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Introduction

In this paper we study a linear Volterra integro-differential equation
of the form

(E) —(%—u(t)=Au(t)+S:B(t—-s)u(s)ds+ &) for t>0, u(0)=zx,

in a Banach space X with norm ||-||. Here f: R.=[0, c)— X is continuous
and A4 is the infinitesimal generator of a semi-group of class (C, on X.
For each te R, B(t) is a (in general unbounded) linear operator with
domain dense in X. Let B(X) denote the set of all bounded linear
operators from X into itself.

It is well known [2] that on a finite dimensional space X=R" (the
n-dimensional space of column vectors with the usual norm |-|),

(0.1) u(t):U(t)m+§:U(t—s) feds  for t>0,

is a unique solution of (E) for x € X. In this case A and B(t) are nXn
matrices, B(t) is a locally integrable function on R. and the % X% matrix
function U(t) is the solution of the equation

%U(t)=AU(t)+S:B(t——s) U(s)ds= U(t)A+§:U(t—s)B(s)ds for t>0,
U0)=I (the identity matrix).

In a general Banach space X, it is also known [5, 12] that if {B(¢);
teR.} is in B(X) and B(t)x: R.— X is continuous for each x€ X, then
there exists a one-parameter family {U(¢); t € Ry} in B(X) which satisfies
the following two equations

Received September 18, 1979
Revised March 17, 1980 and August 23, 1980



332 KUNIO TSURUTA

U Edt—U(t)x=AU(t)w+§:B(t—s) U@s)eds  for t>0, U)z=x ¢ D(A) ,
and

U,) _d‘ll-t-U(t)x= U)Ao+| Ut—9)Bewds  for >0, UOw=xe D),

and the function % given by (0.1) gives the unique solution of (E) for
€ D(A) and f strongly continuously differentiable on R..

Our purpose of this paper is to generalize the results in [2], [6] and
[12] to the case in which {B(t); t e R.} is not necessarily in B(X). The
paper is organized as follows. In section 1 we construct a one-parameter
family {U,(t); t € R.}in B(X) satisfying certain integral equation in X by
using “successive approximations” method which has been used for per-
turbation theory of semi-group generators by Miyadera [8, 9] and Voigt
[13], and for Volterra integro-differential equations in a Banach space by
the author [12]. In section 2 we give some sufficient conditions on B(t)
under which U,.(t) satisfies (U,) for z € D, where D is a dense linear subset
of X. In section 3 an existence and uniqueness theorem is obtained for
(E) under appropriate conditions which also guarantee that U,(t) satisfies
(U) and (U,) for xe D. Further in section 8 “the variation of constants”
formula of the form (0.1) is obtained. Our results in section 3 will partly
correspond to Miller’s theorem [6] which has been obtained by studies of
well-posedness of Volterra integro-differential equations in a Banach space.

For results on linear Volterra integro-differential equations in a
Hilbert space see Hannsgen [8, 4].

Let I be a subinterval of R=(—co, o). As usual LYI) will denote
the Lebesgue space of all extended real-valued measurable functions

g: I— R such that g |g()|dt< oo, where R denotes the set of all extended
4 J—
real numbers. L},.(R:) will denote the set Tof all R-valued functions g
which are locally of class L'(R,); that is S |gt)|dt< o for every T>0.
0

C(I) will denote the set of all real-valued continuous functions g:I—R and
C'(I) will denote the set of all real-valued continuously differentiable fune-
tions g: I—-R. LYI; X) will denote the set of all g: I— X such that g
is Bochner integrable on I. Li..(R.; X) will denote the set of all X-
valued functions g which are locally of class LYR.; X). C(I; X) will
denote the set of all X-valued continuous functions g: I— X and CYI; X)
will denote the set of all X-valued strongly continuously differentiable
functions ¢: I— X.
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§1. We begin with the integral equation of the form
(L.1) Ut)s= V(t)x—l—StU(t—s)F(s):cds for ¢>0,
0

where V and F are given operator-valued functions. We now introduce
a class of linear operators.

DEFINITION 1.1. A one-parameter family of linear operators F(?)
defined on a dense linear ;subset D of X for each te R, is said to be
of class (F'(-)) if

(F) F@)xe Li.(R+; X) for each xze D,
(F,) for any te R,

sup{S:HF(s)des;xeD, ||x|1§1}<oo :

REMARK 1.2. Each of the following conditions is equivalent to (F,).

(F;) For some A€ R and any t€ R,
(*) sup|{| exp(—ra)[| Fs)z||ds; s € D, [|a]|<1} <o .

(F,) For any A€ R and t€ R: (*) holds.
If {F(t); te R} belongs to (F(-)), we define

Lyt)=sup{| exp(—r9) | Fs)= || ds; w € D, ||l <1}

for any e R and teR,.
Our first result is the following proposition. The proof of the result
uses the same techniques as those used in [9] and [12].

PROPOSITION 1.3. Let {F(t);tc R.} be of class (F(-)). Suppose that
there exist constants 0<t,< o and Ne€R such that L,(t,)<l. Then for
each strongly continuous family {V(t); te R.} in B(X) satisfying

1.2) NV@) IS M,exp (At) for teR* and some M,>0

there exists a ome-parameter family {Uy(t); te R} in B(X) with the
properties:

(1) Uy(t) is strongly continuous on R,

(ii) for each xe D U,(t)x satisfies the integral equation (1.1), and
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(iii) there exists a mondecreasing fumction M(t) defined on R. such
that

U () || = M(t) exp (At)  for teR..
In particular if t,=co we have ||U,(t)||< My(1— L;(0))~! exp(r\t) JorteR,.
To prove this proposition we use the following lemma.

