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Introduction

The purpose of this note is to propose two metrics on a bounded convex
domain, which are projectively invariant and seem to have similar nature
to the Blaschke metrie.

To recall the Blaschke metric let us take a bounded convex domain
2 in R" and consider the differential equation

(®) det d*u/ox'ox=(—u)""* on Q, =0 on o/R2.

Since this equation has the unique negative strictly convex solution as
is shown in [18] for dimension 2 and [6] in general, we can define a
metric —(1/u)d*w. This metric was first considered by Blaschke [1] and
Tzitzéica [16] and can be thought of a possible generalization of the
Hilbert metric of the ball. We call this shortly the Blaschke metric of
the domain 2. This is known to be complete; [4], [14].

A bounded pseudoconvex domain in C" on the other hand has in
general several biholomorphically invariant metrics. We would like to
take two of them. One is the Einstein-Kihler metric, which exist at
least under some smoothness condition on the boundary [6], and the other
is the Bergman metric. Let us pay our attention to the special case
where the domain is a tube over a cone V. In this case let 2 be a
nontrivial hyperplane section of the cone. Then these metrics have
special forms by the invariance and must have their correspondences on
2. Namely, on the one hand in Appendix A, we show the Einstein-
Kahler metric on the tube domain corresponds to the Blaschke metric
on Q2.

On the other hand in §1, corresponding to the Bergman kernel, we
will define a kernel function on 9. In the course of this we need to
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define the characteristic function of the domain 2, which is nothing but
the restriction to 2 of the characteristic function of the cone investigated
in [17].

To be more precise, let 2* be the dual of 2 defined by 2*=int{¢e R";
1+<=, &)=0 for xc2}. Then the characteristic function of 2 is by
definition

Xo(x)= Sm n) (1+<e, £)7"7'd¢

and the kernel function of 2 is defined to be
Jeo() = Sa_ @n+1)1 L+, £) " Xou(&) e

Using these functions we introduce in §2 two invariant metrics. Set
v=%"V*+ gnd w=k*** for the moment. The metrics we are concerned
with are defined by

a)=——]-'—d2'v and x=———1—d2w .
v w
After the discussion of elementary properties of these metrics we will
prove the completeness in Theorem 1 and give some examples and ques-
tions. As a result we can see that both metrics can be thought of a
generalization of the Hilbert metric and have similar nature to the
Blaschke metric.

The third section is devoted to the investigation of the boundary
behavior of both the kernel function and the characteristic function.
The result is summarized in Theorems 4 and 5. In order to state
Theorem 4 we will assume @ is a strictly convex bounded domain with
smooth boundary. Let ¢ be a defining function of Q2: 2={s<0}. We set
bej ¢j)

J =det< .
(€)) b 2

Then

THEOREM 4. The characteristic function has an expansion
— [n/2]
Xo(m) =V TG (— )™+ 35 e(— )2 +0(A)) ,

near 02, where A(t) is a function defined to be 1 for even m and logt
for odd n, and d, is a constant depending only on mn. Moreover &; i3 a
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smooth function on 2 whose boundary value is determined locally by the
geometrical data of 2%*.

As for the function %k, see Theorem 5.

The problem to look for the precise form of these coefficients €; using
affiine invariants of the boundary is not treated in general, since it will
need the invariant theory of the unimodular group which is not de-
veloped well for our use. The thing we can do in §4 is only to get in
Theorem 6 the coefficient ¢, in the special case in terms of the affine
scalar curvature of the boundary and the Fubini-Pick invariant. The
straightforward calculation for the kernel function seems to be hard and
is not discussed here.

In Appendix B we will summarize some facts on the affine geometry
of a hypersurface which is necessary to the computation in §4.

The author wishes to thank the referee for pointing out an incomplete
argument in the proof of Theorem 1 of the first manuscript.

§1. Characteristic function and kernel function of a bounded con-
vex domain.

Let 2 be a bounded convex domain in R*(x) and V, be the cone
over 2 given by V,={(tx, t);x e 2, te R*}).  is identified with the set
{t=1}. We denoted by u the unique convex solution of (#) on 2. Set
&i=u, and f=—u+>,¢gx'. Since u is strictly convex, f is a function of
&=(&) and is called the Legendre transform of %#. It is known in 2],
[14] that this function f defines a hyperbolic affine hypersphere in the
dual cone of V,. Independent of this fact Vinberg [17] defined a metric
using the characteristic function on every nondegenerate convex cone.
In the special case when 2 is projectively homogeneous we can see that
the above transform is an isometric embedding of 2 into the dual cone.
So it is natural to transplant Vinberg’s construction to our bounded
domain. This is one of our aims in this section and in the next section.
On the other hand, as we have proved in Appendix A, the Blaschke
metric mentioned in Introduction is exactly related to the Einstein-Kdhler
metric on the tube domain D over V,. This latter metric is generally
supposed to behave at the (ideal) boundary like the Bergman metrie.
Moreover the Bergman kernel function of D can be defined on the real
part V, by [12], [11]. So we want to describe this kernel function on
the domain 2. This is the second aim.

Now we are going to give some definitions. In the following we
work on a slightly more general domain: a convex domain 2 in R*(%)
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containing no straight line.

Let V=V, be the cone over 2. Let V* be the dual cone of V.
When the closure £ contains the origin, it is the cone over some domain
2*. In a concrete form we set

2*=int{ee R*; 1+, £ =0 for x €2},

and call it the dual of 2. When the domain £ is a non-degenerate
convex cone from the start, then 2* is nothing but the dual cone of 2.
If Q contains the origin and is bounded, then £2* is also bounded and
contains the origin. In this case, setting

1.1) H(g)=sup {<x, £);x€ 2},

which is called the support function of the domain 2, we can see
2*=int {H(—¢&) =1} .

