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Introduction

In this paper we consider a representation of Witt vectors and its
application to the Inaba theory of the construction of Galois extensions
of a field of characteristic $p$ and to the explicit formula for the residue
vectors in the formal power series field.

E. Artin and $0$ . Schreier characterized any cyclic extension $L$ of
order $p$ of a field $K$ of characteristic $p>0$ by a root $\alpha$ of the equation
$x^{p}=x+\mu:L=K(\alpha)$ . Thereafter E. Witt [10] has extended this method
to any cyclic p-extension $L$ of $K$ by considering Witt vectors: $L=K(\alpha)$ ,
$\alpha^{p}=\alpha+\mu$ . On the other hand, E. Inaba [4, 5, 6] expressed any finite
Galois extension $L$ of $K$ of characteristic $p$ by the matrix equation of
the type $X^{p}=MX,$ $MeGL.(K)$ . We define in \S 1 an isomorphism $f_{u}$ of
the additive group $W_{\infty}(K)$ of Witt vectors into the multiplicative 1-
unit group of the formal power series ring $K[[t]]:f_{u}(\alpha+\alpha’)=f_{u}(\alpha)\cdot f_{u}(\alpha^{\prime}).*)$

As an application we consider in \S 2 the relation between the Witt theory
and the Inaba theory.

Y. Kawada and I. Satake [7] applied the residue vectors defined in
Witt [10] to the class formation theory over a formal power series field
$K$ in one variable with a finite constant field. In \S 3 we calculate the
residue vectors by the use of the mapping $f_{u}$ defined in \S 1. Using these
results, we consider in \S 4 the orthogonal pairings and the duality
defined by residue vectors. In \S 5 we consider the formal power series
field $K$ in one variable with a finite constant field and the cyclic extension
field $L$ of order $p^{n}$ over $K$. We calculate the ramification index and the
conductor of $L$ over $K$.
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*See also Dieudonn\’e [11 and Whaples [8].
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Kawada and Mr. Teluhiko Hilano.

\S 1. Isomorphism of the additive group of Witt vectors into the
multiplicative unit group of the formal power series ring.

1.1. Let $p$ be a prime number, $I_{p}$ the p-adic valuation ring of the
rational numbers field $Q$ and $Q[[x]]$ the formal power series ring over $Q$ .
Then we define

(1.1) $G(x)=\exp(\sum_{i=0}^{\infty}\frac{1}{p^{i}}x^{p}:)\in Q[[x]]$ .

LEMMA 1. The coefficients $d,.(n\in Z)$ of $x^{n}$ of $G(x)$ satisfy the follow-
ing recursive relations:

(1.2) $\left\{\begin{array}{ll}d_{\iota}=0 & (n<0)\\d_{0}=1 & \\d_{\hslash}=\frac{1}{n}\sum_{i=0}^{\infty}d_{n-p}: & (n>0).\end{array}\right.$

PROOF. Taking the formal derivation of (1.1), we have

$G’(x)=(\sum_{i=0}^{\infty}\frac{1}{p^{i}}x^{p}:)G(x)$ .
Hence

(1.3) $\sum_{l=1}^{\infty}nd_{n}x^{n-1}=(\sum_{i=0}^{\infty}x^{p-1}:)(\sum_{n=0}^{\infty}d,x)$ .

Comparing the coefficients of $x’-1$ in both sides of (1.3), we obtain
$ nd_{\iota}=d_{n-1}+d_{n-p}+d_{\sim-p^{2}}+\cdots$ . Q.E.D.

LEMMA 2. All the coefficients of $G(x)$ are contained in $I_{p}$ , i.e.,
$G(x)\in I_{p}[[x]].*)$

PROOF. We shall show $d_{n}eI_{p}$ by induction on $n$ . By (1.2), it is
sufficient to show $d_{n}\in I_{p}$ for $n\geqq 1$ satisfying $p|n$ . By (1.1), we have

$G(x)^{p}=\exp(p\sum_{i=0}^{\infty}\frac{1}{p}x^{p})$ .
Hence

(1.4) $G(x)^{p}=G(x^{p})$ exp $(px)$ .
$*)$ We owe Mr. T. Hilano for this proof.
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Comparing the coefficients of $x$
’ in both sides of (1.4), we obtain

$pd,$ $+p\cdot f(d_{0}, \cdots, d_{n-1})+d_{\iota\prime p}^{p}=d_{n/p}+p\sum_{i+pj=ni\geqq 1},\frac{p^{i-1}}{i!}d_{j}$ ,

where $f(d_{0}, \cdots, d_{n-1})$ is a polynomial of $d_{0},$
$\cdots,$

$d_{2-1}$ with integer
coefficients. Hence

$d_{n}=-f(d_{0}, \cdots, d_{n-1})-\frac{1}{p}(d_{n^{(}p}^{p}-d_{n/p})+\sum_{i+pj=n,i\geq 0}\frac{p^{i-1}}{i!}d_{j}$ .

Since $d_{*/p}^{p}-d_{*/p}\in pI_{p}$ and $p^{\iota-1}/i$ ] $\in I_{p}$ , by our assumption we have
$d_{n}eI_{p}Q.E.D$ .

Let $D$ be an integral domain containing $I_{p}$ , $t$ an indeterminate
element over $D,$ $W_{\infty}(D)$ the ring of Witt vectors of infinite length over
$D$ and $U^{(1)}(D[[t]])$ the l-unit group of $D[[t]]:U^{(1)}(D[[t]])=1+tD[[t]]$ . For
any element $u\in tD[[t]]$ and any Witt vector $X=(X_{0}, X_{1}, \cdots)\in W_{\infty}(D)$ , we
define

(1.5) $\mathfrak{F}_{u}(X)=\prod_{j=0}^{\infty}G(X_{j}u^{p^{j}})$ .
$\mathfrak{F}_{u}(X)$ belongs to $U^{(1)}(D[[t]])$ by Lemma 2.

LEMMA 3.

(1.6) $\mathfrak{F}_{u}(X)=\exp(\sum_{t=0}^{\infty}\frac{X^{(\dot{i})}}{p}u^{p^{i}})$

where $X^{(i)}$ is the i-th ghost component of $X:X^{(i)}=\sum_{j=0}^{i}p^{j}X_{j^{-j}}^{p}$ . (See Witt
[10].)

PROOF.

$\mathfrak{F}_{u}(X)=\prod_{j=0}^{\infty}G(X_{j}u^{p^{j}})=\prod_{j=0}^{\infty}$ exp $(\sum_{i=0}^{\infty}\frac{1}{p^{i}}(X_{j}u^{p^{j}})^{p^{\mathfrak{i}}})$

$=\exp(\sum_{j=0}^{\infty}\sum_{i=j}^{\infty}p^{j-i}X_{j}^{p^{i-j}}u^{p^{i}})$

$=\exp(\sum_{i=0}^{\infty}\sum_{j=0}^{i}p^{j-i}X_{j}^{p^{i-j}}u^{p^{i}})$

$=\exp(\sum_{i=0}^{\infty}\frac{X^{(i)}}{p^{i}}u^{p^{i}})$ . Q.E.D.

PROPOSITION 1. The mapping $\mathfrak{F}_{u}(u\neq 0)$ is an isomorphism of the
additive group of $W_{\infty}(D)$ into the multiplicative group $U^{(1)}(D[[t]])$ .
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PROOF. By (1.6), we have

$\mathfrak{F}_{u}(X+X’)=\exp(\sum_{i=0}^{\infty}\frac{(X+X’)^{(i)}}{p^{i}}u^{p^{i}})$

$=\exp(\sum_{i=0}^{\infty}\frac{X^{(i)}+X^{\prime(i)}}{p^{i}}u^{p^{i}})$

$=\mathfrak{F}_{u}(X)\mathfrak{F}_{u}(X^{\prime})$ for $X,$ $X^{\prime}\in W_{\infty}(D)$ .
If $\mathfrak{F}_{u}(X)=1$ , then $\sum_{i=0}^{\infty}(X^{\langle i)}/p^{i})u^{p^{j}}\vee=0$ . Hence we have $X=0$ . Q.E.D.

Moreover, we have

(1.7) $\mathfrak{F}_{u}(VX)=\mathfrak{F}_{u^{p}}(X)$

where $VX=(O, X_{0}, X_{1}, \cdots)$ for $X=(X_{0}, X_{1}, \cdots)\in W_{\infty}(D)$ . For, we have

$\mathfrak{F}_{u}(VX)=\prod_{\dot{g}=0}^{\infty}G((VX)_{j}u^{p^{j}})$

$=\prod_{g=1}^{\infty}G(X_{j-1}(u^{p})^{p^{j-1}})$

$=\mathfrak{F}_{u^{p}}(X)$ .
For any integer $i$ , choose a positive integer $m$ such that $i<p^{m}$ .