LeMMA 1.4. Let {U®); te R} be in B(X) and UxeCR+; X) for
each xe X. If feLi.(R+; X), then as a function of s, Ut—s)f(s) e
LY([0, t]; X) for t>0. Further if we define g(t)=S‘U(t—s) f(8)ds for t>0,
and g(0)=0, then ge C(R.; X). '

The proof of Lemma 1.4 can be carried out by standard arguments,
and let us note that under the condition of Proposition 1.3 the equality
U, (0):{ V(0) holds, if {U,(¢); te R} exists, since Lemma 1.4 implies
lim, MSOUV(t—s)F(s)xds:O and D is dense.

PROOF OF PROPOSITION 1.3. Fix 7>0. It follows from the definition
of L,(t) that L,({)<L,(t,)<1 whenever 0<t<t,. Therefore we can choose
some 0<¢,<T such that ¢{,<¢, and L,(¢,)<1. In fact if {,= or T<t,
we can set {,=T and if T=?¢, we can set t,=t,. Let {V(¢); teR,} be a

family in B(X) and V(t)xc C(R;; X) for each z€ X with the estimate
(1.2). Then

1.3) |[V(®)=x|l=M,exp \)||z|| for every xzeX and ¢>[0,¢].

For each nonnegative integer n and t€|0, ¢,] we define a bounded linear
operator U,(t) on D as follows: for x ¢ D

1.4 Udz=ViE)e, U,,(t)x:S:l?,,_l(t-—s)F(s)xds for te (0, t,]
and U,0x=0 for =»=1,2, ...,

where U,_,(t) denotes the extension of U, ,(t) onto X. To observe that

U,(t) are well defined and bounded on D, we show that for every « and
xeD, U,(t)xeC(, t,]; X) and

(1.5) U@z = M(L:(2))" exp (W) |[x]]  for te[0,¢,].
By (F), (1.4) and Lemma 1.4 it follows that for ¢ ¢ (0, ¢,]

Ul(t)x=S:U'o(t——s)F(s)xds and U (0)z=0
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are well defined and U,(t)x € C([0, t,]; X) for xe€ D. Moreover, by (1.3)
and the definition of L,(¢,) one has

[|U.() || = M, exx)(xt)gz exp(—as) || F(s)x || ds
= M, exp(\E)L,(t,) || || for te(0,t]

and hence ||U,(t)x||< M,L;(t,) exp(\t)||x|| for t€[0, ¢,]. Since D is dense
in X, U,(t) can be extended onto X. Now we see by induction that U,(¢)
is well defined and U,(t)x € C([0, t,]; X) for x € D, and (1.5) holds. Con-
sequently it follows that for every n U,(t) is strongly continuous on [0, £,]
and

(1.6) 10,0 1< My(Lit))" exp(nt)  for tel0, ¢,].

Since L,(t)=L,(t)<1, ST, (%) converges absolutely in the uniform
operator topology and uniformly in ¢ on [0, t,]. Define U,(¢t) € B(X) by

1.7 UV(t)ngjﬂ(t) for telo,t],

then U, (t) is stror_lgly continuous on [0, ¢,]. Clearly U,(0)= V(0) and by
the definition of U,(f) and (1.7) U,(t) satisfies the integral equation (1.1)
for xe D and t€(0, ¢,], and from (1.6) and (1.7) one has

(1.8) Uy ||= M,(1—L;(t,)) " exp(rt)  for tef0,¢,].
Translate (171) by t, to see that W(t)=U,(t+¢t,) must satisfy

-+t
0

W)=Vt +,)z-+ S ‘U, (t+t,— ) F(s)ads

=[ Vit + )%+ S+ Uy e+ tl—-s)F(s)xds:l+ || Wt —9)Fo)nds
t 0
 for t>0 and v € D. Clearly the term in brackets, we say, the new forcing
function V,(t)x is strongly continuous on R, by (F,) and Lemma 1.4 and
satisfies (1.3), since from (1.8) and (F,) one has :

1Vi@)zl|= M, expinte+)] 1+ 1~ L) | ™ exp(—s) | F) 1 ds |
=M, exp(\t)||x|] for te[0,t] and xeD,
where M,= M1+ L,(2t,)(1— L,(t,))"*] exp(\t;). Therefore the same argu-

ment can be repeated to obtain a solution of (1.1) on (¢, 2¢,], (2¢t,, 3t,],- -
until (Nt,, T] where (N+1)t,=T, and ||U,(t)||< M(t)exp (At) for tec[0, T}
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and some nondecreasing function M(t) which depends on ¢ and \. Since
T is an arbitrary positive number, this proves the existence of a one-
parameter family U,(t) e B(X) on R, which is strongly continuous, and
satisfies the integral equation (1.1) and the estimate (iii) for te R,.
Q.E.D.

REMARK 1.5. The condition (L,): there exists ¢, 0<t,< o such that
L,(t,)<1 for some A€ R, is equivalent to the following condition

(L,) ltlllgl L;(t)<1 for some L€ R .

We use this fact in section 2.

We now give a simple condition which guarantees the assﬁmptions
of Proposition 1.3.

LEMMA 1.6. Let {F(t); te€ R} be a one-parameter family of l'i'nea'r»
operators defined on a dense linear subset D of X which satisfies (F,).
If there exists a mon-negative function ¢ € Li,(R:) such that

(Fy) |F)x||=¢@)||x|]] Sfor teR, and =xeD,

then F(t) 18 of class (F'(-)) and there exist constants 0<t,<~ and MNER
such that L,(t,)<1.