ExaMpLES. 1. 2={|z|<1, x<€ R"} then 2*={|¢[<1, ¢ € R"}.
2. Q2={lz|<1, |ly|<1l}cR? then 2*={|¢+7|<1, |¢—7|<1}.
3. (2,x2,)*=the convex hull of 2Fx{0}U{0}x Q7.

Let V be a non-degenerate convex cone. Recall that the characteristic
function X, of V is defined by the integral

(1.2) Xv(w)=s e~=¥de

Ve

and that the Bergman kernel of V+iR"* is written as K,(Rez) up to a
constant where K, is defined by the integral

(1.3) K@=\ et

Assume V=V, for a convex domain 2. Then these functions X, and K,
are determined by their restrictions to 2. To see this, set Vy={y=
(tx, t);2€2,te R} and V*=V.={n=(ss 8); £€ 2% se€ R*}. Then

(1.4) Xv(y)=s e~ v7dy

1 4Ad

=§ de S” ghe—ttuH=Odg
Ce

0

=t Sg_ n! A+, &) de .

So we introduce
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DEFINITION 1. The characteristic function of a convex domain £ in
R" containing no straight line is the function X, defined by

(L.5) Xa(@) = n1 L+ <o, )y

where d¢ is the usual Lebesgue measure on R*(). The kernel function
of the domain £ is the function k, defined by

(1.6) fog(x) = Sg_ @n+1)1 (L+ <@, &) cu(e)dE

When 2 is a cone, we have two characteristic functions defined by
(1.2) and (1.5). But both are identical. In fact by (1.5) it is equal to

| D1 @ o, py-ran= |, .+ D1 Qs+ G, ) svdsde
=t Sg_ n! A+<x, ) 'de=%(y) by (1.4).

Similarly we can prove K,=k, for a cone V.
We list examples. Calculations are lengthy and omitted. Here u

denotes the solution of (%) on 2.

ExXAMPLES 4. Q2={jz|<R}; u= —R V(R — |z, X=mn] b, R(R*—
[[®)~+Y72 where b, is the volume of unit n-ball, k=5b,X* where b, is a

constant depending only on n.
5. 2={lz|<1, lyl<1}; X=81—a) ‘A —y>)",

k=8{(1+&)(1 —9")"+ (1 +9)(1 — 2" — 4l — )1 — ¥ ) (@ — ¥*) (L —a?)(1 — )~
+16(x*—y*) " log {(1 —y)(L —a?)7"} .

When |2|=]y|, take limits which can be seen to be finite.
6. Q2=a simplex in R"={l,>0, ---,,,,>0} where [, are linear forms.
u=c(, -l )", X=c'u™"", k=c"u"* where ¢, ¢/ and ¢” are constants.

For calculations see [14] and Proposition 3.

PROPOSITION 1. Let 2, and 2, be convexr domains containing mno
straight lines and assume 2,CR2,. Then QXcQ* and

Zo(x)= Xo,(x) and ko ()= knz(x)
Jor xe Q..

PrROOF. We set I=1+<x, &). Let xe2,cQ,. By definition
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| x,,l(x>~_—§9; n z—"—ldegsnz* n 1 de =X (%) .
Similarly Xox(§)=Xox(¢) for £e27. Hence
o ()= SD* @n+1)1 1 ox(e)'de

S P N P IORC
= kaz(x) .

COROLLARY 1. Let Q be a bounded convex domain. Then both func-
tions X, and k, tend to infinity at the boundary.

PRrROOF. For any boundary point y €02 there exists a simplex which

contains 2 and has y at its boundary. Then Example 6 implies the
assertion by Proposition 1.

We can get more precise estimates when the domain is strictly con-
vex and smooth:

PROPOSITION 2. Assume 2 is a strictly convex bounded domain with

C:-boundary. Then there exist constants c¢, and r depending on n and
the domain such that

cd(x, 9Q)~ "2 Xy(x) Scd(®, 02)" ",
cd(x, 0Q) " Sko(x) Scd(x, 02)™
for d(x, 3Q)<r. Here d(z, 3Q)=min {d(z, ¥); ¥ € 02}

PrROOF. For a boundary point y, we denote by 7(y) (resp. R(y)) the
maximum (resp. minimum) radius of the ball which is contained in 2 (resp.
is containing 2) and is tangent to 92 at y. We put r=min {r(y); y €02}
and R=max {R(y); y€92}. Choose a point €2 such that d(z, 02)<r.
Let y be the point in 92 with d(x, y)=d(z, 02). Pick an inscribing or
circumseribing ball B, or B, at y. We may assume the radius B; is 7.
Then by Proposition 1

A (@) 2 Xo(2) = X5, (%)
Now Example 4 shows
xB‘(x)gn! b,r~ V7 (x, ag)-(n+1)/2

and
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xﬂo(x)gn! bn2—('n+1)/2R-—(‘n—1)/2d(x’ ag)—('n+1)/2 .
These inequalities imply proposition for X,. The proof for k, is similar.