Then for $X=(X_{0}, X_{1}, \cdots)eW_{\infty}(D)$ we define

(1.8) $h_{i}(X)=\sum d_{i_{0}}\cdots d_{i_{m-1}}X_{0}^{i_{0}}\cdots X_{l^{*}-\overline{1}^{1}}$

where the summation is extended over all systems $\{i_{0}, \cdots, i_{n\cdot-1}\}$ of
integers satisfying $i_{0}+i_{1}p+\cdots+i_{m-1}p^{n-1}=i$ . Since $d,=0$ for $n<0$ , we
can verify that $h_{i}$ is unchanged when we change $m$ under the condition
$i<p$’ for fixed $i$ . Further $h.(X)=0(n<0),$ $h_{0}(X)=1$ and $h_{1}(X)=X_{0}$ .
Then we have obviously by (1.5)

(1.9) $\mathfrak{F}_{u}(X)=\sum_{=0}^{\infty}h(X)u^{i}$

Hence we have

(1.10) $\mathfrak{F}_{u}(X)\equiv 1+X_{0}u$ $(mod u^{2})$ .
By Proposition 1 and (1.9) we can easily see that

(1.11) $h_{i}(X+X’)=\sum_{\dot{g}=0}h_{j}(X)h_{i-j}(X’)$ for $X,$ $X’\in W_{\infty}(D)$ .
LEMMA 4. For $u\neq 0m\geqq 1$ and $n\geqq 0$ , the following two conditions are

equivalent:
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(i) $m\leqq p^{n}$ ord $u$

(ii) $\mathfrak{F}_{u}(V^{n}W_{\infty}(D))\subset U^{(m)}(D[[t]])$

where $U^{(m)}(D[[t]])=1+t^{m}D[[t]]$ .
PROOF. By (1.7) and (1.10), we have

$\mathfrak{F}_{u}(V^{n}X)=^{\triangleright}\theta_{u^{p^{n(X)}}}=1+X_{0}u^{p^{n}}+\cdots$

Hence (i) and (ii) are equivalent.

COROLLARY. $\mathfrak{F}_{u}$ is a continuous mapping from $W_{\infty}(D)$ into
$U^{(1)}(D[[t]])$ .

1.2. Let $K$ be a field of characteristic $p,$ $F_{p}$ the prime field of $K$

and $t$ an indeterminate element over $K$. We denote by $U^{(1)}(K[[t]])$ the
l-unit group of $K[[t]]$ . For any element $u\in tK[[t]]$ and any Witt vector
$\alpha=(\alpha_{0}, \alpha_{1}, \cdots)\in W_{\infty}(K)$ , we define

(1.1) $\overline{G}(x)=\sum_{n=0}^{\infty}\overline{d}_{n}x^{n}\in F_{p}[[x]]$ for $\overline{d}_{n}=d_{n}(mod p)\in F_{p}$

and
(1.5) $f_{u}(\alpha)=\prod_{j=0}^{\infty}\overline{G}(\alpha_{j}u^{p^{j}})eU^{(1)}(K[[t]])$ .

PROPOSITION 1’. The mapping $\mathfrak{f}_{u}(u\neq 0)$ is an isomorphism of the
additive group of $W_{\infty}(K)$ into the multiplicative group $U^{(1)}(K[[t]])$ .

PROOF. Let $D$ be an arbitrary integral domain containing $I_{p}$ such
that there exists a ring homomorphism $\pi$ of $D$ onto $K$. For $X=$
$(X_{0}, X_{1}, \cdots)\in W_{\infty}(D)$ we define $W_{\infty}(\pi)(X)=(\pi X_{0}, \pi X_{1}, \cdots)\in W_{\infty}(K)$ , and
for $Y=\sum_{i=0}^{\infty}Y_{i}t^{i}\in D[[t]]$ we define $\pi_{t}(Y)=\sum_{t=0}^{\infty}\pi(Y_{i})t^{i}\in K[[t]]$ . Then we
have the following commutative diagram:

$W_{\infty}(D)U^{(1)}(D[[t]])\underline{\mathfrak{F}_{u}}$

(1.12)
$w_{\infty}(\pi)||\pi_{l}W_{\infty}(K)\frac{\prime)}{f_{u}}U^{(1)}(K[[t]])$

If $f_{u}(\alpha)=1$ , then $\pi_{t}\circ \mathfrak{F}_{u}(X)=1$ for any Witt vector $X\in W_{\infty}(D)$ such that
$ W_{\infty}(\pi)(X)=\alpha$ . By (1.9) we have $ h_{i}(X)\in$ Ker $\pi$ for $i\geqq 1$ and so
$ X_{j}\in Ker\pi$ for $j\geqq 0$ . Therefore we obtain $\alpha=0$ . Hence $f_{u}$ is an into-
isomorphism.

By (1.7), (1.9), (1.10), Lemma 4, Corollary and (1.12) we have

(1.7) $f_{u}(V\alpha)=f_{u^{p}}(\alpha)$
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(1.9) $f_{u}(\alpha)=\sum_{\ell=0}^{\infty}\overline{h}_{i}(\alpha)u^{i}$

(1.10) $f_{u}(\alpha)\equiv 1+\alpha_{0}u$ $(mod u^{2})$ .
LEMMA 4’. For $u\neq 0,$ $m\geqq 1$ and $n\geqq 0$ , the following two condition.

are equivalent:
(i) $m\leqq p^{n}$ ord $u$

(ii) $f_{u}(V^{\prime}W_{\infty}(K))\subset U^{(m)}(K[[t]])$ .
COROLLARY’. $f_{u}$ is a continuous mapping from $W_{\infty}(K)$ ’int $($

$U^{(1)}(K[[t]])$ .
Moreover, we have

(1.13) $f_{u}(a\alpha)=f_{u}(\alpha)^{a}$ for $a\in W_{\infty}(F_{p}),$ $\alpha\in W_{\infty}(K)$ .
Since $f_{u}(n\alpha)=f_{u}(\alpha)^{n}$ holds for $n\in Z$, by Proposition 1’ and $f_{u}$ is

continuous, we have (1.13).

\S 2. Application to the Inaba theory on the construction of Galoif
extensions.

2.1. The isomorphic representation of the additive group of Witl
vectors of length $n$ by matrices.

We denote by $W.(K)$ the ring of Witt vectors of length $n$ over a
field $K$ of characteristic $p>0$ . Then we have the ring-isomorphism

(2.1) $W_{*}(K)\cong W_{\infty}(K)/V^{*}W_{\infty}(K)$

where $V\alpha=(O, \alpha_{0}, \alpha_{1}, \cdots)$ for $\alpha=(\alpha_{0}, \alpha_{1}, \cdots)\in W_{\infty}(K)$ . For $m\geqq 2$ considel
the set

$B_{m}(K)=\{B\in M_{m}(K)|B=\left(\begin{array}{lllll}1 & b_{1} & b_{2} & \cdots & b_{n-1}\\ & & & & \vdots\\ & & & & b_{2}\\ & 0 & & & b_{1}\\ & & & & 1\end{array}\right)\}$ .

Then $B.(K)$ is a subgroup of $GL.(K)$ . We denote such a matrix $ B\in$

$B_{m}(K)$ by $B=[1, b_{1}, b_{2}, \cdots, b_{m-1}]$ . Put

$U^{(i)}=U^{(i)}(K[[t]])=1+t^{i}K[[t]]$ for $i\geqq 1$ .
Then we have the group-isomorphism

(2.2) $\varphi:B_{m}(K)\cong U^{(1)}/U^{(m)}$
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where $B=[1, b_{1}, b_{2}, \cdots, b_{m-1}]\in B_{m}(K)$ is mapped to the residue class con-
taining $1+b_{1}t+b_{2}t^{2}+\cdots+b_{m-1}t^{m-1}\in U^{(1)}$ by $\varphi$ .

LEMMA 5. For $u\in tK[[t]],$ $n\geqq 1$ and $m\geqq 1$ satisfying (ord $u$)$p^{n-1}+$
$1\leqq m\leqq(ordu)p^{n}$ , we can define the mapping $f_{u}^{(n)}$ satisfying the follow-
ing commutative diagram:

$W_{\infty}(K)\underline{|_{u}}U^{(1)}(K[[t]])$

(2.3)
$canonic_{W}a1\}_{(K)\frac{0}{f_{u}^{n}}}()B_{m}(K)\downarrow can\circ nica1$

where $f_{u}$ is the mapping defined by (1.5) in \S 1. Moreover, the mapping
$f_{u}^{(n)}$ is injective. Hence the mapping $f_{u}^{(\hslash)}$ is an isomorphism of the additive
group of $W.(K)$ into the multiplicative group $B_{m}(K)$ .

PROOF. By Lemma 4’, we have $f_{u}(V^{n}W_{\infty}(K))\subset U^{(m)}$ . Hence we can
define the mapping $f_{u}^{(n)}$ with the above property. It is clear that $f_{u}^{t\sim)}$ is
injective if (ord $u$)$p’-1+1\leqq m$ . Q.E.D.

2.2. Relation between the Witt theory and the Inaba theory.
In this section we shall consider the relation between the Witt

theory [10] and the Inaba theory [4, 5, 6] by the use of the mapping $f_{u}^{(n)}$

defined by (2.3). In the Witt theory we have the following theorem:

THEOREM $(^{*})$ . Let $K$ be a field of characteristic $p>0,$ $L\supset K$ an
abelian extension whose Galois group $G=Ga1(L|K)$ is cyclic of order $p^{n}$

and $\chi$ an isomorphic $r\cdot epresentation$ of $G$ onto $W(F_{p})$ . Then there exists
a vector $\alpha=(\alpha_{0}, \alpha_{1}, \cdots, a. 1)eW.(L)$ such that $\wp.a=Pa-a=\mu eW.(K)$ ,
$L=K(\alpha)$ and $\sigma\alpha=\alpha+\chi(\sigma)$ for $\sigma\in G$ , where $\sigma\alpha=(\sigma\alpha_{0}, \sigma\alpha_{1}, \cdots, \sigma\alpha_{n-1})$ ,
$P\alpha=(\alpha_{0}^{p}, \alpha_{1}^{p}, \cdots, \alpha_{n-1}^{p})$ and $K(\alpha)=K(\alpha_{0}, \alpha_{1}, \cdots, \alpha_{n-1})$ .