§2. A one-parameter family {T(t); te R} in B(X) is called a semi-
group of class (C,) on X if it satisfies

T(0)=1I (the identity operator), T(t+8)= T(t)T(s)(t, s€ R.), and T(t)x €
C(R.; X) for each xe€ X. The infinitesimal generator A of {T(t); t € R.}
18 defined by

D(A)={re X; Ax= lhlgl h[T(h)—I]x exists} .

It is well known that A is a densely defined, closed linear operator in
X. We denote by po(4) and R(\; A) the resolvent set and resolvent of
A, respectively: R(\; A)=(\—A4)"", v p(4). For t>0 T'(t) and A commute
on D(A), and for x € D(A) T(t)x is strongly continuously differentiable on
R, and is the unique solution of the differential equatiton dT(t)/dt=AT(t)x

with the initial condition T(0)zr=2. Moreover SOT(s)xds € D(A) and
t

AS T(®)xds=T(t)x—x for xe X and t>0. It is also well known that

thefre exist constants M=1 and @ € R such that

(2.1) || T(t) || = M exp(wt) for teR, and {x; A>w}cCp(4).
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Moreover R(\; A)?-:Smexp(—xt)T(t)wdt for xe X and A >w.
0

Concerning further results of a semi-group of operators of class (C,)
see for example Dunford-Schwartz [1] or Pazy [10].
, In what follows A will be the infinitesimal generator of a (C,) semi-
group {T'(t); t€ R.} and B(t) be a linear operator defined on D(B(t)) with
range in X.

DEFINITION 2.1. A one-parameter family {B(t); t € R,} is said to be
of class (B(-)) if :

(B,) there exists a dense linear subset D of X such that DcD(4A)N
D(B(t)) for all teR,, T(t)DcD for each te R, and B(t)z: R, — X is
measurable for each xe D,

(B,) there exists a function g e L!,.(R:) such that
| B)x||=p®)||x|l, for all tecR, and zeD,
where ||zl =||z||+]| Az||, and

(B;) for any te R,

)

In order to show that (B,) makes sense we need the following lemma.
For a proof see Lemma 1.1 in [6].

'X;B(8~—7')T('r)xd'r“ds; x € D, l|x|]§1}<oo .

LEMMA 2.2. Let {B(t); tc R,} satisfy (B, and (B,). Let u: R.— D be
any function such that w(t) and Au(t) are continuous on R,. Then as
a SJunction of s, B(t—s)u(s) € L([0, t]; X) for t>0 and if we define g(t)=
SOB(t—s)u(s)ds Jor t>0 and ¢g(0)=0, then ge C(R.; X).

The operator of the form B(t)=b(t)A will serve as an important
example which forms a family of class (B(-)), where be Ll (R,) is a
given function..

PROPOSITION 2.3. Let {B(t); t € R.} satisfy

(B,) D(A)CD(B()) for all teR,, Blt)x: Ry— X 1is measurable for each
xz € D(A) and there exists a function e Li,.(R.) such that for any
¥y in X

| BOR(; Ayyll<B®) ||yl for all te R, and some e p(4),
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and (B;) with D replaced by D(A). Then {B(t); te€ R.} forms a family
of class (B(-)).

PrROOF. Clearly (B,) implies (B,) and (B,) with D replaced by D(A4).
Q.E.D.

In the sequel it will be assumed that B is a linear operator defined
on the domain D(B) with range in X. The following result is a direct
consequence of Proposition 2.3.

COROLLARY 2.4. Let be Li,(R:y) and |b(t)|<o for teR.. Let B
satisfy

(By) D(A)c D(B) and BR(y; A) € B(X) for some e p(A),

and (B;) with D and B(t) replaced by D(A) and b(t)B, respectively. Then
{b(t)B; te R.} forms a family of class (B(-)).

PrROOF. Set B(t)=b(t)B. Then B(t) is well defined for all te R, and
one has D(B)c D(B(t)) for te R.. Now (B, follows from (B,). Q.E.D.

PropoOSITION 2.5. Let {B(t); t€ R.} be of class (B(-)). Set
2.2) F(t)szZB(t——s)T(s)xds for teR, and weD.
Then {F(t); t € Ry} forms a family of class (F(-)) and hence
2.3) Lz(t)———sup{S:exp(——xs)HS:B(s—'r)T('r)xd'ers; zeD, ||=ll<1}

18 finite for all e R and te R,.

Proor. The conditions (F,) and (F,) follow from Lemma 2.2 and (B;)
respectively. Q.E.D.

We now consider an integro-differential equation of the form
2.4) %U(t)x—: U(t)Ax—l—StU(t—s)B(s)xds for t>0, UQz=x.
0

DEFINITION 2.6. A one-parameter family {U,(t);teR;} in B(X) is
said to be an adjoint kernel on R, if

(i) Uzt)xeC(R+; X) for each x€ X and there exist ¢ R and a
nondecreasing function M such that ||U,(®)||=<M(t) exp (\t) for te R,

(ii) there exists some dense linear subset D of X such that DcC
D(A) N D(B()) for all te R, and U,(t)x € C'(R,; X) for each x € D, and
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(iii) for ¢>0 and x € D U,(t)x satisfies the integro-differential equation
(2.4) with

(iv) U (0)=1I.

Our first main result is the following

THEOREM 2.7. Let {B(t); t € R} be of class (B(-)). Suppose that there
exist constants 0<t,< o and AN=w® such that L,(t,)<l, where L, is the
Junction defined by (2.3). Then there exists an adjoint kernel {Up(t);
te R.}.

The following lemma will be useful in the proof of Theorem 2.7 and
in the remainder of this paper.

