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Configurations and Invariant Gauss-Manin Connections
for Integrals II

Kazuhiko AOMOTO

Nagoya University
(Communicated by T. Saito)

In this note, by using certain canonical invariant 1-forms, we shall
compute explicitly the formulae of Gauss-Manin connections for the
integrals which have been investigated in [1] and prove [3] Theorem 2

in the hyperquadric case (see Theorems 1,2 and 3). We shall follow the
terminologies used in [1].

§1. Conformal case.

First, we are going to find out an explicit representation of invariant
Gauss-Manin connection for the following integral which admits conformal
transformations:

(1°1) @(55)(:@()\'0’ )"1’ “t >"m; ¢))
=S (224 - +x§+1)zof1(x)zl. . -f,f.’"(x)dxl/\dxz/\ e Adw, ,

where f}, ---,f,,, denote general linear functions: f,-=2;‘=1 UpE, + Ugp
Here we use the variables V" —1 &, instead of z, in [1] (J, IIL).

Asin [1], we define the symmetric matrix of (m+1) order A=((a,;))
0=+, j=m by putting a,;=>_, Unu;, and a,=a,=u,, where we normalize
ay,=1. We denote by A( 5) the minor determinant of the 3, -- *, 1,-th
rows and the j, ---, j,-th columns for I= (%4 +++,4,) and J=(g,, - .-, Jo)s
and write A(I) for A(f).

It has been stated in [1] Lemma 8.3 that the above integrals have
a basis of functions:

(1.2) ' @(7:1- . '?:p)= thl. .. f"{;’lé\)(sé):s ﬁ()\:) dﬂ?lﬁ\ oo {\dxn

“l..' ‘p
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for 1<i4,< - - - <1,Sm, 0=<p=<n, where U(\) denotes (x+- - - a2+ 1)ofH. .. fim
and 72 the k-th difference operator with respect the variables x,, - -+, A.
So we have only to find out the variation formula for §(i,---i,) as a
linear combination of them. As in [1] (3.2), we define the mapping o by:

(L3)  BA(=B (o My +* M D) =T(— o) - 2707P(9) = 0P(9)
= S exp [—(a’%"‘ -2- . +w3.) ]ﬁ(%)ll. . .fm(% im . x5,0+11+...+1”

0

X dx,ANdX, N\ - Ndz,

for p,=—20— " N;—n—1.
Then, according to [1] (8.4), we have, for I=(i, ---, i,),

(1.4 ADapI)=ADA T3 - g‘x;*a(;s)]
=ADd[ T “p“¢(¢)]
—A(I)d[p“T - T'P(9)]

=A)d[p™ To"¢(I )]
=A(I)p~'d[TepI)] -
We denote by 9, the sequence (i, ***, fy_1, Ty =+, 1,) for I=
(44, *++, 1,). According to [1] Proposition 2.4 the right hand side is equal

to the following, where the set of indices {0, 1,2, ---, m} here are used
instead of {1, 2, ---, m}: '

(1.5) ptA(I)d Tea(I)
_ 1 ILj 1
= Sy {dA( ) dlog A(I, j)A (I k)

?,‘*uz Lk
(@)
I 125 y
(@)
1,0 1,0
kel { (I k) ——d log A(L, 0)- (I k)
B
1 10 _ .
—gdlog AL k). 4 (I k)}’“f - (D™ - TEHL, K)
@ e
A (_ _y A@1)
+ 5 { d log A(I) E;M,dlog( AD )

S

¢
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+ 3 Mud log (%‘—fﬁ"))} o™ - Te(I)
@)

-

0.1 1 /0.0
—1)e+v] # — #
(—1)~ { dA(a,z) +3 (a,1>d log A(3,I)

(9)

1 a"I -1 255
+3 (ayl)dlogA(aﬂI)}P . o?(apayI)

()
I k, o.I
+ 3 <—1)v-mk{dA(k’ 0, >—iA( » 0 )dlog AG,I)
fsexaISIIl I 2 I
(e)
k,o.I
—--;—A< ’ I’ )d log A(k, I)}p“- 23k, 3,1)
© ’

"o 0,5,I\ 1 (0,31
+5 0t (aa(” 1) 54 ¥ Jarog an
@

1
to 2

v
1suvs(I|

—~r

g

0,01
-—lA< ’ I” )d log A(0, I )} o' T¢*d(0,I) .

2
©
In view of [1] (8.4), the right hand side is equal to

——

1 r (L2, 5, k)
(1.6) -—2— j:/:k%kel {(a)}xlakk< _2(7\’0+1) )
+,§} {()8)}7\'3(#0'}'1”)( —2(7\,+1) )

+20 ey

+1 pY (—1)#+”{(a)}(—-2x0T51¢(6p6,I))

2 1spFrsin)

+23, 3 (=DN{E)Ek, 6.1)

kel 1sv511]

+ 2 (=D e+ p)O)POI) .

1svsiI|

Now we apply successively the formulae [1] (D, III,) 0=p=n+1 to
T, j, k) and T &, k), and apply [1] (D, III}) to —2)\,T7'%(3,6,I). Then
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in the same way as [1] (&, III,) we have the following expression:

PROPOSITION 1. For Ic{l,2, ---,m}, |I|=mn,
10 ADdeI)

I
=n§:|” Z 7\"‘17\"‘2. ) .7\"‘- 0(19 ku Tty k,)
8=l kgel,k,#ky for a#7 8! (#0+|I|+1)...(po+|Il+s_1)
Xa*(I, ku Ty k.)

