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Introduction.

In the previous paper [7], we have defined the concept of regular
Fréchet-Lie groups, and given two fundamental theorems, which cor-
respond to the fundamental theorem of calculus.

A group G will be called an FL-group, if G is a C* Fréchet manifold
modeled on a Fréchet space ® (we always assume for a Fréchet space
to be locally convex) and the group operations are C~. (Cf. Introduction
and § 2 of [7] for the reason why we hesitate to use the word “Fréchet-
Lie group”.) Roughly speaking, a 7regular Fréchet-Lie group is an FL-
group on which product integrals are well-defined. We shall repeat briefly
what is a product integral on an FL-group G.

Let 4={¢t, t, ---, t.} be a division of an interval J=[a, b] such that
a=t, b=t,. For a division 4 of J, we denote by |4| the maximum of
[t;0.—t;]. We call a pair (h, 4) a step function on [0, e]xJ (|4|<¢), if b
is a mapping of [0, €] xJ into G such that

(i) h(0, t)=e for all te(a, b] and k(s, t) is C* in s for each fixed ¢.

(i) h(s, t)=h(s, t;) for (s, t)€[0, ] X [¢;, ¢;11)-

For a step function (&, 4), we define the product integral I (h, 4) by

1;[ (h, A):h(t'_'tk; tk)h(tk—tk_n tk—l) tte h(tx—to, to) ’

where %k is the integer such that tel[¢, ¢.,,). Now, let {(&,, 4,)} be a
sequence of step functions such that lim,..|4,|=0, and {kh,} converges
uniformly to a C'-hair % at e with their partial derivatives oh,/os (cf.
[7], (9)), where h: [0, e]xJ—G is called a C'-hair at e, if h is continuous,
h(s, t) is C* with respect to s and (0h/ds)(s, t) is continuous. We call an
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FL-group G a regular Fréchet-Lie group, if lim,_. II¢ (h,, 4,) converges
uniformly on J for every sequence of step functions converging to a
C*-hair h at ¢ in the above sense. We denote the limit by [T (%, d7),
and call it the product integral of h.

Set u(t)=(oh/0s)(0,t). Then, u is a continuous mapping of J into &.

The first fundamental theorem (cf. [7], Theorem 4.1): The product
integral T1. (h, d7) 78 C' with respect to t, and

(1) 11 (b, dO)=u(®)- 11 (h, dz), 11 (h, do)=e.

a

dt < a
Thus, by the uniqueness theorem of the solution of the differential
equation (cf. Lemma 2.5 [7]),

—d‘%g<t>=u(t>-g<t> ,  g@=e,

we see that T[: (h, dz) depends only on u(¢). Therefore, we often denote
II: (h, dz) by TI: 1+4+u(z))dz. Let C°J, ®) be the Fréchet space of all
continuous mappings of J into the Lie algebra & of G, and let Ci(J, G)
be the C~ Fréchet manifold of all C* mappings c¢: J— G such that c(a)=e.

The second fundamental theorem (cf. [7] Theorem 5.1): Let
F:CJ, ®) —>CiJ, G) be a mapping defined by S~ (w)t)=T1I, 1 +u(r))dz.
Then, -~ is a C~-diffeomorphism.

For every ue®, we denote J[{ 1+u)dr by exptu. Then, it is easy
to see that {exptu;te R} is a C~ one parameter subgroup of G, and the
mapping exp: ®—G, called the exponential mapping, is a C* mapping.

In this paper, we shall prove several basic properties of regular
Fréchet-Lie groups by using first and second fundamental theorems. The
main result of this paper is that the universal covering group of a regular
Fréchet-Lie group 18 determined uniquely by its Lie algebra. Hence, one
can get a lot of information about a regular Fréchet-Lie group G by
investigating its Lie algebra ®. Hence, regular Fréchet-Lie groups satisfy
all requests of “Lie groups” imposed in the introduction of [7].

We shall also investigate several methods to make a new regular
Fréchet-Lie group starting from two regular Fréchet-Lie groups, most
of which are strong ILB-Lie groups which are fundamental examples of
regular Fréchet-Lie groups (cf. [7]). These methods will be useful to
prove that the infinite dimensional group of all invertible Fourier integral
operators of order 0 is a regular Fréchet-Lie group, which is one of the
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main purposes of this series. (cf. [5], [6]).

§1. Exponential mappings and their properties.

Let G be an FL-group and ® be the tangent space of G at the identity
e. @ is naturally identified with the model space of G and hence a Fréchet

space. For every ue®, we denote by u* the right-invariant C> vector
field on G, i.e.,

w*(@)=u-g (=@RyHu), u*E)=u,

where dR, is the differential of the right translation R,: G—G, R,h=h-g

at the identity. For every ve®, define the adjoint map Ad(g), g€ G on
& by

_d )
Ad (g)v—% . ge®g™,
where ¢(t) is a smooth curve in G such that c¢(0)=e, é(0)=v. Then,
Ad (g): 3— @ is an isomorphism of & and the map Ad: G x®— & defined by
Ad(g, y=Ad(Qu, 9eG, uec®,

is a C~ mapping. (cf. [7], Lemma 2.4).
We define the bracket of & by

(2) [u, v]=gt— _Ad@@w, uveb,

where g(t) is a C~ curve in G such that g(0)=e, §(0)=u. Alternatively,
(2) can be written by

[u, v]=(du*).v—(dv*).u ,

for every w,ve® (cf. [7], (8)). With the above bracket (2), ® is a
Fréchet-Lie algebra, and called the Lie algebra of G.

Now, let G be a regular Fréchet-Lie group. As we mentioned in
the introduction, the exponential mapping exp: 8—G is a C* mapping.
In this section, we shall investigate several properties of the exponential
mapping.

LEMMA 1.1. For a C' curve c¢(t) in G such that c(0)=e, {c(t/n)"} con-
verges uniformly on [0,1] to a one parameter subgroup exptu, where
u=¢(0).

ProOF. Set h,(s, t)=c(as), a [0, 1], and h, is a C*-hair for small s.
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Let 4, be a division 0<1/n<2/n<---<(n—1)/n<l of I=[0,1]. Let
{(h., 4,)} be a series of step functions such that lim,..|4,|=0 and
lim, .. h,=h, with its derivative in s. Note that TIi(k,, 4,)=c(a/n)".
Thus, we see [I;(h,, dv)=lim,_., c(a/n)". Remark that {II} (., 4,)} con-
verges uniformly in a (cf. [7], Corollary 3.4).

To prove lim,_.. ¢(a/n)"=exp au, remark that by (1), g,(¢)=II: (he, dT)
satisfies (d/dt)g,=au-g,, 9.(0)=e. Hence by the uniqueness theorem ([7],
Lemma 2.5) we have

r:[ (ho, d7)= H (h,, d7)=exp au . [

The following lemmas are useful throughout this paper.
LEMMA 1.2. For any u,ve@®,
exp s Ad (exp tu)v=exp tu exp sv exp —tu .