LeMmA 2.8. Let {U(t); te R,} be in B(X) and satisfy
(i) U@xeC(0, ~); X) for g\ach ze X, and
(ii) there exists a function B €i..(R.) such that

NUB<BE)  for all teR, .
If the hypotheses of Lemma 2.2 are satisfied, them we have

S:(S:Ua“S)B(S"T)u(’r)d'r)ds—’—‘S:(S:U(t——s)B(s——r)u('r)ds)d'r Sfor t>0.

Proor. Fix ¢>0. Define B(r, s)x=B(s—r)x for (r, s)e2={(r, 8);
0<r=<s=<t} and xe€D. Then B(r, s)xr is measurable on 2 for each xc D
and from (B,) one has ||B(r, s)x||<g(s—7)||z|l, for xeD. Clearly the
function B(r, s)=pB(s—7) is integrable on 2. Since u(r) is strongly con-
tinuous on [0, ¢t], the function u(, s) on 2 to X defined by the formula
u(r, 8)=u(r) is continuous. Further we define U(r, s)= U(t—s) for (r, s) €
2. Then U(r, 8) € B(X) for (r, s)e 2 and U(r, s)x is strongly continuous
on Q\{(r, 8); s=t} for xe€ X. Using the similar arguments as those used
in the proof of Lemma 1.1 in [6] it is seen that wv(r, s)=B(r, s)u(r, s) is
strongly measurable on 2 and U(r, 8)v(r, s) is also strongly measurable
on 2()={(r, 8); 0=r=<s<t—e¢}for sufficiently smalle>0. Thus U(r, s)v(r, s)
is strongly measurable on 2. Moreover from (B,) one has

t 8 t ¢
V(v sy, lidndsssepiiuem s 0sr=0({Beds)({ awds) <o .
Thus by Corollary II1.11.15 in [1] and Fubini’s theorem we have

S <S:U(7': 8)u(r, S)d"‘)d8=s (S:U('r, syv(r, s)ds)dfr for ¢>0. Q.E.D.

t t
0 0
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PrROOF OF THEOREM 2.7. Set V(¢)=T(t) in Proposition 1.3. Then
Propositions 2.5 and 1.3 imply that there exists a one-parameter family
{Ur(t); te Ry} in B(X) which satisfies (i) and (iv) of Definition 2.6 and
the integral equation of the form

(2.5) Utz =Ttz + S: U, (¢ —s)(S:B(s—'r) T(r)mdr)ds

for t>0 and xe D. From (B)), (B,) and Lemma 1.4 it follows that as a
a function of s, U,(t—s)B(s)x € L'([0, t]; X) for ¢t>0 and e D and if we

define ﬁ(t)x—-s U(t—38)B(s)xds for t>0 and B(0)x=0 for each z€ D, then

Dc DB®)) for te R, and Bt)x e C(R.; X) for xe D. Furthermore by (i)
of Definition 2.6 and (B,) we have

26)  1BwelsMe exo )| s@ds)izl=B®lIzll,  for ¢>0.

Therefore if we define 3(02\= 0, then it is seen that B € Li..(R.) and B(t)<
oo for te R,, and hence B(t) satisfies (B,) and (B,). Thus Lemma 2.2

implies that Stﬁ(t——r) T(r)xdr is well defined and continuous in ¢ for ¢>0
0

and xe€ D. Since U,(t) is strongly continuous on R., ||U(t)| is bounded
and measurable on each finite interval of R.. Thus from Lemma 2.8 we
have

t 8 t t
S U, (t—3) (S B(s—1) T('r)xd'r)ds=§ (S Uy(t—s)Bls—7) T('r)xds)d'r
0 0 0 r
= g‘(g”' Ut —r—3)B(s) T('r)a:ds)d'r
0 0 ]
=S:ﬁ(t-—r)T(r)a:d'r for t>0 and zeD.
Substituting this formula into (2.5) we have
@7 U,(t)x—.:T(t)m+§'1§(t—s)1'(s)xds for t>0 and zeD.

Let 2>0. Define I,(t; h)z= h“S Bt+r)zdr—Bt)e and L(t; h)yz=
S Bt+h— r)(T('r)x—:c)d'r for te R, and x€ D. We wish to show that

(2.8) Ut +h)x= Ur(t) T(h)x+hBt)x +hI(t; h)x+hI(t; h)x

for te R, and € D. When t=0 this formula is easily obtained from
(2.7). Let t>0. Then it follows from (2.7) and (B,) that
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Ut +h)z=T(t+ )+ S:“B(t +h— ) T(r)adr
— T(t) T(h)x + S:ﬁ’(t—w T(r) T(h)zdr + hB(t)x
+ (S:f?(t + r)xdé*-—hﬁ(t)x) + S:E’(t B — )T —2)dr
= Up(t) T(h)w+h Bz +RI(t; ho+hIE; ) .

This proves (2.8).

We now show that U,(t)x € C'(R.; X) for each xeD. Since B(t)xe
C(R+; X) for e D, it follows that lim,,, I,(t; h)x=0 for te R,. Let te
E,. Choose T>0 such that ¢+h<7T. Since M(t) is nondecreasing, 2.6
yields »

1565 Wl <h{ B+ h—n) Try—s Ldr
< M(T) exp WT)( | 8(s)ds Ysup (|| T(r)w—a|L; 0=r<h) .

Therefore this shows that

%Uramzlhi?g h={Un(t+ )z — Uy(t)]

= Ux(2) 1331 h~{(T(h)x—x)+ Bt)x+ 1251(11@; h)x+ L(t; h)x)
=U,(t)Ax+B(t)x for teR, and wxeD. '

Since the right-hand side of this equality is continuous on R, we have

%Uf(t)x: U,(t) Az + B(t)x for t>0 and «xzeD.
Moreover it is easily seen that lim,,, (d/dt) U (t)x=Ax=(d*/dt) U (t)x|,=,.