)‘k ..-xk _
+ 1 nt1—i71
DXy rares py ()N [(7ARD (ES YRR pramy

X 0( I >To$*(Iy ky -y Buiir)
I’ ku %y k-n+1—lIl —2(7\'0+1)

0,J
o Ae), .
+IJIS!II—2,J§I,I¢¢J>\',‘ J ) A(J) ¢( ’ )

I\ 40, 1),
@191+ 00( | A0

JeL,IJisII[-2

1 B o A(o )
+?A(I){ dlog A(I) g;‘,l)\,%dlog A(I))

A, B\ »
+’§} Ao log (—71—(-5- }gD(I)

1) I \ . 1] I\
+2 50, 1 oL b+ i, JpeD

kel v=1

where

> A(o 5 I) .
(1.8) P, D=pI)+ Z.l ( —1)"—A—’(T')‘—-—¢(5J) ,

I \(__Ad 5 _{ (I,O)__1_ . (I,O)
(1.9) 0(1,3')( 30 1% (8)=1{d4 L)~ gtlos AL 0 47

1 o (L0 _Ad g
2dlogA(I, J) A<I,j>} A, I, )’

Ij

1 Ij
I k)- 2dlogA(I, k)A( )

I\ _( (hd\ 1 .
(1.10) 0<I,j,k>—{dA( >—2dlogA(I,_7)A< Lk

Lk
ol ] >A(§’-;§:§)+0< I>A(31iif }

Lk Ak, I) I,5) A@,I)
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and 0( I I e )(3;3), are defined by the recurrence equations, which
concide with [1] (8.12) for I=g4.

I s I
1.11 - —1) ~
( ) B(Iy kl"'ks> é( 1)0(-[9 kly "',kw "'9kt>

Al T)
k

x A(ku'_”,kw”'!

On the other hand,

I 1 - 1 . 0.1
(1.12) a(a#m)(:-z—(—w .(5))_ 2 (— 1y {—dA(ayI>
1 0.1 1 0.1
+~§—A(ay1>dlog A@ 1)+ 2A<a”I>dlogA (aFI)} ,

while, a( f}) for JcI, |J|<|I|—8 are determined inductively:

iy J
I A% 7) I
1. = — ] . ‘
(1.13) "(.1) i3, 4G, J) ') 6(5, J)
Jor |J|<|I|—8. Finally,
I N - k, 0,1
(1.14) 0<G,I,k>(=(e)(_l) )=(—1) {dA( I >
k, 0,1 k, 0,1
——;—A( ’I >dlogA(a,I)—~-%-A< I >d10gA(k, I)}
and |
I . PN 0,01
(1.15) 0<3J>(=(-—1) -(@)=(—1) {dA( I >
1,/0,6,1 1,/0,01
——?A( 7 >-dlogA(6,,I)——2-A< I )dlogA(O,I)}.

If |Il=n+1, then according to (8.14) in [1], T.PI) is represented
as follows:
A3
(1.16) TeD= 3 (—=1)—22L50,0,1) .
1spErsn+tl A()

The equations (1.7)~(1.15) give the explicit Gauss-Manin connection for
the integral &(¢), which implies [1] Theorem 6.
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§2. Determination of the invariant 1-forms 0‘”(z i ¢ i )i
1y 29 9 b4
1=4,< - <7, =m.

In [1] we have considered the following integral on the hyperquadric:
So: at+ -« +a%,,+1=0,

@.1) PE@)=p" @)=\ fir- - -Fidnr

for linear functions f;=3"*! u,x,+u; and the n-form r

2.2) r="3, (=LY, da, A - - - AdB; A A - Ay
i=1

and proved the following theorem:

THEOREM 7 [1]. There exists a system of 1-forms 6" < i ¢ i > such
12 L 4
that

B Mgy Ay (=17
2.3) < (9)= 2‘ Z(x +n— 1) “Not+n—p+1)

@ . .
X 0(1)<. . é\)slt” (7'19 ° %y "’p)
Ty vy Tp

where PP (4,- - -1,) 18 defined as follows:

I
2.4 PP D=5V (1) +33 (-1 —(%(§;I>¢<l’<a,l)
PN\ Oty for T=Gy i)

and the 1-form 0“’( ¢ i, ) does mot depend either om m or om Ny - °, M-
It depe'nds only on f,l, o, Ji,» (We have denoted by U, the function
Site -

LEMMA 1.

@ ] da. _
w p=—ri = 0t H _1
6 (z) 0<z) 0,5 7
" @ _ ] A(ty---1,)
o (,;1...,,;? =0 Gye e oi,) A0, 4y -0 3)

Jor n+1=p=2. Therefore 0“’<i ¢
1
(1.9) or [1] (3.12).

