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§1. Introduction and notations.

Let K be an algebraically closed field and let G be a Chevalley
group of type E,(n=6, 7 or 8). When the characteristic ch(K)=p>0,
we denote by k a finite subfield of K and let ¢ be the number of ele-
ments of k. Let G(k) be the group of k-rational points in G. Then the
conjugate classes of unipotent elements in G(k) follow from the conjugate
classes of G and the factor groups Z,(x)/Zs(x)° of the centralizers Z,(x)
of unipotent elements a (T. A. Springer, R. Steinberg [12]).

When the characteristic ch(KX) is zero or sufficiently large, the con-
jugate classes of unipotent elements are determined by E. B. Dynkin [2]
and R. Bala, R. W. Carter [11]. Furthermore the structures of the
connected centralizers Z,(x)° of unipotent elements x are determined
by G. B. Elkington [3].

We consider the unipotent classes (=the conjugate classes of uni-
potent elements) in G under no restriction with respect to the charac-
teristic p. The main results are as follows:

1) We determine the unipotent classes in G.

2) We determine the unipotent classes in G(k¥) when ch(X)=p>0.

3) We determine the inclusion relations among the Zariski closures
of unipotent classes in G.

(In the case G=FE,(K), the results 1) and 2) are determined by K.
Mizuno [6].)

This paper is organized as follows:

§2: The equivalent ralation of ideals.

§3: E.,.

§4: E,.
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§5: E,.

The results are listed up at the end of this paper. The tables are
as follows:

Tables 1-3: the representatives of unipotent classes in G.

Tables 4-5: the representatives of unipotent classes in G(k)

(G=E(K) or E(K), ch(K)>0).

Tables 6-8: The inclusion relations among the Zariski closures of
unipotent classes in G.

Tables 9-10: The structures of the centralizers of unipotent ele-
ments in G.

Table 11: The positive root system of type E,.

Table 12: The structure constants N, ,.

Table 13: The root adjacency graph of type E,.

For every unipotent element x € G, it is shown that the factor group
Zy(x)/ Zs(x)° has the following property;

(*) every irreducible complex representation is realized over the

rational number field Q.
This can be used to verify the validity of (*) for Weyl groups as was
shown by T. A. Springer [7].

From Tables 9 and 10, we see that Elkington’s tables [8] contain a
number of errors, which occur in type E,(L,=(84)), A, A.+3A4,, 24, +
A, (A;+A), A, D+ Afay), (A), D) and in type Ey(L,=2A,, A,+2A,,
24, 24,4+ A,, A, 24,4-2A,, A;+ A, A+ A, Dy(a,), D,).

I should like to thank Prof. G. Lusztig for careful reading of the
manuseript and pointing out some errors in it.

NOTATIONS. Let L be a group and let M be a subgroup of L. For
a subset S of L we denote by M(S)={msm*|meM,seS}). For selL,’
we denote by Zi(s)={meM|ms=sm}. When L is a linear algebraic
group, we denote by Ru(L) the unipotent radical and we denote by
D(L) the derived group of L. Let L be a connected reductive group
such that dim Z(L)=m. If D(L) is a semisimple group of type Y, we
denote by L=mT,+Y. We denote by |S| the number of the finite set
. 8. We denote by Z, a cyclic group of order m and we denote by S,
a symmetric group of degree m.

Let K be an algebraically closed field of characteristic . When
p>0, let & be a finite subfield of K and let ¢ be the number of ele-
ments of k. Let { be a fixed generator of the multiplicative group &*
and let 7(resp. 7, ¢t be a field element of k£ such that the polynomial
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X?*—~X—7n (resp. X*—X—7, X*—X—p) is irreducible over k. Let G be
a simply connected Chevalley group of type E,(n=6, 7 or 8) over the
field K. We use the notations «,(t), U, H, B, W, 3, ---, etc. as defined
in [1], [9].

We call a set I of positive roots an ideal if ael, eI+, a+ge 3+
implies «¢4+3€1. For a subset S of X+, we denote by I(S) a unique
minimal ideal of ¥+ which contains S. We introduce a partial order<
in 3+ defined by “a<g<=I(B8)CI(a)’. For a subset S of 3+, we denote
by B(S) the set of minimal roots in S with respect to the partial order
in 3*. For an ideal I of 3+, we denote by U(I) the unipotent subgroup
generated by all X, (ael) and we denote by GI)=G(UI)). For an
element « of U, we denote by I(x) a unique minimal ideal I such that
U(I) contains . We define an equivalent relation~on ideals by “I~J <=
GUI)=GJ)’. We put G(I)=G(I)— U,G(J), where J runs over all ideals
such that G(J) & G(I). Let x be an element of U. We say that a
sequence (P, R, V, V,) of subgroups of G gives a structure of Z,(x) if
P, R, V, V, satisfy the following conditions:

1) PoB=UH, xe€V, RcRu(P), UD VDVDD(V), Zs(x) P,

2) R, V and V, are connected normal subgroups of P,

3) R(x)=2V,,

4) (P/R, V]V),) is a prehomogeneous space which has P(xV,) as the
open orbit.

The fundamental roots of X+ are denoted by a, with Dynkin dia-
gram

1 3 4 5 6(——17 101)

2

The other positive roots are defined in Table 11. The structure con-
stants N, , (o, € 2*) are listed in Table 12.

§2. The equivalence relation ~.

Let S be a subset of 3*. We say that S is a (r, s)-cube if S
satisfies the following conditions:

1) B(S) consists of a single element «,,

2) There exist r+s+1 fundamental roots B,(i=1,2, ---, 7), v;(=
1,2, ---,8) and 6 such that

Qo+ By, A t7,, At+dedt,
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BitBen(lSisr—1), v+vm(l<j<s—1)eI+,
&0=a0+3+23¢+i} ")’,-GE”“ ’

1= =

3) S={aelt|a,sa=za,).
Since (7, s)-cube S is characterized by the »+s-+1 fundamental roots Bis
v;» 0 and the root a,, we denote by

Cube(ao; Bl, vty Br; Y1y * 9 Vs 8)

the (7, s)-cube S. We denote by Side(S)={(8,, --+, Bs, Y1y - -, Vs 0}-
The series of following Lemmas 1-6 are useful properties of the
equivalence relation~.

LEMMA 1. Let I be an ideal of 3+ and let a be an element of B(I).
Suppose that w is a simple reflection such that w(a)>a and |[—w(I)|<1.
Then we get

1) I~I—{a} if I=w(l),

2) I~{I—{ahU{w(B)} if {B}=I—w(I).

PROOF. Suppose I=w(I) and € U{I)— U(I—{a}). Then the element
x is conjugate to an element of U(I—{a}) in B{w)>B. This shows 1).
Suppose {g}=I—w(I). Then (I—{a})U{w(R)} is an ideal. Hence 2) fol-
lows from 1).

LEMMA 2. Let I be an ideal of 3+ and let S=Cube(a,; B3; v; 6) be an
(1, 1)-cube in I such that I—S is an ideal.

1) If I=w,(I)=wxI), then I~I—{a,, 6+a}.

2) If I=w,I) for all acSide(S), then I~I—{a, a,+3, a,+7}.

ProorF. First, we consider the case S=Cube(a,; a,; a;; a,). Let = be
an element of U(I(S)). Then the element x can be expressed as [Iz,.(t.).
By Lemma 1, the element x is conjugate to an element of U(I(S)—{a.}).
Hence we may assume t,,=0. By the action of z,,(u,),,(%.), the element
x is conjugate to an element of the set 0o (£0) 41 (£10)% 4y (£1)% 4 (15 + Esths +
tlouz)xam(tm =+ tuus)xal—,(tu + t11u2)xa22(t22 + Uy + gt + £y usus) UI(S) — S). If £,=0,
the element z is conjugate to an element of U((S)—{a, a,}) by the
action of <(w, X,>. Similarly, if ¢,=0, the element « is con-
jugate to an element of U(I(S)—{a,, a,}) by the action of <{w, X,>. If
Lttt ;#0, the element « is conjugate to an element of the set
L0y (L0) 2 oy (£10)% 4y, (£11) % o, (E10) %, (B17) UI(S) — S) for some ¢, and t;. By the
action of w,w,, the element x is conjugate to an element of U(I(S)—
{a,, a,,}). Since there exists some element w of W such that w(S)=
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Cube(a,; a;; a,; a) and w(Side(S))={a,, a;, a;} for any (1, 1)-cube S, the
assertion 1) is proved. The assertion 2) follows from 1) and Lemma 1.

LEMMA 3. Let I be an ideal of X+ and let S=Cube(a,; 8., B: Vi, Vi
0) be a (2, 2)-cube. Suppose that

1) S—I={a, a,+B, a+7, a,+6} and I—S is an ideal,

2) I=w,(I)=ws,(I)=wr(D).
Then the ideal I is equivalent to the ideal I—{a,+ B,+7.}.

PROOF. First, we consider the case S=Cube(a, a,, a; a,, a a,).
Let x be an element of U(I(S—{a,, a, a, a,}). Thus we put x=
IIz,(t) (:>0). = By the action of the element g, (W), (W), (Ws), the
element x is conjugate to an element of the set xmam(tmul)mazz(tmuz)xm
(— tlﬁuﬁ)xago(tlbul +t 4u2)wa24(t sUs — 7u6)ma25(t Uy + b Uy + t8u1u2)xa'27(t23u1 LoyUy—
tleu1u6)xa29(tzsu2 Loalls — T15UgUe) X, 33(t29u1+ Logthy + LogUy Uy — EogUg — CogUy U — Loy Uyt —
LU UsUs) UUI(S) —S).  If t,8,86tnts#0, we may assume t,,==t,,=1%,=0. In
this case, by the action of w,w,w,, the element 2 is conjugate to an
element of U(I(S)—{a,, o, ., a,,a}). On the other hand, I(S)—{a,,
Qg Oty Qy, Q) is an ideal. Therefore the set GUI(S)—{a, an, a,, a,;,
a,}) is closed. This shows that the ideal I(S)—{a., @, ., a,} is equi-
valent to the ideal I(S)—{a,, a,, @,, a,., a,. In general, there exists
some element w of W such that w(S)=Cube(a,; a, a; a;, a, a,) and
w(Side(S)) ={a,, a,, a;, a;, ). Here the ideal I is equivalent to the
ideal I—{a,+B,+7:}. The lemma is now proved.

LEMMA 4. Let I be an ideal of 3* and let S=Cube(a,; Bi; 7, Y 0)
be an (1, 2)-cube contained in I. Suppose that

1) I—S is an ideal,

2) I=w, ) for all roots a € Side(S),

3) There ewists an element ¢ of B(I)—{a,} such that w,(e)>¢c for
- some o' €Side(S).
Then the ideal I is equivalent to I—{e, @, a,+7v,, Q,+9, a,+ B}

Proor. If o' is B3, or 4, the lemma follows from Lemma 1. Thus
we may assume wg(¢)=w,(¢)=¢. By Lemma 1, we get I~I—{a, a,+
Vi Qo+ By, 0+06}.  Since I— Wiiges)(€) is an ideal, the set T—(SU Wiiaeis)(€))
is so. Let x be an element of U(I—{a,, a,+ 3, ay+7, ®,+0}) such that
I(@x)=I—{a, y+B,, ay+7y, a,+8}. Then the element x is conjugate to
an element of x.(1)x. (a)xao+r,+72(1)wa0+ﬁl+71(1)xaowlﬂ(l)waoulﬂ(l)U(I'), where
¢’ is the root such that e<¢'<w;+,(c) and where a is an element of the
field K and I'=I—(SU W (€)). By the action of the element
®;47,05,@;, the element x is conjugate to an element of the set U(I—
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{ao, ay+ By, ay+6, ay+7,, €}). The proof is now finished.

LEMMA 5. Let I be an ideal of 3+ and S be a (2, 8)-cube in I.
Suppose that

1) I—S i8 an ideal,

2) I=w, (I) for all aeSide(S),

3) There exists an element ¢ of B(I)—S such that w,(¢)>¢ for some
root a’ € Side(S).
Then the ideal I is equivalent to the ideal I—({a € S|ht(a)<ht(a,)+2}U
{e}), where a, is a unique root in S such that I(a,)28S.

PrROOF. Since S is a (2, 3)-cube, the root system X is of type E..
By hypothesis, the ideal I must be the ideal I(a,, a,,). By Lemmas 1, 2
and 4, we get I~I(aty, @y, Cy, Ay, X, A, &,). Let x be an element
of U such that I(z)=I(@w, @y, Qn, O, Ay, Qy, ). Then the element
x is conjugate to an element y in xazo(l)xaz,(l)x,,z,,(l)w‘,za(1)a:,24(1)xm(1)x,,m(1)
B0 ( @)L o (D) oy (€) UL (35, aty)) for some a, b, ce K. By the actions of
the unipotent group U, the element y is conjugate to an element z in
YL 010 (0) 0 (T + 28 @), (82 + Bt?a + BtD) U(I(ts, tys)). Hence the element z is
conjugate to an element of U(I(ay, @y, @y, Gy, Ay, Ay, ). This proves
the lemma.

LEMMA 6. Suppose that 3 1is of type E,, Then the ideal I(a;) is
equivalent to the ideal I(@y, Gy, Oz, O).

PrOOF. Since the ideal I(a;) is equivalent to the ideal I,=I(a,, .,
Ay, Oy Az, A, Q) by the Lemmas 1, 2 and 4, it is sufficient to prove
that the ideal I, is equivalent to the ideal I(a,, ay., @, ay;). Let x be
an element of U such that I(z)=1,. By the actions of B, the element
x is conjugate to an element Y = g (1) %y (L)% (1) 1 (1) o (L) (1)2,, (1)
Lg(@) Ty (D)2, (€, (D)2, (€)Y, for some y, e U(l(a,)) and a, b, ¢, d, ec K.
Furthermore, the element y is conjugate to Y 40 (50X, (—4ta — 1087,
(—40t*—24t%a —4ta*+2tb)x,  ,(—205¢* — 164t°a — 44¢%a* — 4ta® + 13t + 4tab +
3to)x,,, [’ +t'a—tb—tc—t’ab+tac=td) for any te K. Hence we may as-
sume ¢=0. By the action of o, 0,0,,X,,. . the element x is conju-
gate to an element of U(l(@y, My, Ay, g, @, ). Hence the ideal I,
is equivalent to the ideal I(aty, ., @, ®w, a, ). Let x be an ele-
ment of U such that I(x)=I(as, @, as, a4, a, a). Then the element
x is conjugate to an element 2= 04y (1) (1) 0 (1) 500 (L)X 1y (1) 0, (1) 2 (@)
B o (D)4, (), (D)X, (€) fOr some a, b, ¢, d, ec K. If a+#0, then the
element z is conjugate to x,m(l)xaz,(l)x,,”(l)xm(l)x,u(1)x,,m(1)m,,”(l)w,a(4t+
b)z,,,, (6t +8tb + o)x,,,,(4t* + 8t*b+ 2tc+ d)x,, (— t*— t°b— t’c— td+¢) for any
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te K. Hence we may assume ¢=0. By the action of w,0,», % %, .
the element z is conjugate to an element of U(l(ty, (M, (g, Qs Qses))-
Hence the ideal I, is equivalent to the ideal I(ay,, Q, g, Qy, @us). Let
2’ be an element of U such that I(2')=I(Qtw, Qn, (s, (s, (). Then the
element 2’ is conjugate to an element 2"=g,, (1)z,, (1)x,, 1)z, 1)z, 1)
Ly (X) % 3 (D), (€), (D), (€) fOr SOME @, b, ¢, d, ec K. Furthermore the
element 2z” is conjugate to 22, ,(tb)x,, (8t —2tc)x,, (—t°b+t'c—td) for
any teK. If b+#0, the element 2” is conjugate to an element of
U(l(ay, 0y, ax, @) by the actions of Wy @ @, X, . This shows that
the ideal I, is equivalent to the ideal I(a,, ®w, @, ;). The proof is
finished.

§3. The case of K.

Since the conjugate classes of the simply connected Chevalley group
E; are determined in [6], we show the Zariski closure of the conjugate
classes of unipotent elements. The results are given in table 8.

THEOREM 1. The Zariski closure of the conmjugate classes of uni-
potent elements in the simply commected Chevalley group E, are as in

Table 6.

ProorF. Let z be an element of U such that I(x)=Ia, a., a, «,
ay, a,). Thus the element x is a regular element. Hence the element
2 is conjugate to the element 2, =84, (1)2,,(1) 2, (L), (12, (1)x,,(1). On the
other hand, by Lemma 1, we get e, a;, a;, a, ay)~Ia, a, a, a,
a)~Ia,, a, o, o ag)~Iay, o, a, a5, ag)~I(a,, a;, a,, o, a)~I(a,, a,
&y @y )~ Iy, ay, o, a, a). Hence G'(I(a, a, o a, a5, @)=
G)=Gl(a, a, as, a, a;, a))—GI(a, a, a, o, a)). Let x be an
element of U such that I(x)=I(a, a,, a, a,, ;). Then the element z
is conjugate to an element By (1), (1), ()2, (L), (L), (@) for some a € K.
If a#0, the element x is conjugate to the element Xy =2,,(1),,(1)@,(1)
Lag(1)2,(1)2,,,(1). If a=0, the element x is conjugate to an element of
Ulla,, a, as, a, a) via @, @@, @, . On the other hand, by Lemma
1, we get following relations; I(a,, @, a;, a)~I(a, as, s a,)CI(a, A,
Ay, Qg )~ a, &, a)~Ia, as, o o)~Ia, a, oy, o)~ Iy, a,
@y, @y, Q). Hence G'(I(a, a,, o, &, ) =G(x:)=GI(a,, @,y Cyy at, ) —
G(I(ay, as, ay, ay, ). Let o be an element of U such that I(x)=
la,, a, o, a,, a,). Then the element x is conjugate to the element
L= Lo, (1)@, (L), (1, (1)2,,(1). On the other hand, by Lemmas 1 and 2,
we get l(ay, a,, ay, ay)~Io, a, a, a,)~I(a, a,, @y, ap)Cla, o,
iy Ay, )~y as, ay,, o, as)~Ia, a, a,, ap)~Ias, ay, ay,, a,, a,,)).
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These show that G'(I(a,, a,, @, @y, 0,)=G(x)=GI(a,, @, ay,, ay, A))—
G(I(as, a,, ay, ay,, ). Let x be an element of U such that I(z)=I(a,, a,,
Qy, Oy, @), Then the element 2 is conjugate to an element 2 (D,,(1)
Loy (L2, (L2, (D, (@) for some a € K. If a=0, the element z is conjugate
to an element of U(l(«,, o, @y, Ay, &Xyp)) Via ®,0,o0,. Ifa#0, the element
x is conjugate to the element L4 =D 0 (1)2 (L) 20, (L2, (D, ,(D2, (1). On
the other hand, by Lemmas 1 and 2, we get I(a,, a,, a,, a,.)~I(a,, a,,
ay, ay)Clla,, a,, ay, ap)~I(ag, a,, e, ap)Cla, o, o, a,)~ I(as, a,
Qs Q) ~I(as, @5, @y, @) and I(a, @y, a,, @)~ I(a, A, a,, ag). Hence,
these show G'(I(a,, a,, a,, ay, ap)=G@)=GI(as, ay, o, Oy, Q) —
Gl(a,, ag ay, @y, a5)UGI(as, @, @y, ). Let x be an element of U
such that I(x)=I(a,, @, @, s, @;). Then the element x is conjugate
to the element x,=z,(1)x,(1)x,,, (1), 1)z, (1). On the other hand, by
Lemmas 1 and 4, get following relations; I(a,, a; . Qn)~I(0t;, Qs
au)CI(ae, Ay, Ay, Qg, Q) ~1(ty, @y, ayy A, o)~y @y, 0, Ay, Qyr),
I, ag, gy ayp)~Iats, a5, ay, ay) and I(@,, oy, ay, o)~ Ka,, o, a;, Q).
Hence G'(I(an sy, Ay, Ay, O)=G(2)=G(I(a;, O, Qs Ay, 7)) — G(I(aye,
Qyyy Ay, Oy, Q). Let ¢ be an element of U such that I(x)=I(a,, a,
., ). Then the element 2 is conjugate to an element X pe(L),, (D, ,(1)
%, (1), (a) for some ac K. If a=0, the element z is conjugate to an
element of U(I(a;, ay., @y ay). If a#0, the element x is conjugate to
the element wz,=2z,(1)z, (1), 1)z, 1)z, (1). On the other hand, by
Lemmas 1 and 3, we get I(a,;, @, Qi ay)~I(a,, ag, Qyzy Qo) CI(A4e, Ay,
iy A)~ L5y Qygy Qyry Q) CI(@y, s, iy, Oy, )~ L, Q A, Oys) ~
I(a., ay, as a,). Hence G'(I(ay,, @i, Oy Qy 04)=G(x) =Gy, Qyy,
Qs gy Q) —G(I(, @y, @y, ay)). Let x be an element of such that
I(x)=Ia;, @, a5, ;). Then the element x is conjugate to the element
z, =z, Dz, Dz, 1). By Lemmas 1 and 3, I(a,, a,, a;)~I(a, a,,
am)NI(az: Qyyy aw)NI(agy &y, a%)c:I(ag, Xyyy gy axs)"’I(au’ Xygy Ry aza)-
Hence G'(I(a;, @y, @, @p)=GI(q; Qy A, @) —G(I(ay, Oy, Oy, Olyy)) =
G(x;). Let x be an element of U such that I(x)=Ia, a, ai ).
Then the element x is conjugate to the element L= Ly, (1), (D), (1)
%.,(1). On the other hand, by Lemmas 1 and 2, we get I(a,, a; .,
ag)~I(a,, @y @y, a)~Ia, ay, agn)~Ia, a,., a)~Ia,, gy yy).
These show G'(I(@,, @, Qu ay)=G(x)=GI(an, @, a, ) — Gy,
Oy Q). By Lemmas 1 and 2, we get the relation I(a,, a, @, Qs)~
I(ay,, @y, o). Let x be an element of such that I(x)=I(a,., . ).
Then the element x is conjugate to an element x, (1), (1)%,, (0)2,,,(@)Z,,,
for some a, be K. If a=0, the element 2 is conjugate to .an element of
UI(ay,, Qs O, ay)). If a+#0, the element x is conjugate to the element
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Lo =10, (1)2,, ()X, (2, (1). On the other hand, by Lemma 1, we get
Ko, @y, a)~I(@y, Qn, Qn, a,)DIa., Qn az)~I(o, ag). Henee,
Gy, 0, )=Gx)=GIL(Qy, Op, 0)—GI(Ay, Qn, 0, a,)). Let z
be an element of U such that I(x)=I(a,, Q, s, @.,). Then the element
x is conjugate to the element z,=z, (1)2,,1)2,, 1)z, 1). On the other
hand, by Lemma 1, we get Hay, 0 Op)~I(A, O, G, Q) C I, A,
Qagy oy Op)~I(Qsgy Qyyy Qogy gy Qgg)~I(0tyy, Oy, Oy, Q). Hence G'(I(ay,,
Qg Ay C))=G(L(Qyy Oy Oy ) — (GU(Qy Oyyy ) U Gy, gy, gy
Qyyy Oy))=G(x,). Let x be an element of U such that I(x)=Ia,, a.,
a,). Then the element 2 is conjugate to the element x,, =, (1)x,, (1)
Z,,(1). On the other hand, by Lemma 1, we get I(a,, au)~I(a,, o,
Qo) ~ L(Ongy O3y Oy, Q) ~I(t, Ay, O, Q). Hence, these show G'(I(a,,
Oy 00))=G(L(Ayy Qsyy ) —GI(Asg, A, g, X)) =G(x,). Let x be an
element of U such that I(x)=I(y, a,, s, o, ). Then the element
x is conjugate to the element x,=ux,, (1)x,,1)x,, 1z, 1)x,,(1). On the
other hand, by Lemma 1, we get I(a,, ., ., Q)~I(Qlyx, s, Oy o)~
I, @y Qo Q) ~I(Qoy Qyy Qusy Q) ~I(Cys, Oy, Qygy ). These show
G (I, Quy Quy Qg Q) =G(I(Olgy Qsyy Aoy Q) —{G(I(Qyy Ay Qg
) UGy, Qay, Qy, )} =G(x,,). Let x be an element of U such that
I(x)=Iaty, 0,, a, ). Then the element = is conjugate to the element
B1s = Lps(1) % o, (1), (1), (1). On the other hand, by Lemma 1, we get
I(0tsy Aoy ) ~ LAy Qyy ) ~I(Qoy Qyyy Qgg) ~ I(Qggy Qlayy Q) ~I(Agy Qyy Q).
Hence G'(I(@y, Qo Qg @) =Gz, Oty Qi 0t3)) — G(L(eg, Ay Ass)) = G(21).
Let « be an element of U such that I(x)=I(a,, @y, s, ). Then the
element « is conjugate to the element z,=ux,, (1), (1), 1), (1). On
the other hand, by Lemma 1, we get I(a,, Qg Q:x)~I(Qy, Gy, O)~
I(og, Ay, ) ~(Ioty, Oy, Q). And we get I(a, Qs O0x)~I(ay, ag) by
Lemma 2. Hence G'(I(@n, Qx, Qx, 0x)=GL(Qx, O, O, 0x))—G(I(y,
Oy, O3))=G(x,). Let = be an element of U such that I(x)=I(ay,, oy,
o). Then the element x is conjugate to the element z,=x,,(1)x,, (1)
x,,(1). On the other hand, by Lemma 1, we get I(ay, Qx, @n)~I(cty,
Qszy Qzs)~ I(Qyry sy @y) CI(@, @y;). Hence, these show G'(I(@w, 0, )=
G@y)=GI(Ay, Oy, Q) —GI(y, ). Let x be an element of such
that I(x)=I(a,, as). Then the element z is conjugate to the element
Tio™ Lppe(1)2,, (1). On the other hand, by Lemma 1, we get I(a, g,
Qg) ~ (@, ) ~I(ay, aQz o04). Hence G'(I(ay, ax)=GI(as a))—
GIl(ay, ax, an)=G(x,). Let x be an element of U such that I(x)=
I(aty;, Qtygy ay). Then the element x is conjugate to the element x,=
®,,, Dz, 1z, (1). On the other hand, by Lemma 1, we get I(ay, )~

azr

Iy, ap)~I(ay,, ag)~Ia, ag. Hence G'(I(ay, Qs 04)=GI(ay, as,
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) —~G(I(®y, aw))=G(xy;). Let x be an element of U such that I(x)=
I(a,,, a,). Then the element x is conjugate to the element Ty =12,,,(1)
Z,(1). On the other hand, by Lemma 1, we get I(a,)~I(ag)~ I(ay,).
Hence G'(I(a,,, @i))=GI(tty, ) —GI(as)=G(x,:). Let 2 be an element
of X . Then the element x is conjugate to the element X1 =T o, (1).
Hence G'(I(as))=G(x)=G(I(atx))—{1}. These show that the sets G'(I) for
above ideals are one classes. The proof is complete.