PrOOF. Put g(s)=exptu expsvexp —tu. Then, g(s) satisfies
Eds—g(s) = Ad (exp tu)v-g(s)

and g(0)=e. Using the first fundamental theorem and the uniqueness of
the above differential equation, we get Lemma 1.2. |

LEMMA 1.3. Let G be a regular Fréchet-Lie group with the Lie
algebra ©. For every continuous mapping u: [0, 1] -®, the equation

(%) Czl—';:):[u(t), w)], w0)=we®

has a unique solution Ad (¢g(t))w, where git)=1I:1+u(z))dz. Moreover,
if 18 a finite codimensional closed Lie subalgebra of & and u(t) is a
C= curve in 9, then the differential equation (*) with w(Q)=we$ has a
unique solution in 9.

PrOOF. By Lemma 2.8 in [7], we see easily that Ad (g(¢))w is a
solution of (). Suppose w’(t) be another solution. Then by the same
lemma, we see that (d/dt) Ad (g(¢)™)w'(t)=0, and hence Ad (¢g(t) ™ )w'(t)=
w'(0)=w.

Assume that «(¢) is a C* curve in . We have only to show w(t)=
Ad (git)we . Set ad (u(t))=[u(t), -]. Then ad (u(t))9 9. Thus ad (u(t))
induces a linear mapping ad (u(t)) of ®/$ into itself such that p ad (u(@®)v=
a’j(i(u(t))pv where p:®—®/9 is the projection. Thus (d/dt)pw(t)=
a?i(u(t))pw(t), pw(0)=0. Since dim G/H< -, we see pw(t)=0 by the
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uniqueness theorem of linear differential equations. Hence w(®) e . [

Now, we consider a subgroup H, possibly non-closed, of a regular
Fréchet-Lie group G. Though one can not conclude H is an FL-group
even if H is closed, one can define the Lie algebra § of H, if H satisfies
a certain condition. For a neighborhood U of ¢ in G, denote by U,(H)
the subset of U consisting of all points z which can be connected to e
by piecewise smooth curves contained in UNH. We denote the closure
of U,(H) by U, (H)~, and denote by £ the totality of we® such that
exptu c H for every te R.

LEMMA 1.4. NotationsNand assumptions being as above, suppose there
18 an open mneighborhood U of e such that U(H) "CH. Then, $ is a
closed Lie subalgebra of ®.

ProOF. It is obvious that if wec9, then auec 9 for every acR.
Let u,ve$. Then g(t{)=exptuexptv is a C~ curve in G, contained in
- H. By Lemma 2.1 in [7], we have (dg/dt)(0)=u+wv. By Lemma 1.1, we
see lim,.. (exp (¢/n)u exp (t/n)v)"=exp t(u+v), and the convergence is
uniform on the unit interval I=][0, 1].

Let [0, ,) be the maximal interval such that g(¢/n)" e U for ¢ € [0, &,).
By definition of U,(H), we see g(t/n)" € U, (H) for te[0,¢,). Suppose for
a while that liminfe,=0. Then choosing a suitable subsequence, if
necessary, one may assume that lim, .. e,=0. Since g(,/n)" ¢ U, {g(,./n)"}
can not converge toe. However, since lim,_... g(s/n)"=exps(u +v) uniformly
on I, lim,..g(,/n)"=e¢ with lim,..¢,=0. This contradicts the above
argument, and hence there is an &,>0 such that ¢,=¢,

Since g(t/n)"e U(H) for te[0,e) and U(H) cH, we have
lim,..,g(t/n)"e H for te[0,e,). This implies expt(u+wv)e H.  Thus,
u+v €9, hence $ is a linear subspace of ©.

Let {u,} be a sequence in § converging to ue®. Denote by [0, ¢,)
the maximal interval such that exptu,e U for every tc[0,¢,). Then
exptu, e U,(H) for every t e [0, ¢,). Since exptu is a continuous mapping
of Rx® into G, there is ¢,>0 such that ¢,=¢, for all n. Hence,
lim,_.exptu, e U(H)"cH for all te[0,s,). Therefore, exptuc H for all
te R and hence uec .  is therefore a closed subspace of .

By using Lemma 1.2, we get Ad (exptu)ve 9 for every u,ve . It
follows [u, v] € §, because of (2). O

§2. Covering groups and subgroups.

First of all, we shall give the following.
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PROPOSITION 2.1. Let G be a regular Fréchet-Lie group. Then a
covering group G’ of G i8 a regular Fréchet-Lie group.

ProOF. It is not hard to see that G’ is an FL-group. Thus we have
only to show the convergence of product integrals. Denote by pr: G'—G
the natural projection, which is obviously a C~ homomorphism. Let {F
be a connected neighborhood of ¢ in G which is evenly covered by pr,
i.e., pr is a C~-diffeomorphism of each connected component of pr— U/
onto U. We denote by U’ the identity component of pr~* 7. The inverse
mapping of pr: U’ — U will be denoted by pr-.

Let h:[0, ] xJ—G’ be a C'-hair at e, and let {(k,, 4,)} be a sequence
of step functions such that lim,..|4,|=0 and {A,} converges uniformly
to h with their partial derivatives {oh,/0s}. pr (h): [0, e]xJ—G is a C-
hair at ¢ and {(pr (k,), 4,)} is a sequence of step functions in G with the
same convergence property as {(k,, 4,)}. Since G is a regular Fréchet-
Lie group, II:(pr(h,), 4,) converges uniformly on J to a C' curve
II: (pr (B), dz). Hence, there is a number 6>0 such that if ¢ c[a, a+d]
then TI¢(pr(h), dz), IIi(pr(h,), 4,) € U for all n. Since pr—! is a local iso-
morphism, we have pr~*([]: (pr(h,), 4,))=1I.(k,, 4,). Thus, lim,_.. IT:(h,, 4,)
converges uniformly on [a, a+4].

The same proof as above shows also that for every ceJ there is a
compact neighborhood K, of ¢ such that lim,.. II¢ (%, 4,) converges uni-
formly on K,, where if ¢<¢ we define []:(k,, 4,) by (II: (h., 4,)). Take
a finite covering |J K., of J, and use the property

e e d
lim I (&, 4,)=1im I[ (&, 4,)lim I (&,, 4,) .

n—oo c

Then, we obtain that lim,_. I} (k,, 4,) converges uniformly on .J. O

REMARK. The convergence of product integrals is a local property,
as we saw in the argument.

We return to the stage of F'L-groups and define a subgroup in the
category of FL-structure.

Let G be an FL-group with Lie algebra & and H a subgroup of G,
possibly non-closed. For a neighborhood U of ¢ in G, denote by U,(H)
the subset of U consisting of all points x e N H such that 2 and e can
be connected by a piecewise smooth curve which is contained in UN H.

DEFINITION 2.2. Let G be an FL-group with Lie algebra &. A
subgroup H of G is called an FL-subgroup, if there is a C= local coordi-
nate system {: U—G at e such that {(0)=e¢ where U is an open convex
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neighborhood of 0 in @, and there is a closed subspace £ of ® such that
¢ and 9 satisfy the following:

(FLS) ¢ maps UN$ homeomorphically onto U, (H), where U=¢(U).

