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Abstract. This paper studies new classes of infinitely divisible distributions on RY. Firstly, the connecting
classes with a continuous parameter between the Jurek class and the class of selfdecomposable distributions are
revisited. Secondly, the range of the parameter is extended to construct new classes and characterizationreds in terms
of stochastic integrals with respect to Lévy processes are given. Finally, the nested subclasses of those classes are
discussed and characterized in two ways: One is by stochastic integral representations and another is in terms of Lévy

measures.

1. Introduction

Let 1(RY) be the class of all infinitely divisible distributions on R? and Ilog(Rd ) =
{u € I(RY) : /\x\>l log |x|pu(dx) < oo}. Let fi(z), z € R¥, be the characteristic function of
w e I(RY).

In this paper, we first revisit the classes in 7 (R?) connecting the class of selfdecompos-
able distributions (L(RY), say) and the Jurek class (the class of s-selfdecomposable distri-
butions, (U (RD), say), see Jurek (1985)). Those connecting classes were already studied by
O’Connor (1979) in I (R!) and by Jurek (1988) in I (E), where E is a Banach space. Through-
out this paper, we treat the case I (R?). Although there are several equivalent definitions of
L(R?) and U(R%), we use here their definitions in terms of Lévy measures. Then we study
more general classes including the classes above and nested subclasses of those classes.

The Lévy-Khintchine representation of iz we use in this paper is

@) = exp{—Z‘l(Z, AzZ) +i{y,z) +/ <ei<z’x) —1- M) v(dx)} ,
RY 1+ |x|?

where A is a nonnegative-definite symmetric d x d matrix, y € R? and v is the Lévy measure
satisfying v({0}) = 0 and fR,,,(|x|2 A Dv(dx) < co. We call (A, v, y) the Lévy-Khintchine
triplet of 4« and we write ;t = [t(a,v,) When we want to emphasize the triplet.
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The polar decomposition of the Lévy measure v of u € [ (Rd ), with 0 < v(Rd ) < o0,
is the following: There exist a measure L on S = {£ € R? : |&] = 1} with 0 < A(S) < o0
and a family {vg: & € S} of measures on (0, co) such that vg (B) is measurable in & for each
B € B((0, 00)), 0 < v£((0, 00)) < oo foreach & € S and

(1.1) v(B) =/A(dé)/() 1p(ré)ve(dr), B e BR?\{0}).
S

Here A and {v¢} are uniquely determined by v up to multiplication of a measurable function
c(§)and % respectively, with 0 < ¢(&) < co. We say that u or v has a polar decomposition
(A, ve) and v is called a radial component of v. (See, e.g., Barndorff-Nielsen et al. (2006),
Lemma 2.1.)

The connecting classes between U (RY) and L(R?) mentioned above are also charac-
terized by mappings with a parameter from 7 (R) into I (RY). We extend the range of the
parameter and first study the classes defined by these mappings. These mappings are the
special cases studied in Sato (2006b) as will be mentioned later.

We start with following classes, where the classes U (R?) and L(R?) are two known
special classes.

DEFINITION 1.1 (The class Ko (R?)). Let o < 2. We say that u € I(R%) belongs to
the class Ky (R?) if v = 0 or v # 0 and, in case v # 0, vg in (1.1) satisfies

(1.2) ve(dr) =r~*"Yerydr, r>0,

where £¢ () is nonincreasing in r € (0, oo) for A-a.e. £ and is measurable in & for eachr > 0,
and lim, o0 ££(r) = 0.

REMARK 1.2. (i) Because of the condition that lim, , €e(r) = 0, K4 (R%),0 <
o < 2, does not include the class of a-stable distributions, but does include the class of (a+¢)-
stable distributions for any ¢ € (0,2 — «). It also includes tempering «-stable distributions,
which are defined by (1.2) with a completely monotone function £¢ (r) on (0, co) such that
lim, 0 £e(r) = 1 and lim, _, c £¢ (r) = 0. (See Rosinski (2007).)

(i) Let v be the Lévy measure of 1 € I (R?) and @ > 0. Since fRd Ix18u(ds) < oo if
and only iff‘ | |x|5v(dx) < 00, (see, e.g. Sato (1999) Theorem 25.3,) u € Ky (R?) has the
finite 6-moment for any 0 < § < «. This fact is the same as for «-stable distributions.

x|>

REMARK 1.3. (i) The Jurek class U(R?) is K_;(R%) and the class of selfdecompos-
able distributions L(R?) is Ko(R9).
(ii)) Leta < pB < 2. Then Kg (R?) C Ko (R?). This is trivial from the definition.

Therefore, K, (Rd), —1 < a < 0, are connecting classes with a continuous parameter o
between the classes U (R?) and L(RY), as mentioned in the beginning of this section.

This paper is organized as follows. In Section 2, some known results related to the classes
Kq(R?) are mentioned. In Section 3, we give a complete proof for the decomposability
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of the distributions in K, (Rd), o < 0. In Section 4, we define mappings @, € R, in
terms of stochastic integrals with respect to Lévy processes related to the classes K, (R?) and
determine those domains and ranges. The proofs for the ranges are given in Section 5. In
Section 6, we construct nested subclasses of the ranges of @, by iterating the mapping @,.
Then we firstly determine the domains @(4531“ ),m=1,2,3, ..., and secondly characterize
the ranges of the mappings 45(’;”‘1 in two ways: One is by stochastic integral representations
and another is in terms of Lévy measures.

2. Known results

In this section, we explain several results from O’Connor (1979) and Jurek (1988).

1. (Characterization by the decomposability)
O’Connor (1979) defined the classes Ko (R!), =1 < a < 0, as in Definition 1.1, and
proved that . € Ko (R") if and only if for any ¢ € (0, 1) there exists . € I(R!) such that

2.1) (z) = fi(c2)  Te(2) -

His proof used Lévy measures. However, his proof for getting the convexity of Lévy density
on (—oo, 0) and the concavity on (0, co) (in the proof of his Theorem 3 in O’Connor (1979))
is not clear to the authors of this paper. So, we will give our proof in Section 3, extending the
range of & to (—o0, 0).

Jurek (1988) defined the classes Uy (E), —1 < o < 0, where E is a Banach space, as the
classes of limiting distributions as follows. u € Uy (E) if and only if there exists a sequence
{n;} C I(E) such that

2.2) m n 7 (g ok -k )™ =

n—o00

He then showed the decomposability (2.1) as a consequence of (2.2). So, as a result, we see
that K (R?) = U, (R?), but there is no proof by using Lévy measures in Jurek (1988). This
is another reason why we will give our proof in Section 3. Our proof will use Lévy measures
in the same way as in the proof of Theorem 15.10 of Sato (1999) for selfdecomposability.

2. (Characterization by the stochastic integrals with respect to Lévy processes)
Let —1 < o < 0. Jurek (1988) showed that u € U, (FE) if and only if there exists a Lévy
process {X;} on E such that

1
2.3) = E(/ r‘”“dX;) :
0

where £(X) is the law of a random variable X. For the case @ = 0, the following is known
(Wolfe (1972) and others). i € Ko(RY) if and only if there exists a Lévy process {X;} on R
satisfying E[log™ |X1|] < oo such that

(0.¢]
Mzﬁ(/ Eth[),
0
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where log™ |x| = (log |x| V 0).

REMARK 2.1. (2.3) can have a different form. Change the variables from ¢ to s by

t =1+ as. Then
—1/a
n= z:( - f (1+ as)”“dxwas) :
0

If we define another Lévy process {)? +} by X s = —X14as, then we have
—1/a -
(2.4) = c(/ (1+ as)l/“dXs) .
0

(2.4) will be seen in Definition 4.1 with @ < 0 below and this expression is more natural when
we consider the case @« = 0 as we will see in Remark 4.7 later.

3. Decomposability of distributions in K, (R?), @ < 0

As mentioned before, the classes U (Rd ) and L(RY) have characterizations in terms of
characteristic functions. Namely, u € U(R?) if and only if for any ¢ € (0, 1), there exists
we(z) € I(R?) such that

H(z) = flez) fe(2)
and u € L(R?) if and only if for any ¢ € (0, 1), there exists u.(z) € I (R?) such that
w(z) = f(ex)te(z) -

As we announced in Section 2, we give our proof of characterization of K (Rd), o <0,
in a similar way as follows.