4. The case of FE,.
The following notations will be used throughout sections 4 and 5:

W) =2,,1), wi=w, , O=0,, Z(x)=Zyx)Z«(x)°,
W(@)={w e W|BwB N Zy(x)+ @}, L(x)=Z,(x)°/Ru(Zs(x)°),
Z(2)=Zpp(x V)| Zpx(xV,)°, where (P,R, V, V) gives a
structure of Z,(x) .

If elements # and y are conjugate in G, we shall use the notation
x~Y. The following three lemmas are often used without reference.

LEMMA 7. Let z be an element of U. If (P,R,V, V) gives a

structure of Zg(x) and if Zp x(xV,)° i a reductive group, the following
sequence 18 exact;

0 — Zo(2)/ Za(@)° —— Z(z) — Z@) — 0 .

Proor. It is sufficient to show the injectivity of 4. We consider
the natural map ¢, Zy(x)/Zz(x)° — Zpx(xV,). Since Ker¢ is a finite
group, this commutes with the group Zy(x)°/Z:(x)°. And the group
Zy(x)°|Z(x)° is reductive by the assumption. Since the center of re-
ductive group consists of semisimple elements, we get (Z(x) N Zy(x)°)/
Zg(x)°=1. This shows that # is injective. The proof is finished.

LEMMA 8. Let x be an element of U and let w be an element of W
such that BwBN Zy(x)+* @. Then,

1) w®I(x))< I(x).

2) Suppose furthermore that any element w=I] x,(u,) of B-orbit
B(x) satisfies the relation f(u)+0. Here f is a polynomial with respect
to the variables w,. If a set {a,, a,, - -, ®,} satisfies the relation
S, =u,=---=u,=0)=0, we get

w{aily 2 7 ai,} n I(x)¢ @ .
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The proof is easily obtained. This lemma is useful to determine the
set W(x). ‘

LEMMA 9. Let V be a connected unipotent group defined over k. Then
the number of V(k) is ¢*™". Let X be a connected algebraic group defined
over k. Then the natural map 7: X(k)— (X/Ru(X))(k) is surjective.

- PROOF. See [1] 15.7.
Hereafter, we assume that the Chevalley group G is the simply
connected Chevalley group of type E, over the field K.

LEMMA 10. Let x be an element of U such that I(x)=I1(a,, a., s,
as, 0, &), then xrzyl———ws(1)x4(1)xz(l)x,s(l)xs(l)m,(l)xl(l). Furthermore, an
element in G(y,)(k) is conjugate in G(k) to one of the following elements:

Y= x(L)a(Da(1)2,(L) s, (e, (1) ,

Yo =5(1)2,(L)2(1)2,(1)e (L), (D)2, (1) , when ch(K)+2,
Ys=25(1)2,(1)2,(1)25(1)22(7)os(1)2,(1)2,(1) when ch(K)=3,
Yy =s(1)2,(L)a,(1) (1) 220 — 7) 2 (D), ()2, (1) , when ch(K)=38,
Ys=Ts(L) (1) 2, (1) @y (1) 220(T) 2 (1) 2,0, (1) when ch(K)=38,
Yo=Zs(L)(1)2.(1)205(1) 220 — T)2o( D, (D)2, (1) when ch(K)=3,
Ur=4(1)@(1)2(1)5(D)s(1)o(L)mr (L), (1) when ch(K)=2,
s = 25(1)x,(1) 2, (1) (1)2e(1)200()) 2, (L), (1) , when ch(K)=2,

Yo =25(1) 2, (1)@ (1)@ 15(7)Xs(1) s (L) (D)2,(L)2,(1) ,  when ch(K)=2.
The group Z(x) ts a cyclic group of order 2(6, p).
PROOF. Since the regular unipotent elements of G form a single
class [10], we get T~ By T. A. Springer [8] and B. Lou [5], Zs(x)=
Z(G)(x>Zy(x)°. From these facts, the lemma is easily verified.

LemMMA 11. 1) G'(l(a, o, s, o, a; a, a)=Gy)=GI(a,, a, ay,
a, QG A, o) — Gy, ay a, a, o, an).

2) Let x=T[x,(t) be an element of U such that I(x)=Ia,, a, a,
A, O, ;) and tt,+t,t,%0, then the element x ts conjugate to the element
Y=, (D)2 ()2,(Dx(Dx(Das(L)2,(1). Furthermore, an element in G(y,)(k)
18 conjugate in G(k) to one of the following elements:

Y= xl_(l)wa(l)xm(l)x;(1>w5(1)w6(1)x7(1) , ‘
Y1 = 0,(1) (12,01 e(L)2,(1)a(1)2,(L) when ch(K)+2,
Yo =2, (1)205(1)210(1)@25(7) 2o (D)s(1)we(1)2,(1) when ch(K)=2 .
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3) Zeyw)=Z4(@)Zy(Yy). If ch(K)+#2, Z,(y,) 18 comnected. If
ch(K) =2, Zy(y:)= <Y Zv(Y1)° and Z(y.) is of order 2. |Zyu(y.)|=2¢"(i=
10, 11, 12).

PROOF. By Lemma 1, I(a., a,, a,, o, o, )~ a,, a,, o, 0, o)~
e, a,, o,y a5, o a)~I(a), ay, s, @5, O, a)~I(et,, @, a5, @, O, )~
ey, ay, a5,y ay a)~I(ty, @, @5, @, @, a)~Ie,, a;, @, @, A, ;).
Hence 1) follows from Lemma 10. By the action of the group B,w?ym.
By Lemma 8, W(y,)=1. Hence Z;(¥,)=Z;¥.0)=2Z(@)Z;(y,). Further-
more, dim Z,(y,,) =dim B—dim U(I(ar,, s, @, s, a;, a;))=9. We put P=RB,
R=U(I(as ay, Qs @y, ay), V=Ul(a,, as, ay, s, a, a;) and V,= U(I(ay,
gy, Oy, Qg Ag)). Then (P, R, V, V,) gives a structure of Z,(y,) and

Zy(y,) 1s connected. Hence Z(y,)=Z(y,,). If an element u=T]] x,(u,)
stabilizes the set ¥, X%V,

UY U =Yy oos(Ui +u, —2%,;) mod V.

By the action of H and above results, we get the lemma.

LEmMMA 12. 1) Let I,=Ia,, o, a, o, o, a;) and I,=Ia,, a,, a,
Ay, Oy, Q). Then G’(I1):G(y10):G(Il)'—G(Iz)-

2) Let x=T1]I x,(¢,) be an element of U such that I(x)=1I, and tt,,—
tt,20. Then the element x i3 comjugate to y,,=x,(1)x,(1)a,(1)x,(1)a,(1)
Z.(1)x5(1). Furthermore, an element of G(y,;)(k) ts conjugate in G(k) to
one of the following elements:

Y13 =2, (D)D), (L),, (D o(D2,s(1) ,
Y1 =2(1)2,(1)25(1) 2o (L) 21 (1)21:(1)215(L) when ch(K)+2,
Y55 =2, (1), (1)25(1)20o(1) 2, (1)21o(1)216(7)25(1) when ch(K)=2 .

3) ZeWw)=Z(G)Zy(Y). If ch(K)+#2, Z,(y,s) is connected. If ch(K)=2,
Ze(Y1s) =<Y1s0 4 (Y:)° and Z(y) is of order 2. |Zyu(y,)|=2¢"(2=13, 14, 15).

ProoF. By Lemma 1, Ia,, &, ;. a;, a)~Ia, a, a, Qs o, o)~
Ko,y a3y oy @y, a5, a~Ia, a, a, o a)~Ia, a, a, a, a)~I(a,,
a, a;, ay,, &, ap) and I(a, a, o5, o, a)~Ia, a, a, a, a). Since
an element u=JJx,(u,) of U(I,) which satisfies two relations I(u)=1I,
WU+ UU,;, =0 IS conjugate to some element of U(Z,), the statement 1)
is proved. By Lemma 8, W(x)={1}. Hence Z(x)=Z (x)=Z(G)Z,(x). We
put P=B, R=U(l(ay, 0y, Ay, @), V=U(L,), V,= U(I(azm 0y, Ay)). Then
(P, R, V, V,) gives a structure of Z,(x) and Z.(x) is connected. By
calculations, we get that z is conjugate to an element y=ux,(t,)x,(¢,)x,(t;)
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Lo(@) 1, (61,)%12(E10)X15(E15)X(D) for some a, be K. Suppose ch(K)=2. Then ¥
is conjugate in G to ¥’ =y,2,(b’) for some b’ ¢ K. Since y":ywx%(cz—kc) for
any ¢, the proof of the lemma is immediate.

LEMMA 13. Let I,=I(a,, a,, ay, @, o) and L,=Ia, a, a, a,, @,
a;). Then G'(I,)=G(ys)=G(I,)—{G(I;) UG(I)}.

2) Let x=1] z,(t,) be an element of U such that I(x)=I,, t,ot,;,—tst,s#0
and (ttt,—ttts) +ts(tty—1tits) =0. Then the element x is conjugate to
Y16 =T, (1)xe( — DoV, (D202 (1)x,(1).  Furthermore, an element of
G(ye)(k) 18 comjugate in G(k) to one of the following elements:

Y1o= T (1)2s(— 1)216(1) 20,7 (1) @20 (1) (1), (1)

Yur=2o(1)2e(1)21o(1) 2, (1)216(1)2,5(L)2,(C) when ch(K)+2,
Y15=La(1)2e(1)210(1) @, (1) 2(L)1o(1)2:(1) , when ch(K)+#2,
Yio=2e(1)2o(1)21o(1) 21, (1)@ (D) (L),(C) when ch(K)+2,

Y= xs(l)xa(l)xw(l)xu(1)x16(1)x22(77)x12(1)x7(1) ’ when ch(K)=2.

3) Zs(Yw) CB<w2, w,) B, Za('yle)o CU and Z(Yye)=Z, ¥ Z(Z.p*—l)‘ Further-
. mo’re’ !ZG(k)(yt)[ :2(2; p—l)qla(% = 167 17’ 18’ 19) 20)-

PROOF. By Lemmas 1 and 2, la, a, a,; a,, a,)~I«a, a, a a,
)~ Loy, o, ay, ay,, ag)~I(a, a, o, ay a)C I, a, a, oy, a, Q)
and (o, a, oy, @, ag)~I(0y, A, 0o, Gy, G, ag)~I1ay, a, 0y, ay,, Q).
By Lemmas 1, 2 and 12, an element % of U such that I(u)=1, and
u & G(y,,) is conjugate to an element of U(I,). This shows 1). By the
action of B, xr;;ym. By Lemma 8, W(y,) =<w.,w,). Let P=B{w, w,)B,
R=Ula, a,, o, ay), V=Ul(a,, a,, a,, a), Vi=Ul(e,, Qs O, Ols3)).
Then (P, R, V, V,) gives a structure of Z,(y,) and Z,(y,,) is connected.
Hence dim Z,(y,,)=dim Z,(y,,)=13 and Z (y,)=2Z(G){u#y. Here, u=
h(—1)h,(—Dz,(Das(—Dx,Q)@.0.2,(—1)2,(—1)V,. On the other hand, by
calculations, B(y,)(17<%<20) are open in U(l(a,, a,, Qy, 1y, A, ;). Fur-
thermore, Ia,, a,, a,, a,, «, «) is equivalent to I, and ym:xe(l)xg(l)
20Dy (Lae(1)z,,(V2,(1) via h(—1)w,w;. Now 2) and 3) are clear.

LEMMA 14. Let =TI z.(t;) be an element of U such that I(x)=1I,
then w?ym——:xl(l)x3(1)xg(l)xn(l)xm(l)xla(l). Furthermore, an element of
G(y.)(k) 18 conjugate in G(k) to one of the following elements:

yzx:xl(]-)xs(l)xs(l)xu(l)xmgl)xw(l) ’
Yoo =01 (1)25(1)26(1)2,,(1)226(7) 2:2(1)215(1) when ch(K)=2,
Yoz =2, (1) 25 (1)2o(1)201, (1) 22(T)201(1)215(1) when ch(K)=3,
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You =2, (1)2( 1)@ (1), (L)X — T)21(1)2,5(1) when ch(K)=3 .
Za(Yo) S Blwawsw) B, L(Yu)=A:, Zo(Yu) =<Y2)Z6(Y2)° »
ZYn) =2 |Zewr()=(6, p)(@*—1)¢"(v=21, 22, 23, 24).

Proor. By Lemma 8, W(x)={w,wmw,). Let P=Blw, w,; w,B,
R=V=Ru(P), V,=Ul(as, ay, ). Then (P, R, V, V,) gives a scruec-
ture of Zy(x) and T ~Yu- Since Z;(¥.)/Zx(y.,)° is of order (6, p), the proof

is obvious.

LEMMA 15. Let Li=Ia,, a, a,, a, o), then GI)=G(y,)=
G(,)—G(I;). Let x=T] =(t,) be an element of U such that I(x)=1I;, and
tutis—tte#0, then x?yz,,:xs(l)xg(l)xu(l)acm(l)xlz(l)xla(l). Furthermore, an

element of G(y.)(k) is conjugate in G(k) to one of the following elements:

Yos = Tg(1)@e(1)2,,(1)2,6(1) (1) 2,5(1)
Yoo = Te(1)@e(1)2010(1) 2, (1) (L) 2o (1),5(1) when ch(K)+#2,
Yor=2%5(1)2o(1)2,0(1)1;(1)215(1) oo (7)1o(1)15(1) when ch(K)=2 .

Zig(Yos) C Bw,wsw:) B, Zg(Ys)° € B, Z(Yy)= 2., L(y)=T, (one dimensional
torus), |Zeuw(Ys)=2(@—1)a*, |Zsuw(y)|=2(q+1)g"* (=26, 27).

Proor. By Lemma 8, we get W(x)S{w,w,w,>. Thus we put P=
Bl{w,, ws, w;)B, R=U(l(a;, a,, a,), V=Ul(a;, a, &) and V,=U((a,,
Qi Q). Then (P, R, V, V,) gives a structure of Zy(x) and Zp(x) is
connected. By the action of B, @~ Yos. The element y, is conjugate to

the element yg;=xs(1)y(1)a:0(1) 2, (12,s(1)2(1)s(1) via @,0,0.2,(—1)2(—1)
2,(—1). Now the proof is easy.

LEMMA 16. Let Io=I<a1’ A5y Ry Oyqy O, a'l)’ tken G’(Is):G('ym):
GI)—{GI,)U GI,)}. Let x be an element of U such that I(x)=1I, then
_ xﬁc,y%::x1(1)xm(l)xw(l)xn(l)xa(l)x7(1). Furthermore, a k-rational point in

G(yw) 18 conjugate in G(k) to one of the following elements:

Yos = 21(1)215(1)2:6(1) 217 (1)xe(1)2,(1) ,
Y20 =2,(1)2,5(1)2:6(1) 217 (1)s(1)2,(C) , when ch(K)+2,
Y= xl(1)xw(1)wm(l)x,,(l)xm(v)xs(l)x,(l) ’ when Ch(K) =2.

Z(Yus) CBw)B, Z(Yw) =2y, L(Yw)=A,, |Zew(¥.)|=2(¢"—1)g"* (=28, 29, 30).
Proor. By the action of B, X~ Yos- By Lemma 8, W(y,)=<w,).



CONJUGATE CLASSES 405

Thus we put P=B{w,)B, R=Ru(P), V= Ul), Vi=Ul(as, A, ay,, ).
Then (P, R, V, V,) gives a structure of Z(y,). By calculations,
Zr( Y Zr(Y)° =2,y and Z(y,)=Z(G). Now the proof is easy.

LEMMA 17. Let L=Ia, a; ag, Qyy, Qi ), then G'(In)':G(?/zs):
GI;)—GI;). Let x=T[ x,(t,) be an element of such that I(x)=1I, and

Li(Bistirtos — Eiatyelog + Uigliglor +Eigliatie) + 2tet ol #0, then x e Y= 21 (1)215(1)2,4(1)

T (1)2s(1)2s(1)25(1).  Furthermore a k-rational point in G(yg;) 18 con-
jugate in G(k) to one of the following elements:

Yau= xu(l)ww(l)xm(l)xw(l)xlz(l)xss(l)x'r(l) ’ when ch(K)+2,
Y2 = L1(1)215(1)2:6(0)20:(1) 2o (1)25( 1), (1) when ch(K)+#2,
Yss = T1a(1)@15(1)216(1):,(1) 2 15(1) 205 (L) (1) when ch(K)+2,
You = L1(1)215(1)215(0) 217 (1) @10 (1) 5 (E) (1) when ch(K)+2,
Yss= xl(l)xw(l)xls(l)xn(l)xls(l)mzs(l)9713(1) ’ when ch(K)=2 .

Z5(Yss) = Za(Yss)Zy(Yss)°, Z(Ygs) = Z(z,p~1> X Z 3, p-11s L(ys) =1, IZG(k)(yi)I =
(2, p—1)*¢""(z=31, 32, 33, 34, 35).

PROOF. By the action of B, @~ Yas- By Lemma 8, W(y,)={1}. By

calculations, Z,(y,) is connected. Hence Z(yy)=Z(¥,). Now the proof
is easy.

LEMMA 18. G’(Is)=G(y28)=G(Ie)"‘G(I7>- Let I,=I(a,, a, a, &y Ay,
a;;) and let x be an element of U such that I(x)=1I, then x?yw=xu(1)
L15(1) 21 (D2(1),.(1)25(1).  Furthermore, a k-rational point in G(yy) 18
conjugate in G(k) to one of the following elements:

Y= xu(l)ww(l)xm(1)51’17(1)“312(1)3713(1) ’
Yz = x14(1)3715(1)xm(1)xt?(1)x12(1)x23(1)m13(1)m96(7]) ’ when ch(K)=2.

Zs(Ysn) C BEWswswswr) B, Z(Yw)=Zis,,. LIf ch(K)#2, L(yw)=A4,. If ¢h(K)=
2, L(Ys)=T, (one dimensional torus). I [ eh(K)#2, | Zguw (¥se)| =(q*—1)g"".
If eb(K)=2, |Zcu(¥s) =2(¢—1)¢"** and |Zgu,(¥s)| =2(q+1)g*.

PrROOF. By Lemma 8, we get W(x) S {wsw,wsw,y. Thus we put P=
B{w,, ws, wy, wy, w)B, R=Ru(P), V=Ru(P), Vi=U(l(ay, @z). Then
(P, R, V, V,) gives a structure of Z,(x). Suppose ch(K)=%2. Then
@ ~Ysq by the action of B. Suppose ch(K)=2, the element 2 is conjugate

to an element yuw,(a)x,(d) for some a, be K. Furthermore, by the ac-
tion of B, x?yaex%(a)x%(b—i—d—kdza) for any d € K. Therefore, @~ Yso- Now
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the proof is easy.

LEMMA 19. Let I,=I1(a,, ay, i, 7, s, @) and let x be an element |
of U such that I(x)=1I, then x?y%=xl(1):vw(l)xw(l)xl-,(l)xw(l)xm(l). Fur-

thermore, a k-rational point in G(ys) is conjugate in G(k) to one of the
Jollowing elements:

Yss=2:(1)215(1) 216 (1)217 (1)@ 15(L)21(1) :
Yso=2,(1)215(1)2:16(1) 2, (O ,s(1)16(1) when ch(K)+#2,
Yo =2:(1)2:5(1)2:6(1)2,7(1)2,5(1)216(L)2.,6(7) , Whe'n‘ Ch(K) =2.

Z(Yss) CBlwwi) B, Z(Yse) = Zyy L(yss)=A,, | Zauy(¥:) | =2(¢*—1)q'" (:=38, 39,
40).

Proor. By the action of B, B~ Ys- By Lemma 8, get get W(y,)<
{waw,;). Thus we put P=B{w,, w,)B, R=Ru(P), V=UI(a,, @y, O, i,
a,), Vi=U(l(a, ay, s, ). Then (P, R, V, V,) gives a structure of

Zy(Ysw). Since Z(Yw)=Z - aNd Zz(Ys)/ ZrYss)* =Z5,,), We get Z(y,) = Z,.
Now the proof is easy.

LEMMA 20. Let I,=I(a, a,; ag Qn, a), then G'(I,)=GYy) =G(I;)—
{(GUIHUGI)UGI,)}. Let x=TI x.(t.) be an element of U such that I(x)=
L, and t,t,+1t,st,#0, then w?yu:ml(l)acu,(1)x17(1)x23(1)x24(1)x7(1). Further-
more, a k-rational element in G(y,) ts conjugate im G(k) to one of the
Jollowing elements:

Yu= xl(l)xlb(l)x17(1)x23(1)x24(1)m7(1) ’
Yie=0,(1)215(1) 2 (1) 25 (1) 2. (1)2,(C) , when ch(K)+2,
Y3 = 2(1)2:5(1) 237 (1) @25 (1) 20 (1) (L) (7) when ch(K)=2 .

Zg(Yu) ©B{w) B, Z(Yu)=Z,, Ly)=As | Zew(¥)=2(a"—1)g"(i =41, 42, 43).

ProorF. By the action of B, T ~Ya. By Lemma 8, W(y,)=<w,.
Thus we put P=B{wp B, R=Ull(a;,, a,, a;,, a;, ), V=U(ly), V,=
Ul(as, a,,, ay). Then (P, R, V, V, gives a structure of Z,(y,). Since
Zn(y41)/Zn(y4l)°EZ(z,p) and Z(y.)=Z(G), we get Z(y,)=Z,. Now the proof
is easy.

LemMMA 21. Let I,=Ia,, o oy o, o), then G'(L)=G(Ysx) =
G(I)—G(,). Let x=T[x,(t,) be an element of U such that I(x)=1I, and
f 1 = Cigbirlos — Ligbiglon + Ciglislo, 7 0. :

1) Suppose ch(K)=2. If fi=tutulu—tistutse—tistiglos+ tisbobor— Erabirbes +
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Litoslos— Lunlots %0, then x Y Y 1= 01(1)25,(1)2, /(1)@ 1s(1)X15(1) @5 (1)20(1).  Further-

more, a k-rational point in G(y,) is conjugate in G(k) to one of the
Jollowing elements:

Y= X1 (1)255(1)215(1)20,6(1)216(1) 205 (1) 22(1)
Yos = 214(1)215(1)2,,(1)215(1)216(1) 25 (1) 2 (1) @55(7)
Yis= 2 (1)25(1)215(1)27(1)2,5(1) 2:16(1) 36 (1) 255(7) .