On the other hand, in the Inaba theory we have the following
theorem:

THEOREM $(^{**})$ . Let $K$ be a field of characteristic $p>0,$ $L\supset K$ a
finite Galois extension whose Galois group is $G=Ga1(L|K)$ and $\Lambda$ an
isomorphic representation of $G$ into $GL_{m}(F_{p})$ . Then there exists a matrix
$A=(a_{ij})\in GL_{m}(L)$ such that $\wp_{I}A=PA\cdot A^{-1}=M\in GL_{m}(K),$ $L=K(A)$ and
$\sigma A=A\cdot\Lambda(\sigma)$ for $a\in G$ , where $\sigma A=(\sigma a_{ij})$ , $PA=(a_{ij}^{p})$ , and $K(A)=$
$K(a_{11}, \cdots, a_{ij}, \cdots, a_{mm})$ .

When $L\supset K$ is a cyclic extension of order $p^{n}$ and the range of $\Lambda$ in
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Theorem $(^{**})$ is $B.(F,)$ where $p’-1+1\leqq m\leqq p$ , we shall consider th $($

relation between Theorem $(^{*})$ and Theorem $(^{**})$ .
Theorem $(^{*})\Rightarrow Theorem(^{**})$

Let $L\supset K$ be a cyclic extension of order $p^{n}$ and $\Lambda$ an isomorphi $($

representation of $G$ into $B_{m}(F_{p})$ . For a generator $a_{0}$ of $G$ , we put

$\Lambda(a_{0})=[1, \lambda_{1}, \cdots, x_{m-1}]$ and $l=\min\{i\geqq 1|\lambda_{i}\neq 0\}$ .
Since the order of $\Lambda(\sigma_{0})$ is $p^{t}$ , we have $l\cdot p^{*-1}<m$ . We determine $al$

isomorphic representation $\chi$ of the cyclic group of order $p^{\hslash}$ such $tha$ .

$\chi(\sigma_{0})=1\in W_{n}(F_{p})$ . Then by Theorem $(^{*})$ , there exists a vector $\alpha eW.(L$

such that $\wp.\alpha=\mu eW.(K),$ $L=K(\alpha)$ and $\sigma_{0}\alpha=\alpha+1$ . On the other hand, th $($

mapping $\overline{G}$ defined by (1.1) of $tF_{p}[[t]]$ to $U^{(1)}(F_{p}[[t]])$ is bijective. Henc $($

there is an element $u\in tF_{p}[[t]]$ such that $\Lambda(a_{0})=\overline{G}(u)$ mod $U^{(n*)}=\uparrow_{u}^{()}(1)$

Since ord $u=l$ , by Lemma 5, the mapping $f_{u}^{t’)}$ is an isomorphism. If $Wt$

put $f_{u}^{(\sim)}(a)=A\in B_{m}(L)$ and $f_{u}^{tn)}(\mu)=M\in B_{m}(K)$ , then $\wp_{I}A=M,$ $L=K(A)an($
$\sigma A=A\cdot\Lambda(\sigma)$ for $\sigma\in G$ . Q.E. $D$

Theorem (**)\Rightarrow Theorem $(^{*})$

Let $L\supset K$ be a cyclic extension of order $p^{n}$ and $\chi$ an isomorphi $($

representation of $G$ onto $W.(F,)$ . Then there exists a generator $\sigma_{0}0$ :
$G$ such that $\chi(\sigma_{0})=1$ . For $p^{n-1}+1\leqq m\leqq p’$ , we define the mappin5
$\Lambda=f_{t}^{(n)}\circ x$ of $G$ into $B.(F_{p})$ . Then the mapping $\Lambda$ is an isomorphi $($

representation of $G$ and $\Lambda(\sigma_{0})=[1,\overline{d}_{1},\overline{d}_{2}, \cdots,\overline{d}_{m-1}]$ where $d_{1},$ $d_{2},$ $\cdots$ are
defined by (1.2) in \S 1 and $\overline{d}_{\sim}=d_{\iota}(mod p)\in F_{p}$ . By Theorem $(^{**})ther\{$

exists a matrix $A$ $eB.(L)$ such that $\wp_{I}A=MeB.(K),$ $L=K(A)$ and $aA=$

$A\cdot\Lambda(a)$ for $\sigma\in G$ . Now if we put $A’=AC$ for $CeB.(K)$ , then $\wp_{t}A’=$

$M^{\prime}\in B_{m}(K),$ $L=K(A^{\prime})$ and $\sigma A^{\prime}=A’\cdot\Lambda(\sigma)$ for $\sigma\in G$ . On the other hand
in Galois cohomology theory we have the following lemma:

LEMMA $(^{*})$ . Let $L\supset K$ be a finite Galois extension whose Galoi.
group is $G=Ga1(L|K)$ . Then the l-cohomology group of $G$ over $W.(L$

is trivial:

$H^{1}(G, W.(L))=0$ (see Witt [9]).

Since $\chi$ is an isomorphism of $G$ onto $W_{n}(F_{p})$ , by Lemma $(^{*}),$ $ther\{$

exists a vector $\alpha eW.(L)$ such that $\chi(\alpha)=\sigma(\alpha)-\alpha$ for a $eG$ . In parti
cular, since $\chi(\sigma_{0})=1,$ $\sigma_{0}(\alpha)=\alpha+1$ .

LEMMA 6. For $1\leqq l\leqq m-1$ there exists a matrix $C(l)eB.(K)$ sucl
that $A\cdot C(l)=[1,\overline{h}_{1}(\alpha),\overline{h}_{2}(\alpha), \cdots,\overline{h}_{l}(\alpha), a_{l}, \cdots]$ where $h_{i}$ is defined by (1.8

in \S 1.
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PROOF. We shall prove the existence of $C(l)$ by induction on $l$ . In
case $l=1$ by $a_{0}A=A\cdot\Lambda(\sigma_{0})$ , we have $a(a_{1}-\overline{h}_{1}(\alpha))=a_{1}-\overline{h}_{1}(\alpha)$ . Namely,
there exists an element $c_{1}\in K$ such that $\overline{h}_{1}(\alpha)=a_{1}+c_{1}$ . Hence put $C(1)=$

$[1, c_{1},0, \cdots, 0]\in B_{m}(K)$ , we have $A\cdot C(1)=[1,\overline{h}_{1}(\alpha), a_{2}^{\prime}, \cdots]$ . Let us assume
that this lemma is valid for $l-1$ . Then there exists $C(l-1)\in B_{m}(K)$

such that $A\cdot C(l-1)=[1,\overline{h}_{1}(\alpha), \cdots,\overline{h}_{l-1}(\alpha), a_{\iota}^{\prime}, \cdots]$ . Put $A^{\prime}=A\cdot C(l-1)$ .
Since $\sigma_{0}A^{\prime}=A^{\prime}\cdot\Lambda(a_{0})$ and $\overline{h}_{l}(a+1)=\sum_{j=0}^{l}\overline{h}_{j}(\alpha)\overline{h}_{l-j}(1)$ by (1.11), we have
$\sigma(a_{l}^{\prime}-\overline{h}_{l}(\alpha))=a_{l}-\overline{h}_{l}(\alpha)$ . Hence there exists an element $c_{l}\in K$ such that
$\overline{h}_{l}(\alpha)=a_{l}+c_{l}$ . Now if we put $C(l)=C(l-1)[1,0, \cdots, 0, c_{l}, 0, \cdots, 0]$ , then

$\overline{l}^{-}$

we have $A\cdot C(l)=[1,\overline{h}_{1}(\alpha),\overline{h}_{2}(\alpha), \cdots,\overline{h}_{l}(\alpha), a_{l+1}^{\prime}\cdots]$ . In particular, if we
put $C(m-1)=C$ , then we have $AC=[1,\overline{h}_{1}(a),\overline{h}_{2}(a), \cdots,\overline{h}_{m-1}(a)]=\uparrow_{t}^{(n)}(\alpha)$ .
Hence we have $\wp_{w}a=\mu eW.(K),$ $L=K(\alpha)$ and $aa=a+\chi(a)$ for $a\in G$ .

Q.E.D.

SIMPLE EXAMPLES.

1. If $L\supset K$ is cyclic of order $p$ and $\Lambda(\sigma_{0})=[1,1,1/2],$ $\cdots,$ $1/(p-$

$1)]]\in B_{p}(F_{p})$ where $a_{0}$ is a generator of $G$ , then we have

$\left\{\begin{array}{l}M=[1,\mu_{0},\frac{\mu_{0}^{9}}{2!},\cdots,\frac{\mu_{\delta}^{p-1}}{(p-1)!}]\in B_{p}(K)\\A=[1,\alpha_{0},\frac{\alpha_{0}^{2}}{2!},\cdots,\frac{\alpha_{0}^{p-1}}{(p-1)!}]\in B_{p}(L)\end{array}\right.$

where $a_{0}^{p}=\alpha_{0}+\mu_{0}$ and $\sigma_{0}\alpha_{0}=\alpha_{0}+1$ .

2. If $L\supset K$ is cyclic of order $p^{n}$ and $\Lambda(\sigma_{0})=[1,\overline{d}_{1},\overline{d}_{2}, \cdots,\overline{d}_{m-1}]\in$

$B_{m}(F_{p})$ where $a_{0}$ is a generator of $G$ and $p^{n-1}+1\leqq m\leqq p^{n}$ , then we have

$\left\{\begin{array}{l}M=[1,\overline{h}_{1}(\mu),\overline{h}_{2}(\mu), \cdots,\overline{h}_{m-1}(\mu)]\in B_{m}(K)\\A=[1,\overline{h}_{1}(\alpha),\overline{h}_{2}(\alpha), \cdots,\overline{h}_{m-1}(a)]\in B_{m}(L)\end{array}\right.$

where $\wp_{w}\alpha=\mu$ and $\sigma_{0}\alpha=a+1$ .