Next, we induce a topology on the FL-subgroup H of FL-group G
as follows: Notations being as above, let N be the set of the open convex
neighborhoods of 0 contained in U. Since W (H)={(W NH) for every
W eR, we see that {{(WNH): WeN} gives the topology under which H
is an FL-group. Note that this topology is in general stronger than
the relative topology (The above topology has been called LPSAC-topology
in the category of strong ILB-Lie groups. See [4], I.4.). Thus, we shall
indicate by (H, F'L) (resp. (H, rel)) if H has the above topology (resp.
the relative topology).

LEMMA 2.3. Suppose H is an FL-subgroup of an FL-group G. Let
X be an open conmected neighborhood of 0 of a Fréchet space E.

(1) Suppose {k,} is a sequence of continuous mappings &, of X into
(H, rel) such that k,(0)=e and {k,} converges uniformly to a mapping
k: X—G. Then, {k,} converges uniformly in (H, FL), and £(X)cCH.

(ii) Let k: X—(H, FL) be a continuous mapping such that £: X—G
18 C" (0=r=<c0). Then k: X—(H, FL) is C".

PROOF. (i) Let W be an arbitrary element in N and set W=(W),
where these notations are as in Definition 2.2. As {x,} is a Cauchy
sequence in the uniform topology of mappings of X into (H, rel), there
is a number n, such that if n, m=n, then £, .(x)=k,(x)k,'(x) € W for any
rxeX. Since £,,(0)=e¢ and £,,(X) is arcwise connected, we see that
BomX)CW(H)=CWNH). Hence {£,} is a Cauchy sequence in the space
of mappings of X to (H, FL) with the uniform topology. Note that
lim, .. £,(x)=k(x) e G. At this stage x(z) is only an element of G. How-
ever, since one may assume that W,(H) cH by a suitable choice of
WeRN, where Wy(H)" is the closure of W,(H), we see that
lim, . £,(®)%,(x)"' € H. Hence, £(x) e H for x,(x)e H. Consequently, {«,}
converges uniformly to « in (H, FL).

(ii) Now, suppose £: X— (H, FL) is a continuous mapping which can
be regarded as C™ mapping of X into G. For an arbitrarily fixed z, € X,
E(x)=£r(x)k(x,)™ is a continuous mapping of X into (H, FL) such that
E(x,)=e. Fix W eM arbitrarily, and there is a neighborhood V of z, such
that E(V)c Wy(H)=C(W N$). Note that £:V (W) is a C* mapping,
hence so is {'£: V—>W. However, "'£V)cWNH. This implies that
TR V-oWNHis C7, and hence so is £: VLW NH). Thus, £ is C™ on



46 H. OMORI, Y. MAEDA, A. YOSHIOKA AND O. KOBAYASHI

a neighborhood of z,. Since k(x)=£(x)x(x,), we get the desired result. []
Now, we are ready to prove the following:

PROPOSITION 2.4. Every FL-subgroup of a regular Fréchet-Lie group
18 a regular Fréchet-Lie group.

PROOF. Suppose H is an FL-subgroup of a regular Fréchet-Lie group
G. We have only to show the convergence of product integrals. Let
h: [0, e]xJ—(H, FL) be a C'-hair at ¢, where J=[a, b] and let {(h,, 4,)} be
a sequence of step functions such that lim,..|4,|=0 and {k,} converges
uniformly to  with their partial derivatives oh,/ds. Set «,(t)=TI: (h,, 4,).
Then, regarding &, as a continuous mapping of J into G, {£,} converges
uniformly to the mapping x(t)=TI: (k, dz). Thus by (i) in Lemma 2.3,
we see that {£,} converges uniformly on J under the topology of (H, FL).
Hence (H, FL) is a regular Fréchet-Lie group. ]

§3. Lie algebra homomorphism.

Let G, H be FL-groups and ®, © their Lie algebras respectively.
Suppose there is a C~ homomorphism @ of G into H. Then the deriva-
tive (d®P). at e gives a continuous linear mapping of & into §.

LEMMA 3.1. (d®),:®—9 is a Lie algebra homomorphism.

PrRoOOF. Let g(t), k(s) be C~ curves in G such that g(0)=%k(0)=e and

g0)=mwu, k(O) v. Remark that @(g(t)), ®(%(s)) are C® curves in H such

that 9(g(0))=&(k(0))=identity and d(®@(g(t)))/dt|,—o=(dD),u, A(D(K(8)))/d8|,~c=
(d®),v. Then, we have by (2),

[(d®)u, (dq)),v]—a—— 1=00(9(8))P(k(3))D(g(2)) ™

0
0® 1
.—Et_a_ —o@(g(t)k(s)g(t) )
=(d®),[u, v] .
So, we get the lemma. O

For regular Fréchet-Lie groups, we obtain a sort of converse of the
above fact as follows, which is the goal of this section.

THEOREM 3.2. Let G be a connected, simply connected regular Fréchet-
Lie group, and H a regular Fréchet-Lie group. Let &, $ be the Lie
algebras of G, H respectively. If there is a continuous homomorphism
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® of © into O, then there is a C° homomorphism @ of G into H such
that (d®),= .

REMARK. The above result shows that the local structures of regular
Fréchet-Lie groups can be determined by their Lie algebras, for an iso-
morphism between two Lie algebras yields a C~ isomorphism between
two universal covering groups. (cf. Proposition 2.1.)

We need several lemmas to prove Theorem 3.2. ,

For a Lie homomorphism ¢ of & into §, let * be the subset of the
product Lie algebra @ x 9 composed of all elements of the form (u, pu),
u€@®. Since @ is a continuous homomorphism, we see easily that 1 is

a closed subalgebra of ®x 9. Let r* be the left-invariant distribution
on G x H defined by

r*(g, h)=dL,.,Y={(dL,u, dL,p(w)); u c S},

where L ., L, L, mean the left translations, I'* may be regarded as
an involutive distribution on G x H, for ¥ is a closed subalgebra. What
we are going to make is the maximal integral submanifold & through
the identity. If it were done, then & should be an FL-subgroup of
GxH and & should give the graph of @.

REMARK. It is not known whether the Frobenius theorem holds in
general in the category of regular Fréchet-Lie groups.

Let &: U—G be a C~ local coordinate system of G at ¢, where U is
an open convex neighborhood of 0 in @ and ¢(0)=e. Also, we may assume
that (d¢),=id. For each ue U, we define a C~ mapping p(u):[0,1]—-@®
by p(w)(t)=((d/dt)&(tu))e(tu)™. By the homomorphism @ of ® into O, we
see that pp(u) is also a C~ mapping of [0, 1] into §. Solve the equation
(d/dt)h(t)=pp(uw)h(t), h(0)=e. As H is a regular Fréchet-Lie group, h(t)
is given by the product integral. Thus, we set

(3) 6(t, w =11 (1+(@pw)@)dz -

By the second fundamental theorem of product integrals, it is easy to
see that 6:[0, 1]x U— H is a C* mapping such that 6(0, u)=e.

LEMMmA 3.3.
@ Ad c(tu)w=Ad (6, w))pw, we®.