Z6(Yu) CBLw,wwey B, Z(y,)=S; (symmetric group of degree 3), |Zau (Y.l =
60", | Zouw(Yu)| =20, |Zau,(Yw) =3¢

2) Suppose ch(K)#2. If fi=4(t st irtss— Lartoslos — Cirloobas + Eaglostos) f1 + f3 70,
then x ~Yu= %1 (D)@ (D (D)2 6(1) 2 5(1)Xs5(1)5(1).  Furthermore, a k-rational

point in G(yy,) is conjugate in G(k) to one of the following elements:

Yar= 21y (1)215(1)21,(1)215(1)216(1) o5 (1)05(1)
Yis= T14(1)215(1)217(1)205(1) 216(E)@s(1)55(1)
Yio=01,(1)%,5(1)7(1)15(1)@16(1) 225(1)235(L)

- Yso=14(1)215(1) 217 (1)215(1)219(L) 225 (1)25(L)
Y1 = 014(1)015(1)@16(1)21o(1)X15(1) 216(1) o5 (1)255(T)
Y= L1 (1)215(1)216(1) 217 (1)215(1) 2:9(L) 026 (1)X55(T) -

Zg(Yu) CTB{w,wwe) B, Z(Y ) = 25X Ssy | 20 Ys)| = | Zo iy (Yis)| = 1247, | Zg iy (Yw)| =
| Zaw W)l =40%, | Zguy(Yw)l = Zau(Ys)| =60

PrOOF. By the action of the group H, we may assume that ¢,,=
ts=t,=ty,=t,=1. By the action of J[x.(u;), the element x is conjugate
to 2, (1)215(1)2 (1) 2,5(1)10(1)2o0(Eao + Uy + W) a1 (€1 — W) Xo(Lag + U — Ug) Loy (5 + Us) L
(Loe o — Wg) L5 (Boo + Lagy + oy Uy — Lo — Uy Uy — U U+ Ug) L (o7 ~+ Eag Uy — L33 U+ U+
Ug— Uy3)Log(bae T Cosy + Toylhy + Ugly — LogUg— Uglh + Ul — U15)Lss(Esg + ooy + LUy +
CosUy Uy — LogUg — CogUyUg — Loy UoUg + LogUsls + U UsUg + UsUyUg + EosUs + UsUg — Uglhs—
CooUyy — U Uy, — UsUy,)g fOr some g € U(l(ay, ). Thus we take uy,=t,, u;=
toy—ta9y U= —Tly— Uy, WUg=1su+Uu,. Then the element x is conjugate to
21,(1)2:5(1)%17(1) 216(1)216(1) o5 ( 1) %05 (L5 — Laobzs — Eaxtho + Eor U + Us) Lor (Boy — Eogop — EastUo+
Uy — U2)a0(Eag + Filhy +Lorlog — Losboy — Uin)Tag(Bos— Laobao— Eosbos+ Laoborbos+ Un(— Lo+t —
Caobos — bog - Laglos + Eaglos — Earloy) + UI(—Eog Lo —T1))g. Furthermore we take
U= — bog+ Loolon+ boglby — EorUo, Uio=tog+ frtho+ Eorfos—Losls,. Then the element a
is conjugate to 2,,(1)@.s(1)2:7(1)215(1)210(1) 225 (f1)er( fo— 2F1U2)s5(Ess — Laolos— Lostos +
Caolootos + frths+ fiul)g. By assumptions, we may assume f,=1. By the ac-
tion of U(l(«,, «;)), we can take g=1.  This shows ~Yu (resp. x fzyg)

in the case ch(K)=2 (resp. ch(K)#2). On the other hand, by Lemma 8,
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we get W(r)s<{w,ww;). Thus we put P=B{w, w, Wy, Wy, We)B, R=
Ru(P), V=Ru(P), V,=U(l(an, ay)). Then (P, R, V, V.) gives a strue-
ture of Zy(x). Since Zp(x)/Zx(x)° is connected, we get Z(x)=Z(x). From
above facts, we can prove the lemma.

LEMMA 22. Let I,=I(a,, a5, s, Qg Qy), then G'(Io)=G(yss)=G(I9)“
{GUI,) UGW,,)}. Let x be an element of U such that I(x)=1,, then
x?yﬁ——-x1(1)xl,,(l)xm(l)xm(l)xm(l). Furthermore a k-rational point in G(yy)

18 conjugate in G(k) to one of the following elements:

Y5 =2:(1)2:5(1)2;6(1)x,s(1)21(1)
Ys3= m1(1)x15(1)x16(1)x18(l)xw(l)xw(v) ’ when ch(K)=2 .

Z(Ys2) CBWWr, Wir) B, Z(Y)=Z0,py L(Yw) =24, | Zeuw,(¥)|=(2, p)(@—1).q"
(i=52, 53). |

PrOOF. By the action of B, ¥~Yy. By Lemma 8, we get W(y,)<
(waw,, wyy. Thus we put P=B{w, w, w, w,>B, R= V=Ru(P), V,=
UI(as, a)). Then (P, R, V, V,) gives a structure of Z,(y,,) and Z(Ys2)=1.

Since Zp(¥s)/Zp(ys)° is of order (2, p), we get Z(Yy)=Z,,. Now the
proof is easy.

LEMMA 23. Let I, =I(as Q;, Oy, Oy, Oly), then G'(1,)= Gy,)= G(1)—
{GU,) UG} and G'(1,)= G(Ys)=G(I},)— G(1).

PROOF. Let x be an element of U such that I(z)=1I, and e G(y,),
then x is conjugate to an element of U(l,). By Lemma 1, we can prove
the lemma.

LEMMA 24. Let x=T[ x,(t;) be an element of U such that I(x)=I(cxs,
Q5 Qiey Oy, Oly). Suppose that the element x satisfies the following com-
ditions:

1) If ch(K)=2, then fi=tutis+totis+teto—titn+0.

i) If ch(K)+#2, them f,=4(tuts+ tatu—tutw)tite—f2%0. Then the
element x is conjugate to Vs =25(1)215(1)216(1)26(1) 20y (L)25(1).  Furthermore,

1) Suppose ch(K)=2. A k-rational point in G(y,,) is conjugate to
Yss 07 Y5 =Ts(1)215(1)2016(1)220(1)5e(1) 24 (1)5(1).

2) Suppose ch(K)+#2. A k-rational point in G(y,,) is conjugate in
G(k) to Yy or Ys, where

Yse= ws(l)xm(l)wle(l)xaz(l)xu(l)x%(l) ’
Ysr = 2a(1)2,5(1)216(1)2:(L) 2 (1) 25(1) .
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In the both cases, Zi(x)S B{wwsw,»B, Z(x)=Z, Lx)=A, |Zgun(y,) =
2(¢*—1)q¢**(1=54, 55, 56, 57).

Proor. By the action of B, & ~ Yo By Lemma 8, W(x)<{w,wsw,).
Thus we put P=B{w,, ws, w,)B, R=Ul(a;, a)), V=U(ts, @y, Qy)), V,=
Ul(ay, ay). Then (P, R, V, V,) gives a structure of Zy(x). Since
Zp(x)| Zp(x)° is connected, Z(x)=Z(x). Now the proof is easy.

LEMMA 25. Let I,=I(Q, Qi Oy Oy, Qy), then G'(1,) = G(y,) =G(I,) —
{(GI:) UG}, Let x=T1] x,(t;) be an element of U such that I(x)=1,, and
Cir(Caobos — Lorlss) +Eustartoeu 0. Then x’;'yss“xls(l)xzo(l)xn(1)11723(1)3713(1)3717(1) Fur-
thermore a k-rational point in G(ys) 18 conjugate in G(k) to Ys 07 Yp= -
%15(1)Z20(Q) 221 (1) Xos(1)256(1) 21 (1).  Za(Yss) & BW DB, Z(Ys) =Zs,p—11y L(Yss) = Ay,
|Zaw (¥ =(2, p—1)(g*—1)g* (=58, 59).

ProoOF. By the action of B, @ ~Yeoe By Lemma 8, we get W(y,,) <

{wy). Furthermore, by easy computatlons, Zo(Yss) = Z(G)LZ z(ys), Where -
L=(X,, X_,>, R=Ru(B{w,»B). From this facts, we get the lemma.

LEMMA 26. Let Ly=1I1(Qn, Gy Gy Qny Qyg)y Le=I(Quy Qn, Xy Qo Qg
), In=I(ay, 0y, Oy, Ay, @y,). Then G'(1,)=GYwx)=G,) —{GI) UG(Le) U
G(1;)} and G'(1)=G(Ys) =GU,) —{GI,) UGI,)}. Let x be an element of
U such that I(x)=I(at;,, Q5 Gy, Ay, Qs), then x’:yeozxzs(l)xm(l)xla(l)xzo(l)
X (1). ZG(yeo)CB<'w2w5w7: W) B, Z(Ye) =1, L(Ye) =2A4,, | Zgu)(Ye)| =(¢°—1)°¢™.
Let y be an element of U such that I(y)=1I,, then y~yel—x20(1)x21(1)w23(1)
2, (1)2,s(Vx,(1).  Furthermore, a k-rational point 'm G(ys) 18 conjugate
in GK) t0 Yo 07 Yoo ="02(1)%0s(1)2es(1)X0s(1)2s(1)2,(L).  Z(Yer) € B{w,wsw,) B,
Z(Ye) = Z2,0-1)y Lya)=A,, | Zew ()| =(2, p—1)(¢°—1)¢*(1 =61, 62).

Let z=1] x,(u;) be an element of U such that I(z)=1I, and ., U+
UooUos =0, then z?ysg—xu(l)x22(1)x23(1)xu(l)xz?(l)xw(l) Furthermore a k-ra-
ttonal point im G(ys) 18 conjugate in G(k) to Yes 07 Yoo =1 (1)Lo0(1)x(L)
Loy (D) 2os(L)015(1).  Zg(Yes) CB{W W10 B, Z(Yos) = Z 12,1y L(Yes) = Al Zgu(¥:)| =
(2, p—1)(¢°—1)g*(1 =63, 64).

PrOOF. By the action of B, 2~ Y. By Lemma 8, we get W(¥e)S

{wywysy. Thus if we put P=B{w,, w, w, w, w,pB, R=V=Ru(P), V,=
Ullay, ay)), then (P, R, V, V,) gives a structure of Z;(¢,) and Zp(¢e)/
Zp(Yes)° 18 connected. Now the proof is easy.

LEMMA 27. Let Ig=1I(Qy, Qz, Qsy Oy ), Ly=I(0ts, Qp, Qpy Oy Oy,
) and Iy=I(as, 0y, Oy ). Then G'(Ly) =G(Ya)=G(1s) —{(G(1s) U G(1y)},



410 KENZO MIZUNO

G'(I 1) = G(Yeo) = G(1) —G(1), G'(I;)= G(Ye)= G(I,)— {G(1y) U G(Izo)}°

Let x be an element of U such that I(x)=1I,, then x:y“=xm(1)x2,(1)
Los(1)2oy(L)2,(1). Furthermore, a k-rational point in G(y.) is conjugate
i G(k) to ye or yea=xzo(l)le(l)xza(l)xu(l)x7(C)- Ze(Yes) < B{ww,w,, w,»B,
Z(Yus)=2(G), L(Yu)=Gr | Zaw(¥)=(2, p—1)(g*—1)(g*—1)g*(i=65, 66).

- Let y be an element of U such that I(x)=1I,, then x?y,,,—;wm(l)xm(l)
Loo(1)5(1)2,(1)o5(1).  Furthermore, a k-rational point in G(ys) 8 conju-
gate in G(k) to Y. Zo(Yer) C B{wsw,wsw,,) B, ZYe)=1, L(ya)=A,
| Z 6 (Yer) = (" —1)g*.

Let z=]] x(u,) be an element of U such that I(x)=1I, and t.,t,—
tosly#0, then x?yf,s:xs(l)wzs(l)xu(l)x%(l)xso(l). Furthermore, a k-rational

point in G(ys) 18 conjugate in G(k) to one of the following elements:

Yoz = Lg(1)X26(1) 25, (1)205(1)250(1) ,

Yoo = Ls(1)205(1) @5 (1) 22, (1)o5(1)255(C) when ch(K)+2,

y70=xs(l)xzs(1)3723(1)9724(1)3725(1)3729(1)3736(77) ’ when ch(K)=2.
ZG(yea)CB<w2w7, w5>B; Z(yes)gzzy L(yes)= T1+A1r }Za(k)(yes)l=2(q_‘1)(q2'—1)q24’
| Zow (¥ =2(q +1)(¢*—1)g*(: =69, 70). '

ProOF. By the action of B, ¥~Ys. By Lemma 8, W(ye)=<w,

wyw,ws). Thus we put P=B{w, w, w, ws,yB, R=V=RulP), V,=
DRu(P)). Then (P, R, V, V,) gives a structure of Zs(Ye). By the
action of B, Y ~Yor- By Lemma 8, W(y,) S (wsw.wsw,y. Thus if we put
P=B{w,, w,, w;, w5, We, W;)B, R=V=Ru(P), V,=DRu(P)), then (P, R,
V, V) gives a structure of Z,(yy). By the action of B, 2~ Y- By
Lemma 8, W(y,)S{w,w, w;»). Thus we put P=B{(w, w, w,)B, R=
Ul(a,, a, ap), V= Ul(as, ay, as)), Vi=Ul(a,, as)). Then (P, R, V,
V,) gives a structure of Z,(y,). Now the proof is easy.

LEMMA 28. Let I,=I(0t,, a,, a,, gy o)y Lpp=1I(0ty, Ay, Oy, 0y,
I,=Ia, o0, oy, 0 ay). Then G'(1s) = G(Yos) = G(1,5) — G(Iy), G'(Ie)=
G(Yer) =G(L,)) — G(Iy) and G'(Iy)= G(Yes) =G (1) — {G(1,) U G(I5)}.

Let x be an element of U such that I(x)=1I,, then T~Yn= Tao(1)2,,(1)

Cou(D)xs(1).  Furthermore a k-rational point in G(y,) is conjugate in
G(k) to one of the following elements:

Y11 =Tao(1)%51(1)254(1) (1) ,

Y72 = Too(1) 201 (1)X25(1)250 (1) 255(1)256(L) when ch(K)+2,
Y3 = L20(1) 201 (1) 22a(1) %54 (1)25(1)226(1)256(7) when ch(K)=2 .
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Zs(Yn) CB<w4’ WWW W, ) B, Z(Yn)=2Z,, Ly, =T+ A4, | Zauw(Yn)| = 2(q— 1)
(*—1)(@*—1)q", | Zeuw ()| =2(q+1)(@*—1)(¢*+1)g"(:="T2, T3).
Let y be an element of U such that I(y)=1I,, then y ~Yu= Too(1)2,,(1)

Lo(V)os(D)a50(1).  Furthermore a k-rational point in G(y.) is conjugate
wn G(k) to one of the following elements:

Y1a = Lao( 1)1 (1)@04(1) 25(1)5o(1)
Y5 = Ta0(1) @01 (1)26(1)225(1) 254(1) (1) 06 () when ch(K)+2,
Y= xzo(l)xm(l)xzs(l)wza(l)xn(l)xzs(l)wze(l)xse(yi) ’ when ch(K)=2 .

Z(Ys) CBwwswaw,) B,  Z(Yr) = Z,, L(y,,)=2T,, | Z ey (Yr)| =2(g —1)*¢",
| Zaun (Y| =2(q+1)’¢"(¢="1T5, T6).

Let 2z be an element of U such that I(z)=1I,, then z»cvy":wl(l)xzs(l)
Loo()23(1)5(1).  Furthermore, a k-rational point in G(y.) is conjugate
wn G(k) to one of the following elements:

Yrr =21 (1) (1) 250 (1)256(1) 5, (1)
Y= xl(l)xzs(]-)ng(l)xso(l)xsx(C) ’ when ch(K)+#2,
Yyo= xl(l)wzs(l)xza(1)xso(1)x31(1)w55(7]) ’ when ch(K)=2.

Z(Ym) C B w,w,, wi) B, L4(Ym)=2Z,yy L(Yyu)=B,, | Zawy (Y| =2(*—1)(¢* — 1)g*
(e=1T1, 78, T79). :

PrROOF. By the action of B, & ~Yn. By Lemma 8, W(y,)<<{w,,
- wyws,wswy). Thus we put P=B{w,, w, w, ws;, w,>B, R=V=Ru(P), V,=
D(Ru(P)). Then (P, R, V, V,) gives a structure of Z,(y,,). By the action
of B, Y ~Yu By Lemma 8, W(y.,)<={w.,w,ww.y. Thus we put P=B{w,,
Wy, Wy, Wy B, R=Ru(P), V=UI(a,, gy Qy), Vi=Ul(ay, ag, ag)).
Then (P, R, V, V,) gives a structure of Z,(y,). By the action of B,
2~Yn. By Lemma 8, W(y,,) < (w,w,, wyy. Thus we put P=B{(w,, w,, w.>B,
R=Ru(P), V=Ul(e,, ay5, s, ay), Vi=U(l(a,, ay). Then (P, R, V, V)
gives a structure of Z,(y,,). Now the proof is easy.

LEMMA 29. Let L,=I(Cty, O, Qg gy Qs)y Lyy=I(Qss, o, Uogy Moy, gy,
Qy)y Le=I(0t;, O, Ay, Q). Then G'(I,)=GWY.)=GI,)—G(I,), G'(I,) =
G(Yw) =G(Iy) —{G(15) UGUI)}, G'(Los) =G (Yr) =G (L) — {G(Is) U G(I)}.

Let x be an element of U such that I(x)=1I,.

1) Suppose ch(K)#2. Then x?yaosx27(1)a:29(1)xso(l)xsl(l)xsz(l). Fur-
thermore, a k-rational point in G(ys,) s conjugate im G(k) to yg or
Yor = Tor(1)Lo(1)226(1)230(1)Xso( — ). Z6(Yso) © BLws, Wsw,wy) B, Z(Ygo) = Zy L(Yso) =
Ti+ Ay |1 Zow W) =2(¢—1)(@*~1)q%, | Zgu(¥ea)|=2(g+1)(g*—1)g™.
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2) Suppose ch(K)=2. Then x is conjugate to Yg 0 Y ==Lsy(1)x.,(1)
Lao(1)Xe(1)00(1)25,(1).  Zp(yer) C B{wy B, Z¢(ya) C Blwy, wsw,w,) B, Z(Ys)=
Z(Yp)=1, L(yn)=24:, L¥Ys)=A,|Zau¥n)l=(a"—1)q%, | Zsu,(¥s)| = (a*—1)g".

Let y be an element of U such that I(x)=1,. Then x?ysszw%(l)mz,(l)
Zog(1)@20(1)250(1)25,(1).  Furthermore a k-rational point in G(yg) i8 conju-
gate in G(k) to ys, or You = Lo6(1)257(1)@26(1)226(L) 2 50(1) 25, (1). Z6(Yss) C
B{w,,w,,w,s) B, Z(Y) =Z 2,91y, L(Yes)= A4, | Zowy (W)= (2, p—1)(@*—1)g* (=
83, 84).

Let z be an element of U such that I(x)=1I,,. Then z?yule(l)xzs(l)
Zoo(1)23(1). Furthermore a k-rational point im G(ys) is conjugate inm
Gk) to Ys Or Yu=Ysuu(). Z¢(Yss) C Bwaw,, wwe, Wy B, Z(Ye) = Z 5,05
Lye)=Cs, | Zeu(¥,)=(2, p)(@*—1)(g*—1)(¢°—1)g*(i =85, 86).

Proor. By the action of B, the element z is conjugate to Y (a)
for some ae€ K. By Lemma 8, W(x)<{w,, wsw,w,»>. Thus we put P=
Blw,, w,, w,, wy, w,y)B, R=Ru(P), V=U(I(atss, Qy)), Vi=U(I(xtss)). Then
(P, R, V, V), gives a structure of Z,(y,). If ch(K)+#2, then Yoo~ Yso- By
direct calculations, Z,,;(¥.V)) is generated by %,, X_;, x,(a)x.(a)x,(a)z(a®) V,
and Z,x(y¥»V,) is generated by X, X_,, x,(a)x,(a)x,(a)xy(a?), wsw,w,. This
shows the first assertion.

By the action of B, Y ~Ys- By Lemma 8, W(yg) S (weow owysy. Thus
we put P=B{w,, w,, w;, W, We, W;)B, R=V=Ru(P), V,;=D(Ru(P)). Then
(P, R, V, V, gives a structure of Z;(¥.).

By the action of B, Z~Yu- By Lemma 8, W(yg)< (w,w,, ww,, w;).
Thus we put P=B{w, w, w,, ws, w,yB, R=V=Ru(P), V,=DRu(P)).
Then (P, R, V, V,) gives a structure of Z,(ys,). Now the proof is easy.

LEMMA 30. Let I,=I(Qy, Oy, Q, @), Li=I(Cty, i o). Then
G'(Is) = G(Ye) = GIs) — G(L,), GLp)=G(¥Ys) U G(¥e) U GI). G(Yg) 8 0pen
n G(I,). G'(I)= G(Ys5) = G(13) — G(1).

Let x=T] xz,(t,) be an element of U such that I(x)=1I, and tyt,—
totsu 0. Then X~ Yoy = Log( D) X5o(1) 25, (1) 255(1)254(1).  Furthermore a k-rational

point in G(yg) is conjugate in G(k) to one of the following elements:

Yor = Lag(1)L30(1) X5, (1) X5 (1), (1) ,

Yoo = Lag(1)X50(1) 25, (C)25(1)254(1) when ch(K)+2,
Yo ™= Le(1) 2 o5(1)255(1) 25(L) X5, (1)sy (1) when ch(K)+#2,
Yoo = L26(1)X25(1)L(1)235(L)254( 1)1 (C) when ch(K)+2,

Yor = Too(1)205(1) X 26(1) 235 (1)236(7) 25 (L)2, (1) when ch(K)=2.
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Za(ys7)CB<w1, W,y Wy, W) B, Z(yw)-:—ZzXZ(z,p—m L(yg)=2A,, lZG’(k)(yi)I:
2(2, p—1)(¢"—1)’¢*(: =87, 88), |Zsw,(¥,)|=2(2, p—1)(¢*—1)¢®(j=89, 90, 91).

Let y=T]z(u;) be an element of U such that I(y)=1I, and wu,u,,—
WU, 7#0. Then y?ym:xza(l)wso(l)x%(l)xu(l). Furthermore a k-rational

point in G(Yy,) is conjugate in G(k) to one of the Sollowing elements:

Yoo = Tas( 1)@ (1) 055 (1)54(1)

Yos = L2a(1) 227 (1)25(1) X05(1)030(1) @0 (— D)@ o(7)

You = La6(1) 207 (1) 205(1)25s(1) 2, (1) , when ch(K)+2,
Yos = Tar(1)%06(1)@50(1) @36 (1) 239(7)55(1) , when ch(K)=2.

Zs(Yo) C B{wy, Wy, W w,, W) B, Z(Ye0) = S, L(y,,)=3A4,, | Z oo (Yer)| = 6(¢°’—1)q%,
1Zow Wea)| =8(@°—1)q®, | Zaw,(¥.)| =2(¢>—1)(¢* —1)g*(i =94, 95).

PROOF. By the action of B, @~ Yor- By Lemma 8, W(yg)< (w,w,w,,
wy). Thus we put P=B{(w,, w, w, weB, R=Ru(P), V=UI(ay, ®y, s,)),
Vi=U(l(atg, ;)). Then (P, R, V, V,) gives a structure of Zs(Yer)-

By the action of B, Y~ Yo By Lemma 8, W(y,.)< (w,, waw,, waw,,
wy. Thus we put P=B(w, w, w, Ws,, We, Wiy B, R=V=Ru(P), V,=
D(Ru(P)). Then (P, R, V, V) gives a structure of Z,(¥,). Now the
proof is easy.

LEMMA 31. Let Lo=I(0tz, gy, Oy, Uy, ), Ly=Kaw, ay, a, o),
L, = I(ay,, ay,, Qyzy Agg).  Then G'(Iz'r):G(ym):G(Iu)_{G(Izs) UGL)}, G' (1) =
GYe)= G(Iy) — G(Iy), G'(I0) =G (Ye) = G(Ie) —{G(Is) UG(I,)}.

If ch(K)=2, then the closure G(yy) of G(yx) i8 the disjoint union
of G(yw) and G(Iy).

Let x be an element of U such that I(x)=1,. Then x?y%:xao(l)xu(l)
ZTao(1)@es(L)o(1).  Furthermore a k-rational point in G(yy) is conjugate
m Gk) to Y., or Yor = X30(1) 5, (1) 5(1) 55 (L) 10(1). Zig(Yos) C BSw,s, w,wey B,
Z(ysa)EZ(z,pﬂ); L(yq)=2A4,, ‘IZG(k)(yi)’:(zy p_l)(qz""l)zqaﬁ(i=96: 97).

Let y be an element of U such that I(y)=1,. Then y?y%:x%(l)xm(l)
(Do, (1). Zie(Yos) C BLwswe, W, Wiy B, Z(Yw)=1, L(y,)=3A4,, | Z ey (Yes)| =
(¢*—1)¢™.

Let z be an element of U such that I(z)=1I,. Then z?yw:xao(l)xu(l)
(L)25s(1).  Furthermore a k-rational point in G(yy,) is conjugate in
G(k) to ye or Y100 = Ts50(1) 051 (1) 25o(L)55(L).  Z(Yo0) C BLw W, Wy, Wis) B, Z(Ye)=
Loy LYo) =By, |Zouw(y)|l=(2, p—1)(¢"—1)(¢*—1)(g°—1)g*(¢=99, 100).

Proor. By the action of B, T~Yoor Y~Yony 2~Yoo- By Lemma 8§,
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W (Yoe) S W,y Wi, W(Yog) S CWsWe, Way Wiop, W(Yoo) & (W We, Wy, wyyy. If we
put P=B{w,, ws, w,, weyB, R=Ru(P), V=Ul(ay, au, ay), Vi=Ul(a,,
a,, ), then (P, R, V, V,) gives a structure of Z;(y,). If we put P=
B{w,, ws, ws, ws, w;y B, R=Ru(P), V=U(I(a,, ax)), V,=U(l(as)), then (P,
R, V, V) gives a structure of Z;(y,). If we put P=Bl{w,, w,, w, w;,
wey B, R=V=Ru(P), V,=DRu(P)), then (P, R, V, V,) gives a structure
of Zg(Yew)-

We consider the Zariski closure G(y,). By general theory, G(ys) =
G(B(Ys)). Furthermore, B(ys)={v=II x.(v,) € U(L,)|f(v)=0}, where f(v)=
VorV3sVas + VagVasVss + Vor Vs Var + VogVse¥s,.  Let u=]] «,(u,) be an element of
B(yg) — B(Yg). Then UyUoUsts ;=0 and f(u)=0. Suppose u,=0. Then
Uor(UggUgs + UooUg) =0. If uUy=u,,=0, the element u is conjugate to an
element of U(l(s, (s, sy Qzs, Q).  IE Ugy = Ug0lss + Uy, =0, the element
u is conjugate to an element of U(l,). Suppose u,=0. Then we get
Wy Wy Wy + WorlgeUss + UgUsoUss=0. Therefore the element u is conjugate to
an element of U(l(a,, ;, Q, 0, Q). By Lemma 1, we get ue
G(I(ats,, Oz, Oy, Qsgy Q). Suppose u;=0. Then the element w is con-
jugate to an element of U(l(ay, s, s, a)). By Lemma 1, u € G(I(a,,
Qgg, Olgyy Qlgg, Q). Suppose u;=0. If u;,=u,=0, by Lemma 1, we get
w € GI(ay, O, Quyy O, Q). IE Ug = Uorlhsg+ WUy + UgeUs, =0, the element
u is conjugate to an element of U(I(ay, @y, a, @3)). Suppose u,,—0 and
WorUooUsoUs; 0. Then u,,=0. By Lemma 1, we get uweGU(as, Q, O,
sy Ay)). Since Iy~I(Qty, Oy, Cggy Q) D I(Qgyy Qg Ay, g, Ay), We get
G(We) SG(We) UG(I,). The opposite inclusion is clear. Now the proof is
easy.