We next see the projective invariance of characteristic functions and
kernel functions. '

PR
Let A= g‘ 2) be a projective transformation acting as Ax=
1

((aix*+a’)/(ax*+a)). Assume ax'+a>0 for xef, i.e. (a,/a)c2*, and
a’t;+a>0 for €0, ie. (a’/a)e 2. The equality ‘

a.m (ax'*+a)A+ Az, &)=(a’¢;+a)1+ {x, 'AL)) ,
implies (A2)*='A"'2*. Then we have
PROPOSITION 3.
X.0(Ax)=(det A)Y(ax*+a)" A () ,
k o(Ax)=(det A)*(ax'+a)" ko(z) .

PROOF. For ¢ e (AQ)*, set n="'A¢ € 2*. Then ds=(det A) N a's; +a)"dy.
Substituting this into the integrand of the defining equation of X,, we
have the first equality. This equality for the domain (AQ)* is

X(Agt) (E) =det A(a"&- -+ a)""_lxm('Af) .
Using this we have the second equality.

REMARK 1. In Corollary 1 we have assumed the boundedness of the
domain. But Proposition 3 implies that this assumption can be replaced
by the projective equivalence to a bounded domain.

Vinberg defined in his paper [17] the *-mapping from a non-degenerate
convex cone to its dual. For xe V,, its *-image, which we denote here
by 2«°, is defined as follows:

2° = —grad log X, (x) .

For xe2cV,, we set as its *-image z*=02*Nthe half line through «°
and the origin. By simple argument we see that

1.8) x* = —grad X(x){(n+1)X(x) + {x, grad X(x)>}* .
By the definition of X it then holds that

(1.9) o =(§Q_ el‘"“2d5>(S~m l-"-=de)'1 .
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Namely, x* is the centre of gravity of 2* with respect to the measure
I"*dg. Since the mapping ° is a diffeomorphism of V, onto V,., we have

PROPOSITION 4. The mapping * is a diffeomorphism of 2 onto 2*
and equivariant under projective transformations: (Ax)*=('A) 'x*.

ProOOF. The projective equivariance follows from the affine equiva-

riance of the mapping ° by [17], p. 852. Note that the straightforward
proof using (1.7) and (1.9) is also possible.

Also Vinberg has shown that 2°° =2z provided that the cone is affinely
homogeneous. From this fact we can see

PROPOSITION 5. x**=2x if 2 s projectively homogeneous.

For the sake of later use we introduce another functions: p-th
characteristic function X,=X,, by

(1.10) L@=|_»1 1+ ),

for p=1,2, ---. The function X,,, has appeared in the definition of z*,
(1.9). It is easy to get an equality
(1.11) 14 (x, *) =(n+1DXX)Xnri(®) " .

ExAampLE 7. Q2={|z|<1, |y|<1}cR*. Then

A=D1 4 gyr— A+ + Q-2 +A—2)7), 22,
r—y
Xz, ¥)=

4 1—9
1 N -
r®*—y° °g 1—2°

ExAMPLE 8. 2={lz|<R} in R".
xp(x)Nb,.,,Rz"—Z““(Rz_ lx|2)-p+(u-1)/2

for p=n/2—1, where b, ,=b,n!! @2p—n—1)!!, b,=the volume of the unit
n-ball. _

We can apply the most of the preceding arguments to these functions.
Among others we have

PROPOSITION 6. Let 2 be a bounded strictly comvex domain with

smooth boundary. Then there exist constants c, and ¢, for each p=n/2—1
such that

cd(x, a,())-pﬂn-n/zgxp(x)ggzd(x, 8Q)~rtin-vr
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Using this proposition and (1.11), we have

PROPOSITION 7. Under the same assumption of Proposition 6, the
value 14<x, *) tends to zero as x tends to the boundary.

REMARK 2. We should remark here that it might be useful to
investigate function

|, ot T 541+ o, ©9)dg

as Gindikin did in [11] in the case of convex cones.
We give one more proposition which seems to be a composition
formula. '

PROPOSITION 8. Let 2, and 2, be bounded convex domains containing
the origin in R" and R™ respectively. Let Q demote the join of 2, and
2, Q={(@x, t, 1—2t)y) e R 22, ye 2,, t (0, 1)}. Then 2*={((1+7),
T,7M); €Y, neR}, re(—1, )} and

Ua(®, & Y) =L — )" g, () g, (Y)™
Xo(w, t, y)=t""" (1 =)™ Xg, (@)X a,(¥)
Ro(@, T, y) =t (A =) kg, (@)ka,(Y) -

PROOF. The form of 2* can be checked easily. Then

_ (m+m-4-1)! £'~dedz’dy
Ko b D=\ e or TTAE ) FEL S T

where 7/=1+7. Next integrate the right side first on =/ and use the
identity

m! a—n—l ,

*(m+n+1)! r"d —n
SO (1+az.)m+n+2 T ¢

then we have the formula for X,. To show the formula for k,, it is
necessary to compute X,. By definition

(m+n+1)! t*QA—t)™dxdidy .
axonx2y (L+ <y, P)+UT' A+ <, £))— 1 4<y, 7))

Xos@'s, 7, 1) =

Using the identity

Sl i

ot =Bl A1 +e)e

and first integrating on ¢t we come to
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Xee=7""""Agx(£)Xox(M)
Substituting this identity to the defining integral of k,, we have the
formula for k,. As for u, see [14].
§2. Projectively invariant metrics on a bounded convex domain.

In this section we define Riemannian metrics making use of functions
%X, and k, and discuss some elementary properties.

Let 2 be a convex domain containing no straight line and X and %
be functions defined in §1.

DEFINITION 2. We will define symmetric two forms @w and £ by

W= — x1/n+ld2(x—1/ﬂ+1) ,

(2'1) K= _k1/2‘n+2d2(k—1/2n+2) .