THEOREM 3.1. Leta < 0. u € Ko (R?) if and only if for any ¢ € (0, 1), there exists
Ue € I (RY) such that
AR =) fe(@) -

PROOF. (The “only if ” part) It is enough to consider the case with A = O and y = 0.
Suppose i € Ko (R) and the polar decomposition of the Lévy measure of j is (A, ve), with
ve(dr) = r"’"lﬁg (r)dr. Then we have

~ *( iter i(z,r&)\ |
1) =exp{/s)\(dg)/0 <e<' 11— o ) mﬁg(r)dr} :

ez "

— A iz i{z, cr§) 1
= exp{c /Sk(dé)/o <e (e.cr) _p H——r2> ra+1€g(r)dr}

Thus,
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(z.u8) ie,ud) N 1, (u
= exp{/ A(dé)/ < —-1- T (u/c)2) ua+1£5 c du
—~ . 1 1 1 u
= 1u(z) exp /A(dé)/ i{z, u§) (1 Fa e (u/c)2> ] Le <E)du
(zu i(z, uk) 1 u
X exp{ /A(dg)/ < §) T ) s <£g(u) —Eg(;))du}

=: A(2)e"“%) (pu(z)) L,

1 u
e = /ék(dé)/ <1+u 1+(u/c)2)£5<2>d“
and
[ (2, 1
e [ ¢ -1 ) ()]

We have to check the finiteness of a. and that p. € I (R%).
Since v is a Lévy measure, we have fS AdE) fooo(r2 A 1Dve(dr) < oo, which implies

where

1 o]
/A(dg)/ r~® e (r)dr < oo and /A(ds)/ = Y (r)dr < oo.
S 0 S 1

Furthermore, this concludes

1
acl = [ el / T o
/Mdg)/ Tr? 12| O

1 —0y, l—a
/A(dé)/ e e

1—a l—a
/A(dé)/ Le()dv + ¢ /A(dé)/l —1+( )zﬁg(v)dv < 0.

This shows the finiteness of a.
With respect to p., since 0 < ¢ < 1 and £¢ is nonincreasing, we have hg(u) =

u‘”‘_l(ég(u) — Le(u/c)) = 0. Thus, vy(B) = fsk(dé) fooo 1p(r&§)he (r)dr is a nonnega-
tive measure. Furthermore, we have

/ r* A D, (dr) = / )\(dg)/oo(ﬂ A D e (r) — L (r/e))dr < oo,
R4 S 0

because fsk(dé)fooo(r2 A Dr~*~Ye(r)dr < oo. Therefore, v, is a Lévy measure, and
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pe € I(R?) by the uniqueness of Lévy-Khintchine representation. Thus, if we put i (z) =
Pe(2)e~H2%)  we have

(z) = i) Telz) .

The “only if” part is now proved.
(The “if" part) Conversely, suppose that u € 1 (R?) satisfies that for any ¢ € (0, 1), there
exists pe(z) € 1(R?) such that 72(z) = i(cz)¢  fe(z). Since

@) = exp{—Zl(Z, Az) +i{y,2) +/ <ei<z’x> —1- iz, x) ) v(dx)} ,
RY 1+ |x|?

we have

()" = exp{—21c°‘ (cz, Acz) +ic™*(y, cz)

ifezn) _{ _ i{cz, x) ~a (4
+/Rd<e AT
= exp{—Z1 (z, C27aAZ) + i(Clia% 2)
[ (e Y ()
R4 1+ I.V|2 ¢
1 1 dy
+i z,/ y( - )c“u(—)>}.
< RS \L+y> T4|y/c? ¢

Since u € I(R?), [i(z) # 0 for any z € R?. Then we have

ne(z) = exp{ 27Nz, Acz) + i (ye, 2)

. 1 , B d
* /Ra (e’(m -1 1l$ |i|>2) (”(d” T <Tx>>}

where A. = (1 — ¢2"%)A and

1 1 dy
=(1 =l —/ ( — )cav <—)
ve = Y L T T T e c

Since e € I(R?), v¢(B) := v(B) — ¢ ®v(c"'B) is a Lévy measure for any ¢ € (0, 1).
Recall that the polar decomposition of v is v(B) = [ A(d&) fooo 1(ré)ve(dr). Then,

ve(B) =fs)»(d$)/0 (L (r&)ve(dr) — 1.-15(r§)c™*ve (dr))

00 _ dr
=/,\(dg)/ 15(ré) (vs(dr)—c “vg <—)) .
s 0 ¢



CLASSES OF INFINITELY DIVISIBLE DISTRIBUTIONS 459

It remains to show that
ve(dr) = r " e (r)dr

for some nonincreasing function £z measurable in &. For that, we consider a measure r“vg (dr)
on (0, c0) and let

Hg(x) :== /fo réve(dr) .

Here Hg(x) is measurable in §. We also put

Hg(x) : = Hg(x) — He(x +logc)

o o
=/ I’an(dr)—/ r®ve (dr)
e~ e ¥/c

/m r¢ (v dr) —c %y <dr))
= g(dr) —cve | — ) ) -
e C

Since v¢(dr) is a Lévy measure, Hg (x) is nonnegative and is nondecreasing for A—almost

every &. Moreover, Hg (x) is convex on (—00, 00) as shown below.
Lets e R,u > 0andc € (0,1). Then H&.C(S +u) > Hg(s), and thus
Hg(s +u) — He(s +u +logc) > He(s) — Heg(s +1ogc) > 0,
which is
3.1 He(s +u) — He(s) > He(s +u +logc) — He(s +loge) > 0.

Then H is convex for A—almost every &, as in Sato (1999) pp. 95-96. Furthermore, repeating
the argument in p.96 of Sato (1999) we can write

Hg(x) = /x he(t)dt

where hg () is some left-continuous nondecreasing function in . Hence h, (¢) is measurable
in £&. Now put

—logx

(e.¢]
He (— log x) =/ hgr)dr:/ he(—logryr—ldr,
X

—00

then, the definition of H, we have

oo oo
/ r“vg(dr)zf he(—logryr~tdr,
X X

which implies

Ve(dr) = r"’"lhg(— logr)dr .
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Since hg is nondecreasing, we have hg(—logr) is a nonincreasing function, and putting
Le(r) = hg (—logr), we complete the proof. a
4. Mappings defined by stochastic integrals related to K, (R?)

We are now going to study mappings defined by the stochastic integrals with respect to
Lévy processes related to Ky (RY).
Leto € Rand

1
“.1) sa(u)zf x*ldx, 0<u<l,
u

Then, when o # 0,
cq)=a "W =1, O<u<l,
and when o = 0,
1

gow)=1logu=", O<u<l,

Let &} (¢) be the inverse function of &4 (1), that is, t = &4(u) if and only if u = €} (¢). Note
that

-l
80{(0)::( ), a<0,

00, a>0.

Then, when o # 0,

l4an) Ve, 0<t 0
8Z(t): ( +(X) £ < <8(¥( )a
O, tzga(())s

and when o = 0,

sgy=e", t>0.

Let {X ,(“ )} be the Lévy process on R? with the distribution 1 € I(R%) atr = 1.

DEFINITION 4.1. Leta € R. We define mappings ®, : ©(®,) — I(R?) by

£a(0) w
Po (1) = E(/O ex(Nd X" )

where ®(®,,) is the domain of the mapping @ .

REMARK 4.2. Let—00 < 8 < a < 00. As in Sato (2006b) write the mapping as

Dp o) = ﬁ( /0 fﬁ,a(S)X§“)) :
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where fg (s) is the inverse function of

1
s=(T(a—p)~" / A —w)* Py lay.
t

Our mappings in this paper @, are special cases of ®g, with B = a — 1. Sato (2006b)
discussed the domains of @g 4, but not the ranges of them, and commented that description
of the range of @g , is to be made. Our concern here is their ranges, although not for general

B < «, because our motivation of this study started with the classes K (RY).

Regarding the domains of @,, we have the following result from Theorems 2.4 and 2.8
of Sato (2006b).

PROPOSITION 4.3 (Domains of @,).
(i) Whena <0, D(dy) = I (RY).
(i) Whena =0, D(Py) = Log(RY).
(i) When0 <o < 1,D(®) = {1 € I(RY) : [pa [x[*u(dx) < 00} =: [o(RY).
(iv) Whena =1,9(®;) = {u € I(RY) : fRd [x|u(dx) < o0,
limy oo f| 71 Jipog XV(dx) exists in RY, [ xpu(dx) = 0} =: I} (RY).
(V) Whenl <a <2,0(®,) ={neIRY): fRd [x]*u(dx) < o0,
Jra *p(dx) = 0} =: I9(RY).
(vi) Whena > 2,0 (®y) = {80}, where 8¢ is the distribution with the total mass at 0.
Note that when @ < 0, the interval of the integral is finite, so the stochastic integral exists for

any u € 1 (RY) by a result in Sato (2006a). Because of (vi) above, we are only interested in
the case o < 2. So, from now on, we assume that o < 2.