LEMMA 32. Let I,=I(ay, O, ), Iy=I(C, O, Oy, O, Ap), L=
Iy, gy 0, a,). Then G (1) = G(Yos) = G(1y) — (G(13) U G(1y)), G'(Ial):
G(Yoo) = G(IBI) - (G(In) UGI,)}.

Let x be an element of U such that I(x)=1,. Then w?yll,l:acgo(l)
Xy (1),o(1). ZG(?/101)CB<w2w5; W,y Ws, w,y B, Z(Y)=1, L(ymx) =A,+ B,
| Z s (W0 = (@ —1)(¢* —1)(¢°—1)g*.

Let y be an element of U such that I(x)=1I1;. Then y?ywz:wu(l)
Lao(1) X (D@s5(L) (1), Z6(Yi00) C BLw,wows, w,wwwi) B, Z(Y105)=1, L(Yi0x)=
2A1: lZG(k)(yIOZ)l = (q2 - 1)21139.

Let z be an element of U such that I(x)=1I,,. Then zfcvyma::vs,,(l)
Xae(1)25s(1)240(1). Z(Yr0s) C Bw waws, Wi, WeWy,wo) B, L(y,s)=A,+G,,
| Z ey (Y1) = (@*—1)*(¢° — 1)g™.

The proof is easy.
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LEMMA 33. Let Iy=IQy, Q2 Qun, Qo 04, Le=I(Qs Q4 o4, o).
Then G'(Iy)=G(Yi) =G(Is) —{G(1y) U G(L)}, G'I)=G#10) =GIs) — G(Ly),
G'(I35) = G(y1o4) = G(Iaes) - G(Iae), G’(Iu) = G(yma) = G(Is4) - G(Iae)-

Let x be an element of U such that I(x)=1I,. Then x ~Y= 247 (1)
Los(L)Teo(D) (D2 y(1). Furthermore a k-rational point in G(¥,) 18 conju-
gate in Gk) 10 Yiw 07 Yipn= (L) Xss(1)256(1) s (1), (1). Zig(Y100) C_B<wawm
wwWy W B, Z(Y) = Zop-1y L) =Gy | ZewW)=(2, p—1)(g*—1)(¢°— 1ag"
(=104, 105).

Let y be an element of U such that I(y)=1I,. Then y ~Vion= (1)
Cu(Deu(D)26(1).  Ze(Yi0s) C B<Ws, WWsWs, WisWhsy By, Z(Yie) =1, L(Y106)=38A4,,
| Z e (Ye)] = (¢°—1)°¢*.

The proof is easy.

LEMMA 34. Let Iy=Ia,, au o), L,=Ia,, )y, Ip=I(ay, g o,
as). Then G'(Ly)=G(Yw)=GI)—G(Iy), G'(Iy)= G(Y10r) — GLgr) —{G(Igs) U
G(I)}.

Let x be an element of U such that I(x)=1I,. Then w?ym=x44(1)
2(L)x(1). Furthermore a k-rational point in G(y,,) 18 conjugate in
G(k) to one of the following elements:

Yir=Le(1) (1) (1) ,
Yi0os= Lio(1)213(1) ()25, (O)ee(1) when ch(K)+#2,
Y100 = Lso(1)245(1) 2, (1)246(1) 251 ()X 4o(1) when ch(K)=2.

Zg(Y107) C BLWsWsWq, Wy, Wiy W) B, Z(Yin) =Zsy L(Yr) =T+ A3, |ZguyYror)| =
2(¢— (- 1)@’ — 1)@ —1)q", | Zeuw(¥:)| =2(q +1)(¢° — 1)(¢* —1)(¢* — 1)g*"(1 =108,
109). .
Let y be an element of U such that I(y)=I, Then yr;yll,,:w“(l)
%e(1). Furthermore a k-rational point in G(yy,) 8 conjugate in G(k)
to one of the following elements:

Yuo=2%u(1)x (1) , ,
Y= x42(1)x43(1)x44(1)x51(g) ’ when Ch(K) #+2 ’
Y11: = Leo(1)25(1) 24 (1) 6 (1)50(7) when ch(K)=2 . ‘

Z (Y 110) C.B<we; Wity Way Wioy Wigy WeWsWe) By, Z(Y110) = Zyy L(Y110) = Ay, | Z 6 (Yu0)| =
2(¢* —1)(@°—1)(¢* —1)(¢° — 1)(¢° — 1)q", |Zau(¥:)|=2(¢"— 1)(¢°+1)(¢*—1)(g°+ 1)
(@*—1)q" (=111, 112).

Let z be an element of U such that I(z)=1I, Then z?ymzxg(l)
(D2 o()x5(l). Furthermore a k-rational point in G(y,s) 1s conjugate in
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G(k) 10 Yuis 07 Y11= (Q)0(1)X(1)T5s(1).  Zo(Y11s) N BLW,We, WeWs, W) B, Z(Y,115) =
Zoo1y LYu)=Cs.  |Zguy(y)|=(2, p—1)(¢*—1)¢*—1)(¢°—1)g" (: =113, 114).

The proof is easy.

LEMMA 35. Let Iy=I(Qn, Qu Qy), Li=I(y, Qy, o), L,=I(as, ),
Ls=I(atgy). The""l G (Ig) = G(Y110) =G(Iye) — G(Lyy), G'(Iyo) = G(Y1ss) = G(Lss) —
{G(Lo) U G(L,)}. _

Let ¢ be an element of U such that I(x)=1,. Then x?ymzxg(l)
Z(Dxe(l). Furthermore a k-rational point in G(y.s) 18 conjugate in
Gk) to Yus 0 Yne=2u(D)Te(1)Te(1). Zg(y.s) C B{ww,, wsws, w,, w,) B,
Z(Yu)=Z o110 LYus)=Fy 1Zew@)l=2, p—1)(@*—1)(¢"—1)(¢°—1)(¢*—1)¢”
(¢=115, 116).

Let y be an element of U such that I(y)=1,. Then y?ymszs(l)
Zp(L)ag(1). Z¢(Yur) C Bw,wq, wwe, Wy, Wy B,  Z(Yu)=1, Lyu)=Cs+A,
| Z g Yu)l = (@*—1)*(¢* —1)(¢°—1)g™.

Let z be an element of U such that I(z)=1,. Then z?ym:xw(l)
Xso(1). Zo(Yns) C Blw,wy, w,, ws, Wy, WB, Z(yu) =1, L(Yu) =B, + A,
| Zaw (Yol = (*— 1) (¢ —1)(g°—1)(¢° —1)g™.

The proof is easy.

LEMMA 86. G'(10)=GWns)=G1,0) —G(1s), G'(1,)) =G(Yur) = G(Iy) — G(1,,),
G'(Iﬂ) = G(yns) = G(I42) - G(Iw)y G’(In) = G(yuo) = G(Ia) - {1} .

Let x be an element of U such that I(x)=1I1;. Then x ~Yue= 2es(1).
Zs(Y110) C B{Wyy Wy, Wy, Wy, We, Wiy B, Z(Yue)=1, LYu)=Ds |Zguw(¥ue)l=
(@*—1)(¢*—D(¢*—1)"(g°—1)(g"—1)¢".

The proof is easy. _
By the series of lemmas, we proved that

THEOREM 2. Let G be a simply connected semisimple algebraic
group of type E, split over finite field k. Then the conjugate classes of
unipotent elements of G are as in Tables 2 and 4. The inclusion relations
of the Zariski closures of the conjugate classes are given in Table 7.
The structures of Zg(x) are given in Table 9.

§5. The case of K,

In this section, let G be the simply connected Chevalley group of
type E, over the field K.

LEMMA 37. Let x be a regular unipotent element, then x?zlle(l)
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xs(1)x,(Dx(1)2,(Le(L), (L)%, (1).  Furthermore a k-rational point in G(z,)
18 conjugate in G(k) to ome of the following element:

2, =2, (1)as(L)z,(1a(Lwy(1)as(1)w,(1)2,0(1) ,
2= xl(l)xa(1>x4(1)xz(1)x5(1)wzz(f)xe(l)x'r(l)xml(l) ’ when ch(K)=3,
2y =10, (1)25(1)2,(1)20,(1)205(1)200( — T)o06(1)o5,(1)20,(1)

when ch(K)=3,
2, =2, (1)@s(1)a,(1)a0.(1)2,5(17)5(1)205(1) (1) 210i(1) when ch(K)=2,
25 =21(1)@5(1)2,(L)2 (L) 2y (1)os(P) (L) (1)10n(1) ,  when ch(K)=2,
Rg= 0 (1)@s(1)2,(1)202(1)215(0)25(1)205(1) (1 )20,(1) 0,0, (1) ,

when ch(K)=2,
2, =2, (1)ay() 2, (L)a(L)ary(1)aso()2e(1)ac, ()20 (1) ,  when ch(K)=5,
2= 2 (1)ws(1)ar(1)2o(1)05(1)5e(2£)2e(1) 2, (1) 0101 (1) ,  when ch(K)=5,
2o=2,(1)@s(1)a,(1)2,(L)25(1) (3 ) 2s(1) 2, (1)2:,(1) , when ch(K)=5,
210=2,(1)205(1)a, (1) 2, (1)205(1)e( — )26 (L )2, (1),0,(1) , .

when ch(K)=5.

Zig(2,) =20 Zy(2,)°, Z(z)=2Z,, (r=(60, p?), |Zow(2)|=7¢", 1=i=10).
The lemma is a direct consequence of B. Lou [5].

LeMMA 388. Let J,=Ila, @, a, a;, &, &, o). Then G H)=
G(zl) = G(2+') - G(Jl) .

Let o=T] «t;) be an element of U such that I(x)=2J, and tit,+t,t,,+O0.
Then x?zn=xl(1)9[;2(1):vg(l)xm(l)xb(l)xe(l)x,(l)xm(l). Furthermore a k-ra-

tional point in G(z,) is conjugate in G(k) to one of the following
elements;

21 = 10, (1)2,(1)26(1)10(L)y(1)a6(1) 2, (1)@ 100 (1)
21 =1,(1)2:(1)205(1)2:6(1)25(1)26(1) 2, (1) Xos(P)210:(L) ,  whem ch(K)=2 ,
213 =2,(1)@x(1)@s(1)10(1)25(1)2e(1) 2, (1) 2su(7) 10 (1) ,  when ch(K)=2,
214 = 2,(1)@5(1)@6(1)10(1)25(1) 26 (1) 2 (1) 20s(7) X34 (7) 101 (1)

when ch(K)=2,
21y = 21(1)2(1)206(1)210(1)@s(1)ea(T) ()2, (1)@10n(1) ,  when ch(K)=3,
216 = 10,(1)2,(1)26(1)10(1)25(1 )52 — T)s(1)20,(1) 2100 (1)

when ch(K)=3 .

Z(21) = Ry Zy(211)°, Z(2y) = Lzt 12w (2:)] =12, pDg>.
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ProoF. By Lemma 8, we get W(x)={1}. By the action of B,
x’;’y(a; b; c):xl(1)xz(l)xs(l)xm(l)xb(l)xsz(a)xa(1)x7(1)xza(b)x%(c)xlm(l) for some
a, b, ce K. Furthermore, if u=]] x,(u,) stabilizes the set Y={y(a, b, ¢)},
then uyu'=y(a+uuy+ 20— 3Us, b+ui+u,—2uy, ¢—ud— Uiy +u—uy,+
UyUys+ Uy + 2U U0, — 2Uy). Now the proof is easy.

LEMMA 39. Let J,=I(a,, a, as; a,, ai o) and let =1 x,(¢t,) be
an element of U such that I(x)=J, and tit,—¢t,t,,%20. Then x?zu:xl(l)
2s(1)a,(1)e(1)2,, (1), (1)21s(1) 2, (1). Furthermore a k-rational point in
G(z;) is conjugate in G(k) to one of the following elements:

217 = ®1(1)5(1)22(1)25(1)211(1)212(1)215(1) 2101 (1)
215 = 2, (1)25(1)@5(1)2o(1)211(1)215(1) 55 () %15( 1)1 (1)

when ch(K)=2,
210 =2,(1)25(1)25(1)2o(1) 211 (1)212(1)815(1)%101 (1):06(77)

when ch(K)=2,
Zoo = &, (1)25(1)2o(1)2o(1) 211 (1)215(1)25(17) 215(1) 2101 (1) 2106(7)

when ch(K)=2,

Zo()= @) Zo(20)°y  Z@)=Zan? | Zaw(@)|=(2, PVa" GWJ)=G(z,)=
G(Jl) - G(J2)

PrROOF. By Lemma 8, W(x)={1}. By the action of B, « is conju-
gate to y(a, b):xx(l)xs(l)xz(]-)xs(l)xu(l)xlz(l)xar;(a')mla(l)xlox(l)xlos(b) for some
a, beK. If u=T]z, (u,) stabilizes the set Y={y(a, b)la, be K}, then
uYyu " = y(a+ui+ us— 2%, b+ Ui+ us— 2ug)° + (UL + Uy — 2Ug) A + 2(Ugy + Unys) —
u:—us). Now the proof is easy.

LEMMA 40. Let J,=I1(as; a, a,, a,, &, a; ) and let =] x,(t,)
be an element of U such that I(x)=J,. Furthermore we assume that x
satisfies the following conditions:

i) +f ch(K)=2, fl(x):tstm_tutm_twtwioy

ii) 4f ch(K)+2, fz(x):4(t22t9—"t15t11)t10t11+f1(x)2¢0-
Then the element x 18 conjugate to the element z,=x(1)x,(1)x,(1)x,(1)
(L2 (2, (1)2,,(1). Furthermore a k-rational point in G(z,) 18 conju-
gate in G(k) to one of the following elements:

29 = X5(1)@6(1)210(1) 21, (1)%,16(1) 215 (1) 267 (1) 0100 (1)
Zar = Lg(1)205(1)210(1)@1, (1) 22 (L)1), (1)210r (1) when ch(K)+2,
o3 = Xg(1)2o(1)210(1) 21, (1) 216(1)20o(7) 2 1o( 1), (1) 2,0, (1)

when ch(K)=2,
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Ry = ws(l)xe(l)xlo(1)“/'11(l)xw(]-)xlz(l)xss(v)x7(1)xlo1(1) ’
when ch(K)=2,

B = xs(1)‘”9(1)xm(l)xu(l)xm(l)xm(77)3712(1)xas(v)fm(l)xm(l) ’

when ch(K)=2,
Za6= 25(1)2o(1)20:0(1)21,(1)16(1)215(1) 2, (1) 24, (T) 240, (1)

when ch(K)=38,

Ry = ws(l)wg(l)xlo(l)x11(1)wée(1)x12(1)x7(1)xn( — )% (1) ,

when ch(K)=3,
Zas = Lg(1)206(1)210(1) 21, (1)22(L)1o(1)2,(1) 211 (T) 2100 (1)

when ch(K)=3,

Z29=15(1)2o(1)21o(1) @, (1)225(L) @10 (1)20,(1) 4 ( — T) 2100 (1)
when ch(K)=3 .

Z(22) OB, Z(2:) =2, X Zo,pry |Zouy(2:)| =2(6, p)g*(21 <0 <29).

Proor. By Lemma 8, W(x)={1}. By the action of B, = is conju-
gate to y(a, b, ¢, d)=w(1)2(1)2:16(1)2:,(1)®16(@) L2 (B)212(1)s5(€) (1) 24 ()10, (1)
for some a, b, ¢, dec K. u=T1] x,(u,) stabilizes the set Y={y(a, b, ¢, d)|
a,b, ¢, de K}, uyu'=y(a—2u,, d+ua—ui, c+ul+us—2uyn, d—3usy—+ 22U+
Uy +Usc). From above facts, we get the lemma.

LEMMA 41. Let J,=I(a,, ai Qn Q5 0, Q;, &, ond let x be an
element of U such that I(x)=J,. Then x?z%:xl(l)x15(1)xw(1)x1,(1)xa(l)x7(1)

Z1u(1). Furthermore a k-rational point in G(z,) is conjugate in G(k) to
one of the following elements;

g0 = (1) 2,5(1)216(1)2017(1)256(1) 2 (1)1 (1)
Zg1 =2, (1)2,5(1)2,6(1) 217126 (1) 2072 (1) 250, (1) when ch(K)=2,
Zay = 101(1) 215 (1) 216(1) 201, (1)206(1) 255 (1) 2, (1) 10, (1) when ch(K)=2,
Zas = 21(1)215(1) 216(1) 217 (1)26(1) 2 10(7) 5 ()7 (1) 010, (1)

when ch(K)=2,
23, = 21(1)235(1)216(1) @17 (1)206(1)05(7 )20, (1)2104(1) when ch(K)=3,
Zgs =X, (1)2,5(1) 21612, (1) Xo(L) 2 s( — 7)2:(1)2:0,(1) ,  when ch(K)=3 .

Ze(250) CBw) B, Z(2:0) = Z sy Li200)=As, 1Z50,(2)|=(12, p*)(¢*—1)¢*(80
1=35).

Let Jy=I(as, ay, Qi @y, Quyy Oy, Q) and let y=TI x,(t;) be an
element of U such that I(y)=J,. Furthermore we assume that y satisfies

the following conditions;
1) 7’f Ch(K) = 2’ .fl(y) =tglis—tulis— il 7 O,
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it) 1f ech(K)#2, fi(y)=4(tygts—tuti)titn +11(Y)*+~0. Then y ~ 23 =25(1)

2o(1)@yo(1) 2 (L)216(1) (1) 215(1)2102(1).  Furthermore a k-rational point in
G(zy) 18 conjugate in G(k) to one of the following elements;

Zao = L5(1)2(1)210(1) 211 (1) 216(1)@12(1)2015(1)010(1)
257 = 25(1)@6(1)%10(1)211 (1)22(L):2(1)215(1)2105(1) when ch(K)+2,
Z3s = (1) Xo(1)%10(1)%11 (1) 216(1)22o(17)1o(1)@15(1) @102 (1) ,

when ch(K)=2.

Z(23) OB, Z(2y) =2, |Zaw(2:)|=2¢"°(1=36, 37, 38) G'(J,)=G(z.)= G(J)—
{G(J) UG}

PrOOF. By the action of B, x?y(a, b, ¢)=2,1)x(1)2,(1)x,(1)as(1)
Zy(@)25(b)xss(C)2, (1)1, (1) for some a, b, ce K. If u=T] z,(u,) stabilizes the
set Y={y(a, b, ¢)la, b, ce K}, then wuy(a, b, c)u'=y(a+ui+u,—2u,, b—
BUyr + 2%y, +BUsUy — UL — UL, €— Uy + 22Uy, — 2U Uy + UyUy, + UlA + U@ — 22U, a
ui +u,). Hence x?zs(,:y(o, 0,0). By Lemma 8, W(zy)=<{w,.

By the action of B, y~y(a, b)=2s(1)ws(1)e:0(1)1(1)2:e(@)ee()1(1)15(1)
Z102(1) for some a, be K. If u=T]x,(u,) stabilizes the set Y={y(a, b)|a, be
K}, then wy(a, b)u'=y(a—2u,, b+wu,a—wui). Therefore x?zs.,:y(l, 0).
By Lemma 8, W(z;)={1}. Now the proof is easy.

LEMMA 42. Let J,=I(a;, a Q5 Qg Qn, Qn &) and let x=
11 z:(t,) be an element of U such that I(x)=J; and [f(x)=uts— touls)ti+
(B1atigtor— Lislialos+ Eustislio— Lisburbos)br — Ei3E1et i # 0. Then m’;‘ Zgo= g(1)2,5(1)2,6(1)

2 (D2 (Dx(V2()2,0,(1).  Furthermore a k-rational point in G(zy) 1is
conjugate in G(k) to one of the following elements;

Zgo = (1) 215(1)216(1)217(1)16(1)10(1 )7 (1) 215 (1)
Z40=25(1)%15(1)%16(1) 27 (1):5(1) 2 (1) 2:0(1) 21, (7)1, (1)

when ch(K)=2,
24 =x(1)2,5(1) 21602, (1) 2(1)2(1) 2,0 (1) 2,0, (1) when ch(K)+#2 .

Zo(20) CB, Z(2y)=2,, | Zgu)(2,)|=2q"(1 =39, 40, 41).

Proor. By Lemma 8, W(x)={1}. By the action of B, x:y(a)z

25(1)215(1)216(1) 21 (1)215(1) (1) 236(L) (@) %10, (1) for some a € K. If u=T] x,(u,)
stabilizes the set Y={y(a)la € K}, uy(a)u'*=y(—ui—us+2u,+a). This
shows the lemma.

LEMMA 43. Let J,=Ia,, o, Qi O, A, ) and let x=T][ x(t,) be
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an element of U such that I(x)=J, and tyt,—t,t..#0. Then T2y =
(D)2 (1) 212 (L) (V2(D)20(1). Furthermore a k-rational point in
G(z,,) 18 conjugate in G(k) to 2z, or 2,=u,(1)2.(1)2:0(1)%(1)@e(1)215(1)@o(7)
®u(l). Za(2) CB{w,) B, Z(2o) =L,y L(2s)=A,, | Zaw(2)]=(2, p)(@*—1)q*
(=42, 43).

ProoF. By the action of B, m?y(a)::zuww(a) for some ac K. If

u=]] x;(u,) stabilizes the set Y={y(a)la € K}, then wuy(a)u'=yui+u,—
2u,,+a). Now the proof is easy.

LEMMA 44. Let Jy,=I(cts, Ay, Qugy Qizy gy Qusy Qygy) and let x=T1] x,(t,)
be an element of U such that I(x)=dJ,. Furthermore we suppose that x
satisfies the conditions;

i) if ch(K)=2, fl(w):tlatlstzz"‘t13t16t24+tmtmtm“‘t13t17t23¢0,

ii) if ch(K)#2, fi(x)=41(@)tistietir + 1i(@) 10,70, where fo() =E15tielooli0o—
tisbaslaslion + Lislististion— Eistasliobios- Then « oy 24y = L(1)215(1)216(1)2,7(1)15(1) 20 (1)
2(D),0.(1).  Furthermore a k-rational point in G(z,) 18 conjugate inm
G(k) to one of the following elements;

2= 2g(1)2;5(1)216(1)217(1)216(1)22s(1)205(1)2105(1)
245 = Xg(1)215(1)216(1)17 (1) 216(1)220(C) 215(1)10o(1) when ch(K)+#2,
Ruo=Ta(1)215(1) 216(1)@17(1)2:5(1) 224 (1) 20(17) 215 (1) 2102(1)

when ch(K)=2,
2= Cs(1)@15(1)216(1)217(1) 215(1) 22 (1) 255(7) 215(1) 2101 (1)

when ch(K)=2,
245 = L5(1)%15(1)216(1)217(1)215(1) 22s(1)X26(7) @56(7) 215(1) 2102(1)

' when ch(K)=2,
= 244513111(77) ’ ‘ when ch(K)=2.
Zy, 1f ch(K)+#2,

Z CcB, Z = ;
o(Zu) E=Dydihedral group of order 8), if eh(K)=2.

1 Zaw(2)|=2(2, p)’q*(i=44, 49), |Zsu\(2,)|=49"(t1=46, 47, 48), |Zsu(2.)|=
2q™. v

PROOF. By the action of B, v~y b, ¢)=us(1)2s(1)(1)2,(1)25(1)

Loy (1)Xoe(@) 235(0)X15(1)2105(1)21:(¢) for some a, b, ce K. If ch(K)+#2, the
proof is easy. Thus we assume ch(K)=2. If u=]] «,(u,) stabilizes the
set Y={y(a, b, ¢)la, b, ce K}, uy(a, b, e)u'=y(ui+u,+a, u:+u,+b, ula-+
(Ui +u,+b)+ui+us+c¢). Now the proof is easy.
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LEMMA 45. G'(J)=G(2)= G(J) — G(Jy), G'(J;) = G(2) = G(J5) — G(Jy),
G'(Jo) = G(25) = G(Jo) — {G(J;) U G(J)}.

This lemma follows from Lemmas 1 and 4.