REMARK. If $m=p^{n}$ , then $\{1, \overline{h}_{1}(\alpha),\overline{h}_{2}(\alpha), \cdots,\overline{h}_{p^{n}-1}(\alpha)\}$ is a base of $L$

over $K:L=\oplus_{i=0}^{p^{n}-1}K\overline{h}_{i}(\alpha)$ .

\S 3. Calculation of the residue vectors.

Let $D$ be an integral domain of characteristic $0$ and $t$ an indeterminate
element over $D$. For Ye $ D((t)\rangle$ , $Y\neq 0$ and $Z\in W_{\infty}(D((t)))$ , the residue
vector $(Y, Z)$ is defined as
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(3.1) $(Y, Z)^{(’)}=res(\frac{dY}{Y}Z^{(n}))$ $(n\geqq 0)$

where $Z^{(n)}$ and $(Y, Z)^{(n)}$ are n-th ghost components of $Z$ and $(Y, Z)$

respectively (see Witt [10]).

LEMMA 7. Let $D$ contain $I_{p},$ $j\geqq 1,$ $m\geqq 1$ and $(j, p)=(m, p)=1$ . $Lei$

$Y=\mathfrak{F}_{t}j(X)$ for $x\in W_{\infty}(D)$ where $\mathfrak{F}_{t^{j}}$ is defined by (1.5) and $Z=\{t^{-n}\}=$

$(t^{-,n}, 0,0, \cdots)$ . Then we have

$(Y, Z)=\left\{\begin{array}{ll}iX & (m=j)\\0 & (m\neq j)\end{array}\right.$

PROOF. Using the formula (1.6) we have

$\frac{d\mathfrak{F}_{u}(X)}{du}=(\sum_{\ell=0}^{\infty}X^{(i)}u^{p^{i}-1})\cdot \mathfrak{F}_{u}(X)$ .
Therefore

$\frac{1}{Y}\frac{dY}{dt}=\frac{1}{Y}\frac{dY}{dt^{\dot{f}}}\frac{dt^{\dot{f}}}{dt}=(\sum_{i=0}^{\infty}X^{(i)}(t^{j})^{p^{i}-1})\cdot jt^{j-1}=\sum_{i=0}^{\infty}jX^{(i)}t^{jp^{i}-1}$

and $Z^{(n)}=t^{-mp^{n}}$ . Hence we have

$(Y, Z)^{(\#)}=res(Z^{(\iota)}\frac{dY}{Y})=res(\sum_{i=0}^{\infty}jX^{(i)}t^{jp-np^{n}-1}:dt)$

$=\left\{\begin{array}{ll}jX^{(n)} & (m=j)\\0 & (m\neq j).\end{array}\right.$

This proves our result. Q.E. $D$ ,

Let $C$ be a field of characteristic $p$ and $K$ the formal power serief
field in one variable $t$ over the field $C:K=C((t))$ . We denote by $K^{\times}$ the
multiplicative group of $K$. For $\alpha\in K^{x}$ and $\beta eW_{\infty}(K)$ the residue vector
$(\alpha, \beta)\in W_{\infty}(C)$ is defined and satisfies the following properties:
Let $\alpha,$ $\alpha’\in K^{x},$ $\beta,$ $\beta^{\prime}\in W_{\infty}(K)$ . Then

(i) $(\alpha\alpha^{\prime}, \beta)=(\alpha, \beta)+(\alpha’, \beta)$

(ii) $(\alpha, \beta+\beta)=(\alpha, \beta)+(\alpha, \beta^{\prime})$

(iii) $(\alpha, c\beta)=c(\alpha, \beta)$ for $c\in W_{\infty}(C)$

(iv) $(\alpha, V\beta)=V(\alpha, \beta)$

(v) $(\alpha, P\beta)=P(\alpha, \beta)$

where $V\beta=(O, \beta_{0}, \beta_{1}, \cdots)$ and $P\beta=(\beta_{0}^{p}, \beta_{1}^{p}, \cdots)$ for $\beta=(\beta_{0}, \beta_{1}, \cdots)eW_{\infty}(K)$

(see Witt [10]). Hence by the continuity of $(a, \beta)$ and the properties (i),
(ii), the multiplicative group $K^{\times}$ and the additive group of $W_{\infty}(K)$ are
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paired to $W_{\infty}(C)$ . In order to calculate the residue vector $(\alpha, \beta)$ for any
$\alpha\in K^{\times}$ and $\beta\in W_{\infty}(K)$ , we consider the decomposition of $K^{x}$ and $W_{\infty}(K)$

as follows.

PROPOSITION 2. The multiplicative group $K^{\times}$ is decomposed as

(3.2)
$K^{\times}=C^{\times}\times t^{z}\times(jp)=1\prod_{\dot{g}\geq 1}f_{t^{j}}(W_{\infty}(C))$

where $t^{Z}=\{t^{\iota}|l\in Z\}$ and the infinite product $of\uparrow_{t^{j}}(W_{\infty}(C))((j, p)=1,$ $ j\geqq 1\rangle$

means the direct product as topological groups.

PROOF. It is obvious that $K^{X}=C^{X}\times t^{z}\times U^{(1)}$ . By the relation $(1.5)^{r}$

we have

$f_{t^{j}}(a(j))=\prod_{\nu=0}^{\infty}\overline{G}(a(j)_{\nu}t^{jp^{\nu}})$

where $\overline{G}$ is defined by (1.1) in \S 1. Hence for any $\lambda\in U^{(1)}$ , we $can^{\backslash }$

determine the components $a(j)_{\nu}\in C$ inductively such that

$x=\prod_{:,g\geq 1}f_{t^{j}}(a(j))(jp)=1^{\cdot}$

Q.E.D.

PROPOSITION 8. The additive group $W_{\infty}(K)$ is decomposed as

(3.3) $W_{\infty}(K)=W_{\infty}(tC[[t]])\oplus W_{\infty}(C)$

$\oplus(\overline{\bigoplus_{e=0}^{\infty}\bigoplus_{(m,p)=1}W_{\infty}(C)P^{l}\{t^{-m}\}})$

$n\geqq 1$

$\oplus(\bigoplus_{i=1}^{\infty}V^{l}(\overline{\bigoplus_{m\geq 1}W_{\infty}(C)\{t^{-m}\}}))$

where $\overline{M}$ means the closure of the subset $M$ of the topological group
$W_{\infty}(K)$ , the sum $\oplus means$ the usual direct sum and the sum $\oplus means$

the direet sum as topological groups.

PROOF. It is clear that $W_{\infty}(K)=W_{\infty}(tC[[t]])\oplus W_{\infty}(C[t^{-1}])$ . Moreover,

$W_{\infty}(C[t^{-1}])=\sum_{i=0}^{\infty}\sum_{m=0}^{\infty}V^{i}(W_{\infty}(C)\{t^{-m}\})$ .

Hence the additive group $W_{\infty}(K)$ is the sum of the additive groups of
the right-hand side. We shall next show the uniqueness of the expres-

sion. $\overline{\oplus_{e=0}^{\infty}\oplus_{(m,p)=1,m\geq 1}W_{\infty}(C)P\{t^{-m}\}}=\{\sum_{e=0}^{\infty}\sum_{m=1,(m,p)=1}^{\infty}b(e, m)P\{t^{-fn}\}|b(e, m)e$

$W_{\infty}(C)\lim_{\iota\rightarrow\infty}b(e, m)=\lim_{m\rightarrow\infty}b(e, m)=0\}$ and $\overline{\oplus_{m\geq 1,(m,p)\Rightarrow 1}W_{\infty}(C)\{t^{-m}\}}=$

$\{\sum_{m=1,(m,p)=1}^{\infty}b(m)\{t^{-m}\}|b(m)\in W_{\infty}(C), \lim_{m}\rightarrow\infty b(m)=0\}$ . Put
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$b(0)+\sum_{e=0}^{\infty}$
$\sum_{n=1,(’ n,p)=1}^{\infty}b(e, m)P^{e}\{t^{-m}\}+\sum_{i=1}^{\infty}$ $\sum_{m=1,(m,p)=1}^{\infty}V^{i}(b^{\prime}(i, m)\{t^{-n}\})=0$

where $b(O),$ $b(e, m),$ $b’(i, m)\in W_{\infty}(C)$ and $\lim_{m\rightarrow\infty}b(e, m)=\lim_{\epsilon}\rightarrow\infty b(e, m)=$

$\lim_{m\rightarrow\infty}b’(i, m)=0$ . Comparing each component, we obtain that all
components $b(O),$ $b(e, m),$ $b’(i, m)$ are $0$ . Q.E.D.

THEOREM 1. Let $C$ be a field of characteristic $p>0$ and $K=C((t))$ .
Then we can calculate the residue vectors by using Propositions 2 and 3
as follows. Let $\alpha\in K^{\times}$ and $\beta\in W_{\infty}(K)$ be

$\{$

$\alpha=c\times t^{l}\times\prod_{j\geqq 1}f_{t^{j}}(a(j))(jp)=1$

$(\beta=\gamma+b(0)+\sum_{e=0}^{\infty} \sum_{n=1,(m,p)=1}^{\infty}b(e, m)P^{6}\{t^{-m}\}+\sum_{i=1}^{\infty}$ $\sum_{n=1,tm,p)=1}^{\infty}V^{i}(b’(i, m)\{t^{-m}\})$

where $c\in C^{\times},l\in Z,$ $a(j)\in W_{\infty}(C),$ $\gamma\in W_{\infty}(tC[[t\prod),$ $b(0),$ $b(e, m),$ $b^{\prime}(i, m)\in W_{\infty}(C)$

and $\lim_{e\rightarrow\infty}b(e, m)=1{\rm Im}_{m\rightarrow\infty}b(e, m)=\lim_{m\rightarrow\infty}b^{\prime}(i, m)=0$ . Then we have

$(\alpha, \beta)=lb(0)+\sum_{e=0}^{\infty}$
$\sum_{n=1,(m,p)=1}^{\infty}mb(e, m)P^{e}a(m)+\sum_{i=\iota}^{\infty}$ $\sum_{m=1,(m.p)=1}^{\infty}mV^{i}(a(m)\cdot b^{\prime}(i, m))$ .