Q.E.D.

As a simple consequence of Theorem 2.7 we have the following which
is one of the main results in [12].

COROLLARY 2.9. Let {B(t); teR.} be a ~strongly continuous family
tn B(X). Then there exists an adjoint kermel {U,(t); t € R.}. :

PrOOF. Since ||B(t)|| € Li..(R+), it is easy to see that {B(t); t € R.}
forms a family of class (B(:)) with D replaced by D(A4). Also for any
MeR we have lim, ,I;(t)=0. Therefore we can find ¢,>0 such that
L;(t,)<1. Thus the conclusion follows from Theorem 2.7. Q.E.D.
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COROLLARY 2.10. Let {B(t); t € R.} satisfy
B, D(A)c D(B(t)) for all te R,, and there exists a constant b such that
| BO)R(tt; Ayl|=bllyll for yeX and some pep(A).

Further there exists another family {B\t); t€ R} of limear operators in
X which satisfies (B,) with 3 replaced by some function G, € Li,.(R.) for
this pe p(4) and

B(t)m:B(O)erS’Bl(s)xds for t>0 and zecD(A).
. J0
Then there exists an adjoint kernmel {U,(t); t € R.}.

PRrROOF. Observe that B(t)x: R.— X is continuous for every x € D(A4).
From (B,) and (B, it follows that

@9) I BORGE Ayls|BORG A+ | BoRw: Avds|
=(v+{s@ds)lvl=aWllyll

for y€ X and some pep(A). Therefore it is seen that {B(); tc R.}
satisfies (B,) and (B,) with D replaced by D(4) and Lemma 2.2 implies

that as function of s, SOB(s—'r) T(r)xdr is continuous for each s>0 and
x € D(A). Further by (B;) and Fubini’s theorem we have
S:B(s — ) T(r)wdr= S:B(O) T(r)adr+ 5;(;:31(3 — ) T(r)edu )dr
= BOT)dr+ (| B6—w) T(ryadr ) du
— BO)R(x; A)(pS:T(r)xd'r— T(8)z + x) |

+ S:Bl(s——-u)R(p; A)(pSZT('r)xdr—— _T(u)a:+x)du .

Thus for any \€R L;(t):sup{s:exp(—m)uS:B(s—'r)T('r.)xd'rHds; z e D(A),
]l < 1} is well defined and satisfies the inequality

L,(t)= S:exp( —(—w)s)r(s)ds ,

where 7 is some continuous function on R,. This shows that lim,,, L:(t)=
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0. Therefore the conclusion follows from Proposition 2.3 and Theorem
2.7. Q.E.D.

COROLLARY 2.11. Let be CY(R,) and let B satisfy (B,). Then there
exists an adjoint kernel {Ur(t); t € R} for B(t)=>b(t)B.

Proor. Clearly (B,) and be C'(R,) imply (B,). Q.E.D.

The class P(A) defined in [1] plays an important role in perturbation
theory of semi-group (see also [8] and [9]). We now also define P(A4) as
follows:

DEFINITION 2.12. A linear operator B is said to be of class P(A) if
it satisfies

(B;) there exists a dense linear subset D of X such that DcD(A)N
D(B), T¢)DeD for teR,. and BT({t)x € C(R+; X) for each xe D,
and (B,) with B(¢) replaced by b(t)B, where be Li . (R.).

The following result can be proved by the same arguments as those
in Lemma 1.1 in [6].

LEMMA 2.13. Let {U(t); t € R} be a family in B(X) and satisfy
(1) U®)x: R.— X 18 measurable for x€ X, and
(ii) there exists a function B € Li,.(R:) such that

U@ |l=pE®)  for teR..

If feCR;; X), then as a function‘ of s, U(t, s)f(s) e L'([0, t]; X) for all
t>0. Further if we define g(t)——-g Ut—s)f(8)ds for t>0 and g(0)=0,
0

then ge C(R.; X).

PrROPOSITION 2.14.  Let be L', .(R:) and let B be of class P(A). Then
{F(t); te Ry} forms a family of class (F(-)), where F is the function
defined by (2.2) with B(t) replaced by b(t)B. '

PROOF. Set N={t; |b(t)|=c}. Define U@t)=0b(t)I for te R,\N and
U@#)=0 for te N. Then U(t) is well defined on R, and U(t)x: R.— X is
measurable for xr€ X. Since BT(t)x € C(R+; X) for x€ D and be Li,.(R.),
it follows from Lemma 2.13 that F(t)x € C(R4; X) for x€ D. Now it is
easy to see that F satisfies (F,) and (F,). ~ Q.E.D.

REMARK 2.15. Concerning the existence of family {F(t); t€R.} of
class (F'(-)) the condition (B,) is rather restrictive. The following condi-
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tion, for example, assures the conclusion of Proposition 2.14:

(B7) there exists a dense linear subset D of X such that DCD(B),
T@)DcD for te R, and as a function of ¢, BT(t)x € LL..(R.; X) for
xeD.

Corresponding to Lemma 2.8 the following result holds. We omit its
proof.