LEMMA 46. Let Jy,=I1(a,, @y Qn, 0 0, 0) and let ©=T[ x,(t;) be
an element of U such that I(x)=J, and f,(x)=1tt sty —tiligter+ trsbirtes ~O0.
Furthermore we suppose that x satisfies the following conditions;

i) 7'f Ch(K )=2’ f z(x)=t15t1atze+ Liabirtog — Cislislor + Eyrboglos — Cigloobos + Ciglorlos —
t14t22t24$0)

i) of ch(K)+#2, fi(x)=4f(@)fi(x)+ fo(2)’'#0, where fi(x)=t,tits—
tlbtﬂt%} - t17t20t29 + t20t22t24‘

Then x?zm;——xu(l)mw(l)xm(l)xl,(l)xls(l)ng(l)xlg(l)xm(l). Furthermore a k-
rational point in G(zx) 18 conjugate in G(k) to ome of the following
elements;

Z50 = L1 (1)215(1) 221 (1)217(1)215(1)225(1)16(1)20;0,(1)
5= xu(l)xla(1)“’21(1)3717(1)“?18(1)9729(1)x19(1)x101(1)x1os(77) ’

when ch(K)=2,
252 = 14(1)215(1)%16(1)17(1)215(1)216(1) Zor(— 1)235(7) 210, (1)
25y = £14(1)215(1)216(1)2,7(1)16(1)216(1) 227 — 1)235(T) 2101 (1) @106(7)

when ch(K)=2,
25, = 214(1)@15(1) @17 (1) 22y (1) 215(1) 235(£)016(1)20,0,(1) when ch(K)+2,
s = 014(1)215(1) 2,7 (1) @21 (1) 216(1) 206( 1) 255(1) 16(1) 216, (1) _

when ch(K)=2,
Z5o= 25 Z10s(7) when ch(K)=2.

Z g(24) C B{w,w,w,) B, Z(zw) = Ss X Z(Z.p)! ]ZG(k)(zi), = 6(21 p)g”® (1= 50, 51),
|Zsu(2)]=3(2, )¢ (=52, 53), |Zaw(2.)|=2(2, p)g*(1=54, 55, 56).

PrROOF. By Lemma 8, we get W(x)< {w,w,w,y>. Thus we put P=
B{w,, w,, wy B, R=Ul(a,, a;, ), V=Ul(a, Ay, Q, Q)), V=
Ul(ay, oy, a). Then (P, R, V, V,) gives a structure of Z,(x). Sup-
pose ch(K)#2. Since Zg(x) is connected, the proof is easy. Suppose
Ch(K>=2 By the action of B, x’;’y(a, b):xu(l)mm(l)xrl(l)xm(l)xm(l)wzs(l)
L33(@)X16(1) X101 (1)X105(b) for some a, b€ K. If u=]][x,(u,) stabilizes the set Y=
{y(a, b)|a, be K}, uy(a, b)u=yui+u,+a, ui,+u,,+b). Hence @~ 2 and
Z (%) Zp(25)° is isomorphic to Z,xZ, On the other hand, Z.(z,)N
Bw,w,we) B={0,0,@,, g0,0,04}Z(25,) for some ge B. Therefore, Z(z,)=
S;x Z,. The proof of the rest is easy.
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LEMMA 46’. Let J,=I(a,, Qy5, Qugy Oy, Qig, Qig, Qys) and let x be an
element of U such that I(x)=J,,. Then x?zm:ocl(1)xm(l)xm(l)xn(l)xm(l)

Tp(L)x1s(1).  Furthermore, a k-rational point in G(zy) 18 conjugate in
Gk) to zy or 2e=2,1)%(1)%0e(1)2(1)215(1)216(1) 2 16(7) X10s(1). Zg(z5) C
Bwawp B, Z(2g)=Z,py L(zg)=A1, |Zew(2)|=(2, p)(@*—1)g® (=57, 58).
G'(J7) = G(z42) = G(J7) '—'G(Js), G,(Js) = G(Z44) = G(Js) - {G(Js) U G(Jm)}~

Proor. By Lemma 8, we get W(x)S (ww,>. By the action of B,
w?y(a)zzb,x@(a) for some a€ K. If ch(K)+2, :v?ay(0)=z57 and Z,(z,) is
connected. Suppose ch(K)=2. If u=]] x,(u,) stabilizes the set z,X,,
uy(a)u'=y(ui+u,+a). Hence @~ 2. The last assertion of this lemma

follows from Lemmas 1, 2, 3 and 4.

LEMMA 47. Let J, =1y, Qyn, Oy, Oy, &, Q) and let x=T] x,(t,) be
an element of U such that I(x)=J,, and tt,+t.t,#0. Then X By =
Loo(1) 25 (1) X1 (1)205(1) 2o (D2, (1) 2,0, (1). Furthermore a k-rational point in
G(zy) 18 conjugate in G(k) 10 2y 07 2= Lao(1)2e(1),r(1)205(1)(1)2,(1)2,(7)
100(1). Zg(25) C B{w,) B, (%) =2,y Li(2s59)= A, |Zaun(2)|=(2, p)(@*—1)¢"
(t=59, 60). : ’

Proor. By the action of B, x?y(a)zzwxw(a) for some ac K. If

w=]] x,(u,) stabilizes the set z,,;%,,, then uy(a)u*=yu+u,—2uy+a). On
the other hand, by Lemma 8, we get W(z,)<(w,>. Now the proof is
clear.

LEMMA 48. Let J,=I(at;, Qg Qs Oy, Q) and let x=T1] x,(t,) be an
element of U such that I(x)=J,, and f,(x)fy(x)fi(x)*#0, where fi(x)=
balos— bislasy  [o@) =Talis— Eilis,  fo(®) = —Eigbiglaslaslion + f1() (Erstarbros — Erotarbios +
Crolaotios) + Lugloolioa(biglos—uutos). Then x > Zo1 = 214(1)220(1)201 (1) 225(1)2015(1) 2551 )15(1)

Z:100(1). Furthermore a k-rational point in G(z,) 13 conjugate in G(k) to
one of the following elements; -

Zor = 1(1)220(1)%5; (1)2(1)%15(1) X55(1) X15(1) X102(1)
Ry = 214(1)%15(1)816(1)0,7(1) 216(1) o — 1)035(7) 10 (1) 2105(1)
Loz = L14(1)215(1)216(1)217(1) 215(1)205(1) 235 (L) %16(1) 2105(1)
when ch(K)+#2,
oy = ®14(1)215(1)16(1)217(1)25(1) @25 (1) 220 (1) 255 (7)X16(1)2105(1)
when ch(K)=2 .

Zy(26) T B{w,, W,, Wy, Wy, We, Wio) B, Z(26,)=Ss, | Zgu)(%e)| =69, | Zgy(Ze)| =
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30™, |Zou(2:)|=2¢*(1=63, 64).

G'(J5) =G (25)=G(J,)— {GJ,) UG )},
G'(J,0)=G(2s) = G(Jy) —G(J ).

PrOOF. By Lemma 8, we get W(x)S ({1, w,w,w;, W,WWeW,01, W, WsW,Ws
WelWigry WsW,WWeWsWi01, WsWieWy1}. Thus we put P=B{w,, w, w, w,; W,
W) B, R=V=Ru(P), Vi;=DRu(P)). Then (P, R, V, V,) gives a strue-
ture of Z,(x). Now the proof is easy.

LEMMA 49. Let Jy=I(Qy, Oy, Qp, Oy, Ay, Q;, Q) and let x be an
element of U such that I(x)=J,;. Then x?z65=xm(l)x21(1)x23(1)x23(1)x24(1)
2, (1)x,,(1). Fnrthermore a k-rational point in G(z,) is conjugate m
G(k) to one of the following elements;

Rs = La0(1)%31 (1)%55(1) 3 (1) 220 (1), (1) 211 (1)

Lo = ZesTso(7)) » when ch(K)=2,
2oy = Zesiso(T) when ch(K)=3,
Zos=Zesso( —T) when ch(K)=38 .

Zig(Zgs5) C Bw,wawy) B, Z(245) = Zo,my L(zes)=A,, | Zaw(2:)| = (6, p)(g*—1)g*.

ProOF. By the action of B, x:y(a, b) = 245245(@)x5y(b) for some a, b€ K.

If w=]] x.(u,) stabilizes the set 2z,X,X,, wuy(a, b)u'=yla+ Ur + Uy — 2Uyq,,
b—ui—ui— 33U+ 3u,,—3u,a). Hence @~ 2o By Lemma 8, W(z,) = {w,w,w,>.
Now the proof is easy.

LEMMA 50. Let J,=I(at,, Qwn, O, 0y, Qe Oh) and let =T x(t,) be
an element of U such that I(x)=dJ,, and tygt,+ tot,+0.

1) Suppose ch(K)+2. Then x?zeg=xu(l)xzz(l)xm(l)xu(l)xw(l)x%(l)
Zi2(1).  Furthermore a k-rational point in G(zy) 18 conjugate in G(k)
10 o 07 Zog=20(1)@16(1)24;(1)%15(1)25(1) 219(1) 2 1y (— £)105(1). Z5(Zep) C B{wyswy5p B,
Z(ZBQ)EZZ, L(zeg)szy IZG(k)(zee)lzz(q_l)q%, IZG(k)(zm)l:Z(Q""l)q%‘

2) Suppose ch(K)=2. Then x i3 conjugate to 2e, 07 2;=1x:,(1)%H(1)
095(1) 22 (1)20:6(1)@05(1)2055(1)2102(1). A Ek-rational point in G(zs) is comjugate
i G(k) t0 Zgp 01 Zp=2Zess(N).

Zi(249) C Bwysw ) B, Z(210) =2, L(24)=A,, | Zau(2)| =2(¢° —1)g*(1 =69, 72).
Z2n)C B, Z(z2)=1, |Zgu(21)|=q".

PrOOF. By Lemma 8, we get W(x)S<{w,w,y. By the action of B,
z~y(a, b) = 201, (1)025(1)5(1)%24(1) %5 (@) L 0s(0) 215(1)25(1)2,02(1) for some a, be K.
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If w=]] x,(u,) stabilizes the set Y={y(a, b)la, be K}, uy(a, b)u'=ya +
2u,, b+ Ui+ Uy —uy(a+2u,) —2u,). Hence 2 is conjugate to 2, or z,.
Now the proof is easy.

LEMMA 51l. G'(Jy) = G(2y) = G(J1) — {G(Jy) U G(J)}, G'(J) = G(ze)=
G(le) - G(J14)- ‘

The proof is easy.

LEMMA 52. Let Jiy=I(aty,, O, Qn, 0., O; &) and let x be an
element of U such that I(x)=J,. Then x?zm——:wzo(l)xm(l)x%(l)x%(l)x,(l)

2.u(1). Furthermore a k-rational point in G(z,) is conjugate in Gk)
to one of the following elements;

273 = La0(1)@01 (1) @25(1) 2 (D 2,(1),0, (1)

2o =21%4(7) , when ch(K)=2,
By = Z15ye(T) when ch(K)=3,
s = Z1305( —T) , when ch(K)=3 .

Z(%) CBwawawy, W B, Z(2)=Z 6,1y L(2s)=G | Zaw(2:)|=(6, p)(¢*—1)
(@*—1)g*(2="13, 74, 75, 76).

The proof is similar to that of Lemma 49.

LEMMA 53 Let Ji=I1(0ts, Oy Qgyy Qzgy Csyy Qgsy Qigy) and let x=T] x(¢,)
be an element of U such that I(x)=dJ.

1) Suppose ch(K)=2 and x satisfies the condition fi(x)= lyts—
Costar— Laslo)lios— Loslostios #0. Then > B2 7= Woo(1) %y (1)35(2) @25 (1) 2541205 (1)2105(1)
2105(1).  Furthermore a k-rational point in G(z,) 18 conjugate in G(k) to
one of the following elements;

217 = L30(1) 221 (1)252(1) @25 (1) 2 (1) 05 (1) 2100( 1) 2105(1) |
Zos= 20 104(7)
210 = 30(1)@01 (1)00(1)%05(1)24(1) 25 (1) 2101 (1) 2105(1)2104(T) -

Z6(Z7) © B w,wawsw,o) B, Z(27) =S, | Zg o (%) | =64, | Zawy(210) | =307,
| Z e (%) = 2¢%.

2) Suppose that ch(K)=3 and x satisfies the condition fy(x)=
Si(@)’t +4 ()70, where fi(x)=fi()Eautortios T Laslarbios — Castasbion) + Laolaslastos
Erosbioa T (Barbasbos + Logbostos — Laslastos — barboglay + Easborbas + Easboobao— Tosbaolar — Easbaslon)astion.
Then > 250 = 30(1) 53 (1) 2005 (1) 2 25(1) 224(1) 805 (1)0106(1)104(1) - , Furthermore a

L-rational point in G(zy) is conjugate in Gk) to 2y 07 25 ==~2Lpl—1)
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Z(2e0) CB, Z(24)=Z,, [Zauw(2:)|=2¢* (2=80, 81).
3) Suppose ch(K)+2,8. If x satisfies the condition Ja(®)#0, then
X~ Zgo. Furthermore a k-rational point in G(z,) is conjugate in G(k)

to one of the following elements:;

g = xzo(l)xn(l)xzz(l)xza(l)xn(1)x25(1)x102(1)x104( -3),
Ze = 20%10,(8—30) ,
o= xzo(l)le(l)xzz(l)xza(l)xﬂ(l)wzs(l)xm(l)xms( —1/3)x,0,(7) .

Zs(z,)C B CWsw,Wew,o) B, Z(2g) =S, [Zg (%42)| =649, | Zwy(Zes)| = 3¢,
IZG(k)(zea)l =2g%.

PROOF. By Lemma 8, we get W(x)S (waw,w,w,.>. Suppose ch(K)=2.
By the action of B, x~y(a) Zn%i(a) for some ae K. If u=]] x,(u,)
stabilizes the set z,%,,, uy(a)u“~y(u2+u2+a) Hence &~ 2. Thus we
put P=B{w,, w,, w;, W5, We, W,y B, R=V=Ru(P), V,= D(Ru(P)) Then (P, R,
V, V) gives a structure of Zy(z,;). Suppose ch(K)=3. By the action of B,
T ~Z. By calculations, Z;(z,)CB. Suppose ch(K )#2, 3. By the action of
B, x’c‘“zn- Let y(a, b, 6)=2720(1):1121(1)%22(1)2323(1)&724(1)%%(1)%101(l)xmg(a)wms(b)xl“(C)
and let Y={y(a, b, ¢)la, b, ce K}. If u=T] x,(u,) stabilizes the set Y, then
wy(a, b, du'=y(a+u, b+2u,a+ui c+3uia+ui+3ub). Now the proof is
easy.

LEMMA 54. Let Ju=I1(qs, s, sy Ay A, Q) and let z=]] x(t;) be
an element of U such that I(x)=J,. Furthermore we assume that x
satisfies the following conditions;

i) if ch(K)=2, J1(®) = Lagloy— Eogtos — tostss 0,

i) if ch(K)#2, f(x)=4(touls— tabs)tote+ fi()2 0.
Then x?za,,:xa(l)xzs(l)x%(l)w24(1)x25(1)x30(1)x102(1). Furthermonre a k-rational
point in G(zg) is conjugate in G(k) to one of the following elements;

s = X5(1)225(1)@25(1)%54(1)20(1) 250 (1)2165(1)
oo = ZgsT30(7)) when ch(K)=2,
R =2Zgs(L—1) , when ch(K)+#2 .

Zo(2s) C Bw) B, Z(2w)=2,, L(zs)=A,, | Zgu(2:)|=2(¢"—1)q* (i =85, 86, 87).

The proof is easy.

LEMMA 55. G'(Ji)=G(2e)=G(J1) —{G(J;) UG(J)}.  If ch(K)+#2,
G’(JM) = G(zas) = G(Ju) - {G(Jm) U G(Jl’l)}
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Proor. Let y=]] «,(u,) be an element of U such that I(y)=.J,, and
UpoWos+ UnU;=0. Then y is conjugate to an element of G(J,,). Now the
lemma follows from Lemmas 1, 2 and 5.

LEMMA 56. Let Jy=I(Qw, Oy, Qs Oy, Oy iy Q) and let x be an _
element of U such that I(x)=J,,.

1) Suppose ch(K)=3. Then x’g’zsa:xzo(l)wzx(l)xzs(l)xzs(l)xu(l)xw(l)
L105(1).  Ze(2) C Bw,wswsw,,) B, Z(2) =1, L(zs)=Ai, |Zgu (%) =(g*—1)q*.

2) Suppose ch(K)=8. Then x is conjugate to z, or Zao=Zgs®i(1).
Z(Zgs) C BLw,wswwio) B, Z(24)= C B, Z(2s) = Z(259) =1, L(2e5) = A, | Zg)(25)| =
(@ —1)g%, |Zgu\(2e)|=q".

Proor. By the action of B, :vfcvy(a, 0) = 250(1) 25, (1) 205(1) L5 (1) 2, (1) ()

20(0)®15(1)2:05(1) for some a, be K. If u=]] x,(u,) stabilizes the set Y=
{y(a, b)la, be K}, uy(e, byu'=y(a—38u, b—2u,a+3(us+u,u,)). From this
facts, we get the lemma.

LEMMA 57. Let Jo=I(0ty, ®y, Ay, Quw, Ay, ) and let x=]] x,(t,) be
an element of U such that I(x)=J,, and toptyy+tuti,#0. Then & ~ 2o =

Loo(1) 221 (1)206(1) o5 (1) 2, (1) 2101 (1)X10x(1).  Furthermore a k-rational point in
G(zy) 18 conjugate to one of the following elements;

o0 = La0(1) @51 (1)5(1) 25 (1) 251 (1) @10 (1) 105(1)
o1 = %30(1) @01 (1) (1 )25 (1) 224 (1) @5( 1) 0 (1) 26 (1) X105(1)

when ch(K)=2,
Zop = L0(1) @01 (1)205(1) @03 (1) 234(1) B (1) 256(L)2102(1) when ch(K)+#2 .

Zs(240) C B{w,wswiw,) B, Z(%y0) = 2., L(zy)=T,, | Za o) (200)| = 2(q —1)q*,
| Zgu ()| =2(q +1)g*(3s= 91, 92).

PrROOF. By Lemma 8, we get W(x)= (w,w.,waw,>. Thus we put P=
B<w23 wS; wb) W7>B, RZRH(P), V: U(I(alu azsy als: alOJ)), V1: U(I(az'n a32,
Qg, Q). Then (P, R, V, V) gives a structure of Z,(x). Now the proof
is easy.

LEMMA 58. Let Jy=Ia, Qp Qn 0, Q4 o0, and let x be an
element of U such that I(x)=J,. Then xfcvz%=x1(1)x23(1)m29(1)x30(1)w31(1)

Ci(1).  Furthermore a k-rational point in G(zy) is conjugate in G(k) to
Rz  OT o= 2a%:5(7)). Zg(%e3) CB{w,we, Wiy B,  Z(2y5) = Loy L(2e5) =By,
| Zaw (2] = (2, p)(@*~1)(g*—1)g* (1=93, 94).

PrOOF. By Lemma 8, we get W(x)= (w,w, w,>. Thus we put P=



428 KENZO MIZUNO

B{w,, ws, we) B, R=Ru(P), V=U(l(a,, sy Qgyy L1y Qygy)), V= U(l(ts, atsg, Ayp)).
Then (P, R, V, V,) gives a structure of Z;(x). On the other hand, by
the action of B, we get w?zgaw,,s(a)=y(a). If u=T] «,(u,) stabilizes the

set zyXy, uy(a)u'=y(ui+u,+a) in the case ch(K)=2. Now the proof is
easy.

LemMMA 59. If ch(K)=2, then the Zariski closure G(zy)=G(2q)U
G UGIn) and G'(Ji)=G(2,)=G(J)—{G(J,,) UG} If ch(K)+2,
then G'(J )= G(2g) = G(J,) — (G UG} G'(Jy)= G(2g)=G(J ) — {G(Jp) U
G(J2)}.

PROOF. By calculations, we get B(ze)={y=IT ()| I(y)SJ., fy)=0},
where f1 (y)=(u%u29+u24u80+u23u31+u29u85)u103+u102(u19u28+u22u25)' Let y be
an element of B(ze,)—B(2y). If I(y)=J,, then i, +ugu,=0. Hence y
is in G(Jy). By calculations, we get the following results;

if u,=0, vy isin G(Jy) ,

if u,=0, y isin G(Jy,

if up=0, y isin G, A, Qg Oy Qb (),
if %,=9, y isin GI(aw, ay, ay, Ay o a)),
if u,=0, then y is in G(Jy) ,

if %,=0, y isin G, Qun, Ay, A, dy, Ay,)) .

Therefore we get G(z4) < G(2:) U G(J,o) U G(J,). The opposite inclusion is
obvious. The proof of the rest is easy.

LEMMA 60. Let J,,=1I(Qw, Os, Oy, Oy, Oy, Q) and let x=T] xz,(t,) be
an element of U such that tufities~+ talostion—tutstis#0. Then X Zgg =

La0(1) 221 (1)205(1)226(1)20s(1) X3, (1)%105(1).  Furthermore a k-rational point in
G(z.:s) 18 comjugate to one of the following elements;

Zos = L20(1) 221 (1)%05(1) X 20(1)205(1) 25, (1) 105(1)
Zoo = 01221 (1)225(1)%25(1)24(1)05(1) 236(E)210(1) when ch(K)+2,
Zor = L20(1) 221 (1)205(1) 225 (1)254(1) @25 (1 )30 ( 1) X36(7) X 104(1)

when ch(K)=2 .

Zo(245) C B{w,wswsw,)y B, Z(205) = Z,, L(zy)=T,, | Zauy(%es) |=2(q—1)g™,
|Zawr(2)] =2(q+1)g* (=96, 97).

ProoF. By Lemma 8, we get W(x)= (w,w,w;w,>. Thus we put P=
B{w,, w,, wy, wyy B, R=Ruw(P), V=U((a,,, sy Oy, Qyyg)), Vi=U(l(Qs, ay,,
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. g, yy)). Then (P, R, V, V,) gives a structure of Z,(x). Now the proof
is easy.

LEMMA 61. Let Jy,=I(ay, Oy, Qu, iy, ) and let =TI x,(t,) be an
element of U such that I(x)=J, and tut,,+totn#0. Then ¥~ 2o =

Lao(1) 25, (1)2o(L) 25, (1) 210, (1)X105(1).  Furthermore a k-rational point in G(zy)
18 conjugate in G(k) to one of the following elements;

Zag = L20(1)251(1)5(1 )01 (1) 2101 (1)2102(1) v
2= L20(1)251 (1)%5(1)224(1)X25(1)256(E) X102(1) 5 when ch(K)+2,
2100 = B0(1) 230 (1) @25(1)50(1) 2005 (1) 250 (1) X36(7)%102(1) ,  when ch(K)=2.

Zig(245) C BWwswswr, W B, Z(205) = Z,, L(20s) = As, | Zau (%) = 2(° —1)(¢° — 1)g*,
|Zgw (2l +2(¢* —1)(*+1)g*(:=99, 100).

The proof is similar to that of Lemma 60.

LEMMA 62. Let Jyu=1I(Qy, Qz, Qg Oy, Oz, sy, Qi) and let € be an
element of U such that I(x)=.J,,.

1) Suppose ch(K)=+2. Then w’;-‘zmx:x26(1)w28(1)x27(l)xzo(l)xso(]-)xm(l)
Z,:(1). Furthermore a k-rational point in G(z,,) 8 conjugate in Gk)
10 21 OF Z10,=2,:%105(20) 0100 (L) ®soe{ — 1)  Z(2101) T BWooWi W) B,  Z(2,01) = Z,,
L(z,:)) =T, |Zgu)(2:01)] =200 —1)q%, |Zg)(2100)| =2(q +1)q".

2) Suppose ch(K)=2. Then x 18 conjugatc to 2,; 01 2=~ X10s(1).
Furthermore a k-rational point in G(z,) 18 conjugate in G(k) to z,, or
2106 = 210%102(N).  Z(R101) T BLWooWioWia) By, Z(2100) C B, Z(2,1) =2,y Z(20)=1,
L(z:0)= A1, |Zguwy (2100 =2(¢° —1)¢%, |Zsu(200)] =2(0°—1)%, |Zgu(2100)| =G>

Proor. By Lemma 8, W(x)Z {w,w,w;;). Thus we put P=B{w,;, w,,
Wy, Wy, We, Wy B, R=Ru(P), V=Ru(P), V,;=DRu(P)). Then (P, R, V, V)
gives a structure of Z,(z,,). On the other hand, by the action of B,
x?y(a, b) =2,u%105(@)%,2,(0) for some a, be K. If u=]] x,(u,) stabilizes the
set ziXi¥in, wY(a, Du=yla, uy+uy+uiia+una+una+b) in the case
ch(K)=2. Now the proof is easy. '

LEMMA 63. G’(Jm) = G(zso) = G(Jm) - G(Jzz)r G(JIB) = G(zse) U G(zss) U G(Jm)»
G’(Jus) = G(zn) = G(Jus) - G(Jzz): G'(Jzo) = G(zgs) = G(Jzo) - G(Jza) ’ G'(le) = G(z%) =
G(Jm) - G(st)o

PrOOF. This lemma is derived from the following two results; -
1) (@, Gy, Qi Qg Qg Queg)~ds,
i) (ot 0, O, O, Qo Qyyy Qo) ~ s
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LEMMA 64. Let Ju=I(0w, Oy, Qu, Oy, 0, O, ) and let x be
an element of U such that I(x)=J,. Then x?zmb=xzo(l)xm(l):vza(l)x%(l)
%3 (1),05(1). Z(%105) C BW,ww Wy, B, Z4(205) =1, L(2,5) = A, 'ZG(k)(zms)l':
(@*—1)g*. ’

The proof is easy.