PROOF. If $\alpha\in C^{\times}$ , then we have $(\alpha, \beta)=0$ for any $\beta\in W_{\infty}(K)$ . And
if $\beta\in W_{\infty}(tC[[t]])$ , then we have $(\alpha, \beta)=0$ for any $\alpha\in K^{\times}$ . By the
properties $(I)\sim(v)$ of the residue vectors, it is sufficient to calculate four
combinations:

$(t, 1)$ , $(t, \{t^{-m}\})$ , $(f_{t}(a), 1)$ and $(\uparrow_{t^{j}}(a), \{t^{-m}\})$

where $a\in W_{\infty}(C)$ and $(j, p)=(m, p)=1$ . It is clear that. $(t, 1)=1$ ,
$(t, \{t^{-m}\})=0$ and $(f_{t^{j}}(a), 1)=0$ . Moreover, by Lemma 7 we have

$(f_{t^{j}}(a), \{t^{-m}\})=\left\{\begin{array}{ll}ja & (m=j)\\0 & (m\neq j). Q.E.D.\end{array}\right.$

We denote by $(\alpha, \beta)$. $\in W.(C)$ the residue vector of the length $n$ for
$a\in K^{\times}$ and $\beta eW.(K)$ . Similarly we can calculate $(\alpha, \beta)_{\#}$ .

\S 4. Orthogonal pairing and duality.

4.1. Let $C=F_{q}(q=p^{f}, f\geqq 1)$ be a finite field of characteristic $p$ with
$q$ elements, $K$ the formal power series field with the coefficient field $F_{q}$

and an indeterminate element $t:K=F_{q}((t))$ . Since $F_{q}$ is a cyclic extension
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of degree $f$ over $F_{p}$ , the trace Tr from $W_{\infty}(F_{q})$ to $W_{\infty}(F_{p})$ is defined as

(4.1) Tr $(c)=\sum_{\sigma eGa1(\ell_{q}|F_{p})}(\sigma c_{0}, \sigma c_{1}, \cdots)\in W_{\infty}(F_{p})$

for $c=(c_{0}, c_{1}, \cdots)\in W_{\infty}(F_{q})$ . We define
(4.2) $\langle\alpha, \beta\rangle=Tr(a, \beta)\in W_{\infty}(F_{p})$

for $\alpha\in K^{\times},$ $\beta\in W_{\infty}(K)$ . Since the trace (4.1) is a continuous homomor-
phism of the additive group, the multiplicative group $K^{\times}$ and the additive
group $W_{\infty}(K)$ are paired to $W_{\infty}(F_{p})$ by (4.2). Similarly the trace Tr
from $W_{n}(F_{q})$ to $W_{n}(F_{p})$ is defined as
(4.3) Tr $(c)=\sum_{\sigma\in Ga1(p_{q}|F_{p})},(\sigma c_{0}, \cdots, ac_{n-1})\in W_{n}(F_{p})$

for $c=(c_{0}, c_{1}, \cdots, c_{n-1})\in W_{n}(F_{q})$ . And we define

(4.4) $\langle\alpha, \beta\rangle.=Tr(a, \beta)$. $eW.(F_{p})$

for $\alpha\in K^{\times},$ $\beta\in W_{\sim}(K)$ . By (4.4), the multiplicative group $K^{\times}$ and the
additive group $W_{n}(K)$ are paired to $W_{n}(F_{p})$ . We shall calculate the
residue vectors $\langle\alpha, \beta\rangle$ for any $\alpha\in K^{\times}$ and $\beta\in W_{\infty}(K)$ . Since $F_{q}$ is a
cyclic extension of degree $f$ over $F_{p}$ , the additive group of $W_{\infty}(F_{q})$ is a
free abelian group of rank $f$ over $W_{\infty}(F_{p})$ . Let $\{\alpha(1), \alpha(2), \cdots, \alpha(f)\}$ be
a base of $W_{\infty}(F_{q})$ over $W_{\infty}(F_{p})$ and $\{\beta(1), \beta(2), \cdots, \beta(f)\}$ the complementary
base of $\{\alpha(1), \cdots, \alpha(f)\}$ such that

($ 4.5\rangle$ Tr $(\alpha(k)\cdot\beta(h))=\delta_{kh}$ $k,$ $h=1,2,$ $\cdots,$ $f$

where Tr is defined by (4.1). In particular, we choose $\alpha(1)=1$ so that
Tr $\beta(1)=1$ , Tr $\beta(h)=0(h=2,3, \cdots, f)$ hold. Since the field of quotients
$K$ of $W_{\infty}(F_{q})$ is an unramified extension of degree $f$ over the field of
quotients $Q_{p}$ of $W_{\infty}(F_{p}),$ $\{\beta(1), \cdots, \beta(f)\}$ is a base of $W_{\infty}(F_{q})$ over $W_{\infty}(F_{p})$ .
By Proposition 2, the multiplicative group $K^{\times}$ is decomposed as

(4.6) $K^{\times}=F_{q}^{\times}\times t^{Z}\times\prod_{j\geqq 1}\prod_{k(jp)=1=1}^{f}f_{t^{j}}(W_{\infty}(F_{p})\alpha(k))$ .

And by Proposition 3, the additive group $W_{\infty}(K)$ is decomposed as

(4.7) $W_{\infty}(K)=W_{\infty}(tF_{q}[[t1])\oplus(\bigoplus_{h=1}^{f}W_{\infty}(F_{p})\beta(h))$

$\oplus(\overline{\bigoplus_{e=0}^{\infty}\bigoplus_{(m,p)=1}\bigoplus_{h=1}^{f}W_{\infty}(F_{p})P^{e}(\beta(h)\{t^{-m}\})})$

$\oplus(\bigoplus_{i=1}^{\infty}V^{l}(\overline{\bigoplus_{m\geq 1}\bigoplus_{h=1}^{f}W_{\infty}(F_{p})\beta(h)\{t^{-m}\})})$ .
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THEOREM 2. Let $K$ be the formal power series field with the
coefficient field $F_{q}$ and an indeterminate element $t$ . Then we can
calculate the residue vectors (4.2) by using (4.6) and (4.7) as follows.
Let $\alpha\in K^{\times}$ and $\beta\in W_{\infty}(K)$ be

$\{$

$\alpha=c\cdot t^{l}\cdot$
$\prod_{j=1,(\dot{g},p)=1}^{\infty}\prod_{k=1}^{f}f_{t^{j}}(a(j, k)\alpha(k))$

$\left\{\beta=\gamma+\sum_{h=1}^{f}b(h)\beta(h)+\sum_{e=0}^{\infty}\sum_{n=1,(n,p)=1}^{\infty}\sum_{h=1}^{f}b(e,m,h)P^{\ell}(\beta(h)\{t^{-n}\})\right.$

$+\sum_{i=1}^{\infty}$ $\sum_{*=1}^{\infty}\sum_{h=1}^{f}b’(i, m, h)V^{i}(\beta(h)\{t^{-n}\})$ ,
$(n.p\}=1$

where $c\in F_{q}^{\times}$ , $leZ$, $a(j, k)\in W_{\infty}(F_{p})$ , $\gamma eW_{\infty}(tF_{q}[[t]])$ , $b(h)$ , $b(e, m, h)$ ,
$b’(i,m,h)\in W_{\infty}(F_{p})$ and $\lim_{\ell\rightarrow\infty}b(e,m,h)=\lim_{m\rightarrow\infty}b(e,m,h)=\lim_{*\rightarrow\infty}b’(i,m,h)=0$ .
Then we have

$\langle\alpha, \beta\rangle=lb(1)+\sum_{e=0}^{\infty}$ $\sum_{n=1}^{\infty}\sum_{h=1}^{f}ma(m, h)b(e, m, h)$

$(m,p)=1$

$+\sum_{(n}^{\infty}\sum_{p)=}^{\infty}\sum_{\iota_{1}i=1n=1=\iota}^{f}mp^{i}a(m, h)b^{\prime}(i, m, h)$ .

PROOF. By Theorem 1, we have

$(\alpha, \beta)=l\cdot\sum_{h=1}^{f}b(h)\beta(h)+\sum_{e=0}^{\infty}$ $\sum_{*=\iota}^{\infty}$ $m\sum_{h=1}^{f}b(e, m, h)P^{e}\beta(h)p\cdot(\sum_{k=1}^{f}a(m, k)\alpha(k))$

$(n*p)=1$

$+\sum_{i=1}^{\infty}$ $\sum_{n=1}^{\infty}$ $mV^{i}(\sum_{k=1}^{f}a(m, k)\alpha(k)\cdot\sum_{h=1}^{f}b(i, m, h)\beta(h))$ .
$(’ n,p)=1$

By (4.5) we have

$\langle a, \beta\rangle=Tr(\alpha, \beta)=lb(1)+\sum_{e=0}^{\infty}\sum_{n=1}^{\infty}\sum_{h=1}^{f}ma(m, h)b(e, m, h)$

$+\sum_{i=1}^{\infty}\sum_{n=1}^{\infty}\sum_{h=1}^{f}mp^{i}a(m, h)b’(i, m, h)$ . Q.E.D.