PROPOSITION 9. Both @ and & are positive definite and define
Riemannian metrics on 2.

PROOF. We have set =1+ (z, £). By the definition of X we see for
acR'=T,Q,

Ggrad, ay=—| (n+D1 ¢ ayide,

and
(A, axay= S m+2)1 <&, adl—"—de .

Since @ =@1/(n+1)XHAd*X —(n+2)(n+1)"*grad X X grad X}, we have only to
say the part { } is positive. But this is equal to

nt )t (Jimde § <o ovtde—([ & aride))

which is non-negative by Schwarz inequality. This is in fact positive
because ="' and (¢, a)’l~""® are not proportional. The case £ is treated
in the same way.

ExaMPLE 9. Q={z|<R}. Then, consulting Example 4, we have
w=k=—(1/u)d*uw=the Hilbert metric of Q.
In order to show the completeness we prepare

PROPOSITION 10. Let 2, and 2, be convexr domains containing no
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stratght lines. Assume 2,C2,. Then for xe€ 2,
Lo, ()@, () = X o, (%) o,()
ko (@)K ()= knz(x)’faz(w) .

PROOF. We will set f=1""*12and g=<g, a)l=""*¥”2, Define, for x € 2,

Po)=| , tf+ords,

Q= , @f+ords .

Then obviously P(t)=Q()=0. Hence min P({)=min Q(f). But, using
notations in proof of the previous proposition, we have

min P(t =_l‘i—x )Wy (x)(a, a
(?) TR 2,(X)@g, (%) (@, @)
and a similar equality for Q(¢). This implies the proposition. The proof
for k£ is similar by the use of Proposition 2.

THEOREM 1. Let 2 be a strictly convexr bounded domain with C*-
boundary. Then the metrics @ and k£ are complete.

Proor. For every boundary point p we choose a circumsecribing ball
B, which contains 2 and tangents to 2 only at p. Since the boundary
is of class C* and strictly convex, we may assume that the ball B, is
chosen so that its radius is independent of p; say R. Now fix p and set
B=B,. Then, by the previous proposition, we first have

Xowo=Xpwp

on 2. Let [ be the inner normal at p. Then Proposition 2 implies that
there exist constants ¢ and ¢, independent of p such that

(@) Xo(@)=c
for any point g on the line [ and with d(p, ¢)<c,. Next take an euclidean
coordinate system (', ---, 2", ) at p so that [l becomes the z-axis. Then

an easy check using the explicit form of w; shows that

W= ( 41a:2 + 0(%))@02 +> (—2—;3; + O(—i—))dm‘dw‘

on [ near p. Here note that the coefficients of 0(1/x) depends only on
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the radius R. Hence letting y(q)=d(q, 02) for ¢ € 2 and making use of
above estimates we have

near the boundary. From this estimate follows the completeness of w,
immediately. The proof for &, is carried out in the same way.

The next question is to compare these metrics with the Blaschke
metric. The answer in a special case is

THEOREM 2. (@) The metrics w and & are projectively invariant.
(b) Assume 2 ts projectively homogeneous. Then w=r=—(1/u)d*u.

PrOOF. Let A=(Zf ‘:) be a projective transformation as before.
Write m(x)=a,x*+a. Proposition 3 shows X,(x)?=(det A)*m(x)X o(Ax)?
and ko(x)*2=(det A)*m(x)k, (Ax)?* where p=—1/m+1. Assume two
functions f and g are related as f(x)=m(x)g(y) where y=Ax. Then cal-
culations show a,0y*/0x’ + a;0y*/ox' +md*y*[ox'0x?=0 and, hence, f,dx‘dx’=
mg.;(y)dy‘dy’. This implies —(1/f)d*f=—(1/g)d’g. Therefore we have
the projective invariance of @ and x. Since the solution u, of (¥) also
satisfies wugy(x)=(det A)*m(x)u.o(Ax), which is shown in [13], we have,
assuming 2 is projectively homogeneous, the equalities u(x)=Cte. X(x)?=
Cte. k(x)*?. Hence the assertion (b).

ExAMPLE 10. Let 2 be a simplex in R*. The projective transforma-
tion group of 2 is abelian and isomorphic to R". It acts simply transi-
tively. Hence the metric is complete and flat.

In [17] Vinberg considered the metric —d*log X,, for a non-degenerate
convex cone V. When V=7V, there is a relation between this metric
and @g.

Let the coordinate of V, be (y, t) so that x=y/te 2. Then by (1.4)
we have

Xy(y, O)=1t""""Ao(y/t) .
By a straightforward computation we have
(2.2) —(n+1)d*log X, (y, t)=wo(x)+(d log X;)? ,

(see the computation in Appendix A). Now fix a positive constant ¢ and
define a mapping ¢,: 2—V by ¢(x)=the unique point in V such that
t—"'Xo(x)=c. Then we have
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PROPOSITION 11. The mapping ¢,: (2, 1/(m+1))wg)—(V, —dtlog Xy) 18
1sometric. The image of ¢, is a level hypersurface of Xy.

REMARK 3. The level hypersurface of X, is written as t=p(y). Let
v be the Legendre transform of o with respect to y:v=p—y'%0/dy".
Then v can be regarded as a function of N,=0p/0y’. We put w,= —(1/v)d*».
Then it is immediate to see w=w, rewriting w, in terms of r=y/t.

REMARK 4. Making use of the p-th characteristic functions, we can
define metrics analogously and prove Theorem 1. These metrics are
shown to be affinely invariant, but Theorem 2 does not hold generally.