LEMMA 65. Let Jyu=I(Qx, ty, Ay, Qs, Ay, Qi) and let x=T] x,(t,) be
an element of U such that I(x)=4J; and [i(x)=(Cwts— tsls— Lstse)tarles—
(Baotas — Caslos)(Baslsy — Costss) # 0.  Then « Y 108 = Las(1)227(1)220(1)250(1) 25, (1)56(1)
Z(1). Furthermore a k-rational point in G(z,,) is conjugate to z,, o0r
Zir=2106%(E—1).  Zs(2100) CBW) B, Z(200)=Z 5,51y, L(Z106)=A,, | Zguw(2:)| =
2, p—1)(¢*—1)¢*(: =106, 107).

The proof is easy.

LEMMA 66. Let Jyu=I(Qw, Qs @, O, ay,) and let x=1] z,(t,) be an
element of U such that I(x)=dJ; and t,gty—tt,#0. Then x?zm=x28(1)

Loo(1)X35(1)X51 (1254 (1)X,0,(1).  Furthermore a k-rational point in G(z.s) 8
conjugate in G(k) to one of the following elements;

2108 = La5(1)%09(1)%35(1) 05 (1) 25 (1) 250, (1),

Z100 = La6(1)%05(1)%29(1) 25 (L) X5, (1254 (1) 0, (1) when ch(K)+2,
Z110=2106%12:(7) when ch(K)=2,
2111 = La6( 1) (1) 220 (1) X35 (1)X35(7) 21 (1) 26, (1)1, (1) when ch(K)=2,
Z12= zu1x121(77) ’ when Ch(K) =2.

Z(%105) CB{wwe, Wy B, Z(2y) = Z; X Z3,p), L(2,05) = 24,, | Zaw(2)] = 22, p)
(@*—1)¢*(¢ =108, 110) |Zg,)(2.)|=2(2, p)(¢*—1)¢*(¢=109, 111, 112).

PrRoOOF. By the action of B, xr;y(a):zmsxm(a) for some ac K. If
u=]] ®,(u;) stabilizes the set 2z,,%.;;, then uy(a)u'=y(a—ul— U+ 2u,y).
Hence & ~Zyos: Thus we put P=B{w,, ws;, wey B, R=Ul(a,, a5, @;, atyy,)),
V=Ul(ay, 0y, Oy, ), Vi=Ul(A, ay, ). Then (P, R, V, V), gives
a structure of Z;(z,,). Now the proof is clear.

LEMMA 67. Let Jy=I(y, Q,, Qy, 0, Qi, &, and let x be an
element of U such that I(x)=J,. Then xac.zm=w20(1)xm(l)xzo(l):cm(l)w&(l)

Z5(1).  Furthermore a k-rational point in G(z,,) 18 conjugate in G(k) to
243 OT z114=z113x49(1)w119(77)- Za(zua)CB<w2w3w5w102, Wy B, Z(zlls)zfz(z,p):
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A+T, if ch(K)=2,
24, if ch(K)#2.

(¢*—1)*¢* of ch(K)+#2,
2(¢—1)(¢*—1)¢* if ch(K)=2.

Zsw(#us) =2(¢ +1)(¢°— Dg® if eh(K)=2.

L(zns) = {

ZG(k)(zna) = {

ProoF. By Lemma 8, we get W(x)S (w,wsWsWso, Wysy. If ¢h(K )#£2,
the proof is easy. Thus we assume ch(K)=2. By the action of B,
xfcvy(a, b) = 2,,:®.(@)2120(b) for some a, be K. If uw=]] x,(u,) stabilizes the
set 2,5%,0%.10, uy(a, b)u'=y(a, b+u,+ula). From this fact, we get the
lemma.

LeEmMMA 68. G'(Jy) = G(2g) = G(J3) — G(Jw), G'(Ju) = G(2105) = G(Jo) —
G(J2), G'(J25) =G(2400) = G(J o) —{G(J3) U G(J)}, G(J05) = G(2101) UG(2105) U G(J)U
G(J ).

If ch(K)=38, the Zariski closure G(zs)=G(s) UG(J],,).

PROOF. By calculations, we get B(zy,) S {x=I] .(t.)] fi(x)=0, fi(x)=0},
where fi(x) = (Lylots — Larbosbso + Corbostsy + Laslastas — Easlostor)lios 1 Eaolastastion, Sa(a)=
(tzotmtma - t24t37t103 - tzztsstma - tzotutmr + tzotzatme)tzzt% - t21t22t24t41t103 + ( - tzats1 =+ tsﬂu +
tzstzs)(tzztsz - tmtzs) tms - t21t24t28t36t103 - (t31t21 - tzstze)tutaatms - t20t24t25t35t104 - (taotu - tsxtzs)
tzotzztms - (taetutzxtms - t29t31t21t103)tzs - (tzetms - t20t104)t25t28t29 + (t21t31t29 + tzztzatas)tzetms =+
(Bastar — Laolos)laotostios- Let ye E-(2—535 — B(zg). Suppose  u,;; =0. Then
UpoWogUosUios = 0 ANA  Ug((— UnsWsor + U Woyop) U Uy + U UosWssWyos + UggUyos(UnsUgo —
Uogy Urg) — Uoog(Uogs Wpg Uy + WUy Uy + UngUsoUio)) =0. If uy,=0, y is in G(J,). If
Uy =0y (Uoglhioq + UnyUsos) (UniUsy — U Use) =0.  Hence y is in G(J). If w,,=0,
y is in G(Jy). By similar way, we get B(z4)SB(2e)UG(Jy). The op-
posite inclusion is obvious. The rest of the lemma follows from Lemmas
1-6.

LEMMA 69. Let Jy=I(qy, a5, Qy, O, Qo 0) and let © be an ele-
ment of U such that I(x)=J,. Then x?zm:m32(1)9033(1)xm(l)xao(1)x31(1)w101(1).

Furthermore a k-rational point in G(z,) is conjugate in Gk) to 2,5 or
216 =211sT1:().  Z(21y5) C B{wws, w,;) B, Z(2015) = Z 5, pyy Li(2,15) =2A,, | Zouy(2:)| =
(2, p)(¢°—1)’¢*(i=115, 116).

The proof is easy.

LEMMA 70. Let Jy=1I(a,, @ an, o) and let =] z,t,) be an
element of U such that I(x)=Jy, fi(@)fi(@)fix)#0, where fi(x)="—typts— tuts,
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f 2(37) = (tmtsa - t32t33)t30 - fl(m)tu and fs(x) = (tzetu - t32t39)t29t30t105 + taotaztss(taetms_
Liorbso) — Casbaobastastion + Lasbootaotsstror — Pasbasburtootios — Eastasbss(Paobios — taobior). Further-
more we assume that x satisfies the following conditions;

i) if ch(K)=2, fi(z)+0,

il) if ch(K)+#2, fi(x)+0,
where f(x) =1tstios(tiortss— Lastios) (Eastiz— tostsr) — Ss(2)E106 1 Lsobrostro0((Lazlss — Laalae)lst+
Castaslss) + Eaabasbsobios(Barbros + Esobine — Eaabin) — Lasbactios(Baotastine + Earbastios + Lasbsrbion) —
(Lsot 108 — Lot o) (Baobas — Lasse)bagbios + (Basbas — Eaolan)baction)s J5(®) = 4 fo(0)fo()t10s — [,
Jo(®) =taglasbao(Eaotrosting — Eaotrosbins + Lastrnntios) + Laabaotastion(Eaotros — Lasbios) + Laobsobsabartios
L100+ Eaotaobsr(Bsobiortios — Esbroabior 1 Laobrostros) + Laotostuoa(aetsctios — Eaobastios— Esbartios) +E2e
t:<x4taxst.°,at1oe2 + tzetzntutme(taotma - tutme) - t26t29t30t47t105t106'
Then = Y 2117 = Dag(1)%20(1) 55 (1)L56(1) X30(1) 00 (1) X7 (1)2105(1).  Zg(2110) © BLwy, Wy

Wy, Wy Wy Wiy, Wiy B, Z(2117)=S;s, ZG(2117)°CU, dim Z4(z,,;) =40.
PrROOF. Lemma 8, we get W(x)= X, where

1, wew,, W, Wy, WW W, W, WWW W, WisW W, Wi0;WsWysy WionWeWsWys
W10 WrWWeWyyy Wl 100W 1 WeWsy W10, WeWW 1 W, WWy

WrW 10 WeWoWsW, Wigy W10 WrWeWsW, W WsW, W4y WelWrW 10 WoW1W, W5

W11 W1sWWoWiy WisW 101 W10WeWs, W10eW W15y Wi0aW1Wys 5

W1aW102W10Wa0y Wi0eWeW1sW W10y WeW102W (oW W15, Wi02WeW1sW, W,
WeW102W W W;5, WrW 10,W1isW10Wa0, W1sW 10y W W 10Wo0 »

W W10 W1sWW W3W;y W13W101W W WW Wy WigsWi0Wa0y WiosWWo o

Wy W, 05W1 0 Waoy WrWi0sWoWs, Wi W103WW Ws, WeW,03WsW, W, .

Thus we put P=B{w, w, w;, W, Ws W; W B, R=Ru(P), V=Ru(P),
V,=D(Ru(P)). Then (P, R, V, V,) gives a structure of Z,;(z,,;). On the
other hand, by the action of B, @~ Zurr- Thus we compute the order of

Zpa(%: V). That is 120. On the other hand, Z;.(z,,V,) contains the
group L generated by g, 9., 7;, 9, Here

9= hy(—1)hy(— Dl — 1)25(1)2,,( — 1)%o0( — )10 (1)
9:= ho( — 1)@s(1)2,( — 1)@y01 (L), — Do(— 1) ,
@1,@3@,0,0,(1)26(1)5(1) 214 — 1)210:(1)

9:=ha(— 1)z (— D)2e( — D)2, (— 1)2_,(1)2_4(1) ,
9:=hy(—1D)h(— Dhs(— DD (1)z-o( — D)2, (—1) .

Since L is isomorphic to S;, we get the lemma.
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LEMMA 71. G'(Js) = G(2ys) = G(J ) — {G(J) UG}, G'(Jy) = G(2y5)=
G(J27) - G(Jze)-
If eh(K)=2, then G(z,,)=G(2.,)UG(Jy%)UG(Jy).

ProoF. By calculations, we get G(z,,) ={y =11 :(w,)| () & J,., fy)=0},
where  f(y) = UsUy00 (UnpUsy + UagUss)” + UogUogUsgsUnor (UgsUgs + UogUgs) = UosUogUgsUyor”
(U Ugy + UogUs,) + U U UngUrggUagUsgr” + UorWogUogUor (Uoalhyy + UggUog + UgyUgr) + UggUngUsg
Uy’. Let y be an element of G(2,,) —G(210). Then Ualo,UoglogUs,Ws,Usg =0.
Suppose  u,=0. Then  vas2,00((UogUss + UnoUss) (UgUgy + UaUg) ~+ U Uog(UgoUog +
Uy Ugr)) =0. If uyu,,=0, then y is in G(J,,). If u,u,,#0, ¥ is conjugate
to an element of U(L(aty, @, Az, sy, Ay, @yy)). Henee y is in G(Jy). Sup-
pose u,,=0. .Then wu,u,u,;=0. Hence y is in G(J,). Suppose u,=0.
Then wgUyo(Uopls, + Ussthss) =0.  Furthermore, if wu,,=0, y is in G(J,). If
UngUgs + UnUss =0, Y i8 in G(J5). Suppose u,=0. Then Uy hsg(Usglyes - UssUses) =
0. Hence y is in G(Jy). Suppose u;,=0. Then u,ou(UoUogthoo(Ueslhy - Uoglhsy +
Uy Usy) + WogWoog s UoogUons + UggUagUgy(UneUgs + UnoUss)) =0.  If %1, 520, y is in G(Jy).
Suppose %xu;,=0. Then y is in G(J,). Hence G(2) <G (210,) UG U
G(J;). The opposite inclusion is clear. The rest of the proof is easy.

LEMMA 72. Let Jy=1I(0y, @5, Qs Qs Q) and let x=T] z,(t,) be an
element of U such that I(x)=dJ; and t,t,+ty,te#0. Furthermore sup-
pose that x satisfies the conditions;

1) 2f ch(K)=2, fi(x)+0,

i) if ch(K)+#2, fi(x)+#0,
where fy(%) = (Esstror— Carbios + Eaotros)Eor + Cs3(Cartios— Lagbios) So(@) =4((E20t110— Lasbion)lar—
(Bastao— tastse)Eror)Caslaslios — fa®)®. Then =z o 2115 L35 (1) 257 (1)X20(1) 205, (1)254(1)105(1)
20:(1). A k-rational point in G(z,,) is conjugate in G(k) to one of the
follgwing elements;

2118 = a3(1)%47 (1) 226(1) 2051 (1) 254 (1) 105 (1) 2010,(1)

%110 = Z116%1:0(7) when ch(K)=2,
2120 = L2(1) 57 (1)@2(1) 25, (1) 25, (1) X105(1)21,6() when ch(K)+#2,
R0 = Rar(1)Z27(1) 23, (1) 226 (1) 230 (1) 105(1) @106( — 1)110(T) - .

Z(#115) C B{wsg, W,wsW,g0) B, Z(2,5) = Ssy L(2ys) = Ayy | Zgw(7us)] = 6(q° — 1)g*,
IZG(k)(zi)l =2(¢°—1)¢* (+=119, 120), | Zaw) (22)| =3(* —1)g*.

PROOF. By Lemma 8, we get W(x)< (w,, w,ww,,>. Thus we put
P=B{w,, w,, w, W, Wy, Wi B, R=Ru(P), V=U(Qyy, Q)), V,=U(a)).
Then (P, R, V, V,) gives a structure of Z,(x). By the action of B, we
get X ~Zyys- Now the proof is easy.
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LEMMA 73. Let Jy=I(yn, O, Qs Ay, Q) and let x=T] z,(t,) be an
element of U such that I(x)=dJ;, and (tsutiee+ tstis)Tsstios—tatir) 70. Then
m’:zm:xaz(l)xu(l)xz?(l)xss(l)xm(l)msa(l)xwa(l)- A Ek-rational point in G(2..)
18 conjugate im G(k) to one of the following elements;

2190 = Lap(1)%57(1) 227 (1)5(1) 2 40 (1)36(1) X105(1)
Zy3= ms7(1)3733(1)x4o(1)xso(1)xm(1‘)5”105(1)37107(1)97109(77) , When ch(K)=2,
2104 = La7(1)%55(1)%40(1) 230(1) 23 (1)2105(1) 100 () when ch(K)+2 .

Z(#192) C B{WaW1oWe, WWsWi01) By, Z(210) = Z,, L(2,00)=A,, |Zeuw ()] =2(a°—1)g*
(r=122, 123, 124).

PrOOF. By Lemma 8, we get W(x)C {w,w;w,,, w,w,we. By the ac-
tion of B, we get T~ Zaae. Thus we put P=B{w,, w,;, w, Ws, W,y B, R=

Ru(P), V=UI(ay, 0y, Qu)), V1=U(I(a34, g, ;). Then (P, R, V, V)
gives a structure of Zy(z,,,). Now the proof is easy.

LEMMA T4. Let Jyp=I(tw, O3, Qz, Oy, Q) and let =TI x,(t;) be an
element of U such that I(x)=dJ, and (tyts— talin)lo—talustin#0. Then
X "c\' z125 = xsz(l)xgg(l)xal(l)x34(1)xloe(l)xlos(l) . A k'rational pO’i’nt in G(z125) ?:8
conjugate im G(k) to one of the following elements;

2105 = Lap(1) 25(1) 25, (1) 25, (1)@ 106(1) 2 106(1) ,
2126 = La6(1) T5(1)%9(1) 25(8) 54 (1) X107 (1) 2106(1) when ch(K)+#2,
2127 = Lo5(1) X26(1) 00 (1) X55(1) X35 (7) 254 (1) X 106(1)1r(1) ,  when ch(K)=2.

Zg(%125) C B<W W WeWyo1, W) B, Z(2105) = Z,, L(z,5) =2A,, |Zgu(2:2)|=2(¢°—1)’¢*
and |Zguw(z)|=2(q*—1)¢*(: =126, 127).

LEMMA 75. Let Jyu=I(g, O, O, O, ) and let x be an element
of U such that I(x)=dJ,. Then x»cvzm=xso(l)xal(l)waz(l)wsa(l)xm(l). A
k-rational point in G(z,s) 18 conjugate in G(k) to 25 07 2= 215%10: (7).
Z6(2135) C B{w we, Wy, Wiy B, Z(%120) = Z 13,1y Li(R120) = By, |Zguy(2)|=(2, p)(@®—1)
(¢*—1)(@°—1)g*(: =128, 129).

Proor. By the action of B, x?y(a)=z128xm(a) for some ac K. If

u=]] x,(¢,) stabilizes the set z,%,,, then uy(a)u—'=y(a+uy,+u:) in the
case ch(K)=2. By Lemma 8, we get W(x)< (w,w,, ws, w;»>. Thus we put
P=B{w,, ws, w,, w,, w5y B, R=Ru(P), V=Ru(P), V,;=DRu(P)). Then (P,
R, V, V) gives a structure of Z,(2,). Now the proof is easy.

LEMMA 76. G'(Jy) = G(2y5) — {G(J0) UG s)}, G'(Jo) = G(211r) = G(J30) —
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G(Jy), G'(J3) = G(2116) =G (S ) — {G(Js) U G(Jaz)}
The proof is easy.

LEMMA 77. Let Jyu=I(tg, Qs Oy Qy, O, Q) and let x=T] x(t,) be
an element of U such that I(x)=J,, and tutys—tut,#0. Then ¥~ Zip=

La7(1)%35 (1) 10(1) 23(1) 256( 1) 2, (1) 2105(1). Z(2,50) C B{w,w,,w;) B, Z(25) =1,
L(zwo) =A,, [ZG(k)(zlso)l =(¢*— 1)‘144'
The proof is easy.

LEMMA 78. Let Jyu=I(0w, Q. Qn, O, Qe Q) and let z be an
element of U such that I(x)=J,. Then x?zm=wzﬁ(l)xm(l)xm(l)%(l)xme(l)
Zy07(1). Za(z131)CB<w2ws'we, W B, Z(z)=1, L(z,,)=2A,, IZG(k)(zml)I:
(q2_1)2q42.

The proof is easy.

LEMMA 79. Let Jyu=I(ay, i, Q4 ) and let x=T[ x,(t,) be an
element of U such that I(x)=J, and (tsutis+ tatos)Esstios— Lartior) <0. Then
x?zm:xsz(1)x27(1)x37(l)xss(l)xae(l)ww,,(l). A Kk-rational point in G(z,,) 8
conjugate in G(k) to one of the following elements;

2150 = Lao(1)%r(1) 27 (1) 5 (1) @36 (1)%105(1)
2158 = Lar(1)a5(1)230(1) 25, (1) X105(1) 2107 (1)X106(7) when ch(K)=2,
2134 = La7(1)255(1) @50 (1) @51 (1)105(1)2106(C) when ch(K)+2 .

Z(%132) C BW,WWy1, Wy We, Wy B, Z(2150) = 2y, L(z,) = Gy, | Zgy(2:)|=
2(¢°—1)(¢°*—1)g*(v =132, 133, 134).

The proof is similar to that of Lemma 73.

LemmA 80. G'(Jsz) = G(zus) = G(Jsz) - {G(Ju) U G(J:m)}: G’(JBI) = G(zm) =
G(Jm) - {G(J34> U G(Js5) U G(Jae)}, G'(Jaa) = G(zms) = G(Jas) — G(Jae)-

The proof is easy.

LEMMA 81. Let Jy=I(Qs, « Q4 O0h Q4 O and let x© be an
element of U such that I(x)=.JJ;.

1) Suppose ch(K)#2. Then & ~ 2135 = L7 (1)5(1)@10(1)F00( 1) (1)0104(1). A
k-rational point in G(z,) 18 conjugate to Zyus 07 2= Lar(1)Zss(1)240(1)xs0(1)
Cu(1)25(0)2105(1).  Za(2155) C BLWsWoy Wy Was, Wy W W) B, Z(2105) = Z,, Li(2:55) = A,,
| Z e (Z155)| = 2(@° — 1@ —1)q*, | Zgu)(2130)| =2(¢* —1)(¢* +1)g*.

2) Suppose ch(K)=2. Then x 18 conjugate 10 2,5 01 Zi5m=~=2T1s(1).
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A k-rational point in G(2.) i8 conjugate in G(k) t0 2y 01 Z,55=2,35%100(7).
Z(2155) C B{WsWa, Wy Was, W W W3y By Z(2,35) = Zgy L(2155) = Goy Zo(%157) C B{Wsws) B,
Z(zs)=1, L(z1)=A,, |Zsw(2)|=2(q"—1)(¢°—1)g*(: =135, 138), |Zs)(2:s)| =
(°—1)g*.

ProOF. By Lemma 8, we get W(x)< {wyws, Wo Wy, w,w,w,,). By the
action of B, z?y(a, b, ¢, d) =2,35%105(@)%106(b)X105(C) % 14o(d) fOT SOME @1, b, ¢, d € K.
Suppose ch(K)+#2. Then L~ Ly Suppose ch(K)=2. By the action of

B{w,w,yB, we may assume a=0. Furthermore, by the action of
B{w,w,w,;) B we may assume a=b=0.- Thus we put y(c, d)=y(0, 0, ¢, d).
If w=TI «;(u;) stabilizes the set 2z,,%,%.,, then uy(c, d)=vy(c, d+ Unu, .+
UgsUoC® + Uo C* + UpsC + U2 + Uy,). Hence x is conjugate to z,,, or z,,,. Let
P=B{w,, w;, w,, W5, We, w;) B, R=V=Ru(P), V;=DRu(P)). Then (P, R,V,
V,) gives a structure of Z;(z,;;). Now the proof is easy.

LEMMA 82. Let Jyu=I(y, Ay, Ay, gy Gy s, Oher) and let x be an
element of U such that I(x)=dJy. Then w?zwg:w37(1)w38(1)x40(1)x34(1)x36(1)

Zioe(1)Z10;(1).  Z(2120) C B<'w2wsw12w101> B, Z(z)=1, L(zy)=A,, |Zgu\(2s)|=
(@*—1)g*.
The proof is easy.

LEMMA 83. Let Jyu=I(ay, &, Ay, Ay, Q) and let x be an element
of U such that I(x)=Jy,. Then x’: 2150 = Lao(1) 22, (1) 25 (1)2106(1)X10(1) . Z(2140) C
B<wzwsw5, Wy, w7> B’ Z(zuo) = 19 L(zuo) = A1 + Gzy lZG(k)(zuo)l = (qz — 1)(‘16"" 1)‘142-

The proof is easy.

. LEMMA 84. Let J,o=I(as, s, Oy, O, ) and let =11 x(t,) be an
element of U such that I(x)=J, and t,ts;—1t;t,+#0. Then :v»cvzmzxa,(l)

x42(1)x43(1)m44(1)x45(1)x103(1). Z(2141) CB<w2, w8w19> B, Z(z,)=1, L(z,,) = 24,,
IZG(k)(le)I = (qz__ 1)2q48-
The proof is easy.

LEMMA 85. G'(J34) = G(zlso) = G(J34) - {G(J:w) U G(Jas)}; G’(Jaa) = G(Zm) =
G(J35) - {G(Jsé) U G(Jso)}; G’(Jse) = G(zm) = G(Jae) - {G(Jss) U G(Jm)} .

The proof is easy.

LEMMA 86. Let J,=1I(0, O, Oy Ay Oy, Qyog, Qi) and let x be an ele-
ment of U such that I(x)=J,.. Then x?zm=x37(1)xas(l)xsg(l)xw(l)xu(l)xms(l),
Zy00(1). Za(zx42>CB<w1w4w17w1oz>B; Z(215) =1, L(z,,)=A,, {ZG(k)(zuz)l =(¢*—1)q".
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The proof is easy.

LEMMA 87. Let J,=I(0, Oy, Qu 04 Qs Q) and let x be an
element of U such that I(x)=J,. Then x?zus=xaa(l)ww(1):839(1):041(1)90108(1)
Zioo(1).  Ze(2145) C BLWyr, WW,WW,o0) B, Z(2,5) =1, L(z5) =24, | Zgu(2us)|=
(@°—1)*¢®

The proof is easy.

LEMMA 88. Let J,= I(aw Qg Oy Q) and let x=T] x(t,) be an
element of U such that I(x)=J, and tgt,—tuts+0. Then x:zW,:xﬂ(l)

(D2 (Dee(Da,n(l). A k-rational point in G(z.,) is conjugate in G(k)
to one of the following elements;

Z1a = Tio(1)®45(1)215(1)®102(1) o
Z1as = L4o(1)215(1) 21 (1) 2 1(1)%5,(7) 2 1(1)X102(1) when ch(K)=2,
R L4o(1) %5 (1)2 4 (1) 25 (8) 2 10(1)210(1) when ch(K)+#2 .

Z(214s) C BLWy, Wy, WewWs) B, Z(2,,)=2Z,, L(2.)=As, | Zow(%10)| =2(¢*— 1)(q 1)
(¢*—1)q*, | Zgu(2)|=2("—1)(@*+1)(¢*—1)q* (1=145, 146), '

The proof is easy.
LEMMA 89. G(Jy)=G(2:5) U G(2.) U B(J) UG(J,),

G'(J35) = G(2150) = G(J30) — G(Jur)
G'(J2) = G(2140) = G(J30) — G(J o) _
G'(J10) =G(2,4) = G(J o) = {G(J ) UG(J )}
G'(J) = G(2u) = G(J) — G(J )

The lemma follows from Lemmas 1-4.

