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A Note on the Pell Equation

Hideo WADA

Sophia University

For solving the Pell equation |x*—my? =1, we usually use the
continued fraction expansion of v“m. We will give here a new geometri-
cal interpretation of the continued fraction expansion, and apply it to solve
the Pell equation. Theorem 1 makes the continued fraction expansion of
V'm more meaningful. Theorem 2 gives the existence of the solution.
The proof is simpler and shorter than the usual one.

§1. Let m be a positive integer which is not a square. Then the
Pell equation

(1) o' —my*|=1, (v, yecZ)

can be written as
(2) (@+Vmy)(e—1my) =1

Put a=x+1vVmy, o’ =x—1V my=the conjugate of @. Then (2) can be
written as |aa’|=1. Put a,=1, a_,=V'm, L={xa,tya_ |z, ycZ}=
{oc-i—melm,yeZ}, and in the X-Y plane, &,=(1, 1), a_,.=(vVm, —vV'm),
L={aa,+ya_, |z, y e Z}={(z+Vmy, s—vVmy)|x, y € Z}={(a, &)|a e L}.

LEMMA 1. Let 8=(B, B), 7=(v, 7)) be generators of L such that
0<B, 0Ly, B7'<0, |7|<|B'|. Then the smallest number 6 € L such that
v<9, |o'|<|Y'| is ,8-!—[ —B' 7Ty, (—B'/7'] means the integer part of —pB'[7).
In this case, '7,5 0, 0") are gemerators of L such that 0 <v, 0< 9,

7'9'<0, 0" <]l

PrROOF. We may assume 0<7v'<—pg8 without any loss of generality.
Put 6=2v+yB. If <0 and y<0, then 6<0. If >0 and y=0, then
o' =x7'+yB' =7'. Therefore y must be greater than zero. When y=1,
then from the condition |8'|<|Y’|, we have —¥' <xY' +yB' <Y and —7v'—
ypg'<axy'<v'—yp'. Hence —1—-p8/V=—-1—yp/V<x<l—yB'/Y'. From
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the smallestness of 6, we get y=1, x=[—g'/7']. From B=o+[—-8/"],
we get that ¥, §=(5, §') are generators of L, and Yo' =B +[—-B /YY) <
{6 +(—=B'[7)'}=0.

§2. We want to find positive integers x, y which satisfy (1). Let
®, % and x, y, be the positive integer solutions of 1), namely
[wi—myi|=1, |oi—my}=1, 0<a, ¥, %, ¥). If @,<ax, then myisai+1l<
@ +1—1=xi—-1=<my;. If y,<y, then z=my+l<m(y,+1rl—1=<
my;—1=wx}. Therefore «,<w,—y,<y,=2z,+Vmy,<x,+vVmy, Using
Lemma 1, we can calculate the smallest number a=x-+1v"my such that
0<z, 0<y, and |aa’|=1 as follows.

Let a=x+V'my be the smallest number such that o<z, 0<y,
la’|=1. Then 1< and |'|=1/a<1. The two points @_,=(1'm, —v'm),
@,=(1, 1) satisfy the condition of Lemma 1. Therefore the smallest
number «,€L such that l=a,<a, |al<|a)=1 is a_+[—alja)e,=
Vm+[Vm]. If |ea)=1, then a=a, If |a,a]>1, then a must be
greater than a,, and |&'|=1/a<1/a,=|a]|/|aya)|<|ei]. From Lemma 1, the
two vectors a,, a,=(a,, a;) satisfy the condition of Lemma 1. Therefore
the smallest number a,c L such that a,<a,, |a}<|al| is o+ [—as/alle,.
In general, put a,,,=a, ,+[—ai_,/a!]la,. Then this infinite sequence {a}
has the properties: l=a,<a,<a,<:--, |a.,|>|a)>|al>|al>+--, and
lai|=(—1)'a;. If there exists a solution a, then & must be one of a,. Put
Bi=—ai ez, and k,=[B,]. Then B=—(—VvV'm)/l=vm, and

(3) =, +kae,
(4) Bin=—aifai,= —a:/(a;-d‘*-kia:): 1/(8:—k.) .

From (4), we get B,=k,+1/B.,,. Therefore we have the continued
fraction expansion of Vm.
1 1 1

m=RB,=k,+1/8,=k,+— .
V'm Bo +1/6, o+k1+"'+ku—1+ﬁn
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§3. We will give an example. When m=T1, then

=V, a,=1, B=VT=2.6-
a_,+20,=V"T+2, B= 1/(1/7 2) VT +2)/3=1.5-
a0+1a1 =V T +8, B=1{(VT +2)/8-1}=0"T7 +1)/2= 18
a,,—a1+1a2 =2V T +5, B=1/{(VT +1)/2—1}=(VT +1)/3= 12
A=, 1a,=3V"T +8, B.=1/{(V T +1)/8—1}=0"T +2)/1.

In the next section, we will prove that the denominator of B, is
la,a|. In this example, the dominator of B, is one. Therefore | =1.
As a result, the smallest solution of |¢*—Ty*=1 is =8, y=3.

§4. LEMMA 2. a.i_,=(—1)"'(Vm+a) for some a,€Z.

PROOF. When i=0, then a’,=—Vm=(—1)"'Vm+0), (a,=0).
When a,a,_,=(—1)*(Vm +a,), then we get dla,,=(—1)(—V'm+a)=
(—1)Vm —a;) by taking the conjugate. Hence a..oi=(a;,+ka)ai=
a, o+ koon=(— 1)10/% —a,+(—1'kaa;).
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THEOREM 1. Put a_.,=V'm, a,=1, a..=a,_ +[—a,_/ale,. Then
—a;_Jai=01"m +a,)/|a.al| for some a,c Z.

PROOF. —ai_jai=—a._,/(a.al)
=(—1*V'm +a)/{(— 1) |a.ci}
= (1/7—77'—+ a)/ |aia;l .

§5. LEMMA 3. 0=<a,<V'm, |aal|<2Vm, (:=0).

PROOF. 1< —ai_jai=(\'"m +a,)/|a.
o= (e, Ja) =(V'm— a;)/|a.o

When ¢=0, then a,=0, |@,a;l=1. When i>0, then 0<a, ,<a,.

0<a, ,/a,= (1/7_7:"— - ai)/laia;l <1< —ay ,ja;= (l/m‘i‘ a;)/|e.o
0<a,<Vm, |laa|<vm+a,<2Vm .

THEOREM 2 (Existence of the solution). Put a_,=vm, a,=1, a,,,=
;. +[—aiJaila,. Then there exists 1=1 such that |a.al=1.

PROOF. a,./a;=a.aif(aa)=(—1) Vm+ a:+)/{(— 1) |aail}
=(V'm +a,.)/|laa;

Using Lemma 3, it can be seen the set {a;,/a;|1=0} is a finite set.
Consequently, there must exist a certain pair 4, j such that 0<:i<j,
a.je,=a;,,/a;. Let 1 be the smallest integer which satisfies the above
condition. Dividing both sides of (3) by a,, we get a, . /a,=a, /o, +k,.
If ¢>0, then 0<e, ,/a;<1. Therefore k,=[a,,,/a;] and

ajo,_ =)@, —ka)=1/(a../e;—[a,./a))
=l/(@;jn/a;—a;./aD)=a;s/a;_, .

This contradicts the assumption that ¢ is the smallest. Thus we get
1=0, hence for such j we get |a;aj=|a,a)=1, jth a; is a solution of
the Pell equation |x*—my?|=1.
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