(2.5)

¥ ) are successively determined by
[ 4
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ProOF. In [1] Lemma 4.7, the first equality has been proved. So
we want to prove the second one. Since 0‘”(@- ¢1, ) depends only on
iy =+, Ji, and does not depend on \,, - -+, Ay, 07 M, we have only to prove
it in case where m=n+1 and (i, ---, 1,)c(d, 2, ---, n+1). Then, accord-
ing to [1] Proposition 3.4, we have

)\' 'Ni' 0< ¢ .) A(?:l ’))¢*( (70 c)

2.6) WPPH=3=3

; (o +1)- - - (o +38—1) i,) A, -
1 At Ny < ¢ )T@a 2---n+1)
T D! (@t D (ot n—1) n+1l)  —20+1)

On the other hand, [1] (D, III,.,) implies

~ _ Al 2-- 'n+1)
2.7 7 o512 - = ) $.(1 1,
( ) (#o+'n) P12 n+1) 20+ 1) A(O 12---n+1) *( 2:--n+1)

so that d¢(¢) is equal to

n )\: '?\:is ¢ A(?:l 'L,) A -
N ot D) (o s—1) < i,)A(O?q iy Pel i)
1 At Npgy

T @D ot D) (o n—1)
xﬁ( o ) A12.-. n+1) A~
12--.n+1/A012.. +1)
Therefore when Az, — —1, g, being equal to —\,—n=—>"N,—n, We

have

(2.9) dP(g)=dPP(¢)=1im"~—2(\, +1)dP(g)

Ag——1

P12+ m+1).

n 1 Nttt N, ¢
_gulz‘gs’( —ANo—MN+1)- - ( Aowt8—1—mn) ( i.)

% Ay - -1,) Y (4, -

AQ G iyt

N 1 Ao * * Mgy < é )
(m+D! (—Ae—n+1) - (—Ne) cen+1

A(12---n+1) P12 1) .
401z D 2r nt+l);

In view of [1] (4.11), the forms &P (4, - -2,), 1=50, <+ - <i,=n+1 be-
come a system of generators of the cohomology H™Y,V,) on Y=§,—
Uit (f 0) with respect to the covariant differentiation F,=d+
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Z"“dlogf,/\ Therefore the above expression is unique, which implies
the Lemma.

We have proved, from (2.3) and (2.5),

THEOREM 1.

¢
. » 1 M5 85
2.1 w = —_— 1 [] oH
(2.10)  dP“(9) gfs!Z‘(—xm—n+1)---(—xw—n+s—1) x (1100 1,)
A(i’1° * 'ia) @9('51 n 1) .
><A(O T .)+ = (—M—’n-i-l) +( 7»«») T Mt

¢ A(in ) i‘n+1)
/] . - - .
x <":1 ":n+1> A0, %, + - Toy)

More generally, by using the formulae (1.7) and lim,._,—2(\,+1)&I)=
Y (I), we have

THEOREM 1. For |I|<n+1,

(2.11) d@‘l)(I)=n§_{l s Ny * 0 Mg,
=1 sl (—Neo—n+|I|+1):+ - (—Ne—n+|I|+8—1)

I
OO Torn oo
%01 s g ) PRy )

Nyt Mbyyy g
+2 m+1—|ID! (—Neo—n+|I|+1) - (—No)
I
/] .A‘l’I,k’...’kn —
X (I, Ky - 'kn+1—|11> P ( 1 +1-111)

1\ 4Gz 7)

1)
+ IJIS!II-EL:-'ISI,Jck Ma(J) A(J) oY, k)

A0, J) A,
1= i[=2, Jm(—)\,w—n+]J|+1)0< ) A(J) ()(J)
1 A1)

+§A(I){ —d log A(I)+Z’“dl°g( A )

+ 3 \d log (AAS{I%)} $9(I)

P4}

I
. oHOn o.1
+ZZX&0(3,I, k) P (k’ % )

kel y=1

11} I\,.,
+3+1e( ) Jeva
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Here we have the fundamental relation for @@ (J), |J|<n+1:

(2.12) _1_ 2 (_ 1)a+ﬁ A(O; aaaﬁI) A(l)(aaaﬁI) + Z (___ l)a A(a,,I) é‘,u)(aal) =0
2 «ger A(O, a,,I> ; ast A(O, a,,I)
0, 0,1 I

Jor any sequence of indices I=(i,, iy +++, i,.,) (See [1] (4.9).), while
(2.13) DUy, +++y Bnsal

n+2 ~ . . ) ]
== gigp(n(avl)(_l)u 1[@1, Cey Ty Ty "/n+2] .

Consequently (2.11) is a maximally overdetermined system of order

(7)™

§3. Orthogonal inhomogeneous case.
The following integral has been investigated in [1] §1:
(3.1) PP =P(N1" * * A3 @)
=| exp LA@If2(0) - Fir@di\ - N,

for fi=—(1/2)(@*+---+a2) and general inhomogeneous linear functions
fi=3l up®,+u4. U and @ will denote respectively exp [£]f3- - - fin
and dlog U(\). V7, denotes the covariant differentiation defined by P op=
dy+wA+ in the space C*—S, where S=U>~, (f;=0).

In [1] Proposition 1.1p and 1.2p we have proved the following fact
which is reproduced now.

PROPOSITION 2. Define the difference operators Tg:
(3'2) kilé(xu %y >\'m; ¢)=¢(>\'1, tt ety )\'k:tly R x’m; ¢) .

Then & being regarded as an analytic function of A, -- *y Ams the follow-
ing relation are fundamental among TE in the commutative algebra
CIT, I, - -+, T, T5', a;,(0=< 3, k<m)] generated by TE and a,.