PrOBLEM 1. It is necessary to compute the curvature tensor of w
and k. With consideration of the boundary behaviour of functions X
and %k discussed in §1 and §3, it is plausible to prove that the curvature
tensor tends to that of negative constant curvature at the boundary.
As for the related result see Appendix B of [15].

§3. Boundary behaviour of the characteristic function and the
kernel function.

The aim of this section is to find the asymptotic form of functions
X and k near the boundary in the case that the boundary hypersurface
is strictly convex and smooth. The result is Theorems 4 and 5.

Throughout this section, we suppose that 2 is a strictly convex
bounded domain with smooth boundary which contains the origin.

Recall the support function H,(¢)=sup {<{x, &);xcR}. Since 0 is
strictly convex, there exists for any ¢ a unique point Y(&) €02 with
Ho(8)=<y(8), &. Let g:02—8"" be the euclidean Gauss map defined by
g(y)=the unit outward normal vector at y €52. Then it is easy to see

y(&) =g/l .

Hence Hy(#) is smooth on R"—{0}. From this fact and the remark that
2*={se R"; Hy)(—¢&)<1}, we have

PROPOSITION 12. The boundary of Q* is smooth and equal to
092* ={¢ e R*; <y(—¢), &) =—1}.

We will extend the *-mapping to 62: for yecofR put y*=lim,., «*
which is well-defined by Proposition 7. Then

PROPOSITION 13. The map &£—y(&) is the inverse of the *-mapping
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at the boundary.

With these preparations we shall proceed to find the asymptotic
behaviour of the characteristic function near the boundary. Fix a
boundary point ycoR. Set x=kyeQ for 0<k=<1l. Assume d(x, ¥)=
d(xz, 0Q) for k near 1. Put l(&)=1+<-, &) as before. Then ’

3.1) L) =kl(&)+(Q—k) .

Choose coordinate (x') so as x'=-.--=2""'=0 at y and y":=x"(y)>0.
Then [,(¢)=1+y"¢,. Denote n=y*€d2*. By definition

3.2) Tn=—1/y" .

Now write I(&)=1,(¢) and set o= —7,d&,---dé,_,. Then

(3.3) dé=oNdl .

When ¢ varies in 2*, then ! varies from 0 to some positive constant
b=b(y) depending on y. With these notations, we have

Xo(w)={_ 1 L@de

=§:nz (kt+ (1 —k))-"—dt S

L*N{l=t}

Let us first estimate

AQ): =S

L*nil=t}

when t is near zero. Choose &'=(¢&, -+, &,_,) so as &=0 at . Then the
boundary 62* near 7 can be written as

Ea=Tnt 2 @iyt 2 A" +O0(EY)

Here N is a certain integer which will be fixed later. The range of
indices 4, j, -++ is from 1 to n—1 and « is a multiindex with the conven-
tion gr=gh...glaqt for a=(%y, ***, t._,). After the change of coordinates
by an orthogonal transformation on & we may set

(3.4) §a=Ta+ 2 0+ 3 axt"+0(¢")

or equivalently,

3.4 =y (S gifat+ 3 adm+0(¢1m) -
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Let (r, 6) be the polar coordinate system of ¢':¢,=7f,(0) and d&'=dg,---
dé._,=r""*drdS(9), where dS(f) is the area element of the unit sphere.
In this coordinate system the section of 32* by a hyperplane {l=y"p%
can be written as

&=ar(6)f.(6)

where

(3.5) r(@)=p1+2] 0" +0(0"?) .
Define ¢, by

(3.6) r*7t= 0" (1430 6,07 +0(0" %) .

LEMMA 1. J, s a polynomial of f, with a, as coefficients. The
degree modulo 2 of each monomial is equal to p modulo 2.

PROOF. It is enough to see this fact for ¢,. We proceed by induc-
tion on p. Since

&= "‘% > atjkaiajakﬁ.f}f ks

the Lemma is true fox; p=1. Let p>1. By the substitution of (3.5)
into (8.4), we can see ¢, is a sum of monomials like

Ep," * -e,,jaaf"‘a“

for 1=p.<p, |la|=k and p,+ -+ +p,=p+2—k. Hence the order modulo
2 of this monomial with respect to f, is equal to p,+---+p;+
k(mod. 2) =p(mod. 2).

Let now 6° be the antipodal point of #. Then f,(6°)=—f,(8) and

dS(#°)=dS(6). This Lemma implies S'o‘pdS(a)=O for odd p. Hence we
have

3.7 d&'=(II ai/n—1)0"(@._, + 3, 7;0%+0(0" )

Smn {l=ymp2}

where v;=\0,,dS(@). Set v=2""Y[[ a: which is the Gauss curvature of
02* at » and put

3.8) c=2"""@, ,y/(n—1)=@,_, IT a;/(n—1) .

Then rewriting (3.7), we get
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(3.9) AD=(e/PEy) ™"+ 3 Oy
40tV )

for another N, where

(3.10) Vi=I a/n—1)7; .