LEMMA 2.16. Let {B(t); te R} be a family in B(X) satisfying (i)
(ii) of Lemma 2.13. Suppose further that {U(t); te R.} i3 a strongly
continuous family in B(X). If ueC(R.; X), then we have

S (S Ut~ s)B(s—'))u('r)d'r)ds S (S U(t—s)B(s— 'r)u('r)ds)d'r for t>0,

THEOREM 2.17. Let b€ L}i..(R+) and let B be of class P(A). Suppose
that there exist constants 0<t,< oo and A=w® such that L,(t,)<l, where
L; is the function defined by (2.3) for B(t)=>b(t)B. Then there exists an
adjoint kernel {U,(t); t € R.}.

PrOOF. Propositions 2.14 and 1.8 imply that there exists a oné—
parameter family (U,(t); te R,} in B(X) which satisfies (i) and (iv) of
Definition 2.6 and integral equation of the form

U (tyo=T(t)x+ §' Ut —s)(s'b(s —-r)BT(r)a:dr)ds

for t>0 and € D. For B(t) b(t)B define B(t) as in the proof of Theorem
2.7. Then by Lemma 1.4 B(t)xeC(R+, X) for xe D. Moreover Lemma

2.2, (i) of Definition 2.6 and (B,) imply that S Bi—7) T(»)xdr is continuous

in t for t>0 and xeD and there exists some B e Li.(R,) such that
1 B(t)xIISB(t) || Bx|| for t € R, and x € D. Furthermore Lemma 2.16 implies

[ Ut —9)(| vs—n BT (P )ato = | Bt—nTwdr
for t>0 and xe€ D. Therefore we havé
'Ur(t)x=T(t)x+stl§(t—-r)T(r)wdr for t>0 and zeD.

Now by the same argument as in the proof of Theorem 2.7 one can
easily complete the proof. Q.E.D.

COROLLARY 2.18. Let b eLloc(R+) and B satisfy (B;) and
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(Bs) for some t,>0
sup{S:°||BT<s)x[|ds; ze D, nx|l§1}<oo .

Then B 18 of class P(A) and further there exists an adjoint kernel
{U.(t); t € Ry} for B(t)=>b(t)B. If be L'(R.) and t,=co, then there exists
AM>Max {w, 0} such that ||Ur(t)||=M(\)exp(\t) for te€ R, and some con-
stant M(\) which depends on N\ only.

ProOF. Define Ki(t)=sup{| exp(—rs)[BT(5)z||ds; v D, |lzl|<1} for
. 0
M ER, then by the same argument as in Lemma 1 in [9] we have

S“exp(-—xt)nBT(t)xndtgL(x, t)llzll for zeD and A>Max{w, 0},

where L(\, t)= K;(t)[1+ Mexp(— W —w)t){1—exp(—(A—w)t)}]~*. Thus it
follows that

S:exp(——)\.s)HS;b(s—r)BT('r)xd'r“ds
t t .
é(goexm—mm(s)lds)(goem-m)uan)xnds)
<L\, t°)<S:exp(—-7\,s)lb(s)}ds)llxll for ¢>0.
Therefore for A>Max{w, 0}
t . s ‘
Lz(t)=sup{§ exp(—As) HS b(s——r)BT(r)xd'r”ds; xeD, ||wx|§1}
0 [:]
is well defined and finite for all ¢>0. Moreover the above inequality
shows that lim, , L;(f)=0. Thus B is of class P(A4) and further the first

part of the conclusion follows from Theorem 2.17.
If be L'(R.) and {,= -, then we have for A>Max{w, 0}

L)< Ki(«=)( | exp(—29) b0} | ds ) s Ki)( | exp(—29) b0 13 ) ,

where Kz(oo)=sup{S:oexp(—xs)HBT(s)des; zeD,||x||<1}. Since L) is
bounded and nondecreasing in ¢, L;(co)=lim,., L;(f) exists and satisfies
the inequality L;(oo)éK{(oo)(S:exp('——xs)lb(s)lds). K;() is also non-
increasing in A, and hence there exists K_(oo)=lim; . K;(c0)<oo. Since
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be L'(R,), one has 1imm(§:°exp(~>\,s)lb(s)|ds)=o. Thus lim,..., Ly(c0)=0.

Now by Proposition 1.3 we have ||Up(t) || < M(1— L;(c0))""exp (\t) for te R,
and sufficiently large »>Max{w, 0}. Q.E.D.

COROLLARY 2.19. Let be Li..(R:), and let + € Li,.(Ry) and ()>0
Jor te R,. Assume that B is a closed linear operator in X such that

(By) TW)XcD(B)  for all t>0, and
(B.) IBTM)=z||=y@)lz|]  for zeX and t>0.

Then B is of class P(A) and further there exists an adjoint kernel
{U:(t); te R,} for B(t)=>b(t)B.

PrROOF. Let 6>0. Choose 9,=06,(6) such that 0<5,<6 and y(5,)< co.
Let t=0 and let t=mnd,+s, 0<8<4,, n=1. Then

(2.10) [|BT(@®)x||=||BT(6,) T((n—1)8,+s)x||
= (¥(0,) M exp(— @d,)) exp (wt) || x || = M(5) exp (wt) || x ||
for t=o.

Especially || BT(0)x||=M(0)exp(wd)||x||. Replacing 6 by ¢, we have
(2.11) [| BT(t)x || < M(t) exp (wt) || x|| for xeX and t>0,

~ where M(#)<o for t>0. Let t>0. Choose & such that 0<é<t. Then
the strong continuity of BT(t)x in ¢ follows from the estimates

| BT(t+h)x— BT(t)x || < M(t) exp (@t) || T(h)x—x || for A>0
and ’
|| BT(t —h)x— BT(t)x || < M(é)exp(wt) || T(h)x—x || for t—é>h>0.