REMARK 4.4. O’Connor (1979) mentioned the definition of @,, —1 < « < 2, and
stated without proofs that D(®4) = I,(R!),0 < o < 1,and D(®y) = IPR"), 1 < @ < 2,
but he did not mention the case @ = 1. Actually, as we will see, the case @ = 1 is the most
difficult case to handle.

REMARK 4.5 (Ranges). We know
@0 (Log(RY)) = L(RY)  (Wolfe (1982) and others) .
In Jurek (1985), it is shown that

1
URY) = {E(/ th§“’>, ne I(Rd)}.
0

But this is trivially the same as @_ (I (R)Y).

In the following denote the mapped distribution by i = ®q (1) = &7 7 5 With a polar

VY

decomposition (x, Vg). We want to prove
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THEOREM 4.6. The ranges of the mappings @, are,

(i) whena <0, Py (I(RY)) = Kq(RY),

(i) whena =0, @o(liog(R?)) = Ko(R),

(iii) when0 < a < 1, @y (I,(RY)) = Ko (RY),

(iv) whena =1, cDa(Il*(Rd)) =

(L € K\(RY) : for Ug(r) with Ve (dr) = r—2€ (r)dr,
lime o [ tdt [ E3.(dE) [ lé—iﬂdé (r+) exists in RY and equals 7},
(V) whenl <a <2, &,(I2RY) = {fi € Ko(R?Y) : [pa x[i(dx) = O}.

Although (ii) is known, we have written it just for the completeness of the theorem. We
give the proof of Theorem 4.6 in the next section.

We end this section with mentioning the continuity of @, (1) in @ near 0 from below for
each fixed u € I]og(Rd). (The continuity in « € [—1, 0) for fixed u € I(Rd) is trivial.)

REMARK 4.7. Now, let « tend to O from below. As to the interval of the integral, we

have
—1/a 00
/ — / as ¢ 10
0 0

and as to the integrand, we have
A4+at) ™ > e as «10.

So, the question is whether limg1o o (1) = Po(), 4 € I1Og(Rd), holds or not. But, this is
true, if we apply the dominated convergence theorem to the cumulants of £ (Dg (1)).

This remark explains why our expression (2.4) is more natural, when we consider the
case o« = 0 as mentioned in Remark 2.1.

5. Proof of Theorem 4.6

Suppose (4t = a,n,y) € D(Py),—00 < a < 2. Then we have that the mapped
distribution I = @4 () = ﬁ(g’;j) satisfies
(5.1 A=Q2-a) A,

1
(5.2) T(B) = / v(s~'B)s™* ds
0

! 1 1
5.3 y =1li t~Ydt — d
Gy 5?3/5 <y+fmx(1+r2|x|2 1+|x|2>”( x))
T

1 1
= i o(s)d +/ - d .
pmy J, ) s(” R I+ ez@x? 1+ P v(dx)
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The reasons are follows. The derivation of A is that
_ £a(0) 0
A= / X (1)’ Adt = / s?Adey(s) = (2 —a) 1A,
0 1
(5.2) is shown as follows. By using Proposition 2.6 of Sato (2006b), we have

£a(0)
¥(B) =/ dt/ 13(xek(1)v(dx)
0 R4

1
_ f (—dea(s)) f 15 (es)v(d)
0 R4

1
=/ s_“_lds/ l—15(x)v(dx)
0 R4
1
:/ v(s~'B)sT* ds .
0

vV is similarly obtained, but by the change of variables t — &} (s) we get two representations
for 7. We sometimes use the zero mean condition,

x|x|?
5.4 =— | ——udx).
G Y —/l;d R

We need the following lemma. Denote

1 if0<x<1,

k o—
log x'_{logx if x> 1.

LEMMA 5.1. Let —o0 < a < 2 and let V be a Lévy measure. Then there exists a Lévy
measure v satisfying (5.2) such that

Jre (x> A Du(dx) < oo, whena <0,
(5.5) fR,,,(|x|2 A D log* |x|v(dx) < oo, whena =0,
Jra(Ix12 A x]%)v(dx) < o0, when0 < o <2

if and only if V is represented as
o0
(5.6) ¥(B) =/X(d§)/ 1pué)u "' (u)du, BeBRY),
S 0

where X is a measure on S and Lg(u) is a function measurable in & and for A-a.e.§. nonin-

creasing in u € (0, 00), not identically zero and lim,,_, Zg (u) =0.

This lemma follows from similar arguments as those used in Lemma 4.4 in Sato (2006b).
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PROOF OF LEMMA 5.1. (The “only if” part) Assume that the Lévy measure v satisfies
(5.2) and (5.5). The polar decomposition gives us

(5.7) /A(dé) /oo(r2 A Dvg(dr) < oo, whena <0
S 0

o0
(5.8) /A(dé)/ (r> Ar®)ve(dr) < 0o, whena > 0.
S 0
Then we have for B € B(R%)

1
Y(B) = / v(s~IB)s™* ds
0

1 o]
=/ /A(ds)/ Ve (dr) 1 -15(r€)s ™ ds
0 JS 0

/k(dé)/wr“Vg(dr) / 13ué)u"*"'du
S 0 0

[ rae | s T wdu,
S 0

where

(5.9) e (u) = /oo reve (dr) .

Therefore Zg (u) is measurable in &, and for A-a.e. £. nonincreasing in u, and lim,,_, oo Zg (u) =
0 from (5.7) and (5.8).

(The “if” part) Suppose that v satisfies (5.6). Let Zg (u+) be the right-continuous function
defined by lim;4, Zg 1 = Zg (u+). Then since —Zg (u+) is a right-continuous increasing
function, there exists a measure ég on (0, co) satisfying

0:((r, s1) = —Lle (s4) + Le (r+) ,

and we put

ve(dr)y =r"% ég dr).

Furthermore, define
v(B) = fs A(dE) fo 1p(ré)ve(dr) .

Let A = A. Then for the case & < 0 we have

/ (|x|2A1)u(dx)=/)\(dg)/ (2 A 1)ve (dr)
0 S 0

1 - 00 -
:/A(dé)(/ rzfan(dr)—i—/ r“Qg(dr)).
S 0 1
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Since ¥ is a Lévy measure, we have [ A(d§) fooo(r2 A l)r_”_IZg (r+)dr < co. Note that

1 1 00
0< /A(dé)/ P10 (rH)dr :/A(dé)/ r‘*“/ Q¢ (dx)dr
S 0 S 0 r

00 xAl
=/A(d§)/ ég(dx)/ =gy
S 0 0

1
- (2_a)*1/x(dg)/ x2*“§g(dx)+(2—a)*‘/A(dg)e}(wr) <00
S 0 S

and

0 < /A(dé)/ r o e (r)dr =/A(dé)/ r—“—lf Q¢ (dx)dr
S 1 S 1 r

:/A(dﬁ;)/oo Ot (dx) /xr_“_ldr
S 1 1

:ofl/S)»(dé)/l (1 — ) 0¢ (dx)

:a*‘/x(dg)ig(u)—a” /A(dg)/oox*“ég(dx) <00.
S S 1

By the first inequality, f g A(dE )Zg (1+) > 0is finite and we see that

1 o]
0< /A(dg)/ x> Q¢(dx) <oco and 0 < /A(ds)/ x "% Q¢(dx) < 00,
N 0 S 1

which imply (5.5). For the remaining cases « = 0 and 0 < o < 2, similar logic as in the case
o < 0 works and we concludes (5.5). O

PROOF OF THEOREM 4.6. As in Sato (2006a), we use the notation C;' for the class of
nonnegative bounded continuous functions on R vanishing on a neighborhood of the origin.

(1), (ii) and (iii) (—o0 < a < 1) (The “only if” part) Suppose that i € @, (D (P,)) and
= Py(1), L = f(A,v,y). Whenv # 0, since u € D(Py), (5.6) holds by Lemma 5.1 so that
i € Ko(RY).

