (5, ?),
and define X on the product £2 x 2. We write @ to denote elements of £2. Let Resr(A, B) be
the effective resistance between A and B, which are disjoint subsets of G.

Let v,r : N — [0, o0) be strictly increasing functions with v(1) = r(1) = 1 which
satisfy

(B < 5 e (B () 2B el o

forall0 < R" < R < oo, where C;,C, > 1,1 <dy <drand 0 < o1 < ap < 1. For
convenience, set v(0) = r(0) = 0, v(co) = r(oc0) = oo and extend them to v, r : [0, c0] —
[0, oo] such that v, r are continuous, strictly increasing, and satisfy (3.1).

DEFINITION 3.3. LetI" = (G, E) be as above. For A > 1, define
J() ={R €[1,00] : A 'w(R) < Vi < Av(R), Ref (0. By) = A~ 'r(R),
Reff(()v )’) S )\r(d(os y))s V)’ € BR} .

As we see, v(-) gives the volume growth order, and r (-) gives the resistance growth order.
We now make the following assumptions concerning the graphs (I”(w)).

ASSUMPTION 3.4. (1) There exist Ao > 1 and p(}) which goes to 0 as A — o0
such that

P(ReJ(A)=1—-pH) for R>1,A>Ap.

(2)  E[Reii(0, Bx)Vr] < c1v(R)r(R).
(3) There exist qo, ¢z > 0 such that

e
p) < 2o

We have the following consequences of Assumption 3.4 for random graphs. Let Z(-) be
the inverse function of (v - r)(-).
PROPOSITION 3.5. Suppose that Assumption 3.4(1) and (2) hold. Then,
cro(R)r(R) < E(Egtr) < c2v(RIr(R) for R = 1,

Cc3 ®
U(I(n)) = E(pzn(o, 0))f0rn > 1 ,
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csT(n) < E(E2(0, X,)) forn > 1.

THEOREM 3.6. Suppose that Assumption 3.4(1) and (3) hold. Then, there exist
B1, B2, B3, Pa < 00, and a subset $2¢ with P(§29) = 1 such that the following statements
hold.

(a) Foreachw € 29 and x € G(w), there exists Ny(w) < oo such that

(logn) =P

——— < p5,(x,x) < (log )™ n > Ny(w)
v@(m)) - P xe)

~ v(Zn) ' -
(b) Foreachw € 20 and x € G(w), there exists Ry (w) < 0o such that
(log R)Pv(R)r(R) < EXtr < (log R)P?v(R)r(R), R > R.().

(¢) Let Y, = maxo<k<nd(0, Xy). For each o € $§20 and x € G(w), there exist
Ny(w, ®), Ry (w, w) such that P};(Ny < 00) = P}(Ry < 00) =1, and

(logn) PZ(n) < Yu(w, @) < (logn)”I(n), n= Ni(0,),
(log R) P u(R)r(R) < 1g(0,®) < (log R)**v(R)r(R), R > Ri(w,@).
Suppose further that v, r satisfy the followings in addition to (3.1);
C;'RP (log )™ < v(R) < C3RP(log R)™,
C;'R*(log R)™™ < r(R) < C4R%(log R)"2

where C3,C4 > 1,D > 1,0 <a <1 and my, my > 0. Then, the following statements hold.

(@) dy(G) := —21lim,— o log%% = g—fa, P-a.s., and the random walk is recur-

rent.
. log EX

(b) limg_ o Oig[}tR =D+a.

(¢) LetW, ={Xo, X1,...,Xn}andlet S, = pn(W,) = erWn y. For each w € 29
and x € G(w),

log S, D
lim O8O _ , Pl-as..

n—oo logn D+o
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