4.2. Let $K=F_{q}((t))$ be the formal power series field $(q=p^{f}, f\geqq 1)$ .
We shall consider two pairings $\langle, \rangle$ and $\langle$ , $\rangle_{n}$ defined by (4.2) and (4.4).

(I) On the pairing $\langle, \rangle$ defined by (4.2).
We denote by $B$ the annihilator of the pairing $\langle$ , $\rangle$ .
THEOREM 3.
(i) The additive group $W_{\infty}(K)$ is decomposed as



REPRESENTATION OF WITT VECTORS 363

(4.8) $W_{\infty}(K)=\wp W_{\infty}(K)\oplus W_{\infty}(F_{p})\beta(1)\oplus\Omega_{\infty}$

where $\Omega_{\infty}$ is the closure $of\oplus_{(m,p)=1.m\geq 1}W_{\infty}(F_{q})\{t^{-m}\}$ in $W_{\infty}(K)$ , i.e., $\Omega_{\infty}=$

$\{\beta=\sum_{m=1,(m,p)=1}^{\infty}b(m)\{t^{-n}\}|b(m)\in W_{\infty}(F_{q}), \lim_{m\rightarrow\infty}b(m)=0\}$ and $\wp=P-1$ .
(ii) $\left\{\begin{array}{l}B(W_{\infty}(K))=F_{q}^{\times}\\B(K^{\times})=\wp W_{\infty}(K)\end{array}\right.$

Hence we have an orthogonal pairing

(4.9) $\langle$ , $\rangle:(t^{Z}\times U^{(1)})\times(W_{\infty}(F_{p})\beta(1)\oplus\Omega_{\infty})\rightarrow W_{\infty}(F_{p})$ .
(iii) Let $\alpha\in K^{\times}$ and $\beta eW_{\infty}(K)$

$\left\{\begin{array}{l}\alpha=c\cdot t^{l}f_{t^{j}}(a(j, k)\alpha(k))\\\beta=\wp(\gamma)+b(0)\beta(1)+\sum_{n=1}^{\infty}\sum_{h=1}^{f}b(m, h)\beta(h)\{t^{-m}\}\end{array}\right.$

where $c\in F_{q}^{\times},$ $l\in Z,$ $a(j, k)\in W_{\infty}(F_{p}),$ $\gamma\in W_{\infty}(K),$ $b(O),$ $b(m, h)\in W_{\infty}(F_{p})$ and
$\lim_{m\rightarrow\infty}b(m, h)=0$ .

Then

$\langle a, \beta\rangle=lb(0)+\sum_{n=1}^{\infty}\sum_{h=1}^{f}ma(m, h)b(m, h)$ .
$(m,p)=1$

PROOF. (i) It is obvious that

$W_{\infty}(tF_{q}[[t]])=\wp W_{\infty}(tF_{q}[[t]])$ and $W_{\infty}(F_{q})=\wp W_{\infty}(F_{q})\oplus W_{\infty}(F_{p})\beta(1)$ .
Hence it is sufficient to prove

$W_{\infty}(t^{-1}F_{q}[t^{-1}])=\wp W_{\infty}(t^{-1}F_{q}[t^{-1}])\oplus\Omega_{\infty}$ .
Since $W_{\infty}(t^{-1}F_{q}[t^{-1}])$ is closed in $W_{\infty}(K)$ , $W_{\infty}(t^{-1}F_{q}[t^{-1}])$ contains
$\wp W_{\infty}(t^{-1}F_{q}[t^{-\iota}])\oplus\Omega_{\infty}$ . Conversely, for any $e\geqq 0$ , $m\geqq 1$ , $(m, p)=1,$ $h=$

$1,2,$ $\cdots,$ $f$, we have

$P^{e}(\beta(h)\{t^{-m}\})=\wp(\sum_{i=0}^{e-1}P^{i}(\beta(h)\{t^{-m}\}))+\beta(h)\{t^{-m}\}$ .
Hence

$\bigoplus_{e=0}^{\infty}\bigoplus_{m\geq 1}\bigoplus_{h(m,p)=1=1}^{f}W_{\infty}(F_{p})P(\beta(h)\{t^{-m}\})\subset\wp W_{\infty}(t^{-1}F_{q}[t^{-1}])+\Omega_{\infty}$ .

For any

$\beta e\bigoplus_{i=1}^{\infty}\bigoplus_{mh}\bigoplus_{=\iota}^{f}W_{\infty}(F_{p})V^{i}(\beta(h)\{t^{-m}\})$
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such that

$\beta=\sum_{i=1}^{\infty}$ $\sum_{\pi=1}^{m_{i}}\sum_{h=1}^{f}b^{\prime}(i, m, h)V^{i}(\beta(h)\{t^{-n}\}\rangle$ ,
$(n,p)=1$

we put

$\beta(i)=\sum_{m=1}^{m_{i}}\sum_{h=1}^{f}b^{\prime}(i, m, h)\beta(h)\{t^{-m}\}\in\bigoplus_{m}W_{\infty}(F_{\sigma})\{t^{-m}\}$ .
Then we have $\beta=\sum_{i=1}^{\infty}V^{l}(\beta(i))$ . Put $\beta^{\prime}(i)=\beta(i)+P\beta(i)+\cdots+P^{l-1}\beta(i)\in$

$W_{\infty}(t^{-1}F_{q}[t^{-1}])$ then $\wp(\beta(i))=P^{i}(\beta(i))-\beta(i)$ . Hence

$V^{i}(\beta(i))=V^{i}P^{i}(\beta(i))-V^{i}\wp(\beta^{\prime}(i))=p^{\ell}\beta(i)-\wp(V^{i}\beta^{\prime}(i))$ .
Therefore we have

$\beta=\sum_{i=1}^{\infty}V^{i}(\beta(i))=\sum_{i=1}^{\infty}p^{i}\beta(i)-\sum_{i=1}^{\infty}\wp(V^{i}(\beta^{\prime}(i)))$

$=\wp(-\sum_{i=1}^{\infty}V^{i}(\beta’(i)))+\sum_{i=1}^{\infty}p^{i}\beta(i)$

$e\wp(W_{\infty}(t^{-1}F_{q}[t^{-1}]))\oplus\Omega_{\infty}$ .
(ii) We shall prove that $B(W_{\infty}(K))=F_{q}^{\times}$ . For $\alpha\in B(W_{\infty}(K))$ we can

express $\alpha=c\cdot t^{l}\cdot\prod_{j}\prod_{k}f_{t^{j}}(a(j, k)\alpha(k))$ by (4.6). Since $\langle\alpha, \beta(1)\rangle=l$ and
$\langle\alpha, \beta(h)\{t^{-m}\}\rangle=ma(m, h)$ by Theorem 2, we have $l=0$ and $a(m, h)=0$ .
Hence $\alpha=ceF_{q}^{\times}$ . It is obvious that $B(W_{\infty}(K))$ contains $F_{q}^{\times}$ . We shall
prove that $B(K^{\times})=\wp W_{\infty}(K)$ . For $\beta\in\wp W_{\infty}(K)$ there exists $\gamma\in W_{\infty}(K)$ such
that $\beta=\wp\gamma$ . Since $\langle\alpha, \beta\rangle=\langle\alpha, \wp\gamma\rangle=\wp\langle\alpha, \gamma\rangle=0$ for all $\alpha\in K^{\times}$ , we have
$\beta\in B(K^{\times})$ . By Theorem 2 and (i), it is obvious that $B(K^{\times})$ contains
$\wp W_{\infty}(K)$ .

(iii) The proof is clear by Theorem 2. Q.E.D.

(II) On the pairing $\langle$ , $\rangle_{n}$ defined by (4.4).
We denote by $B_{n}$ the annihilator of the pairing $\langle$ , $\rangle_{n}$ .
THEOREM 4.
(i) The additive group $W.(K)$ is decomposed as

(4.10) $W_{n}(K)=\wp W_{\hslash}(K)\oplus W_{\iota}(F_{p})\tilde{\beta}(1)\oplus\Omega,$.
where $\Omega,$ $=\oplus_{(m.p)1,m\geq 1}=W,$ $(F_{q})\{t^{-m}\}^{\sim}$ and $\tilde{\beta}=(\beta_{0}, \beta_{1}, \cdots, \beta_{n-1})\in W_{\sim}(K)$ for
$\beta=(\beta_{0}, \beta_{1}, \cdots)eW_{\infty}(K)$ .

(ii) $\left\{\begin{array}{l}B_{n}(W_{\hslash}(K))=(K^{\times})^{p^{n}}\\B_{t}(K^{\times})=\wp W_{\sim}(K)\end{array}\right.$

Hence we have an orthogonal pairing
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(4.11) $\langle$ , $\rangle,$ : $K^{\times}/(K^{\times})^{p^{n}}\times(W_{n}(F_{p})\tilde{\beta}(1)\oplus\Omega_{f})\rightarrow W_{n}(F_{p})$ .
(iii) Let $\alpha\in K^{\times}$ and $\beta\in W_{n}(K)$ be

$\left\{\begin{array}{l}a=c\cdot t^{l}\cdot\prod_{j}\prod_{k}f_{t^{j}}(a(j, k)\alpha(k))\\\beta=\wp(\gamma)+b(0)\tilde{\beta}(1)+\sum_{u\iota}\sum_{h}b(m, h)\tilde{\beta}(h)\{t^{-m}\}\sim\end{array}\right.$

where $c\in F_{q}^{\times},$ $l\in Z,$ $a(j, k)\in W_{\infty}(F_{p})$ , $\gamma\in W,.(K)$ , $b(O)$ , $b(m, h)\in W_{n}(F_{p})$ .
Then

$\langle\alpha, \beta\rangle_{n}=lb(0)+\sum_{m}\sum_{h}m\tilde{a}(m, h)b(m, h)$ .