(The “if” part) Suppose & = ﬁ(g’;y) € Ky (RY). If [ is Gaussian then putting A =
Q2—a)A,v=0andy = (1 — @)y, we have st = p(a..,) € D(Py) and i = Py (n). If i
is non-Gaussian, then we have (5.5) by Lemma 5.1. We put A = (2 — a)g and

- £q(0) N 1 1
y = —ot)()/ +/0 e, (t)dt /Rdx(l e 137 Isg‘((t)xIZ)v(dX))'
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Although the parametrization of « is different, the argument similar to the proof of (2.35) in
Sato (2006b) works and it follows from (5.5) that

eq(0)
/ ex(1)dt / |x]|
0 R4

Thus = 4, u,y) € D(Py) and Py (1) = L.
(iv) (@ = 1) (The “only if”” part) Suppose that ;i = ﬁ(g);)y) = d(u) € D1(D(P1))

1
T+ 2 14 |ex@)x]?

v(dx) < 00.

and 0 = W(a,v,y) € D(P1). First assume that i is Gaussian. Then for given ¢ € C:,
0= fol Jra ©(sx)s~2v(dx)ds, which implies 0 = s72 [ps @(sx)v(dx) a.e. Since by the
dominated convergence theorem s72 fRd @(sx)v(dx) is continuous in s, letting s = 1, we
have v = 0. Furthermore, from Proposition 4.3 (iv) with (5.4) y = 0 and hence ¥ = 0. When
it is non-Gaussian, v satisfies (5.5) with « = 1, and (5.3) and (5.4) imply that

2

1
. x|x|
5.10 -1 tdt | ————v(d
-10) 210 /. /Rd 1+t2|x|2U( *)

exists in R? and equals 7. Thus, i € {{i € K;(RY) : for Zg (r) with Ve (dr) = r_ZZg (r)dr,
limg o [ tdt [, EX(dE) [3° 1+’t—22r2d£7g (r+) exists in RY and equals 7}.

(The “if” part) Suppose i = ﬁ(g’;y) € {L € Ki(RY) : for Zg(l’) with Ve (dr) =
r= 20 (r)dr, limeyo [ 1dt [(EX(dE) [ #zzrzdfg (r+) exists in R? and equals 7}. If I is

centered Gaussian, then 1 € @ (D(P)) from Proposition 4.3. If it is non-Gaussian and
satisfies (5.6) and (5.10), then by Lemma 5.1 a measure v exists and satisfies (5.2) and (5.5)

ﬂfﬁz v(dx) and A = A. Tt follows from the existence of (5.10)

with @ = l.Lf:ty:—fRa,1

and f|x|>] |x|v(dx) < oo that

T—o00

T
lim t_ldt/ xv(dx) < o0
1 [x|>t

as in the proof of Theorem 2.8 of Sato (2006b). Thus u € ©(®1). Furthermore (5.10) implies

5 =1i /lt_ldt / xlx? d )+/ ! ! (dx)
= lim - —_— - ,
y=2a0l i 1+ xR T L\ T e~ 1+ 2 )

which equals the right-hand side of (5.3). Therefore @;(u) = it and i € @1(D(P1)).

(v) (I < a < 2) (The “only if” part) Assume that ;i = P, () with some u =
M(Av,y) € D(Py). The Gaussian case is the same as that of the proof for (ii). If i is
non-Gaussian, then it follows from Lemma 5.1 that there exists V satisfying (5.6). Since
uw € D(PDy), v and y satisfy /\x\>l |x|%v(dx) < oo and (5.4), respectively. Then as in the

proof of Theorem 2.4 (iii) of Sato (2006b), J exists and equals to

(5.11) 5 /OO *(t)dt/ xlea(xI? (dx) / xlxl® $(dx)
) = — £ — % _y(dx)=— V(dx),
v o re 1+ |ek(0)x|? Re 1+ |x]?
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which is
(5.12) / xp(dx)=0.
R4

Hence [i € {fi € Kq(RY) : [pq x7i(dx) = O}.

(The “if” part) Suppose i = ﬁ(&i?) € {I € Kq(R?) : fRd xp(dx) = 0}. The
Gaussian case is obvious. Suppose & be non-Gaussian. Due to Lemma 5.1 a measure v with
v({0}) = 0 exists and satisfies (5.2) and (5.5). It follows from (5.2) that

Ix® b e |x|?
V(dx) = 7 %dt ————>v(dx)
re 1+ |x|? 0 re 1+ 12]x|?
1 1/1x]
5/ |x|3v(dx)/ tz_“dt+/ |x|3v(dx)/ 12 dy
[x]=<1 0 [x]|>1 0

1
+/ |x|v(dx)/ t~%dt
lx|>1 1/]x]

:(3—0{)_1/ ]|x|3v(dx)+(3—a)_1/ |x|%v(dx)

[x]>1

+(1—a)1/ 1(|x|—|x|°‘)v(dx)<oo.

Hence we have f‘ |x[V(dx) < oo which is equivalent to [p [x|fi(dx) < oo and (5.11)

x|>1

2 ~
holds. Let y = — [pu l’ifl‘zv(dx), A=Q—a)Aand u = i(a.v.p). Then i € D(P,) by

Proposition 4.4 (v). Further

/m *(t)dt( +/ ( P >(d >)— R
0 e T e "\ T lerox? T 1+ x2) 0 __/Rd1+|x|2” )

which equals . Hence (5.3) is true and @, () = [, namely & € @ (D(Py)). O

6. Nested subclasses of @, (D (D))

@, -mapping allows us to construct nested subclasses of @, (D (P, )) defined by the iter-
ated mappings @g’“, m = 1,2,....Thisis the topic in this section. We will see the domains

D(P*1) in Subsection 6.1 and characterize the ranges @1 (D(@7+1)) by both stochas-
tic integral representations and the Lévy-Khintchine triplet, which are respectively given in
Subsections 6.2 and 6.3.

6.1. Domains of cbg“rl

THEOREM 6.1. Letm=1,2,...
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(i) Whena < 0,D(@"*) = I(RY).
(i) Whena =0,

D@yt = {u e IR : (log |x )" u(dx) < oo} =: fognt1 RY).

[x]>1

(iii)) WhenO < a < 1,

@(@g["-ﬁ-l) = {[,L IS I(Rd) : 1x[* (log |x )™ u(dx) < oo} =: Iy 1og” (Rd) )

[x|>1

@(iv) Whena =1,

(et = {u € IRY): x| (log |x|)" p(dx) < oo, /Rdxu(dx) =0,

|x|>1

T
lim fﬁldf/ x(log(|x|/)™v(dx) exists in Rd} = ] g (R?).
1 |x|>1 ’

T—o0

v) Whenl <a <2,

D(pmth

{u e IRY): [x|% (log |x])™ u(dx) < oo, Ad xu(dx) = O}

|Jx|>1

_. 70
- Ia,log

2 (RY) .

PROOF OF THEOREM 6.1. Since when o < 0, the integral for CDZ'H(M) is not improper
integral, it is easy to see that D(@g“rl) = I(RY), (see Sato (2006a)). When « = 0, Jurek

(1985) determined @(QD(’)"H) as above.
We are now going to prove (iii), (iv) and (v). First, note that

1
(6.1) / u logux)™du = (m + 1)"'(logx)"*! for m =0,1,2,....
1/x

Now, Theorem 6.1 (iii), (iv) and (v) are true for m = 0 as seen in Proposition 4.3 (iii), (iv)
and (v). Suppose that it is true for some integer m>0, as the induction hypothesis. Suppose
0 <a < 1. Then

D(Py ) = {M € D(Py) : |x|*(log [x )™V (dx) < oo,

[x]>1

where 7V is the Lévy measure of & = @, (M)} .

Recall from (5.2) that

1
(B) = / v(s IB)s T ds .
0
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Thus,

1
/ o[ (log |x)"V(dx) = f x| (log |x |)" f v(s~ dx)s ™ ds
el>1 x> 1 0

1
=/ s—“—lds/ Ix|%(log |x )™ v(s~'dx)
0 |x|>1

1

= f Iy[*v(dy) s~ (log |sy|)"ds .
[y[>1 /1yl

Then by (6.1),
/ |x|*(log |x)"V(dx) < oo
[x]>1
if and only if
f |x|*(log [x )" v(dx) < o0,
|x|>1

and we conclude that D (@ +?) = Ly 1ogn+! (RY).
When 1 < « < 2, there is no problem for the moment condition, and the condition,
Jga *p(dx) = 0, always holds. Thus we get D(®7+2) = 13 o (RY).

Finally we prove (iv). So, suppose o = 1. Also suppose it is true for some integer m>0.
We have

DB = {u e D(P)) : x| (log |x])" F(dx) < oo, / xp(dx) =0,
[x]>1 R4
T
(6.2) lim 1~ ldr / x(log(|x]t~1)"V(dx) exists in R?,
T—o0 Jq |x|>1

where V is the Lévy measure of @1(u)}.