Let us recall
Yo(@)=m! S" (kt+1—k)-"'A®)dt .
0
Putting e=(1—k)/k and t=es, we have
b b/e
S (kt+1—k)‘”“t"‘dt=k‘"“a”“"S (3-+1)-""'s™ds .
0 0

Note that this is of order e™ ™ as ¢—0 for m<nm. Moreover this integral
over [b, ) is finite independent of & for m<n. Hence, by the formula

B(m+1, n-—m)=r (s+1)""'s™ds, we have
0

(3.11) Xo(x)=mn!cB ’n'2|"1 ’ n'z"]-)(yn)—(n+l)/2k—n—ls—(n+1)/2

Z n! '7,B(J—|- n+1 n+1 J)(yn)—:) (n41)/2fp—n—1gi—(n+1)/2

i<(n+1)72
+0(A(9) ,

where

1 for even »n

3.12 A(e)=
( ) © {loge for odd n .
Now we know d(x, ¥)=d(ky, ¥)=(1—k)y". Therefore we have proved

THEOREM 3. For x mear 02, choose y=y(x) so that d(x, y)=d(x, 02).
Then

3.13) Xo(x) =d,v(y)~2d(x, 6Q)~ "1

+[§; 0;(y)d(z, 02)F ="+ 0(A(d(x, 092))) ,
where d,=n! 2" 2g,_,B(n+1)/2, (n+1)/2)/(n—1) and Y(y) is the Gauss

curvature of o2* at y*. Moreover 0;'s are constants determined locally
by the geometrical data of 02* at y*.
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REMARK 5. We have

010 st ({252, 2oLy 2hep(n1, 221))

The constant d, is equal to z~"2(n—1)!1 (n:o0dd) or 722"} (n—1)!! (n:
even).

We shall next study the first term of the above expression. Let
G be the Gauss curvature of the boundary 62 at y. Then

PROPOSITION 14. G=7"1,
To prove this identity, write 02 near y as
er=fla!, oe, v, y=0,---,0,9").
Then the Gauss map g is defined by

9@ =(fy +++, four —D)/a ; a=(1+’$fz)”2.

Setting £=x*, we have g(x)=¢/|2|]. Hence,
é&=—l¢l/e and ¢=fl¢l/a.

This implies f(x)= —¢,/¢, for 1<i=<n—1. Let u be the Legendre trans-
form of f:

u=r-—3, 21, .
Then wu=—1/z, because 1+<zx, &)=0 by definition. Therefore the
*-mapping is given by the formula

(3.15) g.=—1/u, &i=filu .
Here note that
(3.16) J(0)=0 and ¢£,0)=0.

~ The jacobian of this mapping restricted to 492 is
08;/0x" = fi;/u—fiu.fu* .

Hence (9¢;/02'(0))<0 by the concavity of f and (3.16). Next regard &,
on ¢2* as the function of ¢":¢,=v(s, -+, &._). Then

31)/35,:%/-26?1,/65‘ = —-‘uiz S wtf,0%7/0¢, -
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From this we have

(8.17) o 0v[68(0)=0..
Taking one more derivation we have
8.18) *0/08:08,(0) = — £(0) ,

have
G=det (—ﬁ,-) and ~v=det (0*v/0&:0%;) .
Then (3.18) implies Proposition 14..

where (f*) is the inverse matrix of (fi;). But by (8.16). and 3.17) we

The second step is to rewrite the expansmn in terms of a deﬁmng
funection of the boundary. Let ¢ be a strictly convex defining function

of 02 near y:02={p=0} and 2={¢<0}. - With coordinates (x',
before, taking derivatives we have " o

(3.19) ) =0,  [(0)=—34/3.¥) -
Hence G(y)=det (4,;/¢,). At the same time. we have
o(x) = —d(x; Y)pa(¥) +0(d(z, ¥)*)

near y. Hence, . .

(3.20) VG d(z, y)~ 0= (42 det_ ¢ﬁ)1”/2(( - §)~ MDA (O(g=-0/m)) |

Let us intlfqdu,ce an operator J by

Pap Ps P C
(3.21 J )=—det( ) : 1<Za, BEn .
) D=t 29) 7 =
Then in the present coordinate
J@ @)=, det $5(0) - -

Therefore, getting above discussions together, we have

o?o’x") as

THEOREM 4. The chara,cte'rist_ic functi‘on X has the expamsion

3.22) = Xo®)= dJ(¢)”’( ¢)“"“’”+2 &(— ¢)""‘“”2+0(A(¢)) »

mear 052, where A 1is the functwn deﬁned by (3 12)

PROBLEM 2. s,- s are functlons on .Q but not deﬁned uniquely in this
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setting. The value of ¢; at oR also depends on the choice of 4. However,
in consideration of the projective invariance of X, it is highly desirable
to determine ¢; uniquely using affine or projective invariants of the
boundary hypersurface 02. In the next section we will compute the
value ¢, in (3.18) using the boundary data.

REMARK 6. The differential operator J(¢) is just a real analogue of
the operator I(v) of complex Monge-Ampére typ€, which is introduced
and studied by C. Fefferman in [9]. Here

I(v)= +det (vi? v;-) ,
v, v

where derivations are with respect to complex variables. The important
fact which we should mention here is that the equation (%) in Introduc-
tion is transformed to :

(3.23)” , _J(¢).=1 on 2, ¢=0 on 042,

setting u=—(—¢/2)"* and vice versa. The discussion which is analogous
to that in [9] can be carried out. We would like to treat the operator
J(¢) in another paper. o '

Let us next consider the kernel function. Calculation is carried out
similarly. Let y €02 and set 7=y* € 92*. Choose coordinates =, x")
and £=(¢, ¢,) as before. We want to estimate ko(x) for x=ky as k tends
to 1. Assume, for simplicity, y"=1. We have set I=14+¢,y"=1+¢,.
02* is written as

l(&) 2 &ifai+0(¢’ Is)

near 7. Let ¢ be one point on {I=t}. Then &,=¢t—1. For this & we
can pick up a boundary point &€ oQ* so that d(g, 02*)=d(, ). If zis
sufficiently near 7, then { is unique and satisfies

C—&=—ULNol/oe.L) .
Hence we have ”
A, O =[t—1EIA+0(LE)
and
d¢'=(1 +0(IC'IZ))+0(t l(C'))dC'
Let v() denote the Gauss curvature of 9Q* at E. Then by Theorem 3,
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we know

Xo(®)=d,VTQ) d(&, §)~ "2 40(d(e, L)~ 7).