(3.8) Ti=an+ 3 MaaTi,  1Sksm
J= .
(3.4) M=V T = —ay— 3 N0, T, 1sk=m
i=1
and

n+1 . . . .
(35) Z (_1),,_1[7:1’ ) ?:v—l, iv+1, Tty ’bn+1] Ti,,=[7'1’ Toy °° 7'n+1]

y=1
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Jor any sequence of induces I=(i,, 4y * =+, tny)-

PrOOF. The crucial point is that, for any X\, Ay -+, A, (8.8) or
(3.4) are equivalent to the relations

(3.6) Vo(y)~0,

where + is a linear combination of (n—1)-forms «,=(—1)"'dx,A---A
de,_ ANdx, A+ Ndx,, 1=v=n. On the other hand, an arbitrary (n—1)
form + € 2"'(xS,V,) is spanned by fa-..fimy, for o, ---,0,.€Z. But
V(fre -« famyp,) just gives the relations (3.3) or (3.4), replacing A, <+, Am
by M +0,, ¢ -, Ap+0, respectively. The identity (8.5) immediately follows
from partial fractions. Q.E.D.

As a result of these, the above integral has a basis of functions

@.7) Py - i) =T5!- - TP(9)
de, N\ --- Ndx
=\ U o
e s

for 1=4,<---<1,=m, 0=p=n, (see [1] Lemma 1.1). By using these
basis, the maximally overdetermined linear difference system for &(¢)
has been described in [1] Proposition 1.1p and [1] Proposition 1.2p. As
in [1] §1, we define the symmetric matrix A=((a.;))s¢,;j<m Of (m+1) order
by a¢5=Z’:=1 W, W sy and a,=a,=Uy.

Then, according to [1] Theorem 2, we have the following explicit
formula for the Gauss-Manin connection of (3.1) and (8.7):

PROPOSITION 3. For 0|15,
- 1 L\ 1 /1 j)

(3.8) AD)de(I)= 2 jﬂez{dA(L k)— 2A< Lk
I, 4
Lk

1 _ B 11 Ao, I)
+5AD{~dlog AD~ 5indlog A )

/

x d log A(I, j)-——l—A<

! )dlog AL k)}x,-w(r, i B

+g_.‘17\.,,d log (M>}¢>(I)+—1- >, (—]_)!“"v{-—dA(

0.l
A(I) 2 1se¥sin

8.1

1 (8 1[0l ]

+54( 7y )atos a@.D+ga( ] |arog 46D 00D

k,o0,1 1 [k, oI
I ) T2 A( I

+ '=' (— 1y, {dA(

kel y

)d log A(0,I)
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k,o,I ~

17]

% o) 204l )7
+3 5 { (O, oI dlog (A0, I)A(I))—2dA 0, 5.1 @(0,1)

y=1

0, I 0,1 5
+ 55 el 1)l 7 )4 res 4 Dot 1)

with the fundamental relations

3.9) E (=17 M[ar 2y, Gugae 5, P@ L) =[4,, - -+, T, PUT)
Jor I=(4,, <+, tpys)-
Proor. In fact
(3.10)  dp(I)=dT;*---T;'P(p)
=T - TZ'dP(p)
(3.11) =T T {; da B0 +% ) da,-,,x,.x,,q”v(jk)} ,
([1] Proposition (1.3))
=5 da:n B0, D+ 3, dagsv, — DT3B

+‘2— ’Z da P, 7, k) +V§ Z da, (e, — DN T P(K, T)

= 3 dag (v, — D0, —DTATIE) .

2 15psi1

Then we have only to apply the formulae [1] (D, I*) and [1] (D, I*)
to the right-hand side.

§4. General bi-linear case.

We want to describe in a slightly more general form the Gauss-
Manin connection of the integral which has been considered in [1] §5:

WD) F@)=|exp| — 3z [f@r- L@ @
Koo 'fa+t(y)2t+°dx1' - dw,dy, - -dY, , (m=t+s),

for general linear functions f,, - -+, f,, fors, ***, forey Where

f,-(oc)=2_.1 upe,+u;,, and f, i (y)= gl Ujre Y+ Ujpeo -



12 : KAZUHIKO AOMOTO

We shall assume s, t=n.
Let 7 be the covariant differentiation defined by Pyr=dy+ oA
where @ denotes

n 8 8+t
(4.2) — i§l=1 (@ dy,+y.dx,)+ 5:‘1 \;d log fi(x) +, §  Midlog £i(y) .

Let A be the symmetric matrix of ((,;)) 04, j<m of (m+1) order,
such that -
A ;=0 for 1<i<s, 1<j<s or s+1=<is<m,s+1=Zj<m
U j=ay;, 1Si<8,8+1=Zj<m
4.3) AW, ;=a;,, 8+1<i<m, 1Z5<s
Ui o=Wp =0y, 1S1=M
mo'():l
and A=((a.;»)) 0<i<s, 0<j'<t be the matrix of (s+t)x (¢+1) type, where
we put a,; =330 Uy, Ui, Un=ay and Qior = Wsgt1,00

We denote by S; the hyperplane f;(x)=0 for 1=j<s and f;(%)=0
for s+1<j5<m.

We shall abbreviate fj+u Njts OF Si+t by fj!, Ajr O S,".