Next we shall show that D(A) < D(B) and BR(u; A) € B(X) for > w.
Let 6>0 be fixed again. Choose ¢>0 such that £<d. Then it follows
from (B,) and (2.10) that

2.12) §:°exp(-—ps>1|BT<s>wnds=§iexp<—ps>nBT(s>xnds
+ S:’exp(— 18)|| BT(s)z || ds

<[ [lexp(—popds + MGYa-or izl
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for xreX and p>w. Setting R.(y; A)ngwexp(—ﬂs)T(s)xds, then

R.(¢#; A)xe D(B). Moreover by (2.12) and (B,) we can see that
lim,, BR.(¢#; A)x exists. Since lim, , R.(¢; A)xr=R(¢; A)x and B is closed,
we have

R(tt; A)w e D(B), lifg BR.(#t; A)x=BR(¢t; A)x and ||BR(#; A)z||<M,| ||

for reX and ¢>w. That is, D(A)cD(B) and BR(y; A)e B(X) for
¢>w. Now it is not difficult to see that BT(t)x € C(R.; X) for every
x € D(A) and there exists some #,>0 which satisfies (B;) with D replaced
by D(A). The conclusion now follows from Corollary 2.18. Q.E.D.

§3. In this section we shall deal with the inhomogeneous initial
value problems

- {—gt—u(t)=Au(t)+ S:B(t——s)u(s)ds—l— F&  for t>0,
u(0)=ex,

and

&) { —g—tu(t):Au(tH— S:b(t——s)Bu(s)ds—}— ) for >0,

w(0)==zx .

Throughout this section we shall assume that {B(¢); ¢t € R.} is of class
(B(+)), B is of class P(A), b € Li,.(R.+) and D is the set defined in Definition
2.1 (or Definition 2.12).

DEFINITION 3.1. A function u: I=[0, T]— D is said to be a strong
solution of (E) (or (E')) on I if w and Awu (or Bu)e C(I; X) and (E) (or
(E") is satisfied at all points in I\{0}, where T is some positive number.

.Obvious modifications of this definition can be used when the interval
I is of the form [0, T) with 0<T< .

THEOREM 3.2. If the hypotheses of Theorem 2.7 are true, then the
adjoint kernel {U,(t); t € R.} exists. If w is a strong solution of (E) on
I for feCl; X) and xe D, then
3.1) w(t) = Ur(t)x+S’U,(t—s) f(ds  for tel.

Proor. Theorem 2.7 and u(t) € D imply that there exists an adjoint
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kernel {U,(t); t € R,} and the X-valueAd functign g(8)= U,(t —8)u(s) is strongly
differentiable for 0<s<t. Define B(t) and B(¢) as in the proof of Theorem

2.7 and define §@t)= S:B(t—-'r)u('r)d'r for teI\{0} and §(0)=0, then from

Lemma 2.2 we can see that §eC(I; X). Noting that B(t) is finite for
each ¢ e R, and nondecreasing in ¢, from (2.6) one has

|| Bt — 8 —h)u(s+ k) — B(t —s)u(s) || <|| Bt — 8 — h)u(s) — Bt —s)u(s) ||
+B(T) || u(s+h)—u(8)||.

for 0<8<t and 0<h<t—s, and

|| Bt — 8+ h)u(s—h)— Bt —s)u(s) || <|| B(t —s+h)u(s)— Bt —s)u(s)||
+B@T) || u(s—h)—u(s)]|.

for 0<s<t and 0<h<s. Thus it is seen that as a function of s, B(t—s)u(s)
is strongly continuous on [0, ¢]. Now from (E) and (iii) of Definition 2.6
it follows that

g'(8)= Ur(t—8)u'(8) — Uz(t —s)u(s)
— U, (t—8)(Au(s)+ S;B(s—'r)u('r)d'r+f(s))

— Uyt —8)Au(s)— S:’ Ut —s—r)B(ryu(s)dr
= Uy(t—8)f(8)+ Ur(t—38)j(s)— Bt —s)u(s)  for 0<s<t.

Here '=d/dt. Integrating ¢'(s) from ¢ to t—¢& and then letting s—0 we
have

wt)— Urt)o—| Untt—2)7 a)ds
- S; U, (t—8)5(s) ds— S:ﬁ(t— 8)u(s)ds

= S U,(t—s)(S;B(s—— Pu(r) d'r)ds— S (S

(I at—s—nBEryuierir)as
= (|, Ustt—9Bs—ryurr)as—{ (' Ust—r) Ber— yuie)ir)ds=0 .
The last equality follows from Lemma 2.8. Q.E.D.

THEOREM 3.2'. The conclusion of Theorem 8.2 remains true with
Theorem 2.7 and (E) replaced by Theorem 2.17 and (E’) respectively.

The proof of Theorem 8.2’ can be carried out by similar arguments
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to those in the proo'f of Theorem 3.2 with using Theorem 2.17 and Lemma
2.16. , '

REMARK 3.3. Miller has obtained a similar result under the condition
that (E) is uniformly well posed (Theorem 5.4 in [6]) or that B(t)=>b(t)A
and be L'(R,)NCYR,) (Corollary 7.6 in [6]).

COROLLARY 3.4. Let f=0 in (E) (or (E)). If (E) (or (E") has a
unique strong solution for every xe€ D, then the adjoint kernel is
uniquely determined.

DEFINITION 3.5. The continuous function « defined by (3.1) is called
the mild solution of (E) (or (E) on I.

Finally in Theorem 8.7 below we give a sufficient condition under
which (E) has a unique strong solution on R,. Our proof is similar to
- the proof of Lemma 7.2 in [6] and our result contains a generalization
of its lemma. To prove Theorem 3.7 we need the following lemma which
is proved in Chapter 4 of [10].