LEMMA 90. Let J.,,4 Iy, O O O, G and let x be an element
of U such that I(x)=J,. Then x?zm-—xu(l)xw(l)x@(l)xm(l)wm(l)h A k-

rational point in G(z.) is conjugate im G(k) t0 2y 0T Z3s=2Zu%us(7).
Z(2147) C B{w,we, waWy, W B, Z(2.7) = Z s, ), L(z7)= Ca, | Zau(2:)] = (2, »)(q*—
1(¢*—1)(¢°—1)g* (i=147, 148). :

PROOF. By the action of B, o~y(a)=2u.(a) for some acK. If

w=T] x,(u;) stabilizes the set z,,%., then uy(a)u'=y(a+U;— Ui+ 2%,)-
Hence X~ Zyar. Thus we put P=B{w, w, w, ws, wyB, R=Ru(P), V=

U(Il(ay, 0y ), Vi=U(Qw, Q). Then (P, R, V, Vl) gives a struc-
ture of Zy(z.;). Now the proof is easy-
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LEMMA 91. Let Jy=1I1(a,,, Qs Ay, Quyy Oy, Qo) and let x be an element
of U such that I(x)=J,. Then x?zm=x42(1)m43(1)a:“(1)x“(1)xm(l)xm(l). A
k-rational point in G(z,,) 78 conjugate in G(k) to one of the following
elements;

2100 = T42(1)245(1) 2, ()2 15 (1) 2107(1)X106(1)
Z150 = L12(1)25(1)24s(1)245(1)216(1) 25, (7)%106(1)®10/(1) ,  when ech(K)=2,
211 = Lo 1)215(1) 24 (1) 2 5(1)25, (E)%106(1) 210, (1) when ch(K)+2 .

Z(24)CB Qwwsw,ws, WWie) B,  Z(2,,)=Z,, L(z,) = T, + A,, | Zgi ()| =
2(¢—1)(@*—1)g%, |Zsw)(2,)|=2(g+1)(g*—1)g*(¢ =150, 151).

Proor. By the action of B, we get ¥ ~Zug- By Lemma 8, W(z,,) C
(W WsW,Ws, W, W,sp. Thus we put P=B{w, w, w, w, w,yB, R=Ru(P),
V=Ull(ay, a), Vi=Ul(as, O, a,,)). Then (P, R, V, V,) gives a
structure of Z,(z,,). Now the proof is easy.

LEMMA 92. Let Jey=I(a,, Qs 0, @) and let © be an element of
U such that I(x)=J, Then x?zm=a:4.,(1)x4,,(1)x4,,(1)xu,1(1). A k-rational
point in G(z,,) 18 conjugate in G(k) to zy 07 Zu=21Xus()). Zg(24)C
B{w,ws, wsws, Wy, W) B, Z(2u) =2,y L(2m)=F, |Zsw(2)|=(2, p)g°—1)
(@°—1)(¢*—1)(¢"*—1)¢*(i =152, 153).

The proof is similar to that of Lemma 90.

LEMMA 93. Let J,=I(;, Qs Oy, O, Q) and let x be an element
of U such that I(x)=J,. Then x?zm=:c,2(1)xu,(l)x“(l)mm(l)mm(l). A k-
rational point in G(z,) 18 conjugate in G(k) to one of the following
elements;

2100 = Ta(1)Zus( D (D06 )s0r(L)
Z1ss = Lyo(1)245(1) 21 (1) 2 1(1) 25, ()0 1(1)X106(1)0107(1) ,  when ch(K)=2,
2156 = Laa(1)%245(1) 21 (1)25,(8)%106(1) 210, (1) when ch(K)+2 .

Za(214) C BSw,, W,wwsw) B, Z(25)=2Z,, L(2w)=T,+4,, |Zew(2uw)=2(g—1)
(@*—1)(@*—1)g%, |Zaw(2)|=2(q+1)(¢°—1)(¢°+1)¢™(: =155, 156).

ProoF. By Lemma 8, we get W(x)<(w,, w,w,w,w,»>. By the action
of B, we get X~ Zygs- Thus we put P=B{w,, w,, W, w;, w,yB, R=Ru(P),
V=U(l(tzn, Ay, Q) Vi=U(I(Csp, O, @ys). Then (P, R, V, V,) gives a
structure of Z,(z,,,). Now the proof is easy. :
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LEMMA 94. Let Jo=I(Qy, Oy, @, Qn Qs ) and let x be an
element of U such that I(x)=J, Then x?zm:ma,(l)xss(l)ws,,(l)w49(l)acm(l)

®115(1). Zg(z157)CB(w4w7, W W WeWy01) B, Z(2,57) =1, L(2y)=DB,, | Zaw ()| =
(@ —1)(¢*—1)g*.

PROOF. By Lemma 8, we get W(x)< {(w,w,, w,w;wsW,,y. By the ac-
tion of B, ¥~y Thus we put P=B{w, w,, w,, W Wy, WyyB, R=
Ru(P), V=Ul(ay, a), V,=Ul(a,). Then (P, R, V, V,) gives a struc-
ture of Z,(z,;). Now the proof is easy.

LEMMA 95. G'(J,0) =G(2.) =G(J ) — G(J.),

G'(J5) =G (21) = G(J ;p) — {GUJHUGT )},
G'(J) =G (2.45) =G(J 5) — {GJ) UG W)} .

If ch(K)=2, G(z4)—~G(2,5)=G(J)UG(Js). Here G(z) 18 the Zariski
closure of G(2y).

PrOOF. By calculations, we get

G(2s) ={y =11 @(u) | Iy) =T, [i(¥) U104 = UssWassUsos »
JoY) Usos = UsgUsoUy05
S Y) U0 = UagUsoUos
where
JiY) = Uso Uy + Uy U+ Ugs Uy
Jo(Y) = gz + Uy Uy + Ug Uy + Ugg Uy,
Jo(Y) = UagUsy + Uaglhs; + UagUogo + UigUogg + UggUogr + Uy Uy -

Hence the closure G(z,) is contained in the variety

V={y=11 2:(w) | I SJsr »  [i(Y)Us0s=UgoUsoUso5 5 °
S Y) a0 = o UsoUeson
Jo(Y)W100 = UsgUgoUosgs
Si(¥)ts00= Fo(¥)Ws05
Ji( W) %i0s=Fs(¥) W05
SLY)Us0s = Fo(Y)Ur0s , /| .

Let y be an element of V—G(2,5). If uuu,e#0, ¥ is in G(J,;). Thus we
may assume ugp,=0. If f,(y)+#0, for some %, ¥ is in G(J,;). Thus we
may assume f,(¥) =f(¥) =fs(¥) =uUsuy0=0. Then y is in G(J,;). On the
other hand, xa’r(1)xae(1)xae(1)3740(1)@104(1)97111(1)’;’z157 and  2g(1)2s(1)a,0(1), (1)
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xm(l)f;zm. This shows the last assertion. The rest of proof is easy.

LEMMA 96. Let J,o=I(,, Q Qe Oy) and let x© be an element of
U such that I(x)=J, Then @~ 21 = Cp(1)X (L) 206(1),;(1). A k-rational

point in G(z.) 18 conjugate in G(k) to one of the following elements;

2158 = Lio(1)%46(1)2106(1) %100 (1)
Z15o = L4o(1)245(1) 244 (1)25(1)%5, (7)) 106(1)10r(1) when ch(K)=2,
%160 = L2 (1) 4(1)24s(1)25, ()% 106(1)2107(1) when ch(K)=+2 .

Z(2158) C BW,wsWsW;, Wy, W) B, Z(2ys)=2Z,, L(2ys)=A,, | Zg ) (Zuss)| =2(g*—1)
(@ —1)(¢*—1)(@*— 1), |Zsw\(2,)|=2(¢*—1)(¢*+1)(¢*—1)(¢°+1)g™(i =159, 160).

ProorF. By Lemma 8, W(x)< (w,w,;w,w,, w, w,y. By the action of
B, we get X~ Zise. Thus we put P=B{w, w;, w, W, W, wyB, R=V=
Ru(P), V,=D(Ru(P)). Then (P, R, V, V,) gives a structure of Z,(z,,).
Now the proof is easy.

LEMMA 97. Let Jy=I1(Aw, Qu, Q4 Oy, ) and let x=T1] z,(t,) be an
element of U such that I(x)=J, and tute.—t.ts#*0. Then X~ 2y =

Zo(1) 2 (1)X (1) (1)X,1(1)210s(1). A k-rational point im G(z,,) s conjugate
wn G(k) to ome of the following elements;

2101 = Lo 1)20(1)246(1)245(1)2110(1)2115(1) '
Zioe = Lsa(1)216(1) 24 (1)2,6(1) 5, (7)) 4o(1)110(1)115(1) ,  when ch(K)=2,
2105 = T2 (1)245(1)20,,(1)25, ()46 (1)410(1)21,5(1) when ch(K)+2 .

Z¢(2,6,) C B{w,, Wy, Wy, Wy, Wey Wy, Wi B, Z(2,0,)=Z,, L(2,0;)= A, | Zau)(Z10)| =
2(¢*—1)(¢*—1)q%, |Zsw\(2)|=2(¢"—1)(¢°+1)¢”(: =162, 163).

ProOOF. By Lemma 8, we get W(x)<{l, c=w,w, a=ww,w,,; b=
W W, W, W, AC, €A, Cac, cb, be, cbe, acb, cacb}. By the action of B, x~2,,.
C

Thus we put P=B{w,, ws, W, Ws, Ws W;, Wi B, R=V=RulP), V=
D(Ru(P)). Then (P, R, V, V,) gives a structure of Z;(z,,). Now the
proof is easy.

LEMMA 98. Lot Jy=I(Ctu Qo Guy Qw O ) and let © be an
ele_ame'nt of U such that I(x)=J,,. Then x?zm=x“(l)xu(l)x48(1)x49(1)x112(1)
%;15(1). ZG(ZLM)CB<w27 wsw13w1o4>B’ Z(20) =1, L(z,,) = 24,, IZG(k)(zuu){ =
(¢ —1)q™. : .

PROOF. By Lemma 8, W(x)S<(w, w,w,w,>. By the action of B,
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T~%u Thus we put P=B{w, w, Wy Wi Wy Wy, Wo)B, E=Ru(P),

V=U(l(ay), Vi=U((ay)). Then (P, R, V, V, gives a structure of
Zy(%;). Now the proof is easy.

LEMMA 99. Let Jyu=1I(ay, Qu, Qw, Qi ) and let @ be an element
of U such that I(x)=dJ,. '

1) If ch(K)+#2, x?zm=x46(1)x47(1)x48(1)x112(1)m116(1). A k-rational point
1 G(2y) 18 conjugate in G(k) t0 2.4 07 2100 = Lso( 1) (1)L 4(1)211o(1)26(1) 110 — £).
Z(2155) CTB{w,, WyWsWi, WioWy) B, Z(2,65)=Z,, L(2y5)=T,+ B, | Z 6 (Ries)| =
2(q—1)(g*—1)(@*—1)0%, |Zgu)(2100)| =2(q +1)(¢°—1)(¢*—1)g". |

2) If ch(K)=2, «© 18 conjugate to 2z 07 Zi=2®u(l). Zg(2s)
B{w,, wswsWiy, WiWinB, Z(2)=1, Zs(2)CB{w, wow,B, Z(z.)=1,
L(zwb) = A1 +B,, L(zm'l) = B,, I ZG(k)(zl&'))i = (q2 - 1)2((]4" 1)‘]64, IZG(k)(zuw)l =
(g°—1)(¢*—1)g™.

Proor. By Lemma 8, we get W(x)S= (w,, W, wsW,p,, Wi oWy,>. Thus we
put P=B{w,, w,;, w,, w;, W; WyB, R=Ru(P), V=Ul(ay, ay), V,=
U(l(ay)). Then (P, R, V, V,) gives a structure of Z4(2,). The rest of
proof is similar to that of Lemma 29.

Lemma 100. G’(J44) = G(z147) = G(J44) - {G(J4e) U G(Jm)}, G’(Jm) = G(zm?) =
G('La) - G(Jso) ’ G’(Jw) = G(zuss) = G(J49) - G(Jw): G’(Jso) = G(zm) = G(Jso) - G(Jm);
G’(Jm) = G(z164) = G(Ju) - G(Jsz): G’(Ju) = G(z154) = G(J-ﬂ) — {G(Jw) U G<J50)} .

LEMMA 101. Let Jo=Ia,;, a, an a,,) and let x=]][ x,(t;) be an
element of U such that I(x)=dJx and tgt,,— tat,s#0. Then X~ Zigs =

Zes(D) (D e(L)x5(L)X56(1). A k-rational point in G(zs) 18 conjugate in
G(k) to one of the following elements;

2165 = Lra(1)047(1) 2,5 (1) 2135 (1)126(1)

2160 = Lu7(1)246(1) 2 15(1)255(1)X112(1)%115(1)X116(L)212s (T)

2170 = X7 (1) X 5(L) 255 (1)1 (1)@1,5(1) 2,12 (7) 2116 (1) when ch(K)=2,
2371 = Ly (1)@ 15(1) 255 (1) 2,15 (1) 2117 (L) 1 16(1) when ch(K)+#2 .

Zg(2165) CBCW,y W W, WeWs, Wi B, Z(215) =S5, LRys) =84, | Zaw)(2iee)|=
6(0°—1)°¢%, |Zgu(Zi00)| =3(¢°—1)q%, |Zgu,(2:)|=2(¢*—1)(¢*—1)g* (:=170, 171).

ProoF. By Lemma 8, W(x)< (w,, w,w, w:ws;, W,.,. By the action
of B, we get x»cvzwe. Thus we put P=B{w,, W, W, W5, W, Wi,y B, R=
Ru(P), V=Ul(aw, au), V.=Ul(aw, a.)). Then (P, R, V, V,) gives a
structure of Z,(z,.;). Now the proof is easy.
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LEMMA 102. Let Jy,=1I(aty, as, ay, Ay, ;) and let x be an element
of U such that I(x)=J,. Then xfcvzm=xss(1)xm(l)a:,,,(l)a:uz(l)xm(l).

Zig(zy,) C Blw,s, w,w,, w, Wy B, Z(2,,,)= 1, L(zm)=A,+ B,, IZG"(k)(zm)l =(¢*—1)
(¢'—1)g™.

The proof is easy.

LEMMA 103. Let Jyu=I(a,,;, o, o) and let x=]] z,(t,) be an element
of U such that I(x)=Jy and tgt,,—tet.#0. Then x?zﬂs=x4,(1)x48(1)mm(1)

Tue(l). A k-rational point in G(z.) is conjugate in G(k) to one of the
Jollowing elements;

Zis= wn(l)xm(1)x115(1)x116(1) ’

L= :vu(l).ms(l)m49(l)mm(1)03113(1):&:118(1)%21(1) ’

zms:xﬂ(l)xw(l)xm(l)xub(1)w117(77)x113(1) ’ when ch(K)=2,

zm:xu(l)x«is(1)”112(1)97117(C)x116(1) ’ when ch(K)+2 .
Z§(2,75) © B{w,, w,, WsWy, W, W, W) B, Z(2,5)=S,, L(z,,5)=D,, | Zg 0 (2175)| =
6(¢'—1)(¢'— D"~ 1)¢", 1Zau(2)l =3(a*—1)(¢°—1)(¢°+ ¢*+ 1)q*, |Zow(2)| =
2(¢"—1)(¢°—1)(¢*—1)¢*(¢ =175, 176).

The proof is similar to that of Lemma 101.

LEMMA 104. Let Jyu=Iaty, ay, oy, o4y, Qe Qo) and let x be an
element of U such that I(x)=J,,. Then x»cvzm=a:ss(1)a:54(1)x,,5(1)xm(1)x118(1)

%,56(1). Ze(zm) CcB <w1w2'w7, Wy WeW,o,) B, Z(2)= 1, L(zl'ﬂ) =B,, IZG(k)(zl?"l)l =
(@*—1)(¢*—1)g™.
The proof is easy.

LEMMA 105. Let Jo=I(ay, ay, o, @) and let x be an element of
U such that I(x)=J,. Then x= ~ = Las(L)Xs6(1)X11:(1)&135(1).  Zg(2ys) ©
B{w,w,, Wy, Wy, Wy B, Z(2.5)= 1, L(z4)=A,+ B, | Ziguy(2us)| = (q*— 1)*(¢*—1)
(¢°—1)g™.

The proof is easy.

LEMMA 106. G’(J“) = G(zm) == G(!’u) - G(Jsa):

G'(J) =G(2100) = G(J5) — {G(J5) UG(J,)}
G(J 52) =G(z165) U G(znn) U G(J 5s) »
G’(J 5) = G(zrlz) = G(J ) — {G(J ss) U G(J, )}
G'(Jw) = G(zm}) =G(Jyw)—G(J, 5) -
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The lemma follows from Lemmas 1-6.

LEMMA 107. Let Ju=I(ty, Qs Quyy Oy, Aye) and let x be an element
of U such that I(x)=Jwx. Then m"g‘zrzo:wae(l)mm(l)xu?(]-)mna(l)xuo(l)- Z5(R170) C

Blw,ww,, w,,, WeW,Wyo1) B,  Z(2:)=1, L(z,)=A,+G,, [Z 6w (2170)| = (@ — 1)
(@°—1)g™. '
The proof is easy.

LEMMA 108. Let Jyo=I(0lg, Qis, Qi) and let « be an element of U
S?I;Ch that I(w)=J59. Then x"c\-’zlogzxw(l)xlw(l)xloly(l). Zg(zlgo)CB<W2wE’ W4,

Ws, WWrp B,  Z(2)=1, L(zs,) = By, | Z ey (Z180) | = (@° — 1)(g* — 1)(¢°—1)(¢°—1)
(¢°—1g".
The proof is easy.

LEMMA 109. Let Jy=I(0tw, Qy, Qu Que) and let © be an element of
U such that I(x)=J,. Then m?zm=xw(l)xm(1):1:117(1)90118(1). A k-rational

point in G(z.) 18 conjugate in G(k) to one of the following elements;

2= xba(l)xm(1)“’117(1)5”118(1) ’
R1gr = Lyg(1)050(1) 55 (1) 2117 (1 )25 (1) 10, () 125(1) when ch(K)=2,
Z1gs = Lss(1)@5s(1)@55(1) 2117 (1) 0154 (0) @ 125(1) when ch(K)+#2 .
Za(z181)CB<w2wswa, Wy, Wiey WeWiWiey, WiWisWioo) B, Z(215)=2Z,, L(z:4) =2G,,
1Zou (%) = 2(¢° — 1)(¢° — 1)°¢™, |Zsu(2,)| =2(¢* —1)(g"*—1)q" (i =182, 183).
PrOOF. By Lemma 8, we get W(x) S (w,wyw,, Wy, Ww, W, . By the
action of B, we get &~ 2 We put P=B{w,, w;, W, Wy, Ws, Wy, Wi B,

R=Ru(P), V=U(l(as)), Vi=U(I(cxs;)). Then (P, R, V, V,) gives a struec-
ture of Z,(z,;;). Now the proof is easy.

LEMMA 110. Let Jo=I(Qs, Qsyy Qygsy Qinsy Xos) and let « be an element
of U such that I(x)=J,,. Then w’;‘zmz37’58(1)9359(1)‘”123(1)x124(1)w125(1>-
Zig(Z15s) C BWy, WaWry WoWioWio1) B, Z(246) =1, L(2) = A, + G, | Zaw) (Ris0)| =
(¢°—1)*(¢°—1)g™.

The proof is easy.

LEMMA 111. Let Jo=I(Qy Qs Qi Oiss) and let x be an element of
U such that I(x)=J,. Then w?/zm=xm(l)xm(1)90127(1):5128(1). Zi(R1ss) C
B{w,, Ws, WoWy, WWsWy00) B, L(25)=A,+ B, Z(2;)=1, | Z g (%us5)| = (@* — 1)
(¢*—1)(¢*—1)g™.
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The proof is easy.

LeMMmaA 112. G'(Jw) = G(zu-{) = G(Jm) - G(sta);

G'(J5) = G(2y1) = G(J ) — {G(Js) UG(J5)} .
G’(Jbﬂ) = G(zno) = G(sts) - G(Jao)r G’(Jao) = G(zmo) = G(Jw) - G(ch) ’
G’(Jse) = G(z1s1) = G(Jso) - G(Jﬁl)! G’(Jm) = G(zm) = G(Jm) - G(Jaz) .

If ch(K)=2, the Zariski closure G(2.4)=G(2y) UG(J,,).

Proor. By the action of B, we get G(z,.)={y=1I z.(w)|f(y)=0,
I(x) S Jys}, where f(¥)=1s(Uiolhs; + Urlyss + Uighsyy) + UsglyisUyye.  Let y be an
element of G(2.) —G(Zies). If Upe=1yo=0, y is in G(Jy). If %=1y =
0, ¥ is in G(J,;). Thus we may assume u,;,#0. If u,u,,=0, ¥ is in G(J,).
Thus we may assume U,U,,U,s%~0. Then y is in G(J,). This shows the
last assertion. The rest of proof is easy.

LEMMA 113. Let Ju=I(Qsy, Qi Q) and let x be an element of U
such that I(x)=dJs Then xfcvzm=x63(1)x127(1)x130(1). A k-rational point

in G(z) 18 conjugate in G(k) to one of the following elements;

2156 = Los(1) @157 (1)2,50(1)
2151 = Los(1)@126(1) 2107 (1) 2 126(1) 15, (1)%105(7) when ch(K)=2,
2185 = 3(1)2126(1) 2157 (1) X 105(1)155(C) when ch(K)+2 .
Z(2166) C B{w,, W,y Wey WoWsWr) B, Z(2y55) = Z,, L(2,50) = As, | Zgu(2100)| = 2(¢° — 1)
(@—1)(¢*—1)(¢*—1)(@*—1)q%, |Zsu(z)|=2(¢"—1)(¢*+1)(¢*—1)(¢°+1)(¢°—1)g™
(¢=187, 188).
The proof is easy.

LEMMA 114. Let Jo=I(Ag, Qs Ay Qi) and let © be an element of
U such that I(x)=dJ,. Then x»;zm=a:as(1)x135(1)x136(1)x137(1). ZZ15) C

Bw, wioy, WWy;, W W, w5> B, Z(2)=1, L(2,5)=C,, |Z¢u\(21e0)|=(qg*—1)(¢*—1)
(¢°—1)(¢"—1)g"™.
The proof is easy.

LEMMA 115. Let Jyu=I(,y, ) and let x be an element of U such
that I(x)=dJs. Then x?zm(,:xm(l)mm(l). A Ek-rational point in G(z,,) 18

conjugate in G(k) to one of the following elements;

Z190= X107 (1)2150(1)
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101 = L126(1) @127 (1)X106( 1) 15, (1) ,155(7) when ch(K)=2,
Z100 = L196(1) %07 (1)105(1)2135(E) when ch(K)+2 .
Z5(%190) © B{w,, Way, Wy Wo, WeWW) B, Z(2100) =25, L(210) =K, | Z g (Z100)| =

2(¢*— 1)(¢"— 1)(¢°— 1)(¢°— 1)(¢"— 1)(¢* —1)q%, |Z;u(20)| = 2(¢"~1)(¢°+ 1)(¢"—1)
(@ —1)¢*+1)(¢g"* —1)g"(: =191, 192).

The proof is easy.

LEMMA 116. Let Jy=I(a,, Q. Q) and let x be an element of U
such that I(x)=J, Then x > 2108 = L1 (1) 1o 15(1).  Z6(2105) C BLW Wey Wi,
Wy, Wy, Wi B, Z(20)=1, L(2,5)=A,+F,, |Z gy (2105)| = (¢°—1)*(¢°—1)(¢°—1)
(g —1)g™®.

The proof is easy.

LEMMA 117. Let Jy=I(ay, ) and let x be an element of U
such that I(x)=J,. Then m?z194=x1,,0(1)m151(1). Z(210s) C BLwyws, wy, Ws, W,

W, w1o1>B, Z(zxs4) = 1, L(z194) = Ber IZG(k)(z194)|(q2 - 1)(‘14— 1)(q6_ 1)(q8’— lj(qm - 1)
(q12 . 1)q114.
The proof is easy.

LEMMA 118. Let Ju=1I(a,) and let x be an element of X,,*. Then
x’;’zm:s:%w(l)- Z(2105) C By, Wy Wy, Wy, Wy, W, W B, Z(2,0)=1, L(2,)=

Ery 1 Zoay(2ies)l(@° —1)(@° — 1)(g"— 1)(g"° — 1)(g"* — 1)(g" — 1)(¢"* — 1)g"*.
The proof is easy.
LeMMma 119. G’(Jez) = G(z13_5) = G(Jez) - G(J83)7

G’ (Jo) =G (2136) = G(Jo5) — {G(Jo) UG(Jw)},

G'(Jo) = G(215) = G(Jo) — G(Joe), G'(Jas) =G (2100) = G(Jo) = G(J o) ,
G'(Jo) = G(2108) = G(J o) — G(Je), G'(Jo)=G(210) =G (1) — G(J)
G'(Jos) =G (2,55) U {1} .

The proof is easy. By the series of lemmas, we proved that

THEOREM 3. Let G be a semisimple algebraic group of type E,
which splits over finite field k. Then the conjugate classes of unipotent
elements in G are giver im Table 3. Furthermore the unipotent classes
of G(k) are given in Table 6.

THEOREM 4. Let G be as above. Then the structures of the central-
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1zers of unipotent elements are given in Table 10.