Since the moment condition can be given by the same way as for the case 1 < o < 2, in order
to reach the conclusion, it remains to show that

T
(6.3) lim fldt/ x(log(lx|r~1))"  u(dx) exists in R?.
1 [x|>t

T—o00

‘We have

1
/ ‘ y(log(lylt~1)"v(dy) = / y(log(lylt= )™ i (s~ dy)s2ds
yl>t

ly|>t

1
=/ silds/ x(log(Jsx|r~ 1)) v(dx)
0 |sx|>t
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1
= / xv(dx) s~ (log(s|x|r~1))"ds
[x|>7 t/lx|

. / x(log(lx[r= )™ v(d)
[x|>t

Hence (6.2) is equivalent to (6.3) . This completes the proof. O

6.2. Characterizations of cbg“rl (i)(qﬁg“rl )) by stochastic integral representations.
Leta <2,m=1,2,...,

Gam(s) = m) s Togs™H™, 0<s<1,

1
8a’m(u) = / gﬂ(,m(s)ds ) 0 <u S 1 )
u

and let 82!m(t) be the inverse function of &, (x) such that t = g4, (1) if and only if u =

ef (1) Note that when a < 0, &4, (0) = (=)D and when 0 < & < 2, £, (0) = oc.

£a,0(u) is (4.1). We consider a mapping for y € i)(cbg'“) defined by the stochastic integral

eq,m (0)
(6.4) Tom = E( /O €k m (r)dx,(“)) ,

when the integral exists. By Proposition 2.6 of Sato (2006b), if it exists, then the Lévy-
Khintchine triplet (A, T, Ym) of [y, is given as

_ ea,m(0) 1
(6.5) Am =/ 822,m(t>2Adt=(m!)*‘/ s1%(logs~1)" Ads = 2 — @)=+ 4 |
0 0
é‘oc,m(o)
(6.6) Um(B):/ dt/ 13(8;’m(t)x)v(dx)
0 R4

1
6.7) Pm =lim (m!)*‘/ t~%(logt~")"dt
el0 e

1 1
(V * /Rdx (1 TR 1+ |x|2) ”(dx)>

T I I
= lim ek d +/ - d .
ram g Jy Eem® S(V Rt \1+ (g2 X T+ |x]2 v(dx)

In the following, we show that d’&"“ () is equal to wy,, in (6.4) when ¢ # 1 and u €
D(PmHh,

THEOREM 6.2. Leta € (—00,1) U (1,2) and m € N. Suppose jt = [i(a,v,y) €
D (DY), Then the distribution iy, in (6.4) is definable and @+ (1) = .
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REMARK 6.3. The following are known.
(i) (Jurek (2004)) Letao = —land pu € 1 (Rd ). Then

1
" H () = £(/ z;(t)dx§“>>,
0

where 1, (1) = fou g—1,m(s)ds,0 < u < 1 and 7, (¢) is its inverse. However, by changing
variable t to 1 — ¢, we see that

1 1
g(/ r,j;(t)dx,“”> - L’,(/ 8i1_m(f)dxtw)>'
0 0 '

(i) (Jurek (1983)) When o = 0,
(6.8) el (1) = e~
In our setting, we can get (6.4) as follows. By a standard calculation, we see that
gom() = ((m + DY~ (logu™H)"*!
and thus (6.4) is given by taking the inverse function of 1 = &q ,,, ().
To prove Theorem 6.2 for o € (0, 1) U (1, 2), we need a lemma.

LEMMA 6.4. (i) Leta < lande € (0,1). When 0 < o < 1, assume that for
somen € N, f\x\>1 |x]*(log |x|)"u(dx) < oo. Then there exists an M, > 0 independent of
s € [e, 1] such that

1 1 1
6.9 t~*(logt™! ”dt/ - d M, .
(6.9) /O ogs~"yar [ 'x"1+sztz|x|z v < M,

(i) Letl <a <2ande € (0,1). If for somen € N, |,

x>

1 x1*(log |x )" u(dx) < oo,
then there exists an M > 0 independent of s € [¢, 1] such that

1 2 3
(6.10) / fa(logfl)"dt/ Lv(dx) <M
' 0 ri 1+ 5222|x|? e

PROOF. (i) Letc; and ¢y be some positive constants. Then

/1t°‘(1 fl)”dt/ x| : :
0, X —
0 & ri T+ s22x 2 1+ x?
1 3
</ ta(logtl)"dt(/ x] v(dx)
—Jo <1 (1 +5222|x12) (A + |x]?)
+c1/ |x|v(dx)+02/ t_2|x|_1v(dx)>
[x>1,[tx|<1 lx|>1,]tx|>1

1
=/ t—“(logfl)"dt/ IxPv(dx)
0 [x]<1

v(dx)
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1/1x] :
+ ¢y / |x|v(dx)/ t~*(logt™")'dt
|x|>1 0

1
+c2/ Ix]™ v (dx) 1~ 2(logt™Y'dr .
lv|>1 1/1x|

OI/M t~*(log t~1)"dt is shown to be constructed by a linear

By the integral by parts formula,
combination of |x|*~! (log IxD¥ withk =0, 1,...,nand fll/lxl t“’_z(logt_l)"dt is shown to

be constructed by a linear combination of |x |"‘Jrl (log |x |)k withk =0, 1, ..., n and a constant
term. Thus the assumed moment condition gives the conclusion.
(ii)) Observe that

/ltzo‘(lo rl)"dt/ P (dx)
—_— =V X
0 & R4 1+s2t2|x|2

1
5/ tzfa(logr‘)"dt/ IxPv(dx)
0 lx|=<1

1/1x|

+/ |x|3v(dx)/ 2 (logt~"Y'dt
|x|>1 0
1 1

+ —2/ xlv(dx) [ t™“(ogt™")"dt .
57 Jxf>1 1/1x]

Here by the integral by parts formula, fol/lxl 1>~%(logt~")"dt is shown to be a linear com-

bination of |x|*~3(log |x|)* with k = 0,1,...,n and fll/lxl t~%(logt~1)"dt is shown to be
constructed by a linear combination of |x|°"1 (log |x|)k with k = 0,1, ..., n and a constant
term. Then the assumed moment conditions give the result. O

We are now ready to prove Theorem 6.2.

PROOF OF THEOREM 6.2. Denote the Lévy-Khintchine triplet of &7+!(u), u €
D@1y, by (A FontD F0m+Dy We first show that, for B € B(RY),

1
6.11) F+D(By = / V(s 'B)gum(s)ds, meN.
0
Let m = 1. Then we have by (5.2),

1
7@ (B) =/ ¥ (s B) s ds
0

1 1
=/ s—“—lds/ v((ts) ' By dr
0 0

1 1
=/ v(u_lB)u_a_ldu/ s~ lds
0 u
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! 1
= / v(u~ B)ge1(u)du .
0
Thus (6.11) is true for m = 1. Next suppose

1
v (B) = f V(s ™" B) gum—1(s)ds
0
for some integer m > 1. Then by (5.2) again,

1
o+ (p) =/ P (s B)s ™ lds
0

1 1
= f 5™ lds f V()" B) gar.m—1 (u)du
0 0

1 1
=((m—1)!)_1/ s—“—lds/ v((us) ' Byu=* logu=""du
0

0

u
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1
=((m—1)!)*‘/ u*“*‘(logu”)m*‘du/ v ' BY(tu )T N Ydre

0 0

1 1
=((m—1)!)*‘/ u(rlB)r“*]dt/ u logu™ " du
0 t

1
=(m!)—1/ v(e ' By~ log " dr
0

1
:/() V(t_lB)ga,m(t)dty

and thus we get (6.11). Note that if 1, in (6.4) is definable, its Lévy measure v should be

(6.6). On the other hand, we have

1 1
/v(u”B)ga,m(u)du=/ ga,m(u)du/ 1,-1g(x)v(dx)
0 0 R4
1
=/ (—dsa,m(u))/ 1g(ux)v(dx)
0 R4

Ea,m (0)
_ / d / 15 (g% (0X)v(dx)
0 RY '

= im(B) s

which is equal to 7"+ 1 (B) and finite.

A(m+D) g directly calculated due to (5.1) and is given by (2 — )~ *TD A = A4,,, say.
As for 7" +D we show that 77"+ equals 7, in (6.7) by the induction argument. When

m = 0, this holds due to (5.3). Next suppose 7™ = 7,,_1 for some integer m > 1. It follows
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from (5.3) that

1
1 1
~(m+1) th/ oy ~(m) / . ~(m) d .
4 210 J, vt L\ TE e T 1) @

First consider the case @ < 1. When 0 < a < 1, since u € D(®"*!), we have
f\x\>1 |x|*(log |x|)"u(dx) < oo. Thus by Lemma 6.4 (i) with n = m — 1, we have

1 1
7(m+l) = lim((m — 1)[)_1/ s_ads/ t_a(log t_l)m_ldt
Si,o £ 0

1 1
— d .
) <y+/Rdx(1+52f2|x|2 1+|x|2)”( x)>

Since we can use Fubini’s theorem due to Lemma 6.4 (i), we can directly show the finiteness
of the following integral:

1 1 1 1
—d = (log = Hym™lar / - d
/0 g S/o log ) <y+ v T2 1)
! ! a 1\m—1 1 1
= N~ *(ogt™ " dtd - d
/0 /o (st) ™ (log™) S(”/Rux<1+s2t2|x|2 1+|x|2)”( ”)
! * o m—1 1 1 1
= o s~ lqud - d
/0 /0 wlogs/uy™ s du s(”/mx(wu%xv 1+|x|2>”( x))
! o ! m—1 1 1 1
= u*du logs/u)" s~ ds +/ x< — )vdx)
/0 /u( Bs/u) (V kT2 T ae) @
1/1 70((1 71)md +/ 1 1 (d )
= (0] - v )
m 0 u gu u\yy Rdx 1+u2|x|2 1+|x|2 X

which is finite by Lemma 6.4 (i) with n = m. Thus we see that 7"*1 is the same as ¥, in
(6.7) whena < 1.