PROOF. (i) The proof is similar to that of Theorem 3 (i).
(ii) We shall prove that $B_{j}(W_{n}(K))=(K^{\times})^{p^{n}}$ . For $\alpha eB.(W.\langle K))$ we

can express
$a=c\cdot t^{l}\cdot\prod_{j}$ II $\uparrow_{t^{j}}(a(j, k)\alpha(k))$

by (4.6). Since $\langle a, \beta(1)\rangle.=l\cdot 1$ . and $\langle a,\tilde{\beta}(h)\{t^{-m}\}\rangle_{n}=m\tilde{a}(m\sim, h)$ by Theorem
2, we have $p^{n}|l$ and $p^{n}|a(m, h)$ . Hence

$\alpha eF_{q}^{\times}\times t^{p^{n}Z}\times\prod_{j}f_{t^{j}}(p^{n}W_{\infty}(F_{q}))=(K^{\times})^{p^{n}}$

It is obvious that $B.(W.(K))$ contains $(K^{\times})^{p^{n}}$ . The proof of $B_{n}(K^{\times})=$

$\wp W_{n}(K)$ is similar to that of Theorem 3.
(iii) The proof is clear by Theorem 2. Q.E.D.

4.3. We shall consider the duality of two pairings $\langle, \rangle$ and $\langle$ , $\rangle_{n}$

defined by (4.9) and (4.11) respectively.

ASSERTION (I). On the orthogonal pairing $\langle, \rangle$ defined by (4.9).

(i) For any continuous homomorphism $\varphi:t^{Z}\times U^{(1)}\rightarrow W_{\infty}(F_{p})$ , there
exists an element $\beta\in W_{\infty}(F_{p})\beta(1)\oplus\Omega_{\infty}$ such that $\varphi(\alpha)=\langle a, \beta\rangle$ for $\alpha\in$

$t^{Z}\times U^{(1)}$ .
(ii) For any continuous homomorphism $\psi:W_{\infty}(F_{p})\beta(1)\oplus\Omega_{\infty}\rightarrow W_{\infty}(F_{p})$

with $\psi(\beta(1))\in Z$, there exists an element $\alpha\in t^{Z}\times U^{(1)}$ such that $\psi(\beta)=$

$\langle\alpha, \beta\rangle$ for $\beta\in W_{\infty}(F_{p})\beta(1)\oplus\Omega_{\infty}$ .

PROOF. (i) Put $b(m, h)=m^{-1}\varphi(f_{t^{m}}(\alpha(h)))$ and $b(m)=\sum_{h=1}^{f}b(m, h)\beta(h)$ .
Since $\varphi$ is a continuous mapping, $\lim_{m\rightarrow\infty,(m,p)1}=b(m)=0$ . If we put $\beta=$

$\varphi(t)\beta(1)+\sum_{m1,(m,p)1}^{\infty}==b(m)\{t^{-m}\}$ , then $\beta\in W_{\infty}(F_{p})\beta(1)\oplus\Omega_{\infty}$ and $\varphi(\alpha)=\langle a, \beta\rangle$

for all $\alpha\in t^{z}\times U^{(1)}$ .
(ii) We put

$a=t^{l}\cdot\prod_{j}\prod_{k}f_{t^{j}}(a(j, k)a(k))$
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where $l=\psi(\beta(1))\in Z$ and $a(j, k)=j^{-1}\psi(\beta(k)\{t^{-j}\})\in W_{\infty}(F_{p})$ for $j\geqq 1,$ $(j, p)=1$ ,
$k=1,2,$ $\cdots,$ $f$. Then we have $\psi(\beta(1))=\langle\alpha, \beta(1)\rangle$ and $\psi(\beta(k)\{t^{-j}\})=$

$\langle\alpha, \beta(k)\{t^{-\dot{f}}\}\rangle$ by Theorem 2. Since $\psi$ is a continuous homomorphism, we
have $\psi(\beta)=\langle\alpha, \beta\rangle$ for any $\beta\in W_{\infty}(F_{p})\beta(1)\oplus\Omega_{\infty}$ . Q.E.D.

ASSERTION (II). On the orthogonal pairing $\langle$ , $\rangle$ , defined by (4.11).
(i) For any continuous homomorphism

$\varphi:K^{\lambda}/(K^{\times})^{p^{n}}\rightarrow W_{n}(F_{p})$

there exists an element $\beta eW.(F_{p})\beta(1)\oplus\Omega$. such that $\varphi(\hat{\alpha})=\langle a, \beta\rangle_{n}fo7$

$\alpha\in K^{\times}$ where $\hat{\alpha}=\alpha$ mod $(K^{\times})^{p}$“.
(ii) For any homomorphism $\psi:W.(F_{p})\tilde{\beta}(1)\oplus\Omega_{*}\rightarrow W_{n}(F_{p})$ there exists

an element $\alpha eK^{x}$ such that $\psi(\beta)=\langle a, \beta\rangle_{n}$ for $\beta eW_{n}(F_{p})\tilde{\beta}(1)\oplus\Omega,.$ . Since
$K^{x}/(K^{\times})^{p}$

“ is compact, $W_{\iota}(K)/\wp W_{*}(K)$ is discrete and $W.(F_{p})$ is contained
in $R/Z$, this is a special case of the duality theorem of Pontrjagin.

PROOF. (i) Since $\varphi$ is a continuous mapping, there exists $m_{0}\geqq 1$

such that $\varphi(f_{t^{j}}(W_{\infty}(F_{q})))=0$ for $j\geqq m_{0}$ . We put

$\beta=b(0)\overline{\beta}(1)+\sum_{n=1}^{m_{0}}\sum_{h=1}^{f}b(m, h)\tilde{\beta}(h)\{t^{-m}\}\sim$

where $b(O)=\varphi(t)\wedge\in W_{l}(F_{p})$ and $b(m, h)=m^{-1}\varphi(\hat{\uparrow}_{t^{m}}(\alpha(h)))$ for $(m, p)=1,$ $m\geqq 1$ ,
$h=1,2,$ $\cdots,$ $f$. Then we have $\varphi(t)=\wedge\langle t, \beta\rangle,$. and $\varphi(\hat{f}_{t^{n}}(a(h)))=\langle\uparrow_{\iota^{m}}(\alpha(h)), \beta\rangle_{n}$

by Theorem 4 (iii). Since $\varphi$ is a continuous homomorphism, we have
$\varphi(\hat{\alpha})=\langle\alpha, \beta\rangle$ , for any $\alpha\in K^{\times}$ .

(ii) We put

$\alpha=t^{l}\times\prod_{\dot{f}}$ II $f_{t^{j}}(a(j, k)\alpha(k))$

where $l\cdot l_{n}=\psi(\overline{\beta}(1))\in W_{\hslash}(F_{p})$ and $\tilde{a}(j, k)=j^{-1}\psi(\tilde{\beta}(k)\{t^{-j}\})\sim$ for $(j, p)=1,$ $j\geqq 1$ ,
$k=1,2,$ $\cdots,$ $f$. Then we have $\psi(\tilde{\beta}(1))=\langle a, \beta(1)\rangle$ , and $\psi(\tilde{\beta}(k)\{t^{-j}\})=\sim$

$\langle\alpha, \beta(k)\{t^{-j}\}\rangle_{n}$ by Theorem 4 (iii). Since $\psi$ is a homomorphism, we have
$\psi(\beta)=\langle\alpha, \beta\rangle_{*}$ for any $\beta\in W_{n}(F_{p})\tilde{\beta}(1)\oplus\Omega_{n}$ . Q.E.D.

\S 5. Arithmetic of local fields of characteristic $p$ .
Let $C=F_{q}(q=p^{f}, f\geqq 1)$ be a finite field of characteristic $p$ with $q$

elements, $K$ the formal power series field with the coefficient field $F_{q}$

and an indeterminate element $t:K=F_{q}((t))$ and $L$ a cyclic extension of
order $p^{n}$ over $K$. Then there exists a cyclic extension $F_{q^{d}}(d=p\cdot, s\geqq 0)$

over $F_{q}$ and $T\in L$ such that $L=F_{q^{d}}((T))$ and $(t)=(T)^{p^{l}}$ in $F_{q^{d}}[[T]]$ . Then $p^{l}$

is called the ramification index of $L$ over $K$ and $d=p^{\epsilon}=[F_{q^{d}}:F_{q}]$ is called
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the relative degree of $L$ over $K$. Moreover, let $\gamma$ be the minimum posi-
tive integer $i$ such that $U^{(i)}\subset N_{L1K}(L^{\times})$ . Then the ideal $(t)^{r}$ in $F_{q}[[t]]$ is
called the conductor of $L$ over $K$. On the other hand there exists an
element $\beta eW.(K)$ such that $L=K(\wp^{-1}\beta)$ by Theorem $(^{*})$ in \S 2. More-
over, by Theorem 4 (i) we can choose

$\beta\in W,$ $(F_{p})\tilde{\beta}(1)\oplus\Omega_{n}$ where

and we can express

$\Omega_{n}=\bigoplus_{(m,p)=1m\geq 1},W_{n}(F_{q})\{t^{-m}\}\sim$

$\beta=b(0)\tilde{\beta}(1)+\sum_{m=1}^{m_{0}}\sum_{h=1}^{f}b(m, h)\tilde{\beta}(h)\{t^{-m}\sim\}=b(0)\tilde{\beta}(1)+\sum_{m=1}^{m_{0}}b(m)\{t^{-m}\}\sim$ ,
$(m,p)=1$

where $b(O)$ , $b(m, h)eW.(F_{p})$ and $b(m)=\sum_{h=1}^{f}b(m, h)\tilde{\beta}(h)eW_{n}(F_{q})$ . For
$m\geqq 1,$ $(m, p)=1$ and $b(m)\neq 0$ , take the non-negative integer $s_{m}$ such that
$p^{\epsilon_{m}}|b(m)$ and $p^{m+1}fb(m)$ . If $b(m)=0$ , then $s_{m}=n$ . And we put

(5.1) $l_{m}=n-s_{m}$ .
By these constants $l_{m}(1\leqq m\leqq m_{0}, (m, p)=1)$ we shall calculate the ramifi-
cation index and the conductor of $L$ over $K$.