Consequently, for sufficiently small ¢ and hence for small values of &
and {’, we have

Xou(§) T dE" = —— e a 1/ ) 1t =&+ 2Q+0( 1)) +0(jt —1EHDEE’ -

Now use the polar coordinate ,=a.rf.(#). Then df =TI a.r""*drdS(9).

When ¢ varies on {{=t}N2*, then {’ varies on {I({') <t} and r moves from
zero to 7(4), where

r@=v"t +0() .

Hence we have

Su=nna~ éxé'-:S H a‘dS(O)S:w)

1 ) (n+1)/2 neg
T U0y

Let us change the variable r to s=7®. Then l({')=8+0(s**) and s(f)=
t+0(t**), and we have

3.24) S-dxi'= St (LH06)

where
€. =1/7(0) IIa,w,,_gB(—— ”+3)/2d
But using equalities for d, and v(0) we know

. _n+l
(8.25) e,,—z(n!) .

Thus we have, by definition,

_(n+1D@Cr+1)!
ko) == )7 (0)

From this we get by the same reasoning as before,

S (ot +1 — k) ~2"=2(t" +- 0(t™+2)dit .
0

o) = -(’;—J’(g—'d(x, ¥)=+0d(x, )~
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However we have already rewritten Y(0)7d(x, y)~"**”2 in terms of the
defining function ¢ of the domain, (3.20). We finally have

THEOREM 5. Let Q={3<0} be a strictly convex bounded domain with
smooth boundary in R*. Then the kernel function has an expansion

ka<x>=i’l§ﬁ!—ﬂ¢x-—¢>-ﬂ*+o<¢-"-w>

near the boundary.

REMARK 7. More careful arguments show that k,(x) has an expansion

(n+1)1/2)J(3)(—8) "+ X< <0 &i(—=8) " +0(log (—¢)), where &, is de-
termined locally.

PROBLEM 3. We will continue Problem 2. Let us recall the function
u defined by (#). In [13], Loewner and Nirenberg showed in dimension
2 that, for a smooth and strictly convex bounded domain 2,

c.d(x, 0 =w'(®)Sed(x, 02), c=|grad w)|=<c,

for some positive constants ¢;. These are true for any dimension by the
maximum principle for the equation det Us;=(—u)"""* (e.g. [5]). Hence
it is reasonable, referring the asymptotic expansion of the Bergman
kernel due to Fefferman, to expect u® can be a defining function of the
domain at the certain order of differentiability. So, besides the study
of the boundary regularity of the function u, it is desirable to expand
k with respect to wu.

§4. Explicit value of §,.

We compute in this section the value 0, which is the coefficients of
the second term of the expansion (8.13) of the characteristic function.
The computation is simple in principle but is complicated. So we will
write here only the sketeh.

In order to do calculations, we assume the boundary o0R2 is written
as

xn=f(x1’ %y xn_l)’ y=(0’ Y 07 1)
where

(4.1) Sx)=1~ -é—xix‘ + %ai artxint 4 iaiik,xixkax’ +0(jxl®) .
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We use the convention that repeated indices are summed from 1 to n—1.
Then by a somewhat lengthy calculation, the dual hypersurface 02* is
given by

4.2)  g=—1 +l&& +lb,,-,,e,5,-e,, + -l—btjn&&'&& +0(l¢l”) »
2 6 24

where

(4.3) bijr=—0k »

bijri =i+ 2(61.1'8101 + 3¢k351 + 3:13,'1:)
+ (i jmBhim T+ CikmQjim + Ciam@jim) 3

Using this expression we can compute the coefficients ¢, defined in (3.5)
as follows. Set ‘

(4-4) \ bs = ‘]6;'bijk.fifjfk ’ b4 =§]Zbﬁkl.f¢fjfkfl ’

where f,’s are angular coordinates. Then we have
4.5) &=—V2b,, &=bbi—2b,.
Repeating the calculation in §3, we have

2(n—1)/2
n—1
+0(t(‘n+8)/2) .

(4.6) A(t): wn_zt(n—l)lz+2('n—1)/2t(n+1)/2 S (52+ n;—2 3% dS

Here note that
n—2 s 2
82+—é—€{— ('n/ +3)b3—2b‘ K

Let b=the volume of the unit (n—1)-ball. Then we know the following
formulae.

n+1

3b

4.7) S fH1dS©) =
' o . n+1
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b

: L, 7, k#
(n+3)(n+1) b
’ 3b .
4.7 2f2f2dS(6) = - =7k
%) \anpaso={—2—  i-j»
15b ’_ . .
=q9=k.
(n+38)(n+1) LI
Hence we have
b
36 § - { 1155 6 bi] b’d
[ s1as= T @ 5. bt +6 5, buabi)
X 3(6§| btiibijj + 9 Z biijbitj) +15 Z bﬁ‘tbiﬁ}
b

(n + 3)( + 1) (9bti,1b_1kk + Gbijkbijk)

and
S bdS= ___b,,,,,, .