PrRoOF. By the same computation as in the proof of Lemma 1.3,
we see
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d

7 —@ Ad (§Cw)w=o[pe(u), Ad (§(tu))w] (cf. [7], Lemma 2.3.)

=[pp(u), P Ad (&(tu))w] .
On the other hand,

4 Ad (6(t, w)pw=[puu)t), Ad (6(t, w)pw] ,

dt
and if {=0 then two quantities coincide, hence by Lemma 1.3, we get
the desired one. ]

Now, consider a C~ Fréchet submanifold S of G x H given by
S={(¢w), 6(1, w)); ue U} .
It is obvious that the tangent space of S at (¢,¢) € Gx H is given by 7.

LEMMA 3.4. The tangent space of S at (9, h)eS is Y*(g, h), i.e., S
18 an integral submanifold of the left-invariant distribution Y*.

Proor. Let (g, h)=(&(u), 6(1, u)). The tangent space of S at (g, h)
is given by {((d8).v, (d6,).v); v € @}, where 6,(w)=6(1, u). Since Ir*(g, h)=
{(dL¢ v, dLs,.,9v); v € G}, we have only to show that

{(AL(dE) v, dLg )W) (d6)w); ve®)=T .
Since dL;.)(d¢),: @— is a linear isomorphism, it is enough to show that
( 4 ) @dL;(t)(df)u'U= dL;:(u)(dal)u’v ?

for every v€®. Note that (3/9s)|,-0(¢, u)™0(t, u+sv) is a C* curve in
9, which is 0 if ¢=0. Now, putting this fact in mind we compute as
follows

(5) dLo,(u)(d01)u'v

—-—I . 6,(uw)"0,(u+sv)
oot
{2

{ ‘ a(t, w)~'0(t, u-l-s'v)}dt
|‘ ALi5s 0P+ 89) — p(W))() - 6(t, u+sv)dt  (by (3))

8

0
dLo_(lt wP(dp),v-0(t, u)dt

1
]
1
0
1

Ad (6@, w)~'p(dp)vdt .
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Hence, by Lemma 8.3, we have
AL (d6,)v= So @ Ad (£(tw) " (dge) vt
= |, Ad (¢(tw) @it .

On the other hand, replacing 6(¢, v) by &(tu) in the above computation
(5), we obtain also :

ALz, (d8)w S Ad (2(tw))~(d ) vdt .

Thus, we get the desired equality (4). N

The above lemma shows that S is an integral submanifold of ¥*
through (¢, e) e G X H. Since I* is left-invariant, L, S is also an integral
submanifold of r* through (g, k) € G X H.

LemMmA 3.5. Let (g(s), h(s)), s€[0, ), be a C~ curve in G X H such
that (g(0), h(0)) e S and (d/ds)(g(s), h(s)) er *(g(8), h(8)) for every s. Let o
be the maximal number such that g(s) € U=&(U) for every s€|0, ). Then,
(g(s), h(s)) € S for every sel0, 9).

ProoF. For s€|0,d), g(s) can be written in the form &(u(s)). Let
p(u)(8)=d L - (d/ds)é(u(s)). Consider a C= curve (£(u(s)), 0,(u(s))) in
G x H. By definition, it is contained in S. Therefore, by Lemma 3.4,

-j—s@(u(s», 6,(u(s))) € T*(&(u(s)), 0,(u(s))) .

This implies
pp(u)(s)= dLel(m(s)) b,(u(s)) .

On the other hand, by the assumption (g(s), 2(s)), we see
(aZ3t-Lg(s), dLitr-hs) ) e T -

Therefore, o@u(u)(8)=dL;}(d/ds)h(s) and hence (d/ds)h(s)0,(u(s))™*=
ALy PL(U)(8) - 0,(u(8)) ' —dLymP(u)(8)-0,(u(s))™*=0. Since h(0)8,(u(0))"=e,
we get h(s)=60,(u(s)) for se[0, ). This implies (g(s), h(s)) € S. |

Suppose L, ,SNL, ,,S# @ for some (g, h), (¢', M) eGxH. Let &(t)
be any C~ curve in L ,,S such that &(0)e L, ;,S. Then &'(t)=Lg )
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is a C* curve in G X H such that ¢'(0) € S and (d/dt)e’(t) e Y*(e'(t)). Thus,
by Lemma 3.5, ¢'(t) € S whenever 7e'(t) e U=¢(U), where n: Gx H—G is

a natural projection. Therefore, L, SNL, ,,S contains the connected
component of

L(g,h)Sﬂ (g ﬁﬂ g [-7)

containing ¢(0). Thus, L, ,,SNLy ,,S is an open subset of LS. Simi-
larly, it is an open subset of L, ,,S. Hence, we get that L, ,,SUL, ,,S
is an integral submanifold of Y*.

PROOF OF THEOREM 3.2. Let &5 be the family of all open subsets
of S, and make a topology on G X H by calling Zyxz=U {L,.ns; (9, h) €
G x H} a generator of open subsets. Let & be the connected component
containing the identity (e, ¢) under the above topology. Since every L, ;S
is an open subset of & for every (g, h) € &, we see that & is an integral
submanifold of I*.

It is obvious that & is a connected subgroup of G xH because
L, w& =% for any (g, h)e &. As m: L, ,S—gU is a C~-diffeomorphism,
w: & —G is a C* isomorphism, for G is connected and simply connected.
Thus, regarding & as the graph of a C* homomorphism @ of G into H,
we get (dP),.=o. |

REMARK. The proof of Theorem 3.2 works well under the assumption
that G is an F'L-group.

§4. Frobenius theorem for finite codimensional closed Lie sub-
algebras.

Let G be an FL-group, and H an FL-subgroup of G.

DEFINITION 4.1. H is called to be locally Aat, if {9, L, U} given in
the definition (Definition 2.2) of FL-subgroups satisfy the following:

(a) {: U—G satisfies (F'LS) in Definition 2.2.

(b) There is a complementary subspace I of § in .

(¢) There are neighborhoods V, W of zeros of §, I respectively
such that U=VPW and {(VHm)=L{(V)-L(m) for every me W.

In this section, we consider a finite codimensional closed Lie sub-
algebra $ of the Lie algebra @ of a regular Fréchet-Lie group G. As

dim /9 =dim M < o, there is a finite dimensional complementary subspace
M of O, that is,

(6) C=9PM .
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Let p: 8—>®/9=IM be the projection associated with (6). The goal of
this section is the following:

THEOREM 4.2. Let $ be a finite codimensional closed Lie subalgebra
of ® of a regular Fréchet-Lie group G. Then, there i a locally flat
FL-subgroup H of G having © as its Lie algebra.

REMARK. This theorem has been already known by Leslie [3] under‘
slightly stronger conditions. We shall give here another proof, for the
method and lemmas used here will be useful in the future coming papers

in this series.
To prove the above theorem, we consider a right-invariant distribu-

tion § on G given by
(7) $(9)=dR,9={dR,u; ue $},

and make the maximal integral submanifold of $ through the identity.
This will be done by proving the Frobenius theorem for the distribution 9.