THEOREM 5. Let $F_{q}(q=p^{f}, f\geqq 1)$ be a finite field of characteristic
$p$ with $q$ elements, $K$ the formal power series field: $K=F_{q}((t))$ and $L$ a
cyclic extension of order $p^{f}$ over $K$.

(i) If we put

(5.2) $l=\max\{l_{m}|1\leqq m\leqq m_{0}, (m, p)=1\}$ ,

where $l_{m}$ is given by (5.1) then $p^{l}$ is the ramification index of $L$ over
$K$.

(ii) If we put

(5.3) $r=\max\{mp^{\iota_{m}-1}+1|1\leqq m\leqq m_{0}, (m, p)=1, l_{m}\geqq 1\}$ ,

then $(t)^{r}$ is the conductor of $L$ over $K$.
PROOF. (i) is easy to prove. We shall prove (ii). By Y. Kawada

and I. Satake [7] (XII) p. 376, we have $N_{L1K}(L^{\times})=B_{n}(\beta)$ where $B_{n}(\beta)=$

$\{\alpha eK^{\times}|\langle\alpha, \beta\rangle_{n}=0\}$ . Hence it is sufficient to prove that $U^{(r)}cB.(\beta)$ and
$U^{(r-1)}\not\subset B,.(\beta)$ . For $r\geqq 1,$ $j\geqq 1$ and $(j, p)=1$ we define $r_{j}=\min\{e\geqq 0|jp^{e}\geqq r\}$ .
Then we have

$U^{\langle r)}=\prod_{ptJ_{j\geq 1})=1}f_{t^{j}}(V^{r_{j}}(W_{\infty}(F_{q})))$
.
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Hence any element $\alpha\in U^{(r)}$ can be expressed as

$\alpha=\prod_{j\geq 1}\prod_{k\{j,p)=1=1}^{f}f_{t^{j}}(a(j, k)\alpha(k))$

where $a(j, k)eV^{r_{j}}(W_{\infty}(F_{p}))$ . On the other hand,

$\beta=b(0)\tilde{\beta}(1)+\sum_{m=1}^{m_{0}}\sum_{h(’*p)=1=1}^{f}b(m, h)\tilde{\beta}(h)\{t^{-m}\}\sim$

where $b(m, h)\in V’-l_{m}(W_{n}(F_{p}))$ . Since

$\langle a, \beta\rangle_{n}=\sum_{m=1}^{\iota_{0}}\sum_{h=1}^{f}m\tilde{a}(m, h)b(m, h)$

by Theorem 4 (iii), and $l_{n}\leqq r_{n}$ , we have $\langle\alpha, \beta\rangle,$ $=0$ . Hence $U^{(r)}\subset B_{\hslash}(\beta)$

Next we shall show that $U^{(r-1)}\not\subset B,.(\beta)$ . Let $j$ be a po8itive integer such
that $(i, p)=1,$ $l_{j}\geqq 1$ and $r=jp^{\iota_{j}-1}+1$ . Then $(\gamma-1)_{j}=l_{j}-1$ . Since $b(m)=$
$\sum_{h=1}^{f}b(m, h)\overline{\beta}(h)$ , there exists $ke\{1,2, \cdots, f\}$ such that $ b(j, k)\not\in$

$V^{n-t_{j+1}}(W_{r}(F_{p}))$ . If we put $\alpha=\uparrow_{t^{j}}(p^{\iota_{j}-1}\alpha(k))$ , then $\alpha\in U^{(r-1)}$ and $\langle\alpha, \beta\rangle,.=$

$ip^{\iota_{j}-1}b(j, k)\neq 0$ . Hence we have $a\not\in B.(\beta)$ . Q.E.D

For $\beta=(\beta_{0}, \beta_{1}, \cdots, \beta_{n-1})\in W,$ $(K)$ we put

$K_{j}=K(\wp^{-1}(\beta_{0}, \cdots, \beta_{j-1}))$ $(j=1,2, \cdots, n)$ .
Then we have a sequence of fields $K=K_{0}\subset K_{1}\subset\cdots\subset K_{n-1}\subset K_{n}=L$ , where
$K_{j+1}\supset K_{j}(j=0,1, \cdots, n-1)$ is a cyclic extension of order $p$ . We shall
consider the conductor of $K_{j}$ over $K$. For $i=1,2,$ $\cdots,$ $n$ , we put

(5.4) $h=\max\{m|1\leqq m\leqq m_{0}, (m, p)=1, l_{m}=n-i+1\}$

where $l_{m}$ is given by (5.1). If $\{m|1\leqq m\leqq m_{0}, (m, p)=1, l_{m}=n-i+1\}=\emptyset_{1}$

then we put

(5.5) $h_{i}=0$ .
By Theorem 5 the conductor $(t)$

‘ of $L/K$ is determined by

(5.6) $r=1+\max\{h_{1}p’-1h_{2}p’-2 h_{n-1}p, h_{n}\}$ .
If $(t)^{p_{j}}$ is the conductor of $K_{j}$ over $K$, then we have similarly

(5.7) $F_{j}=1+\max\{h_{1}p^{j-1}, h_{2}p^{\dot{g}-2}, \cdots, h_{j-1}p, h_{j}\}$

$=1+\max\{p(F_{\dot{g}-1}-1), h_{j}\}$ .
We can characterize the conductor of the intermediate fields.
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THEOREM 6. Let $(a_{1}, a_{2}, \cdots, a_{n})$ be an n-tuple of positive integers
$a_{i}$ . In order that there exists a sequence offields $K=K_{0}\subset K_{1}\subset\cdots\subset K_{n}=L$

such that $L\supset K$ is a totally ramified cyclic extension of order $p^{n}$ and
$(t)^{a_{i}+1}$ is the conductor of $K_{i}$ over $K$ it is necessary and sufficient that
$(a_{1}, a_{2}, \cdots, a_{n})$ satisfies the following relations:

(5.8) $\left\{\begin{array}{ll}(i) & (a_{1}, p)=1,\\(ii) & either a_{i}=pa_{i-1}, or a_{i}>pa_{i-1}, (a_{i}, p)=1 for i=2,3, \cdots, n.\end{array}\right.$

PBOOF. If we put $a_{i}=F_{i}-1$ , then by (5.7) we have

(5.9) $a_{1}=h_{1}$ and $a_{i}=\max\{pa_{i-1}, h_{i}\}$ $(i=2,3, \cdots, n)$ .
It is obvious that the relation (5.8) is a necessary condition by (5.9).
Conversely, let $(a_{1}, a_{2}, \cdots, a.)$ be an n-tuple with the properties (5.8).
If we put $\beta=(t^{-a_{1}}, t^{-a_{2}}, \cdots, t^{-a_{n}})\in W_{n}(K),$ $L=K(\wp^{-1}\beta)$ and $K_{\dot{f}}=K(\wp^{-1}(\beta_{0}$ ,
$\beta_{1},$

$\cdots,$ $\beta_{j-1}$))
$,$

$(j=1,2, \cdots, n)$ , then by the relation (5.8) the conductor
of $K_{j}$ over $K$ is $(t)^{a_{j}+1}$ . Q.E.D.

REMARK. If $L\supset K$ is not a totally ramified extension in Theorem 6,
then we must change the relation (5.8) for the following relations: If
the relative degree of $L$ over $K$ is $p^{\epsilon}$ , then

$\left\{\begin{array}{ll}(i )’ & a_{1}=a_{2}=\cdots=a_{s}=0, (a_{\epsilon+1}, p)=1\\(ii)’ & either a_{\dot{l}}=pa_{i-1}, or a_{i}>pa_{i-1}, (a_{i}, p)=1 for i=s+2, s+3, \cdots, n.\end{array}\right.$

By the above results, we can calculate the ramification numbers
and the discriminant ideal of $L$ over $K$ by Hasse’s formula (see Hasse
[2]). Let $v_{1},$ $v_{2},$ $\cdots$ be the ramification numbers of $L/K$, then we have

(5.10) $v_{\nu}=a_{1}+p(a_{2}-a_{1})+p^{2}(a_{3}-a_{2})+\cdots+p^{\nu-1}(a_{\nu}-a_{\nu-1})$

$(\nu=1,2, \cdots)$ .
Moreover, if $\delta$ is the discriminant ideal of $L/K$, then we have

(5.11) $\delta=(t)^{p^{n-l}\mathfrak{c}v_{1}}(p^{l}-1)+(p^{l}-1)+\{v_{2}-v_{1})(p^{l-1}-1)+\cdots+(v_{l}-v_{l-1})\langle p-1)l$

where $p^{l}$ is the ramification index of $L$ over $K$.
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