LEMMA 3.6. Let f,, f,€CR.; X) such that

(i) fieCYR+; X), and

(i) f.e D(A) for te R, and Af,c Ll (R+; X).
Then for any x < D(A),

a
dt

has a unique strong solution u € CY(R.; X) such that AucC(R.; X). This
solution can be represented im the form

u@®)=Au@®)+LO+fE), wl)==

u(t)=T({)x+ S:T(t —8)(fi(8)+ f>(8))ds for t>0
and
Au(t) = TR F.(0)— £(&) + S’ T(t—38)(f!(8)+Af(s)ds+AT@®x  for t>0.

THEOREM 3.7. Suppose that {B(t); t € R.} satisfies (B,) with 8, € C(R.).
If feC'(R+; X) or f(t)e D(A) for te Ry, and Af € Li..(R+; X), then the
mald solution of (E) on R. is the unique strong solution of (E) on R,.

PrROOF. Fix any T>0 and ¢ €p(A). Define d(T)={v: v maps [0, T]
into D(A) and both » and Av are continuous}. Since A is closed, it is
easy to see that d(7') with norm |||v]|||=sup{exp(—Le)|||v@)|||;: 0t T
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- for some L€ R,}, is a Banach space, where |||y||l.=|ly||+Il(#—A)y|l for
t
every y€ D(A). Given » in d(T) define Sov(t)=s B(t—s8)v(s)ds for 0<t<

T and Sw(0)=0. By the use of (B;) with ﬁleC(l(:?J,) and (B,) it is seen
that Sw(t) is well defined and strongly continuously differentiable with

L Sw(®)=BOw©)+| Bt—sp(ads,

since Syu(t)= B(O)R(;A,A)(ﬂg 'v(s)ds—s Av(s)ds)+§ Bl(s)R(p,A)(pS “o()dr—
S 'Av(r)dr)ds and B(0)R(i: A) and B,(s)R(zt; A) e B(X) for sc R,. From
Lemma 3.6 it follows that any v» in d(T),

ditu(t) = Au(t) +H{Sw@®+ )},  u0)==ze D(A)

has a unique strong solution u=Sv which is again in d(T).

Since S, is a linear operator on d(T), we can decide whether or not
S is a contraction map by computing the norm when =0 and f=0.
If |{|v]]|<1, then from (2.9)

1Sw@ 1= 11BE—)v(s) I dsexp(Lt)| 6.6s) exp (— Loy ,
where B,(8)=b+ S'Bl('r)d'r. Therefore

exp(—Lt)|| Sw®) || 6:(s) exp (~ La)ds ,
while =0, f=0 and Lemma 3.6 imply that
1Sw(#) || = “S:T(t—s)S.,v(s)ds“
< S:Mexp (@(t—8)) exp (Ls)(§:32<r) exp (— L) dr)ds
or
exp(—Lt) || So(t) | < M| exp(— (L—w)t—9)( | 6.(r) exp(— Lr)ar )ds
and

1= So®)l| = || 1S0(®) + Sew ) Tt~ 8)( S0y (s)ds
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<1121 1180 |+ Sw(t)— | Tt —9)(BOw(5)+ | Bls—rw@r)drids|
111 18001+ | Se0(®) |+ Mexp () exp(— (L—w)(t—s)
x(b+ S:@ () exp (—Lr)dr)ds .
Thus
lIS=M| @+1e)| exp(—(L—o)T—)(| 8. exp (— Lrdr)ds
+ (o) exp (~ Loy ds+ | exp(—(L—@)(T—s)

x(b+ S:@(r) exp(— Lfr)dr)ds]< 1

for L sufficiently large, where we have used the fact that if ¢ and b
are non-negative functions, and b(¢) is nondecreasing in ¢, then

S:a(t—~ 8)b(s)ds = S:a(s)b(t—— s)ds

is also nondecreasing in ¢ for ¢>>0. Thus the contraction mapping theorem
implies the existence and uniqueness of a strong solution of (E) on [0, T'].
Since T is an arbitrary positive number, this proves the existence and
uniqueness on R.. Q.E.D.

COROLLARY 3.8. Suppose that {B(t); t € R.} satisfies (By) with B,€
C(R,). Then the adjoint kermel Uy (t) maps D(A) into D(A) for each
te R, with AU (t)x € C(R+; X) and satisfies

(%UT(t)x:AUT(t)HS'B(t—s)UT(s)xds for meD(A) and t>0,
and
-G%UT(t)x= UT(t)Aac—;—S:UT(t—s)B(s)wds for zeD(A) and t>0.

The following example shows that every function given by (3.1) does
not satisfy equation (E).

ExAMPLE. Consider the integro-differential equation

© {—d(%—u(t)=Au(t)+k2S:T(t—s)u(s)ds—}—f(t) for t>0,

u(0)=2x,
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where k is a given constant. It is not difficult to see that the adjoint
kernel {U,(t); t € R} is given by U,(t)=cosh(kt)T(t). Suppose there exists
an x € X such that T(t)x ¢ D(A) for any ¢>0. Then u(t)=U,(t)x is not
differentiable for all {>0 and thus u is not a solution of (E) with f=0.
Moreover if f(t)=kT(t)x for all te R,., by Theorem 3.2 the solution u of
(E) is, if it exists, represented by

u(t)=cosh(kt) T(t)x+ kStcosh(k(t —8))T(t—s)T(s)xds
(4]
=exp(kt) T(t)x .
But this is not also differentiable for any ¢>0.
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