When 1 < o < 2, due to the zero mean condition in Proposition 4.3, it suffices to see
the convergence of

~m+1) _ e —1\m xt*|x|?
(6.12) y = Llﬁ)l(m!) /g t %(logt™)"dt ./Rd mv(dx).
Now by Lemma 6.4 (ii) with n = m, the expression of
xt2|x|2

1
¥ = ((m — 1)!)*‘/ t*"‘(logt’l)m*‘dt/ (dx)
0 R

—F—=V
0 1+ 12|x 2

yields

o . 1 1 ] | xs212|x)?
D — _fim((m — 1))~ / s_“ds(/ t~*(ogt— )"~ dt/ —2U(dx)) .
0 € 0 R

a 14 52¢2|x|
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By a similar argument as in the case o < 1, in order to see the convergence of the integral in
¥+ it suffices to study the quantity

/l u%logu=""du (y +/ x ! N v(dx)
0 Ré \14+u?|x]2 14 |x|? ’

However since we have Lemma 6.4 (2) with n = m + 1, this is finite. Thus we conclude
(6.12).

Altogether we have shown that (A(+D Fon+h Fm+by — (A, 3, 7,), each of
which appears in (6.5), (6,6) and (6.7), respectively, and thus (A,,, Uy, V) is the Lévy-

Khintchine triplet of some distribution in 7 (R¢), which should be z,, by Proposition 2.6 of
Sato (2006b). We thus conclude that cbg“rl (n) = 1t for u € 9@21“ ). O

6.3. Characterizations of "1 (D (@ +1))by the Lévy-Khintchine triplet. We
consider the range @+ (D (P7*1)) form = 1,2,... Let —c0 < a < 2 and suppose
W= [L(Av,y) € @(@g"“). Then, when o # 1, due to Theorem 6.2, the mapped distribution

¢gz+l (1) = I’Z(A'(m-*-]),F("’+]),)7(’"+l)) satisfies

(6.13) Am+D) _ 2 - O[)_(m+1)A ’

1
(6.14) DBy = (m)~! / v(s T B)s™* (logs~h"ds ,
0

1 1 1
Fomth — DU T ogr Y dt —/ — d
7 im () / togeyar (v = [ v (157 — T ) v

(6.15)
li /T wm($)d / ! ! (dx)
= m & s)as — X — viax .
Tream® Jo M T e T P T T4 e, (022

When a = 1, we cannot use Theorem 6.2. However, as in the proof of Theorem 6.2, we can
use the induction method for the Lévy measures even when o = 1, and thus (6.14) also holds

for o = 1 as well as (6.13). For 7"+ we have an alternative expression (6.18) below. Now
with the aid of the representation (A™+1D F0n+1) Zm+1)y above, we can specify the range.

THEOREM 6.5. Let —00 < a < 2 and m = 1,2,... Then iyt =
H(A’(m#»l)’%‘(erl)’V(erl)) € ¢g’+l ® (@&”H)) if and only if one of the following conditions de-
pending on « is satisfied.

(1) (=00 < a < 1) W1 is Gaussian, or iy is non-Gaussian and

(6.16) ot By = /X(dg)/oo Lp@é)u™ "™ wydu, B e BRY).
S 0
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Here X is a measure on S and Zénz)(u) is a measurable function in & such that satisfies
o
6.17) Y () = ((m — D))~ / x ! (log(x /u))™ " T (x)dx
u

where Zg (u) is a function measurable in & and for A — a.e. §. nonincreasing in u € (0, 00),
not identically zero and lim,,_, Zg (u) =0.
(i) (o = 1) s is centered Gaussian, or fimy1 is non-Gaussian and V"V satisfies

(6.16), (6.17) witha = 1 and

(st)%x|x|?

1 1
T _ —1 —1 —1 —1\m—1
(6.18) lim((m — DY) /Ss ds/ot (logt™" dt/Rd 41+(st)2|x|2v(dx)

exists in RY and equals 7™V, Here the measure v is the one in (6.14).

(ii) (1 < a < 2) fHmy is centered Gaussian, or iy is non-Gaussian and 7"+
has expression (6.16), (6.17) and

(6.19) / XAm4+1(dx) =0.
R4
As seen in the proof of Lemma 6.6, the function Zg (x) is given by
~ (.¢]
Le(x) = / rve(dr),
X

where vg is the radial component of the Lévy measure v of € D(cbg“rl ).

A function f(¢) defined for ¢+ > 0 is called m-times monotone where m is an integer,
m > 2, if (=¥ f® (1) is nonnegative, nonincreasing and convex for t > 0, and for k =
0,1,2,...,m —2. Whenm = 1, f(¢) will simply be nonnegative and nonincreasing.

Note that ﬁém) (u) is m-times monotone. In order to see this, we have only to differentiate
it in the following way.

d 7/(m) 1 *© 1 m—2 o o
ahs (S) = —;/S m (log(x/s)) dxv/; r vg(dr) < O,
d—zfl(m)(s) = i - ; (lo (x/s))m_2 dx - r*ve(dr)
a2t T g oy 8 T
1 o0 1 o0
+5 / p—p (log(x/s))" 3 dx / r%ve(dr) > 0.

The differentiation continues to m — 1 times, but (d /ds)m’1 712'") (s) includes the term

(—s)l_m/ x_ldx/ r®ve (dr)
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and hence (d/ds)™ Eém) (s) includes the term

(=s)~ " /w r®ve(dr) .

Then since we have no information about absolute continuity of the measure v (dr) and

differentiability of fsoo r*vg (dr) can not be guaranteed, we can not assert any stronger results

for Eém) (s) other than m-times differentiability.
We need the following lemma and here we use the same notation as before. This lemma
follows from similar arguments as those used in Lemma 4.4 in Sato (2006b).

LEMMA 6.6. Let—oc0o <a <2andm =1,2,...,andletV be a Lévy measure. Then
there exists a Lévy measure v satisfying (6.14) such that

fRa,(|x|2 A Dv(dx) < oo, when o <0,
(6.20) Jra(Ix1? A D(log* [x])"v(dx) < 00, when a =0,
fRd(|x|2 A lx]*)(og* |x|)™v(dx) < oo, when 0 <a <2

if and only if V is represented as (6.16).

PROOF OF LEMMA 6.6 (The “only if” part). Assume that the Lévy measure v satisfy
(6.14) and (6.20). The polar decomposition gives

JgAdE) [ (r? A Dve(dr) < oo, when o <0,
(6.21) [g A(dE) [57(r* A1) (log* 1) e (dr) < 0o, when a =0,
[g A(dE) fooo(r2 Ar®)(log* r)™vg(dr) < oo, when a > 0.

Then we have for B € B(R%)

1
T(B) = (m!)*‘/ = Y@ B)(log =" dt
0
1 00
= (m!)—lf t—“—ldr/,\(dg)/ 1p(t&r)(logt ™" ve (dr)
0 S 0

= (m!)~! /A(dé)/oor“vg(dr) /r13(55)5*“*‘(1og(r/s))mds
S 0 0

[ 2o [ ass B wds.
S 0
where

R (s) = (mh)~! / (log(r/$))" r ve (dr)

= ((m — 1)!)_1/oorav5(dr) /rx_l(log(x/s))m_ldx
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((m — 1)!)*‘/oox*‘(log(x/s))m*‘dx foo r®ve (dr)

o0
S(m—=1H~! / x " (log(x /5))" Ve (x)dx .
S
Here Zg (u) is measurable in & and for A — a.e.£. nonincreasing in u € (0, 00), and
lim,,— 00 £z () = 0 from (6.21).
(The “if” part) Suppose that v satisfies (6.10). We consider the case —oco < a < 0. Then

since h('")(r) is a continuous decreasing function, we can define a measure Rg on (0, co)

satisfying Re ((r, s]) = —flém)(s) +l~1§'") (r) and put v (dr) = r~* Re (dr). Furthermore define

v(B) =/S"X(dr)/0 1p(ré)ve (dr) .