Let &: U=VE@AW —G be a C~ local coordinate system at ¢ with the
same property as in (a), (b) of Definition 4.1 where V, W are open
neighborhoods of zeros of £, I respectively, and £(0+0)=e. For every
v+we V@AW, define a linear map j(v+w) by

j(,v + w) = dR;(%v+w)(d$)v+w .
Since dim IR < o, one may assume that
pj(w+w): M——M

is an isomorphism for every v+w e VE@®W, whose inverse will be denoted
by I(v+w). Hence I is a C* mapping of VEPW into GL(IM). Set

{@(v +wu=u—jw+w) - I(v+w)pu
Tw+wu=j3w+w)Iv+w)pu ,

for ue ®. We see easily that @(v+w)uc 9, Fo+w)u e jlv+w)M. @ and
¥ are C~ and give a direct decomposition of & other than (6). There-

fore, we have

(9) codim  =codim j(v+w)9 .

Define the mapping @(w+w), v+w e VPW by

(10) p+wu=piw+w) ' Ow+w)jv+wu, ue®.
LEMMA 4.3. @ 18 a C* mapping of VPOW)XH into N and
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(A8)osulu+P(v+w)u; u € ) =H(e(w+w)) .
PrOOF. Remark that for every ue@®,

Jv+wu=0w+w)iv+wu+TW+w)jw+w)u .
Then, we get

u=1—p)j(w+w) ' @w+w)jv+w)u+p+w)u
+iv+w)"Tw+w)j(v+w)u .

Note that the last two terms are contained in M. Thus, if w9, then
u=_1—p)jv+w) ' @v+w)jlv+w)u ,

and hence
ut+p@+wu=jv+w)'@w+w)jw+w)u € jv+w)"'9 .

Therefore, {u+p@+w)u;uecPlcjlw+w)9. To prove the equality,
remark that codim {u+o(v+w)u; u € H}=codim  and use (9). Then, we
get the desired equality. ]

Let V,, W, be convex neighborhoods of zeros in V, W respectively
such that V,cV, W,c W and W, is compact. Let 7" be a Fréchet space
consisting of all C* mappings of W,x[0,1] into M. Define a mapping
X:V,—7 by

LX) (w, t)=ptv+w)v .

Then, X is a C~ mapping such that X(0)=0.
The following lemma is well-known as the uniqueness and the regu-
larity of solutions of ordinary differential equations (cf. [3]):

LEMMA 4.4. There is an open meighborhood N of 0 in 7" and an
open neighborhood W, of 0 in W, satisfying the following:
(1) For any X e N, the differential equation

a

7 o(t)=X(w@®), 1), o0)=we W,

can be solved umiquely for tel0,1] and w(t) e W..

(i) Let y(X, w, t) be the solution of the above equation. Then, A:
NxW,x[0,1]->W, is a C* mapping.

Since X(0)=0 and X: V,— 7" is C~, there is an open convex neighbor-
hood V, of 0 in V, such that V,cV, and X(V,)cN. Now, consider the
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equation

(11) —gi—w(t)=¢(tv+co(t))v . w0)=weW,,

for every ve V,. Let (v, w, t) be the solution of (11) and set (v, w)=
¥, w, 1). Then, . VPW,—»W, is a C~ mapping by virture of the
Lemma 4.4, and it is easy to see 4 (tv, w) =V, W, t).

For every fixed we W,, {(v, v.(v, w)); v € V,} forms a C~ Fréchet-sub-
manifold S, of V, W, of finite codimension. What we are going to show
is that &(S,) is an integral submanifold of .

Let (v, ¥,(v, w)) be a point of S,. The tangent space of S, at this
point is given by {v,+(dv), mv; v.€ D). Thus, we have only to show
that this equals j(v+q,(v, w))'9. Hence, it is enough to show

J (v, w)H{V, + (Ar) 0,15 v, € D}

because if so, then we have the equality by considering codimensions.
Set

L) =DJ(V+4.(v, W)(W;+ (A (4,01)
then we have only to show that .<~(»,)=0 for every v, € 9. Indeed, we get

L(v)=p- Ti%l =0§(v + 80+ (v +8v, W))EW + (v, w))*

TS )
- SO ot o0s s=ok(t’ 8)k(t, 0)7'dt

19 o
(2 2]
pantass=o

where k(t, s)=¢&(tv+tsv, + U (v +tsv,, w)).
Hence, we have

&7 (k(t, 8)k(t, 0)™Ndt ,

—pae (T2 (s -
woy=pde || 2| @2, sy, 0 s .
Set (9/0)&(tv" +, (1, W)=8L¢ o 19,002 (V). Then, we get
-%—k(t, k(t, 0)*=d Ly, ARk o (B(tv+tsv,) — 5(tv)) .
Therefore, we see

(12) L)=p S:Ad ((tw +n,(tv, w)))% _S(tv+tsv)dt .
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LEMMA 4.5. Notations and assumptions being as above, we have
Btv')e Ad (e(w))'O , for every v e9.

PROOF. Recall that Z(tv') is defined by (d/dt)e@v’ +4,(tv', w))=
dL¢ iy 19,00, omB3 (V). For simplicity we denote k(t)=e@v' ++4,(tv’, w)), and
we set (d/dt)k(t)=wu(t)-k(t). Then by the definition of v, we see that
ut)e ® and k(0)=&w). Moreover, we see easily F(tv')=Ad (k(t)™)u(t).
Thus, S(tv') ¢ Ad (k). Set h(t)=k(t)k(0)™'. Then (d/dt)h(t)=u(t)-h(t)
and h(0)=e. Hence by Lemma 1.3 we have Ad (r(¢))9=9. Therefore,
Ad (k(t)™)9=Ad (&(w)™'D. (|

By the above lemma, we see that (9/9s)],-,&(t(v+sv,) € Ad (¢(w)™)9,
for Ad (&(w) )9 is a closed subspace of &. Therefore, we have

Ad (&(tv+n(to, w)))ais o (tv+tsv,) € Ad (§(v+4(tv, w))E(w)™)P .

Recall that &(tv -+, (tv, w))é(w) ' =h(t) in the proof of Lemma 4.5. Hence
by the above lemma again, we see that Ad (r(t))9=9. By (12) we get
“(v,)=0, and we obtain the following:

LEMMA 4.6. £(S,) is an integral submamnifold of 5 for every we W,.

As 9 is right-invariant, &(S,)g is also an integral submanifold of L)
for every geG.

LEMMA 4.7. Let g(t) be a C> curve in G such that g(0) e &(S,) and
(d/dt)gt) € D(g(t)). Then as far as g(t) 18 contained in &V, DOW,), g(t)
18 in fact contained in &(S,).