LEMMA 2. The cohomology H*(C*xC"—Uitt S;, V,) is generated by
the forms

(4.4) P+ ~1y; Goe v o) = v
t py J1 ? ﬂl"'ﬂp-ﬂ'i“'fi;,

Jor 0=<p=<mn, where t denotes dx,A--- Ade, Ady,A--+- ANdy,. Consequently

1ts dimension is at most equal to )i, (;)(;)

It will be proved later that the dimension of the above cohomology
is just equal to 37, (;)( t) (see Proposition 4).
We denote by &(I, J') the integral of the form (I, J)

(4.5) (1, )=\ Uned, 77
for
U(\)=exp [—‘_Ej‘{ x‘y‘]ffl(w)- - fR(@)flry). - - fliy) .

First we remark that for any f,,---,f,,, (or fj :--, fi, ) the
equality holds:
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» i1 ) .. ] .
(46) Z (___1)u—-1 ["'1' M Y "’fn+1] —_ [7/1' : ’l’n+1] ,
= Joro S Fo T FoluFon
where [j,---7.] and [j, - -+, j...] denotes the determinant det ((u; u))lgy v<n
and det ((W;,))0smusns TESPECtively.

By a result obtained in [1], [2], the above cohomology has a system
of generators,

(4.7) Py I =

T
Far - FofnTo
for I=(4,-++1,), J'=(41---7.), 0<p=m, 0=g=<n. We must find out the

fundamental relations between them. In order to do this, we put, for
[ I|=]J’],

. I
(4.8) oI J ’)=A< J,>¢’(I; J’)
and for [I|+1=|J’| (or [I|=|J'|+1)
I
(4.9) &I J’)=A<0}, )9’5(I; J)

”n . I = . ’
<or oI J )—A<O, J,>¢>(I, J )) .
Then

LEMMA 3. For |I|+1=|J’|,

(410)  0=3EI)+ZnBU, I T+ 5 (~ DB 0. .
For |I|=|J'|+1,

(4.11) 0=3(L; J')+ 5, MP(L; KT+ 3 (—PG.E T .

LEMMA 4. For p=|I|=|J'|, k¢ I and k' ¢ J’, the following difference
system holds:

) (k a,,z)
D, 1,,) T.9; J)=— #=1-—0—5—T—(—1)"5(3#I; J')
A( ) 2

kI k, I
+A(°»IJ '>5(I T+ 35 fi”—o—‘-;izéd §'J")
A(J’ A(J J )
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1’1 A(ir o ,J’>
D, L) Tudl; J)=— 5 —22 0L (13 (T; 0d")
A( o, 5,47)

07r
+A("' J ')¢< LI+ A_(’"T)wr; J’)
A(3) A(J 5
LEMMA 5. For p=|I|=|J'|, 1spu<|J’|,
o A2, |
D, ) O, = DT I = 5322 I 1y 0,0)
A(o, 3,J"
k, 0.1 0, 0.1
+3 Miﬂ——)(—l)"@(k, I, J')+<—1>ﬂii'—)¢<1; J')
Ay A7)
and
(D, It O = DT T)=3, f%%(—w%(a,r; J"
1
I
A< K0 >( 1 B(T; k)
A
+<-1>ﬂ———A<°' %] '>¢<I; T
A(3)
Jor 1=p<|J'|.

PrOOF OF LEMMA 2. It has been proved in [1] (Prop. 1, 1,) that the
integral (3, 7) satisfies the following difference equation:

(1 I
4.12) AD) Tk¢<l>=§1A(k, a,,z)<—1>ﬂ-1¢<aﬂI>

0,1 I ]
+A<k I) P+ 5, A(k _,)«p(a, I,
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for k¢ I, so that, if A(I)=0, then

I
4.19) 2A< )( 1>ﬂ-1¢<apz>+.4(° )¢<I>+zm< I)¢<j,z>=o

I
k, 0.1 k, I k, I
Seeing that A(l, J')=0, we can apply the equalities (4.13) to the
integral (4.5), and we get

L J
(4.14) 0= %%(k I aJ,>(—1)|I;+19'5(I; 0,J")

’

0,1J k,I,J
' LJ A , I J),
+m<j, I J,> ( >+Z 91( I J,>9o<a, IJ")

because QI(I” J').—O except for the case |I,|=|J;|, |I,|=|J;]. On the

other hand Itilgz following identities hold:

@19 o, 22) 45045
(4.16) w7 g )=cval’ (%)
(4.17) m(ffj,)-( 1)'-7'1A< JI>A(’GJI) .

From the assumption of generality of the matrix A, we have

A(k J,I)¢O, and (4.13) implies the Lemma.

LEMMA 6. The integral ®(I;J"), 0=|I|, |J'|<n, 18 a linear com-
bination of (i, - 1,5 i+ Jp) Jor 0Sp=n.
PrOOF. We assume p>q. Then .
(4.18) Pty tp; J1o - J) =Tk o - TP (40 = 45 Jiv + + 30)
=Ty TP+ ~iglrs; J1v* * Jo)
=T

-1 .
tgtg” " Ti;l ; n {3(—=1yo(,- - “Tga1s J1v** J2)
A( U 1'q+1 )
0, J1, Jq
+Z M@(il' * 'iq+1; J'j’)}

owing to (4.10). .