THEOREM 5. Let G be as above. Then the imclusion relations of
the Zariskr closures of the conjugate classes of unipotent elements in G
are given in Table 8.

, TABLE 1
The representatives of unipotent classes in the group E,.

Eg=2,(1)z2(1)xs(1)2.(1)zs(1)26(1),
Eo(a;) =22(1)24(1)x5(1)ze(1)2s(1)16(1),
Dy=2,(1)2(1)210(1)211(1)212(1),

As+ Ay =25(1)2e(1)212(1)210(1)211(1)216(1),
Dy(as) =xs(1)2s(1)216(1)212(1)215(1),
As=x1(1)215(1)16(1)217(1)e(1),

A+ Ay =21(1)015(1)216(1)217(1)212(1),
D, =x5(1)x14(1)216(1)215(1),
As=21(1)215(1)217(1)212(1),

Dy(ar) =214(1)216(1)®22(1)224(1),

As+ A; = 23(1)222(1)228(1)224(1),
242+ A1 =220(1)221(1)225(1)725(1)%24(1),
As=21,(1)x2(1)224(1),

Az +2A4;=256(1)227(1)2025(1)220(1),

245 = %20(1)221(1)2s(1) w24 (1),

A+ Ay =26(1)@r(1)2s5(1),

Az =226(1)2s5(1),

3A; =5 (1)2ss(1)740(1),

241 =24(1)xs(1),

A;=255(1),

¢=1
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TABLE 2
The representatives of unipotent classes in the group E:.

Er=z(1)zs(D)2s(L)ay(1)as(1)xe(1)w(1),

Er(ay)= #1(1)2s(1)210(1)2e(1)2s(L)2s(1)2(1),
Er(a2)=21(1)22(1)ws(1)20(1)211(1)210(1)215(1),
Ds+ A1 =1(1)25(1)@10(1) 217 (1) 2221 )212(1)2-(1),
Es=2x,(1)2s(1)2e(1)211(1)212(1)215(1),

Eg(ay) =xs(1)2o(1)211(1)215(1)212(1)215(1),
De=21(1)215(1)%16(1)217(1) 26(1)a7(1),

De(a1) + A1 =21(1)215(1)216(1)217(1)216(1)@25(1)215(1),
A =21, (1)@15(1)216(1)217(1)212(1)215(1),

De(a) =x1(1)@15(1)217(1)Z25(1) 24 (1)25(1),

D+ Ay =21(1)215(1)216(1)17(1)15(1)210(1), v
De(az)+ Ar=214(1)215(1) @27 (1)@17(1)15(1)16(1)225(1),
Dy=1(1)x15(1)%16(1)215(1)210(1),

(As+ A1) = 2s(1)215(1)216(1)220(1)24(1)225(1),
Dy(asz)= xu(1)3720(1)%21(1)%3(1)3713(93)4017(1),
(As+ A1) =w20(1)e21(1)2es(1)e2e(1)225(1 )2, (1),
AL =225(1)212(1)215(1)20(1)221(1),

Dy(a1) + Ar=214(1)222(1)225(1)2024(1)a025(1)10(1),
AY = 220(1)@21(1)@25(1) @04 (1)27(1),

A+A= xzo(lv)xm(l)xzz(1)3?23(1)2724(1)5”25(1),
Di(@1)=xs(1)228(1)%24(1)225(1)250(1),

Ay =220(1)21(1)@24(1)230(1),

At A1 =220(1)251(1)Z24(1)228(1)250(1),

D+ Ay =x1(1)aes(1)220(1)250(1)as5(1),

As+ Ao+ Ay =226(1)227(1)225(1)@20(1)250(1)251(1),
D= (1)@2s(1)w29(1)ws0(1),

As+ Az =227(1)@29(1)250(1) 251 (1)252(1)257(1),

(As+ A2)e=mor(1)220(1)@50(1)ws1(1)232(1), when ch (K)=2,
Dy(a1)+ Ay = ®26(1)a50(1) 251 (1)25(1) w54 (1),
Dy(ay) =x25(1)2s0( 1)as3(1)a54(1),
As+2A41=150(1)@s1(1)@s2(1)255(1)240(1),

(As+ A1) =226(1)22r(1)20(1)@as (1),

(As+ A1) =m50(1)a51(1)25(1)235(1),
As=220(1)@21(1)46(1),

24;+ A1 =x3(1)wse(1)@s7(1)2ss(1)240(1),

24> =234(1)2s6(1)2ss(1)240(1),

Az +3A41=xs7(1)x38(1)@s0(1)40(1)41(1),

Az +24; = 25(1)@4s(1)2u(1)265(1),

Azt A1 =244(1)z46(1)240(1),

A =44(1)w46(1),

44, =4 (1)24s(1)ws0(1)255(1),
(3A1)'=%s(1)%4(1)$u(1)y

(BA1)"" =m4r(1)wys(1)49(1),

24, =w5(1)x55(1),

Ay =2(1),

=1
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TABLE 3
The representatives of unipotent classes in the group K.

E3=2,(1)z2(Das(D)2(Dxs(D)e(1)2(1)210:(1),

Eg(ay) =2:(1)22(1)2o(1)210(1)2s(D)e(1)27(1)2101(1),
Eg(as)= £1(1)23(1)22(1)26(1)211(1)212(1)215(1)2101(1),

Er+ Ay =a5(1)2s(1)230(1) 211 (1) #16(1) 212(1)27(1)101(1),
Er=2,(1)%15(1)216(1)217(1)ws(1)27(1) %101 (1),
Ds=25(1)%o(1)210(1)211(1)216(1)212(1)%15(1)2102(1),
Er(ay)+ Ay =2s(1)215(1)216(1)212(1)218(1)210(1)@7(1) 2101 (1),
Er(ay) =2:1(1)215(1)216(1) 217(1)224(1)215(1) 2101 (1),

Ds(a;) = 25(1)215(1)216(1)217(1) 218(L)24(1)218(1)2 102(1),

Dy =1x,(1)215(1)216(1)£17(1)215(1)219(1)Z108(1),
Eas)+A;= 214(1)215(1)221(1)217(1)215(1)%20(1)216(1)%101(1),
E(a2) = 220(1) @21 (1)217(1) Z2s(1) 220 (D2 7(1)2101(1),
As=214(1)T20(1)Z21(1)Z22(1)218(1)235(1)215(1)%102(1),

Es+ Ay =220(1)@21(1)225(1)®25(1)@24(1)27(1)2102(1),

Di(a3) = 214(1)222(1)225(1)Z24(1)%10(1 )2 25(1)255(1)%102(1),
(Dr(@1))e =214 (1)T22(1)225(1)2Z24(1)210(1)225(1)2102(1), when ch (K)=2,
Eo=220(1)a21 (1) 25(1)®24(1)2:(1)2101(1),

Ds(as) =220(1)221(1)@22(1)228(1)224(1)225(1)2 102(1)F103(1),
D+ Ay =25(1)225(1)23(1) 224 (1)225(1)%50(1)E102(1),

Az =220(1)021(1)225(1)25(1)224(1)210(1)%40(1)E108(1),

(Ar)s= 9?20(1)%21(l)xzs(l)zzs(1)3324(1)%19(1)%03(1), when ch (K)=3,
Es(a) + Ay =220(1)221(1)25(1)@25(1)251(1)2101(1)%102(1),
D=3 (1)225(1)220(1)@30(1)51(1)2101(1),

Dy(az)= wzo(1)3721(1)3725(1)xzo(l)xza(l)xu(l)xma(1) ,

Eo(@3) =%20(1)@21(1)@23(1)®s1(1)®101(1)2102(1),

Dy+ A= ﬂ72e(1)¢28(1)4327(1)3229(1)1530(1)3381(1)27102(1)13103(1) ’
(Ds+ Az)e = 026(1)28(1) 027 (1)L 20(1)2s0(1) %81 (1) 102(1), whenm ch (K)=2,
Ag+ Ay = 220(1)21(1)@28(1)%20(1)230(1)51(1)2105(1),

Dy(ay) + Ay =25(1)%27(1)220(1)250(1) 51 (1) 230(1)2 102(1),
Dig(@1) = 225(1)%20(1)285(1)251(1)234()T105(1),

As= xza(1)-’521(1)3720(1)%0(1)%1(1)97105(1) ’

D5+ A1 =235(1)238(1)230(1)252(L)e0(1)2101(1),

2A,= wzn(l)fﬂzo(l)xu(1)5\738(1)9330(1)4”44(1)2747(1)27105(1) ’

A+ As=252(1)257(1)220(1) @81 (124 (1) 2 105(1)%107(1),

A +24; = 2a2(1)2ar(1)22(1)285(1) 2 40(1) 256 (1)%105(1),

Dy(az) =xs2(1)220(1)ss (1) s(1)%108(1)2108(1),
Dis=250(1)231(1)2s2(1)s5(1)2101(1),

Diy(@;) + A =Zsr(1)253(1)Z40(1)®sa (1) 56(1) 201 (1)2105(1),
(As+ Ay =226(1)22r(1)240(1)241(1)%106(1)107(1),
(As+Ay)" = xsz(l)xzr(1)%7(1)9738(1)%0(1)50105(1) ’

D+ As=2sr(1)258(1)40(1)Z80(1) 241 (1) 104(1)F105(1),

(Dy+ Az)e=237(1)235(1)240(1)%50(1)241(1)2104(1),

A+ As=25(1)%s8(1)240(1) 24 (1)@56(1)%100(1) 2 107(1),
Ag=2220(1)221(1)240(1)2106(1) 2 107(1),

Dy(ay) + A1 =25 (1)%e2(1)243(1)24s(1)24(1)2108(1),

Ayt Ag+ Ay = Tar(1)%38(1)ws(1)%s0(1) %41 (1)@108(1) 2 100(1),
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TABLE 3. (Continued)

Ayt Ar=255(1)240(1)230(1)241 (L) 108(1)2100(1),
Ds(a1) = 249(1)@43(1)248(1)40(1)%102(1),

D+ Ay =242(1)245(1)@40(1)55(1)2101(1),

Ai+2A4; =20(1)24s(1)@24(1)245(1)2 107 (1) 2 108(1),
Dy =x4(1)2is(1)@s0(1)2101(1),

At A1 =2(1)248(1)240(1)2108(1)2 107 (1),

243 =x37(1)258(1)ws0(1)240(1)&108(1)2115(1),
As=245(1)245(1) 2 108(2) 2 107(1),

Di(a;) + As =242(1) 244 (1)@as(L)240(1) 2 110(1)115(1),
As+ Ao+ Ay =246(1)047(1)248(1)249(1)@212(1)2115(1),
As+ Az =x46(1)24r(1)T4s(1)2112(1)2126(1)2110(1),
(As+ Az)e=246(1)2ar(1)4s(1)2112(1)2116(1), when ch (K)=2,
Dy(a;)+ A1 = 5s(1)24r(1)@4s(1)2115(1)2116(1),
As+2A1=x55(D@ss(D@ss(1)2112(1)2115(1),

Dy(a1) = x4 (1)@as(1)@115(1)2116(1),

242124, =5s(1)ase(1)wss(1)2117(1)2118(1)w110(1),
As+ Ay =x55(1)250(1)2112(1)2115(1),

245+ Ay =m5e(1)@sr(L)2117(1)2118(1)2110(1),

Ay =03(1)2108(1)2107(1),

24> = w5e(1)257(1)2137(1)2118(1),

Az +2A;=260(1)%126(1)2127(1)2128(1),

Az +3A;1=w58(1)250(1)125(1) 2 124(1)125(1),

Azt Ay =2e3(1)2125(1)2120(1),

Az =121(1)2150(1),
44:=65(1)@155(1)®136(1)2157(1),
3A1=11(1)%142(1)®145(1),

24, =w150()x151(1),

Ay =235:(1),

¢=1
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The representatives of the unipotent classes in the simply connected
groups Ex(g).
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TABLE 4

Chevalley

A B A B A B A B A B
% Y2 2fq Ys 3l Y 3lq 3 3lq
Ys 3lq Yz 2lq Ys 2|q Yo 2|q Y10
Y11 2fq Y12 2lq Yis Yis 24"1 Yus 2|q
Y1e Yir 2tq Y1s 2kq Yo 2fq Y20 2(q
You Yoo 2|q Yas 3lq Y2 3lg Yzs
Yse 2kq Yor 2lq Y28 Yo 2tq Yso 2lq
Ys1 2}q Yae 2fq Yss 2tq Ysa 2fq Yss 2|q
Yse Ysr 2|q Yss Yso 2*‘1 Yo 2|q
Ya Yaz 2fq Yis 2|q Y 2|lq Yus 2|q
Yo Yar 2kg Yas 2kq Yo 2fq Yso 2tq
Ys1 2'|'q Yoz Yss 2|q Yse 2{"1 Yss 2"0
Yse 2|q Yoz 2|q Yss Yso 2fq Yeo
Ye1 Ye2 24’ q Yes Yeu 2*(1 Yes
Yoo 2tq Yer Yes Yoo 2tq Yo 2lq
Y Y2 Z*q Yzs 2{q Yrs Y 2'}’0
Yre 2|q Yrr Yrs 2Yq Yro 2|q Yso
Ys1 24’ q Ys2 21q Yss3 Ys4 2*}' q Yss
Yse 2|q Ysr Yss 2fq Yso 2fq Yoo 2fq
Yor 2|q Yoz Yos You 2* q Yos 2|q
Yoo Yor 24q Yos Yoo Y100 2‘1"1
Y101 Y102 Y108 Y104 Y05 24"1
Y108 Yior Y108 2*(1 Y100 2|q Y110
Y 2fq Y112 2lq Y113 Y1 2fq Y115
Yue 2kq Yz Y118 Y110 1

A =representatives.

B=the conditions to take A as a representative.
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TABLE 5 :
The representatives of the unipotent classes in the Chevalley groups Es(q).

A B A B A B A B A B
Z1 22 3lq 23 3lq 24 2lq 2 2|q
2s 2]q 27 5lq 23 5lq 2o 5l¢ | z0 - blg
211 212 2iq 213 2|q 214 2lq 215 3lg
218 3lq 217 218 2|q 219 2(q 220 2[q
22 Reo2 Zl’q 223 2|q %24 2lq 225 2(q
220 3lq Zor 3lg 22 3lq 220 3lg Z30
231 2lq Z32 2|q 233 2lq 234 3lg 235 3lq
Z3e 237 2«" q 238 2|q Z30 Zs0 2|q
4 2*(1 Zs2 243 2lq 24 245 24’(1
248 2|lq Za7 2|q Z48 2lq Zao 2|lq 250
251 2|q 252 253 2|q FN 2fq 285 2|q
Zse 2|q Zs7 258 2lq 250 Zao 2|q
Ze1 262 Zes 2{"1 Zes 2|q Zes
Zag 2|q Zer 3lq Zes 3lg 269 Zro 2kq
Zn 2lq 272 2|q Zrs 2 2lq 275 3lq
Z7e 3lq Z17 2|q 218 2|q 27 2lq Zs0 3lq
281 3lg zs2 2, 3fq Zzss 2, 3fq zs 2, 3fq 285
Zse 2lq Z87 2tq Zss 29 3lg 200
29 2iq 292 2fq Zo3 Zos 2lq Zos
208 2kq 297 2]q 298 Zop 2'{' q 2100 2|q
2101 Z102 2fq Z108 2|q Z104 2|q Z105
2108 2107 2»{’(1 2108 2100 2* q 2110 2|q
2111 2|g 2112 2|q %113 2114 2lq 2115
2116 2lq 217 2118 2119 2|q 2120 2/1’(1
2121 2122 2123 2]q 2124 2*‘1 2125
2126 2* q 2127 2|q 2128 2120 2|(q 2130
2131 2132 2183 2|q 2134 2*{'0 213
2138 2* q 2137 2|q Z138 2|q %130 2140
2141 2142 2143 2144 2145 2|q
2146 2kq Zir Z148 2|q Z140 Z150 2|q
2151 2*‘1 2152 2183 2|q 2164 2158 2lq
2158 2/]’(1 2157 2188 2159 2|q 2160 2/[’ q
2161 2162 2|q 2188 Zrl’q 2164 2165
2188 2‘[’ q 2167 2/¢q 2168 2189 2170 2|q
Z1m1 24’ q 2172 2173 2174 2175 2lq
2176 2«}' q 217y 2178 2179 2180
2181 2182 2|q 2183 2/q Z184 2185
%186 2187 2|q 2188 2*‘1 2189 2190
2191 2lq 2192 2* q 2193 %194 2305
%196 2107 ‘ %198 %199 Z200

1 2201

A =representatives. :

B=the conditions to take A as a representative.

Since Z(z117)==8Ss, G(z117)(k) splits into 7-conjugate classes in G(k). Thus we denote the
representatives z;;; and z; (196<:=<201) of the above conjugate classes.
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TABLE 7
The inclusion relations among unipotent

TABLE 6
The inclusion relations among unipotent

classes in the group E;..
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TABLE 8

The inclusion relations among unipotent classes in the group Es.
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TABLE 9

The structures of the centralizers of unipotent elements in the group E:.

Representative Z(x) L(x) dim Ru (Z4(x))
E; Zs.9 0 7
E(a,) ) 0 9
Ex(a,) Z, 0 11
D, + A4, Zz><Z(g,p-1) 0 13
K, Zo.p A, 10
Ey(ay) p A T 14
Dy Zy A 12
De(a,)+ A, Zt, -1 0 17
A, Zea,p {Tl (p=2) 18 (p=2)

A; (p£2) 16 (p#2)
De(a,) Zs Ay 16
Dy+ A,y Zy A 16
De(asz)+ A, SsX Z2,p-1) 0 21
Dy Za,p 24, 15
(As+ Ay Z, A, 20
(As+ A, Z2,p-1) A, 22
De(as) Z, -1 A, 20
Al 1 24, 19
Dg(ay)+ A, Ze,p-1 Ay 22
Ag ’ Z (2.p—1) Gz 17
A+ A, 1 Ay 24
Dy(a,) Z, T+ A, 23
A Za T+ A, 24
A+ A Z, T, 27
D+ A, Z, B; 21
A+ A+ Ay Z2,p-1 A 30
As+ A, Z2.p-1 { Ti+A; (p#£2) 31 (p#2)
4, (p=2) 32 (p=2)
(As+ A4.), 1 (p=2) 24, (p=2) 31 (p=2)
D{ Z (2,p) 8 16
Dy(a)+ A, Z2 X Z2,p-1 24, 31
D;(ax) Ss 3A1 30
As+24, Z,p-1 24, 33
(As+ Ay 34, 32
(As+ A, Z2,p-» By 26
A; 1 A;+B; 25
24:+A; 1 2A; 37
24, 1 A1+ G, 32
A:+34, Ze.p-» G2 35
A:+24, 1 34; 42
Az + A], Zz T]. + Aa 41
As Zs Ay 32
44, Ze, P-1) CS ‘ 42
(8A,Y 1 A +Cy 45
(BAy)” Z2,p-1 F, 27
2A1 1 A]. + B4 42
A 1 Ds 33
¢ 1 E; 0
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TABLE 10

The structures of the centralizers of unipotent elements in the group Es.
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Representative - Z(x) L(x) dim Ru (Z(x))
E;s Zco,® 0 8
Eslay) Z2,p? 0 10
Es(az) Z(4.p2) 0 12
Er+ A ZgXZ(c,p) 0 14
E; Z12,p% Ay 13
Dy Z, 0 16
E7(G1)+A1 Zz 0 18
Ex(ay) Z2,p A 17
De(a1) {Zz (p72) 0 (p#2) 20 (p#2)
Dy (p=2) 0 (p=2) 20 (p=2)
Eaz)+ A, Ss X Z2,p 0 22
Dy, Z2,p 4, 19
E7(a,2) Z(z,p) A1 21
Ag Ss 0 24
Es+ A, Zo.p) A 23
Dr(ay) {Zz (p#2) T, (p#2) 25 (p72)
1 (p=2) 0 (p=2) 26 (p=2)
(D(ay)): Z, (p=2) A, (p=2) 25 (p=2)
E, Ze,p G: 18
Ds(as) {Ss (p#3) 0 (p#3) 28 (p+#3)
Z; (p=3) 0 (p=3) 28 (p=3)
DB+A1 Zz A1 25
A, 1 {A1 (p+3) 27 (p+3)
0 (p=3) 30 (p=3)
(Ar)s 1 (p=3) A (p=3) 29 (p=3)
Ee(a1)+A1 Zz T1 29
Dg Ze,» B, 22
D'](az) Zz T1 31
Ey(ay) Z A, 26
D5+ A, {Zz (p#2) T: (p#2) 33 (p#2)
1 (p=2) 0 (p=2) 34 (p=2)
(Ds+ As)s Zy (p=2) 4; (p=2) 33 (p=2)
Ag+ A, 1 A, 33
Dg(a,)+ A, Z2,p~1 A, 33
Ds(ay) ZaX Z(z,p) 24, 32
4 Z,p (24; (p7£2) 32 (p#2)
| UT,+A4; (p=2) 34 (p=2)
D+ A, Z2,p 24, 34
24, Ss 0 40
As+ A, Ss Ay 39
As+24, Zs A, 41
De(as) Zy 24, 38
Dy Z,p By 27
Dn(a1)+A2 1 A1 43
(As+ Ay 1 24, 40
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TABLE 10. (Continued)

Representative Z(x) L(x) dim Ru (Z4(x))

(As+ A" Z, G 36

D+ A, Z, { A; (p#2) 42 (p#2)
A, (p=2) 47 (p=2)

(Ds+ As). Z, (p=2) G (p=2) 42 (p=2)

A+ A 1 A, 45

Ag, 1 : A1 -+ Gz 35

D5(a 1) + A1 1 2A1 46

A+ A+ A 1 Ay 49

A+ A, 1 24, 48

Ds(ay) Z, A; 43

D,+A, Z.p Cs 43

A, +24, Z, T+ A; 52

D4 ) Z 2,p) F, 4 28

A+ A Z, T+ A, 51

24, 1 B, 50

A, Z A, 44

D4((I,1) + Az Z 2 Az 56

A+ A+ A, 1 24, 60

As+ A, Z2,p-1> {T1+Bz (p+2) 59 (p+#2)

(As+A4,). 1 (p=2) A;+B; (p=2) 59 (p=2)

Dy(a))+ A, Ss 34, 63

As+24, 1 A+ B, 63

Dya,) Ss D, 54

24,424, 1 B; 70

A+ A, 1 A+ B, 60

2A2 + A]_ 1 Al + G2 69

As 1 By 45

24, Z; 2G, 64

A:+34, 1 A+G, 7

A+24; 1 A;+B; 78

A+ A Z; A 77

4A, 1 C, 84

A Z; K 56

34: 1 A+ F, - 81

2A, 1 . Bs 78

A, 1 E, 57

é 1 Es 0
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TABLE 11

The notations of positive roots of the root system K.
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as=a;+as,
Qi =0y -+ g,
aig=a+as,
az=ay+as,
az=ay7+ag,
agg=ag+ay,
age=ags+ay,
ags =g+ ay,
ay=agg+as,
ay=ag+ary,
ag=atar,
Ase =ays+ s,
age = agg+ag,
Qg0 = tlgg -+ s,
ajpe=ay1tay,
Q106 =105+ s,
ay10=008+ e,
ays=ayz+as,
a1 =ay5+as,
ags=ays+ay,
d120 = Q24T A2,
Q150 =128+ X7,
134 =301+ A,
aygs=aygstay,
aye=ay+as,
ayp=aysta,
ago=ays+ag,
a5 =53 t+as,

ag=aztay,
apz=ag+ar,
ajr=ay+as,
azy =ay+as,
agz=atar,
Qo9 = o2+ g,
Q33 =g+,
azr=ag+ag,
ay=ag+a,
ag =0+ ar,
g =05+,
Qg = o+ A,
a5 =g+ s,
a1 = Aot Ay,
Q103 =102+ A,
ajor =005+,
Q31 =000+ ay,
ans=ay2+as,
ajp=aye+ay,
123 =120t Az,
aigr=aytag,
ayg =aertay,
aigs=ay3stas,
agp=aysstar,
a3 =040+ s,
Ay =austay,
a5 =048+,
55 =054+ s,

ap=aztay,

ay=as+ay,

ajs=ay +as,
aze=ay5+as,
Qg =az+as,
asy=az+ay,
ax=agrtay,
35 = Q32 1,
Ao = g7+,
A= tas,
ago=0a s+ ay,
Qg =ago+ay,
ays=ss+as,
ez = g3 +as,

a1gs=aye3+as,

a8 =ajest-ay,
ape =101y,
ayie=ai13+ds,
A0 =017+,
0124 = Q3320+ As,
a3 =a124 Tz,
Qige =0yt ay,
Q136 =ayg2 Ay,
Q140 = Q138 1 s,
au=ayetai,
ays=ayr+ay,
152 =51t as,
ays=ays+ay,

ap=ayt+as,
a1 =ay+as,
ajp=a+a,
azs =15+ ag,
Q2 =ag+ g,
gy =0 +ag,
Qg5 = Olog+-Ag,
azo =gz +ar,
agg=ags+as,
ag=antar,
ap =aytay,
ags = agy + s,
asp=agr+as,
Qps=as+a,
ajs=a0s+ A,
00 =0196+ e,
ays=ay +as,
ayr =y t+as,
aoy =ayrtas,
@95 =021+ ay,
Q129 =026+,
ajzs=ajgtar,
a7 =133+ A,
ayy=aggetay,
ays=ayz+as,
ays=ayrt+ay,
ass=ayse+ay,

157 =056+ X101,




KENZO MIZUNO

458

TABLE 13
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