Here the same logic as in the proof of Lemma 5.1 holds and we see that (6.20).
In the following, similar to the proof of Lemma 5.1, we put Eg ([r, 00)) = Zg (r+) and
ve(dr) =r—% ﬁg (dr). Furthermore define

o0
v(B) =/A(ds>/ 5 (&) ve dr)
S 0
Then for the case ¢ = 0, let A = X, and we have

f (Ix1* A D (log* |x])" v (dx)
Rd

- / A(dE) / Oo(rz/\ D(log* r)™ e (dr)
S 0

1 [ee)
=/A(dé)</ rzﬁg(dr)—{—/ (log*r)mHﬁg(dr)).
S 0 1

Since V is a Lévy measure, it follows that

o0 o0
/,\(dg)((m - 1)!)—1/ 2 A 1)r_1dr/ xYlog(x/r)™ Vs (x)dx < oo
N 0 r
Then a simple calculation gives

0< ((m—-1H! f f “og(x/r))™tdx f mﬁs(dy)
— (=1~ / / Re(dy) / 1 (log(x/r)"dx

= (m)~! /0 rdr / (log(y/r)" Re (dy)
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I y
= (m)~! / Re(dy) / r(log(y/r))"dr
0 0

+(m)~! /1 " Retay) fo | r(log(y/r)"dr < oo.
Since the last two integrals are positive and
()~ /0 Retay) /0 " r(log(y/ )" dr
= (mh~! /01 t(logr‘l)'"dr/o1 v Re(dy),
the finiteness of [ A(d€) [} r2Re (dr) is shown. Next we see that
0< ((m-— 1)!)—1/100r—1dr/Oox—l(log(x/r))’"—ldx /Oo Re(dy)
= (=00 [Tt [T Ry [ ogte/ryntas
= ()~ /1 S ar / " [ogte/r)™]” Retdy)
—on! [ " Retay) / " og(y/ ) dr

= ((m+ 1)!)—1/l (log y)" ' Re (dy) < o0

Hence, we have (6.20).
When0 < a < 2,let A =  and we have

/O (IxI* A 1x|%) (log* [x|)™ v(dx)
— / A(dE) / oo(rz/\r"‘)(log* )™ ve (dr)
S 0

=/A(dg)/oo(rzAr“)(log*r)mr*“ﬁg(dr)
S 0

1 o0
- / A(di})( / r2~*Re(dr) + / (log*r)mﬁg(dr)>.
S 0 1

Since V' is a Lévy measure. We have
(@]
r

/A(dé)((m —nn~! /Oo(r2 A 1)r*“*‘dr/ xNlog(x/r)" e (x)dx < o0.
S 0
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Thus

1 e’} 0
0 < ((m— 1)!)*‘/ r““dr/ x*‘(log(x/r))m*‘dx/ Re(dy)
0 r

X

1 o)
:((m—l)!)*‘/ r““dr/ Re(dy) fyx*‘(log(x/r))m”dx
0 r r
L y
— ()" fo Re(dy) fo F1=%(log(y/r)"dr

e’} 1
—i—(m!)_l/ ﬁg(dy)/ =% log(y/r)"dr < co.
1 0

The first term in the right-hand side equals

1 1
(m!)*‘/o y2*°‘Rs(dy)/O = logr~H"dr .

Furthermore,

0<(m-1DH! foo rlar /mx_l(log(x/r))'"_IZS(x)dx
1 r

= ((m — 1)!)—1/10<> re gy /Oox_l(log(x/r))'"_ldx /oo Re(dy)

= ((m — 1)!)—1/oo rm gy foo Re(dy) /yx‘l(log(x/r))’"‘ldx
1 r r
— () /1 ra=lgr f (log(y/r)" R (dy)

= (mz)”/1 Re(dy) /lyr“](log(y/r))mdr < 00.

Here with the integral by parts formula

(mt)™! /1 " log(y/r))"dr

is a linear combination of (log y)*, k = 0, ..., m, and the coefficient of (log y)" is positive.
Thus, du to that ﬁg([l, 0)) < oo a.s. &, (6.20) holds. [l

(i) (—oo < «a < 1) (The “only if” part) Assume that
fimi1 € @M1 (D(@M+1)). The Gaussian case is obvious. When i1 is non-Gaussian,
then from Lemma 6.6 there exists V satisfying (6.16) and (6.17).

PROOF OF THEOREM 6.5.

(The “if” part) If I+ is Gaussian, then putting A = (2 — a)mZ<m+‘>, v = 0 and
y =1 =)yt wehave u = pu(a,,y) € D(@LT) and flpy1 = S0 ().
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If 1i;n+1 is non-Gaussian, then (6.16) and (6.17) give the measure v in Lemma 6.6. We
put A = (2 — )" Am+D and

: 1 1
— (1—ay" [ 5+ !71/ I N / N y
y=0-0a) <y +(m!) A s “(logs™")"ds Rdx T e T3P v(dx)

The existence of y is proved as follows. Let ¢ and ¢ be some positive constants. Then

1
1 1
-] —1 m g / _

/os Gogs s J e M T xE ~ T a2

</1 _Ol(l —1)md </ |x|3 (d )

< s ogs s v(dx

0 <1 (L+1x[H (A + s21x[?)
+q/ |x|v(dx)+c2/ s2|x|1v(dx))
[x]>1,]sx|<1 |x|>1,]sx|>1

1
=/ sfa(logsfl)mds/ Ix|?v(dx)
0 [x]<1

1/|x|
+ ¢ / |x|v(dx)/ s™%(logs™)"ds
|x|>1 0

v(dx)

—i—cz/ Ix| " v(dx) 1 s 2(logs~H"ds .
lx|>1 1/]x]
Here by the integral by parts formula, /01/ Il g—at (logs~1)"ds is shown to be constructed by
a linear combination of |x|*~!(log lx* with k = 0,1,...,m and fll/lxl s“"_z(log s~hmds
is shown to be constructed by a linear combination of |x|**!(log [x)* withk =0, 1, ..., m.
Then on behalf of (6.20) we can prove the existence of y. Thus u = @ v,y) € @(@g“rl)
and @1 (1) = Fnt1.

(ii)) (a = 1) (The “only if”” part) Suppose that [i;;,+1 = CD’I"H(,u) and L = ((av,y) €

Z)(QD;"H). First assume that /i, is Gaussian. Then for given ¢ € C;’ (see the beginning of
Proof of Theorem 4.7 for its definition),

1
ozf 5*2(1ogs*1)mds/ (s ' x)v(dx),
0 R4

which implies 0 = s~2(logs~ )™ fRd @(s~'x)v(dx). Since by the dominated convergence
theorem s’z(log s—hm fRd (p(s’lx)v(dx) is continuous in s, letting s = 1/2, we have v = 0.
This together with y = 0 (which follows from Proposition 4.3) implies 7"*+1) = 0. Hence
Wm+1 is centered Gaussian. If i;,+] is non-Gaussian, then Lemma 6.6 assures the existence
of a measure 7"t 1D such that satisfies (6.16) and (6.17) with & = 1. As for "+ since
7 satisfies the condition of @' (n) € D(Py), zero mean condition of the domain D (D)
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yields
2
s _ [ X sy
v _/Rd1+|x|2v (@x).
In fact we can show fRd %F(’") (dx) < oo by Proposition 4.3 (iv). Then the general result

of mapping @; yields

1
1 1
YD —fim | s7'ds (7 —/ x - 7O (dx
Y £10 ). Y ri \ 1+ X2 1+s2x)? (dx)

1 2

XX ~

= —lim s*‘ds/ Lv(m)(dx),
A Re 1+ 52|x|?

which is equivalent to (6.18).