Namely &(t,---1,; j1---Js) is a linear combination of @H(d;-« 7, 1,;
10+ Jq) and @(4,- - -4, g1 - - Jod’). By repeating this procedure, we arrive
at the conclusion of the Lemma.
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PROPOSITION 4. The linear relations (4.6) (4.10)~(4.11), DI, DI,,
DI;,, DIy, are fundamental among H(\, -+, Am; o). Consequently,
P+ +0p; J1v+ +Jp) 0=D=n becomes a basis for the difference system DI, ,,

DI;, DI}, and DI3,. Thus the number of linearly independent integrals

28 equal to D5, ( ; )( ;’; )

Finally we have the variation formula for &(I; J’), |I|=|J’|, which
defines the Gauss-Manin connection of (4.1) and (4.5):

THEOREM 2. &(I; J') satisfies the following logarithmic Gauss-Manin
connection:

., I I
4.19)  dF(I; J)= My d log H , )A( ,ﬂ@(i, L, J)
iel j'ed’ 7, J J
It 17’1 a#I I
_1 utv—1 . ,
+F=1 y=1 ( ) d log [A<avJ’)A<J')}$(a#I’ ayJ )

<

, k,oI\ (I
+ 35 (D *nd log [A< >A< )]@(k, o0,1; J’)
s J' J'

Il
-

& I\, (I
1 v—1 'dl M 4 ’
+ 3, 5 (1 log [A(k,’ o)Al ) w50

+(7\:I+XJI-‘X10—7\;JIc)d log A( I’>$(I; J’)
+E(—1)’dlogA<O >¢(BI J')

+57(~1ydlog 4

PRI CY

+2>\, dlogA(

0, J,>5(.7, I J

+ Z Apd logA< >5(I K,J.

K,J
where Ny and Ao denote Dyer N and Do My TesPectively.

ExaAMpPLE. (4.1) for n=1 is equal to

3 t
(4.20) 5(9)=\ exp [a0] [T @— a0 I1 (y—g;sdady .
In this case a,;=1, a,=—a, and a,;;= —B;, so that

Pp=p(), PO)=—aP@), BG)=—B;P(")
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and $(¢j)=p(i5'). (4.10) and (4.11) imply
0=+ 3, Mbll; ) —5(9)

(4.21) 0=0G)+ 3 (s )~ 5(9)
0=8(1; J'k')—P(; k) + 33 ')
0=3(ij; K")—P(5; B+ P@; ¥') .
Linearly independent ones are $(¢) and $(i5") 1<i<s, 1<j'<t. Then,
(4.22) AP(g) =3, Nd log a; - P(3)+ 3, Njd log B, - B(F)
(4.23) dP(ij")= —d log a; - $(5')—d log B; - B(4)

+ 23 Md log (a—ay) - (ki; 5')

+ 2% Med log (B —Bir) - P(3; K'5")

=—dlog a,- $(5')—d log B; - (3)
+ g,i Md log (o, — a){P(45 37) — B(k; 57}
+ 2, Mwd log (8; —Bu)P(; 5 — P K} -

If 0<a,<---<a, and B,<B,,<+-+-<B: <0, then (st+1) linearly in-
dependent domains of integration (4.20) can be chosen as the real
rectangular ones in the figure.

s=4, =3, st+1=13

0] & a a «a

£y

A

s

§5. Hyperlogarithms attached to the configuration of hyperplane
sections in hyperquadrics.

Let V be the hyperquadric defined by the equation in CP™:
(5.1) G+é&+-- - +64,=0.
Let S, S;, -+, Sn, Sp+: be hyperplanes lying in general position to each
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other and V. Let us take S,,, to be £§=0. Then V'=V-S8,,, Si=
S, —Spniy c*y Sn=8,.—S.. are described as quadratic and linear equations
in C™ respectively:

V' giai e+ ahe +1=0

5.2 n+1
( ) S.;: -f.1(= guivwv_}'ujo):() ’ 1_S_j§m .

We denote by 7 the canonical n-form 33X} (—1)ixdx,A--- Adx;_, A\
dx; . N\-+-Ndx,,, on V' which is invariant with respect to the natural
action of SO(n+1,C). W'’ denotes U7, S;.

First we prove the following

PRrOPOSITION 5. H™(V'—W’,C) is spanned by a basis consisting of
the forms

(5.3)  PW(i--1,) Isp=n, 1=4,<---<i,=m

_ T
T A s ] =
fuFo 1,

.. {1, fi.---fi.}* . .
(53)' ¢u)(7' ceeg,) =t =, i< - <i,=m,
+\4U ftlftz' X '.fi,‘ 1
where {1, f;,, - -+, fi,}* denotes the linear function g such that
(g; 1)=(g, .fi1)= et =(g; ﬁ”)=0

and here (a, b) denotes the immer product >31 a;B; for a=>73i ax;+a,
and b= R8;x;+B8, In the sequel we shall assume (f;, f;))=1 for
—n=j=m, then

{firy =, fi )T 1
5.4 1? 14 n — d]_o /\dlo /\'../\dlo
o4 Sofo o f,  VAQ, 4, -+, 2,) g fy g /i g fi
in V' —W'.

Proor. This proposition immediately follows from the following four
Lemmas.