PrROOF. Put g (gt)=v@®)+w®), v(it)eV, w(t)e W, Then, v(t)+
(v(t), w) is a C= curve in S, such that £v(0) -+ (v(0), w))=9(0) e &(S,).
Evidently,

g—t(vu)wl(v(t), w)) = ;—tvm +@(W(E) + 4 (W (), w))—%v(t) ,

because S, is an integral submanifold of (de)'$. On the other hand,
we have
4

d =
W(v(t) +w(t))= 7

v(&)+P(t) + w(t»-gt-v@)

because the left hand side of the above equation must be contained in
(d2)'9*(e(v(@t)+w(t))) and this is given by {u+@@(E)+w®)u;ue H}
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Therefore, we see that +,(v(t), w) and w(t) satisfy the same differential
equation with the same initial condition. Since W, is finite dimensional,
we get w(t)=q+r,(v(t), w) by the uniqueness theorem. |

PROOF OF THEOREM 4.2. Let £7(S,) be the family of all open subsets
of &(S,). Wedenote by £7(G) the family Y{<”(S.)9; 9 € G}, where £*(S,)-g=
{U.9; UeZS,)}. If U-g.Nn---NUy-gy*=@ for some U,e (S, and
9:.€G, i=1,2, ---, N, then this is an element of £(S,)-g, by virture of
Lemma 4.7. Hence regarding <7(G) as a basis of open sets of G, Z(G)
defines a topology on G. This topology makes G a locally connected
topological group. Let H be the identity component. Then, H is a
subgroup of G. Since &(S,) is an open subset of H, H is an FL-group
with the Lie algebra 9.

Consider a C~ mapping (v, w)=£"'(W+ (v, 0)&(w)). It is well-
defined on a neighborhood VW, of & such that V,cV, W,cW,, and
it satisfies (0, 0)=0. Since (V,, w)cS, for sufficiently small V,, (v, w)
can be written in the form (¢, 4,(v', w)) for some v'€ V,. Remark that
(D) 0,000 M — M is the identity. Thus, by the implicit function theorem
which will be proved below, the equation w'=q,(v’, w) can be smoothly
solved with respect to w if w’ is sufficiently close to 0. By w=a(®’, w')
we denote the solution, i.e., w'=q(v", a(®’, w)).

Now, remark that &(v'+q+n,(@', w))é(w)™ e H. Therefore, if v' and w
are sufficiently small, then we see easily that

EV + (v, w)E(W) ™' =EW +(v, 0)) .

This shows that v depends smoothly on +' and w=a(¥’, w’). Therefore,
{is a C~ diffeomorphism of a neighborhood V. W, of zero of & onto a
neighborhood (V. W, of zero. Obviously, &{(v, w)=~&w+,(v, 0))&(w)=
&(v, 0)£9(0, w). It follows that H is a locally flat FL-subgroup of G. []

So, nothing remains but to prove an implicit function theorem for
or;, Which is stated as follows:

LEMMA 4.8 (An implicit function theorem). Let U, be an open neigh-
borhood of 0 in a Fréchet space E, and V, an open mneighborhood of 0
wn R*. Suppose there is a C~ mapping f of UBV, into R" such that
J0,0)=0. If (D,f)p0n: R*— R" i8 invertible, then there are neighborhoods
Voof0in V, and U, of 0 in U, and C° mapping @: U,PV,—V, such
that f(u, p(u, v))=v.

ProoF. Without loss of generality, one may assume that (D,f),q
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is the identity. Set f,(v)=f(u,v). There is a neighborhood U; of 0 in
U, such that (Df,), is invertible for every uw e U/. Moreover, there are
an e-neighborhood V(¢) of 0 in R* and an open neighborhood U, such
that | f.(0)|<e/4 and |Id—(Df.).|<1/2 for every ue U,, ve V(). Obvi-

1

ously, Ifu(v)—f..(O)Izle—SoI(Id—(Dfu)t.,)vIdt;(1/2)lvl- Hence, f.(V(e))D
f.(0)+ V(e/2). Thus f.(V(e)D V(e/4) for every ue U,. Since f, is a C~
diffeomorphism of V{(¢) into R* and f, is C* with respect to we U;, so
is fi': V(e/4)»R". Set o(u, v)=f.*(v). Then, we get f(u, p(u, v))=v. ]

§ 5. Extensions of regular Fréchet-Lie groups.

Suppose we have an abstract group G and a normal subgroup N.
In this section, we assume the following:

(Ext.0) N and G/N are FL-groups under certain topologies, respec-
tively.

Therefore, we have an exact sequence

(13) l— N—g">GN—s1

where 7, 7 denote the natural inclusion and projection respectively. We
shall consider at first when G becomes an FL-group.

DEFINITION 5.1. We call the exact sequence (13) an F'L-extension of
G/N if (Ext.0) is satisfied and also if the following conditions are
satisfied:

(Ext.1) There is an open neighborhood V of the identity é in G/N,
and a local cross-section v: V— G such that ¥(é)=e (the identity), namely,
nY=id. on V and the mapping (§, n) —7(§)n gives a one-to-one correspond-
ence of Vx N onto 7r‘1(17).

(Ext. 2) The mapping 7;: V,x V,— N defined by

(14) 4@, hy="@Gh) "1 @)V (h)

is C=, where V, is a neighborhood of ¢ in V such that VicV, V=V,
(Ext.8) The mapping a;: V,x N— N defined by

(15) ar(g, m)="7(@)"m¥(@) (=A@, m),

is C*, where A(n, m)=nmn™, n,meG. We often denote a,(g, m) by
a(g)m.

PROPOSITION 5.2. For an FL-extension of G/N, +f G 18 generated
by =~(V,), then G has a natural structure of an FL-group such that N
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is a locally flat FL-subgroup of G and 7v: V,—G is a C> local section
and w: G—G/N is C=.

PrRoOF. By (Ext.1) every element of 7~}(V,) can be written as Y(g)m.
Using (14), (15), we easily have

Y(@)mY(h)yn="Ghk)r(§, k)e,(k, m)n ,

16
(e (V(@m) T =7@G a9, m)Tr(g, 7).

Hence, it is not hard to see that z~*V,) has a structure of a local FL-
group, regarding (g, m) —"v(§)m as a local coordinate system. It is obvious
that v: V, —7Y( V) and z:z~%(V,)—V, are C* mappings. Since G is gener-
ated by 7~%(V,), we see that G has a structure of an FL-group. Since

7=V, is C~ diffeomorphic to N x V, through the mapping (n, §)—7(@)n=
A(7(@), n)Y(@) N is a locally flat FL-subgroup of G. O

Remark that by (16), the associative law on G is equivalent to the
equality:

ri(§, hk)r.(h, B)=r (gh, B)a,(k, r(3, R)) .

Let G be an FL-group and assume for G to have the FL-extension (13).
Now, we shall compute the Lie algebra of G. Let & N and & be the
Lie algebras of K=G/N, N and G respectively. Notations being as above,
set I'=(dY); and I': 8—® is a continuous linear mapping such that
(drm),['=id, and &=I'KPN. Define R, and a, by

{RF(X, Y)=II'X), F[(V]-I'(X,Y), X,YeR,

(10 ar(X)w=—[I'(X), v], Xe®, veRn.

To get the structure of @ is to compute R, and ar, because the Lie
algebra structure of ® is given by
[FX)+v, I(Y)4+wl=I(X, YN+ R(X, Y)—ar(X)w+ar(Y)v
+[v, w], for X, Ye&, v,weN.
LEMMA 5.3. (i) Ry(X, Y)=(D.Dx)s5(X, Y)—(DDyr))es(Y, X).