(The “if” part) If fi,y41 is centered Gaussian, then i1 € P71 (D(@7*1)) by
Theorem 4.6. If 11,11 is non-Gaussian and satisfies (6.16) and (6.17) with @ = 1, then
Lemma 6.6 assures the existence of a measure v satisfying (6.14) and (6.20) with o = 1. Let

2 ~
Y =— Jqa fiﬂlz v(dx), A= A"V and u = p(a.,.,). We see that under the assumption of

the moment condition (6.20), the existence of "+ is equivalent to that of

T
(6.22) lim fldt/ x(log(lx |t =)™ v(dx)
1 |x|>t

T—o0

which appears in the description of SD(CD{"“) in Theorem 6.1 (iv). Recall that
(6.23)

oD = —((n — )i fl -1 /lt_l(l t_l)m_ldt/ LGN
= —((m — ! 1im S S (0) vdax),
v 210 /., 0 g ki T+ 522222

if exists. We divide the integral range R? of v into {|x| < 1}, {|x| > 1,st|]x| < 1}, and
{|x] > 1, st|x| > 1}, and consider the finiteness of 7"+ Observe that

1 1 s2t2|x|3
/ s*‘ds/ f‘(logf‘)m*ldt/ —————v(dx)
0 0 <1 1+ s=t2]x|

1 1
5/ sds/ t(logtil)mfldt/ Ix|Pv(dx) < o00.
0 0 [x|<1

Regarding the integral on {|x| > 1, st|x| < 1}, we have

1 1 ¢ 2 3
/ ds/ (st)_l(logt_l)'"_ldt/ %v(dx)
0 0 Ix|>1,stlx|<1 1+ (s1)*]x]

1 K u2|x|3
=/ ds/ u_l(logs/u)'"_ls_ldu/ ————v(dx)
0 0 > 1ulx]<1 1+ u|x|
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1 1
5/ udu/ sil(logs/u)mfldu/ Ix|?v(dx)
0 u |x|>1,ulx|<1

1 1
= —/ u(loguil)mdu/ IxPv(dx)
m Jo |x|>T1,ulx|<1

| X 1/lx] 1
= — |x| v(dx)/ u(logu™")"du .
0

m Jix|>1

Since fol/lxl u(logu=""du is shown to be a linear combination of |x|~2(log |x|)* with k =

0,...,m, (6.20) assures the finiteness of the integral. Hence for the finiteness of m+1) e
only consider the finiteness of

N b “1ym—1 (s1)*x|x|?
(6.24) lim s ds t~ (logt™) dt ﬁv(dx)
el0 Jg 0 x|>1,st]|x|>1 1+ (s1) x|
which is equivalent to that of
1 1
(6.25) lim s_lds/ t_l(logt_l)'"_ldt/ xv(dx) .
el0 Je 0 |x|>1,st|x|>1

To see this, we consider the convergence of the difference of both integrals, namely consider
the quantity

1 1
-1 -1 —1ym—1 |x|
s ds/ ' logr™") dt/ P udy)
/o 0 > Lstlx|>1 1+ 5222|x |2
/1 —ld /S —1(1 / )m—ld / |x| (d )
= s ds u~ (logs/u u ———v(dx
0 0 |x|>1,ulx|>1 1+u2|x|2

1 K
=/ s_lds/ |x|—1v(dx)/ u3ogs/u)" du.
0 [x]>1,|x|>1/s 1/]x]

Here fls/m u—3(logs/u)™'du is shown to be a linear combination of |x|*(logs|x ¥, k =

0,...,mand s 2. Noticing |x|2(logs|x|)k < |x|2(10g |x])¥, observe that

1 1
/ silds/ |x](log |x|)kv(dx) :/ |x|(log |x|)kv(dx) s~ lds
0 [x|>1,]x|>1/s [x]|>1 1/]x]

=/ Ix|(log |x N 1 v(dx) < oo
[x]>1

and that

1 1
/ s—3ds/ Ix| " v(dx) =/ |x|_1v(dx)/ s73ds
0 [x|>1,|x|>1/s [x]>1 1/]x|

1
5/ - (|x|+|x|_1) (dx) < 00,
Ix|>1 2
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and we conclude the convergence. Then by a further calculation, (6.25) is equivalent to

1 K
lim s_lds/ u—l(logs/u)'"—ldu/ xv(dx)
el0 Je 0 lx|>1,ulx|>1

1 K
=1im/ s_lds/ xv(dx) u ' logs/u)"'du
el0 Jg Ix|>1 1/]x]|
1

1
= lim — s_lds/ x(logs|x))™v(dx) ,
elom Jg lx|>1/s

which is equivalent to (6.22) by the change of variables formula. In the first equality we use
Fubini’s theorem with (6.20). As a consequence, we have y € @(QD’I"H) and the mapping
@1 (1) recover (6.13), (6.14) and (6.18). Now we conclude that &"*! (1) = [i,41 and
Wm+1 € QD’I”H (i)(qﬁ’f”rl )). In order to recover (6.14), we use the induction method as in the
proof of Theorem 6.2.

(iii)) (1 < a < 2) (The “only if” part) Assume that [i,;, 4+ = Cbg“rl(,u,) with some
M= WAy € Z)(@gé"‘“). The Gaussian case is the same as that in the proof for (ii). If

m+1 is non-Gaussian, then it follows from Lemma 6.6 that there exists Plm+1) satisfying
(6.16) and (6.17). Since u € D(®"+1), v and y satisfy ||

=1 [x]*(log |x|)™v(dx) < oo and

_ x|x|? : ; ~(m+1)
y =— fRd TP v(dx), respectively. We show the existence of y , we have

1 3
D= 2 %ogr™! '"dt/ I d
(m!) /0 (logz™") i 1+t2|x|2V( x)

1
g(mz)*‘/ t*“(logf‘)mdt/ Ix|?v(dx)
0 [x]<1
1/Ix]
+(m!)*‘/ |x|3v(dx)/ >~ %(logr~HY"dt
|x|>1 0

1
+ (mz)—1/ |x|v(dx)/ t~%(logt~")"dt .
x> 1 1/1x]

Here by the integral by parts formula, fol/ Wl y2-a (logt~1)™dt is shown to be a linear combi-

nation of |x|“‘3(10g lxD* with k = 0,1, ..., m and fll/m t~*(logt~1)"dt is shown to be a

linear combination of |x|""1 (log |x|)k withk =0, 1, ..., m and a constant. Then form (6.20)

¥y exists and equals to
N o xleX (H)x|?
y = —/ ey m(t)dt/ sz(dx)
o re 1+ e, (x|

/ P
=— — _%(dx),
R4 1+|X|2
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which is (6.19).

(The “if” part) If f,+1 is centered Gaussian with its component A0m+1) Then by putting
A= @2 —a)"TAMD  we have K400 € D@y and [i,41 = & (). Suppose i
be non-Gaussian and satisfy condition of (iii). On behalf of Lemma 6.6, we have a measure v
satisfying (6.14) and (6.20). We investigate the absolute moment of v and see that

/ ﬁv(m“)(dx) = /oo e* (t)dt/ Lv(dx)
re 1+ |x|? o M re 1+, (Dx|?

1

1 2—a -1 x|
=— [ s %Cogs )mds/ —U( x).
m! Jo R s2|x|?
Then as we have seen in the preceding paragraph,
3
/ LU('“‘)(dx) < 00.
R4 1 + |x|2
~ ~ 2
Thus [pa |x|[i(dx) < oo, and hence [gpq xp ™D (dx) = 0. Lety = — Jra lﬂﬁ‘zv(dx)
and A = (2 — )" A™+D | Then on behalf of (6.14), Theorem 6.1 (v) is satisfied. Thus
H =y € 9(05&"“)' O

REMARK 6.7. (A remark on the case « = 1) We explain why we did not treat the

case « = 1 in Theorem 6.2. When o« = 1, ¥, in (6.7) with y = _fRd v(dx) may be

1+| |2
different from 7 *+1) in (6.18) given by the mapping 45;"“ in the following sense. We have

— l ( ')—lflt—l(l t—l)m/ t2x|x|2 (d )
= — lim(m! (0] —=V(dXx
Ym==1% ) & i 1+ 2)x 2

= —lim(( 1)')_1/1t_1dt/1 ~(lo _l)m_ld/ x|x|? V(dx)
= —lim m ! s g T |2 X

= —lim((m — HH~! / “Llogs~Hm- lds/ —1dt/ Pl v(dx)
€10 i re 1+ 22|x 2

= —lim( nH—1 : ] Lym—1 4 u—du (su)?x|x|? «
__slﬂ)l(m_ D) /g (Ogs ) S/;/S /Rdm X)

1 1 2 2
= —tim((m - 1)!)*‘/ u*‘du/ s*l(logs*‘)m*‘ds/ Gl

Ju re 1+ (su)?|x|?
On the other hand,
1 1 2 2
yrtD — _lim((m — 1)!)—1/ u—ldu/ s—l(logs—l)'"—ldsf Mu(dx)
el0 ¢ 0 rd 1+ (su)?|x|?

as we have seen in (6.18). In ¥, the convergence depends on simultaneous convergence of
double integrals, whereas in 7T 1 the convergence is only concerned with the first integral
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since the second integral exists. Here, we cannot prove ¥, = 7”1 when o = 1. If the
integral of "1 or ,, would absolutely converge, then due to Fubini’s theorem both would
be the same. But we cannot see it now. If 7, # 7" *1, then the ranges of the two mappings
are different.
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