LEmMMA 5.1. For any 1=j=n+1,
(5.5) (—=1Ydx, A\ -+ ANdx;_ ANdxjp A -+ Ndx, =27 mod (f,, df,) .
LEMMA 5.2. For I={i,, 1, *+*, i.s.}, we have the identity

I
ZI I A( )
5. ___...___z-._._:___‘ lA(ayI) fg) I .__.2 ! ‘_O’—a_y__l-_ _1 ¥,n(1) aI .
( 6) ﬂlﬁz...ﬂ”+1 y=1 A(I_) P (ay ) ,,§=1I‘ A(I) ( )g) (y )



GAUSS-MANIN CONNECTIONS 19

LEMMA 5.3. An arbitrary element of the space Q2"(V',*W'), of
rational n-forms in V' which are holomorphic in V' — W’, is cohomologous

to a form

_P@®)
6.7) [l f:f
for some k,, ---, k, € Z* and peC[x, -+, €]
LemMMA 5.4. If k,>1 in (5.7), then there exists a ¢’ €Clx,, ---, ©,;.]
such that (5.7) 18 cohomologous to

’

&9 I S

The proofs of the Lemma 5.1~5.4 are easily done by a direct com-
putation. See [2] or [4].

Let S_,, S_,i1, - -+, S_, be the hyperplane sections of V'’ defined by
linear functions f;=>7"*1u,x, +u;,, —m—1=<j<—1. We shall assume
that S_,_,S,,---,S8_,8, ---, S, are in general position. Then these
(m+mn+1) hyperplane sections define a point of the configuration space
of hyperplane sections & which is parametrized by the (m-+n-+1) order
matrix A=((a;), —n=1, j<m, such that a,=1, A(I)=0 for |I|=n+3 and
AI)#0 for |I|<n+2. Here we put a;,=37,u;u, for j, k#0 and
A j0=Wjo.

% is therefore equal to the complement of 2 in 2 where 2
denotes the determinantal variety consisting of symmetric matrices A
such that a¢,,=1, —n—1=<i<m and A(I)=0 for |I|=n-+8, and 2 denotes
the subvariety of .2° consisting of A such that A(J)=0, for some I,
I Il=n+2.

DEFINITION. (See [3]) By a fundamental n-simplex 4 we mean an
n-simplex satisfying the following conditions:

i) dcV’

i) 04,,....,=Ujeuyip 4yiyoi,y Where 4., denotes 4NS,N---NS,.
The vertices of 4 consist of the (n+1) points S_,_.N---NS,_.NS,;..N
NS, —n—1=vs—1. 4,,...,, becomes a fundamental simplex in
Vi, =V'08,N--- nS,. For (k,---, k)c(—n—-1, —n,---, —1), we
denote by Tiy-r, the canonical (n—p)-form on V;,.., , which is invariant
with respect to the action of the group SO(n+1—p). Then it is easily
shown that

A(k yee e, k )(n—p-—l)/2
5.9 (2 — __1 q 1 7
( ) dflq/\ oo /\dfkp Vl’cl---kp ( ) A(O k- - .kq)(n—p)/2

¢ Tkl”'kp .
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We fix J for Jc{—n—1, ---, =1}, |J|Sn. Let f, (k¢J) be the
restriction of f, to V,, and A be the symmetric matrix of (m+n-+1)—|J|
order consisting of the (k, k') elements &, =(f,, f+), the canonical inner
product of f, and f, invariant with respect to SO(n+1—p, C). Then
we have the equality

(K J, K
5.10 =A| ' A(J) .
10 A =47 )
Consider the integral
(5.11) F., -+, v,)= S .. fumr
4
for v, ---,v,eZ. According to the Proposition 5, the form f...fimz

is cohomologous to a linear combination of @“(J) and @ (J):

(5.12) Soe . fimr=(a linear combination of @“(J) and @'(J))+dAr ,
for a suitable (n—1)-form e (V’, *W’). Therefore, by Stokes
formula,

(5.13) $=(a linear combination of $“(J) and PP (J ))+SM Ay

where d4cU_,<;<0 S;, and &% (J) and $(J) are defined as follows

(5.14) @“’(J): SA gD(l)(J)

(5.15) pPW)=| P2W) .

Repeating this procedure for the second term in the right-hand side of
(6.13) we have

LEMMA 5.5. The integral F,(v,---v,) 8 a linear combination of the
wntegrals

(5.16) P =\ P

Ail...ip

(5.16)" Py = P )
? dtl“'ip P
Jor 0=p=n, and —n=i,<---<1,=0, J={4,---3}c{12:---m}, where

@éii..ip(J ) and PL,...; (J) denote (n—p) forms of the same type as (5.3)
and (5.3)" on V{liz...ip:
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T:i***T
(5.17) Pl (J)=—1""""  g<p—p
FiFn T
{1 f "',j;' _ }lz-i...‘,;
(517)' Lo ,{;)z (J)= 2w n—p vty
Tl Far - Frn,

Now we want to study the structure of the Gauss-Manin connection
of the integrals #%(J) and #(J). For this purpose, we can use Theorem
1 and Theorem 1. 1In fact let us consider the integrals &% (J; ) and
PP, N) on Vi for N=(N_p, Mepisy ***y A

(5.18) 220 =\ Ten @) 1Tisn
(5.18)’ PO(T; \) = § U,00d log f;,A - Ad log £,

for |J|=n, which is equal to
(5.18)" VARG, T | Tovee ) ,

owing to (5.4). Here we have put U,(\)=f ;nf-n+1.. -fofhe .. fim, Then

n+1
the functions $%(J; \) satisfy the Gauss-Manin connection (2.11). Remark
that

(5.19) lim $9(J; \)=8Y()

Ap—0
—nkskSm

if Jc{1,2, .-, m}. By taking A_,, A_,.,, **+, \y—0, We have further
(5.20) lim n, - - o0 §P(J; M)=0,

except for the case (k,, ---,k,)c(—m, —n+1, ---, —1,0), in which we
have

(5.21) ].im )u,q)ukz- ¢ 'kkpau)(J; 7\.)