(ii) Let g(t), h(s) be C~ curves in K, N respectively such that
(@/dt)]i= 9O =X, (d/ds)|,~oh(8)=v. Then,

o
ar(X)v=—— e -oar(y(t))h(S)

(iif) The Jacobt identity is equivalent to the following:



58 H. OMORI, Y. MAEDA, A. YOSHIOKA AND 0. KOBAYASHI

{ xgz {ar(X)R(Y, Z)—R.([X, Y], Z)}=0 (2nd Bianchi identity) ,
{lar(X), ar(Y)]—ar([X, YDIw=[R (X, ), w],

Jor X, Y, Ze® and weN, where S means the cyclic summation.
PROOF. The equality in (ii) is obvious by Lemma 2.8 in [7].

To prove (i), let §(t), h(s) be C~ curves in K such that §(0)=%(0)=4,
(d/dt)|;=e§ =X and (d/ds)|,-ch=Y. Note that

[1(X), T(X)] =2 | @) 7o) 7@e)™
tos lt=0
=9 _|_ @) R@) @@ @), a6
otag lt=o

a2

== =l Y@ ORS)FE) (G (), h()FE)™)
tos it=0

X r(h(8), §(&) (G, §@&)™7} .
Since 7,(g, &)=7,(€, h)=86, we see

@, ranl=-=-| {radeen

+'ais'|.=o"f(§ ®), A@FE®) ™ (§(@), &)™

+Ad /@@, 5O NDira 05D}

=I([X, Y]>+§;- ot (§(®), R(8)G() ™ (8(t), §()™)
8 lt=0

- (D2D1'rr)(3,?)( Y; X) ’
because of (D;r;):,5(Y)=0. Since

ot

(@ (t), ﬁ(s)@(t)~1)=%

t=0

0@, k) +2| e Roae

_%Lsoﬁ(g(t), R(8) = (D)) &4 en(X)

and

il g(t)™* —i g e _d_ 2 A1) —
2,00, 807 =-L| _n@w, o+ re a0=0,

we get



FRECHET-LIE GROUPS 59

Br(X, V)= —(DDaailY, D) +-| _ (Dirn)ein(X) -

Therefore, by (17), we obtain (i).
Equalities of (iii) are obtained by direct computations of

S[I'(X)+w, [(Y)+v'], ['(Z)+w']=0. n
Now, the purpose of this section is to prove the following:

THEOREM 5.4. Let G be an FL-group and let N be a closed normal
subgroup of G. Suppose N is a regular Fréchet-Lie group under the
relative topology and G/N is a regular Fréchet-Lie group such that the
natural projection mw: G—G/N is C°. If there s a C™ local cross-section
v:V—@G, where V is an open neighborhood of é in G/N, then G is a
regular Fréchet-Lie group.

Although the proof will be given in several lemmas below, we remark
at first that if in an FL-extension (13), N and G/N are regular Fréchet-
Lie group, then the subgroup of G generated by n“(Vl) w8 a regular
Fréchet-Lie group.

Let {(h,, 4,)} be a sequence of step functions in G defined on [0, €] X [a, b]
such that lim,..|4,|=0 and {h,} converges uniformly to a C'-hair h at e
with their partial derivatives oh,/0s (cf. the notation and the definition
in [7]). Since hk,(0, t)=h(0, t)=e¢, one may assume k([0, ¢] xX[a, b)) cz~(V)
and A,([0, €] X[a, b))cx(V) for every m, taking ¢ small if necessary.

Set k., (8, t)=7h,(s, t), h(s, t)=nh(s, t). As m:G—G/N is a C* homo-
morphism, {(%,, 4,)} is a sequence of step functions in K=G/N such that
{k,} converges uniformly to k. For simplicity, we shall denote §,(t)=
I (h., 4,) and §&)=1I: (&, dv).

Using the continuity of § and the uniformity of the convergence of
{G.}, we get easily the following:

LEMMA 5.5. There is a number ¢, a<c, independent of n, such that
if ast<c then §,(t), §t) eV, where V, i3 a meighborhood of é such that
VicV, Vi't=V. '

For the given division 4,: a=%,<t,<---<t,=b, we denote by g, ()
the mapping defined by §,,(t)=9,.) for te[t, tirn)-

LEMMA 5.6. {§,,(t)} converges uniformly to g(t) on [a, b].

PROOF. Note that {§,(t)} converges uniformly to g(t). Since g(¢) is
uniformly continuous on [a, b], for any >0, there is 6’>0 such that if
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|t—t'|<d’, then p(§(t), §(t'))<6/2 where p is an invariant metric on K.
For a sufficiently large n, we have |4,|<é’. Hence for any te¢][a, b],
there is t;€ 4, such that [¢—t;|<d’. Thus, o(§(t;), §(t))<d6/2. Since {§,}
converges uniformly to §, we see 0(g(t;), §.(t;))<6/2 for sufficiently large
n. Thus, remarking §,,(6)=§.(t;), we get (g, (2), §(t))<a. ]

Define (s, t), (s, t) by
R, )="7(h,(3, pta(s,t) ,  h(t, 8)="(h(s, ))1e(s, t) ,

respectively. Obviously, x.(s,t), u(s,t)e N and it is easy to see the
following:

LEMMA 5.7. {(7(5,,), 4,)} 18 a sequemce of step functions in G such
that lim,__,., ’Y(ﬁ,,(s, 1)) converges umiformly to a C'-hair Y(h(s, t)) at e in
G with their partial derivatives {(8/83)’7(3,,)}. Moreover, {(¢,, 4,)} is a
sequence of step functions im N such that lim,_. f.(s, t) converges uni-
Jormly to a C-hair ¢ at e in N with partial derivatives {op,/ds}.

Now, set for (s, t) €[0, €] X[a, c],

Ma(8, ) =11(Rn(8, 1), G, (E)r(G4,(E), (3, 1))

18 ~
( ) <17\'(8, t)=7'7'(h(8, t): g(t))af(g(t)’ [1(3, t)) ’

where a,(§, n)=7(§)"'n7(g), which are well-defined if ¢ is sufficiently

small. Obviously, (\,, 4,) is a step function in N defined on [0, &] x[a, c],
where ¢ is given in Lemma 5.5.

LEMMA 5.8. {\,} converges uniformly to a C'-hair A(s,t) at e in N
with their partial derivatives {o\,/08} by taking lim,_. |4,|=0.

ProoF. By Lemma 5.6, we see that 7(g,,(t)), ¥(§4,())™ converges
uniformly to v(g(t)), v(g(t))™" respectively. Thus, we see easily that {)}
converges to A. Taking the derivative of (15) with respect to s and
using the fact that 7, and «; are C~, we get that {o\,/9s} converges
uniformly to o\/0s because of Lemma 5.7. O

PROOF OF THEOREM 5.4. By Lemma 5.8 and the assumption that N is
a regular Fréchet-Lie group, we see that IT: (A,, 4,) converges uniformly
to TI: p\,, dz) for tea, c]. Since {7(§,,(¢))} converges llniformly to v(§(t)),
Y115 (hay 42)) T1E (N, 4,) converges uniformly to Y(IT% (k, d7)) 1L (A, d7) on
[a, c].