.. (n—p—1)/2
=(— D B o ()

for 0=p=n+1, in view of (5.9).
Consequently, as a result of these limiting procedures, we have:

PROPOSITION 6. For |I|<n.

1

(5.22) AT

dlv A(I) $*(I)]
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=d@“(I)+ dA(I )« U (I)

n—II| : 1 P I
.5;:1 s! (—n+|I|+1)---(—n+!I|4+8—-1) (I kl--.k,>
2501 IA(kl ° 'kc)(n_‘_l)/z
Xq);‘;q'"k,(l)(_l) A(O kl. . _k.)('n—l)/2
1 I
.0
+Z(n+l—|[l)! (—n+|I1+1)---(—1) (Ik -kn+1_m>

=il Ak,- n+1-ll|)(lll_2)/2
A(Ok Eprroin)' 702

X Peywtegprin(d) - (—1

I A(?c '.; 1
-l—.IZ,GIG( >A_(J)——¢I(J)(J)( I)W

A0, J) ~
—I—J%(—n—I—IJHl)a( )A(J) ) ;

where Y (I) are related to PF(I) as follows:

A( K, I
(5.23) @;"K(I):@g)(I)_}_g“ (—1) 0, K, o1 $L6,I) .
v=1 A(K, I)

We shall denote by O=0(2 *%’) and 6=6(:2; *Z’) the set of all
rational functions (and all rational vector fields respectively) on 2° which
are holomorphic on 27—2/. Let O and 6 be the minimal extensions of
O(Z *Z) and 6(Z; ?) respectively as O-module mcludmg the functions
A=~ for Ic{0,1,2, ---, m}. Let &i(p=q) be the O-module generated
by the functions cpy’(I), | I|<q, |J|=Zn—p and |J|+|I|<n and by the
functions §%,(I) for |I|=q, |J|+|I|=n. For simplicity we put &7=0
for ¢>p. If p<p' and ¢=¢’, then wic&y. & is O itself. Clearly
SVIW AT J)]AWJT) € &1\

PROPOSITION 7. For an arbitrary Xe6,

(5.24) X( A‘i'(f J-’)>¢‘>“’(I)) 0 mod L1 DL 51

Jor |J|+|I|=n.

PROOF. This proposition is an immediate consequence of the formula
(5.22), considering it in V; instead of V' and replacing VA $VI) by
VAW, DJAJ) $PI). Therefore, we have only to show (5.24) in the
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case of J=g¢. In this case the right-hand side of (5.24) is contained in
& D&, in view of (5.6) and (5.23). The proof is finished.

Let .2~ the minimal fininite abelian covering of .27 which uniformize
all the functions 1"A(I) for Ic{—n, —n+1, -+, —1,0,1, ---, m}. Then
from Proposition 7, the following holds:

THEOREM 3. $“(I) has a unipotent monodromy on 2 and therefore
can be represented as a linear combination of rational functions
multiplied by hyperlogarithms on f% which are holomorphic outside Z,
namely as an iterated integral of the rational 1-forms on 25 whose
poles are located over 2. The exact representation is obtaimed by solving
the differential equations (5.22) iteratively. In the case of hyper-quadrics,
the above proposition shows Theorem 2 which has been stated in [3]-

REMARK. So far, we have not treated the cases where Jo iy <oy fu
are mol mecessarily in gemeral position. In such degenerate cases, the
formulae for Gauss-Manin connections must be modified, by the continuity
method, from the ones obtained in this article. Typical integrals appear
in mathematical physics:

i) Correlation functions for Random matrices

S exp I:—-;-(JZ:I xﬁ)} II o, —x;|fde;y,- - -da,

15i<jsn

or

ii) Correlation functions for vortex models

Jexp[ =25 1a] T 1oi—2,derdBins - dz,dz,
2 i=1 1si<isn
for 0I<n.

In fact, these two cases are degenerate ones of the integrals (3.1)
and (4.1) respectively. It seems to be interesting to compute the Gauss-
Manin connections for them and to give reasonable asymptotes for n— oo,
! being fixed.

References

[1] K. Aomoro, Configurations and invariant Gauss-Manin connections of integrals I, Tokyo
J. Math., 5 (1982), 249-287.

[2] K. Aomoro, Une correction et un complément 3 I’article “Les équations aux différence
linéaries et les intégrales des founctions multiformes, J. Fac. Sci., Univ. Tokyo,
26 (1979), 353-523.



24 KAZUHIKO AOMOTO

[8] K. AoMmoTo, A generalization of Poincaré normal functions on a polarized manifold,
Proc. Japan Acad., 55 (1979), 353-358.

[4] M. Kita and M. Noumi, On the structure of cohomology groups attached to the integral
of certain many-valued analytic functions, to appear in Japan. J. Math., 9 (1983).

Present Address:
MATHEMATICAL INSTITUTE
FACULTY OF SCIENCES
NaAGoya UNIVERSITY
CHIKUSA-KU, NAGOYA 464