On the other hand, setting 4,(t)=TI. ., 4,), we get



FRECHET-LIE GROUPS 6l

(IL Ry 40) T Ovn, 4)
=7(§.()4,()
=Y (Rt =ty LGt Nn(t — b, t) Ao(t2)
=Y(hn(t—ta, t)Y@uE) TR0t =ty £, Gult)) ™ Nalt—ts, £)A,(2)
=Y(Rn(t —tay EDV Mt~y 1)V (G (E)) Aty
= h’n(t - tk; tk)’y(gn(tk))/ln(tk) .

Thus, repeating this computation, we get

(TL By 40) T Gony 4)=TT (b, 4,) .

Therefore, {II. (h,, 4,)} converges uniformly to ¥(II% (%, dz)) II: (A, d7) for
tela, c].

Remark that TT: (k, dz)=T]: (h, d7) TI% (k, dz). By the same reason as
in the proof of Proposition 2.1, the above convergence for ¢ ¢ [a, ¢] yields
the uniform convergence on [a,d]. Thus, G is a regular Fréchet-Lie
group. ™

§6. Several examples of regular Fréchet-Lie groups.

As we proved in [7], every strong ILB-Lie group is a regular Fréchet-
Lie group. In particular, every finite dimensional Lie group is a regular
Fréchet-Lie group. Now, suppose we have a regular Fréchet-Lie group
G and a C~ compact manifold M with or without boundary. By z: & — M,
we denote a C~ fibre bundle over M with fibre G and with the auto-
morphism group of G as the transformation group, where the transition
function g,; from a trivialization U,xG into U;xG satisfies that

Gas: <Uan Uﬂ) XG_»G

is C*. Remark that we do not give any topology on the group of auto-
morphisms of G. Let C* &), 0<Ek=< -, be the group of all C* sections of
&, where the group-structure is given by fibrewise product. It is known
that C*(&’) is an FL-group for every k (cf. Lemmas 1.2 and 5.2 in [7] for
an idea of the proof and also see [1]).

LEMMA 6.1. Notations and assumptions being as above, C(£) is a
regular Fréchet-Lie group.

ProoF. Let {(h,(s, t), 4,)} be a sequence of step functions in CY&)
defined on [0, ] X[a, b] such that lim, .. |4,]=0 and {h,(s, t)} converges
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uniformly to a C*-hair h: [0, €] X [a, b]—C°(&) with their partial derivatives
{oh,/0s}. For each xe M, {h.(s, t)(x)} converges uniformly to h(s, t)(x).
Since each fibre of & is a regular Fréchet-Lie group, II: (h.(x), 4,) con-
verges uniformly to []. (h(x), dz) with respect to t€[a, b]. By the com-
pactness of M, and by the same reasoning as in the proof of Lemma 3.7
of [7], we see that the above convergence is also uniform with respect
to (¢, x) € [a, ) x M. Thus, II: (h,, 4,) converges uniformly in C°(&), hence
C(&) is a regular Fréchet-Lie group. |

DEFINITION 6.2. Let G be an FL-group and F a Fréchet space. A
mapping 0: GXF—F is called a smooth representation, if p satisfies the
following:

(i) p is C~ and p(g, u) is linear with respect to ueF, po(g, w) will
be denoted sometimes by p,(u) or gu.

Qi)  o(g, o(h, w)=p(gh, u).

LEMMA 6.3. Suppose G i3 a regular Fréchet-Lie group and p0: G X
F—F i3 a smooth representation. Then the group FxG is a regular
Fréchet-Lie group, where FxG 18 the direct product with the following
group-operation: '

(u, 9)* (v, h)=(u+p,(v), gh) .

ProoF. Obviously, F*G is an FL-group, and there is a C* section
7:G—Fx*G, 7(g)=(0, g). Evidently, », in the previous section (cf. Defi-
nition 5.1, (Ext. 2)) is zero and A;(g)(u, e)=(p,(u), e). Note that F is a
regular Fréchet-Lie group (¢f. Lemma 3.9, [7]). By Theorem 5.4, we get

the desired one. ]

Note that the tangent bundle T, of G possesses an FL-group struc-
ture, isomorphic to &+G (cf. Lemma 2.2 in [7]). Hence, we have the
following:

COROLLARY 6.4. The tangent bundle Ty identified with G+G is a
regular Fréchet-Lie group if and only if G 18 a regular Fréchet-Lie
group.

Let G be a regular Fréchet-Lie group with the Lie algebra &, and
let V be a finite dimensional vector space over R. It is obvious that
the space L(V, ®) of all linear mappings of V into ® is a Fréchet space.
The adjoint action of G on & can be naturally extended to a smooth
representation of G on L(V, ®), which will be denoted again by Ad: G X
L(V,8)—»L(V,®). Hence, by the above lemma, we see that L(V, ®)+G
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is a regular Fréchet-Lie group.

Let J& (R", G) be the space of k-jets at 0 c R* of local C* mappings
of R* into G (cf. [1], p. 19). J¥R*, G) is a group by the pointwise
product. Now, the following is not hard to prove:

LEMMA 6.5. Let V, be a linear space of all R-valued polynomials
of n-variables of degree <k without constant terms. Then, JE(R, G) is
18omorphic to L(V,, @)xG, and hence JF¥R", @) is a regular Fréchet-Lie
group. If we define J*(R", G) by the projective limit of JE(R", G) then
J°(R", G) 18 also isomorphic to L(V.., ®) xG, hence it is a regular Fréchet-
Lie group, where L(V.., ®) is the Fréchet space defined by the projective
limit of {L(V,, ®)}.

Now, suppose & is a C> fibre bundle over M with a regular Fréchet-
Lie group as a fibre, and with the group of automorphisms of G as the
transformation group. Suppose M is a compact C* manifold with or
without boundary. For each xe M, let J*(&) be the set of all k-jets of
local C* sections of & at z. Obviously, J*(&) is isomorphic to J#(R", G),
hence J}(&) is regular Fréchet-Lie group.

Set JHE)=U,ex JEH&). It is easy to see that J*(&) is a C> fibre
bundle over M for every k, 0<k< . Hence by Lemma 6.1, we see that
C'(J*(&)) is a regular Fréchet-Lie group.

Recall that C*(&’) is an FL-group. Taking the derivatives up to the
order %k, there is a natural monomorphism of C* &) into C'(J*&)), and
the image is a closed subgroup. Remark that the topology of C* &) is
given by the relative topology in C°(J*(&)). Therefore, by a similar
proof as in the proof of Proposition 2.4, we obtain the following:

PROPOSITION 6.6. Notations and assumptions being as above, C*(&)
18 a regular Fréchet-Lie group for every k, 0Sk< .

REMARK. If we take & by IxG, I=[0,1] and M=1, then we get
the fact that CX(I, G) is a regular Fréchet-Lie group (cf. [7], § 5, Lemma
5.2 and Remark.)
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