Consequeritly the coefficient of the second term of A(f) is

' 2(n—1)/2b

1=

12(n + 1)(3bﬁjbj ke T 2biikbi?'k —3buike) -

Using identities (4.3), we get

, 2(n-1)/2b
(4.8) Ti=— m<3aiikk + 4at:kat:k +6(n°*—1)) .

Inserting this 1dent1ty into the formula (3. 14), we get

(n—8)/2 —
(4.9) =2 (2oL ) Ga o) .

Let us next see the meaning of the quantity Q defined by
(4-10) Q=3am,,, +4a¢jka¢jk .

For this purpose we will need the affine unimodular invariants of the
hypersurface. We have given in Appendix B some of definitions and
calculations. The first one we need is the Fubini-Pick invariant F'
defined by
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AiiQ ek o

(4.11) F=a¢5kau‘k— nil

The second one is the affine scalar curvature R defined by

n_2 . —1__ n—2 - 3 (n—1)2—1 .

@12 . nil am:+( 4 n+l )atjkaub (4(n+1)+ i1y )a,“,a,,,,, ,
| ) n=3

n=2.

a’llll

The third one is the affine normal vector v. We do not repeat its
definition. But note that in the present case one has

(4°13) ”=<_ n:_ll_zaulv M ] _ﬁ—z_a“(n—l)y 1)

at the point (0, -+, 0, 1). On the other hand one can see that by certain
unimodular transformation of the space R", it is always possible to find
a coordinate system (xf) so that the defining function f has the property
=0 for 1<k<n—1, namely so that the affine normal vector coincides
with the euclidean normal vector at the point (0, ---, 0, 1). Relative to
this coordinate system, we have

F=a0
4.14) R= n—2 5 l_ n—2)
n+1a“"+(4 n+1 F

for n=8. Hence
Stntl(p F)irp w23
3R n=2.

(4.15)

Now we have proved the following

THEOREM 6. Fix x,€2 and y, €02, Assume (1) d(z, ¥,)=d(x, 02) for
any point x on the line %Yoy (2) the affine normal vector to 02 at ¥, is
equal to the euclidean mormal vector and (3) the Gauss curvature of 02
at y, 18 equal to 1. Then

2 (n—8)/2

Lo(x)=d, d(x, 0 Q) 17 r(l"_'z_‘_l)'Qd(x, 0Q)- -1

+0(B(d(z, 02)))
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for x € xyy,, where Bit)=t=""92 for n=4, logt for n=8 and 1 for n=2.

Appendix

A. The Einstein-Kahler metric on a tube domain and the Blaschke
metric.

Let 2 be a bounded domain in R"(x) and V, be the cone over 2
given by V,={(tz, t);x€ Q,te R*}). 2 is identified with the set {t=1)}.
We denoted by u or u, the unique negative convex solution of the equa-
tion (#). Associated with this we define a function v on V, by

(A1)  o(te, t)=—4blog (—tu@))+a; b=n+1)/2(n+2), a=2blogh.

Let D=V,+1"—1 R**' be the tube domain over V,. The aim of this
Appendix A is to prove the following

THEOREM a. The form 190v defines a complete Einstein-Kiahler metric
on D.

REMARK. Cheng and Yau have shown in [6] the unique existence of
the complete Einstein-Kahler metric on domains in C™ belonging to a
fairly large class; for example, C*-weakly pseudoconvex bounded domains
and tube domains of the form B+1 —1 R*, where B is bounded and
convex. The existence proof of the solution is also due to them.
Theorem a explains the relation between them in a special case.

Choose coordinates (2, ---, 2"*") so that Rez‘=y’, 1<i<n, and
Rez"*'=t. We have set y‘=tx’. In the sequel 1<%, j<n and z=2z"*.
Summation convention is used. Derivatives with respect to x¢ are
denoted simply with indices: w,=ou/dxz* and so on. Differentiating (A.1)
we have

0*v/02'0z7 = — b(log u),,;/t*
0*v/02°0Z = (b/t)(w./u+x'(log u),;)
0°v/020Z = (b/t)(1 — 2x*u,/u —x*x(log w),;) .

These identities imply ¢6dv is positive definite and
det 90v=(—1)"(b/t)**'u"" det u,; .

On the other hand e™**=(—tu)2»*Ve-+»¢  Since a=(n+1)/(n+2)x
log (n+1)/2(n+2) and det u,;=(—u)"""* we have
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det 0dv=e"*?" .

This shows <ddv is Einstein-Kahler.

Next we will see the completeness using the completeness of the
Blaschke metric —(1/w)d*s ([4], [14]). Set z*=y‘+1 —1w‘ and z=t+1 " —1s.
Since v is real we can devide ©99v into two parts: idov=dsi+ds, ds is
containing only dy* and ds: is containing only dw* and ds, and both are
positive semidefinite. Now suppose ¢ is a divergent curve in D. We want
to see the length of ¢ is infinite. Let ¢, be the projection of ¢ into V.
Assume ¢, is bounded in V,. Then Im¢ is unbounded and the coefficients
of dst are bounded since they are combinations of derivatives of u which
are bounded near ¢, Hence the length of ¢ is greater than the length
of Imc¢ relative to ds: which is infinite. Next assume ¢, is divergent.
Let ¢, be the radial projection of ¢, into 2={t=1}c V,. Calculations
show

(A.2) L dst= — Yidgtdes +(Ledat + ay.
b u u t
If ¢, is divergent, then the length of ¢, is infinite by the completeness
of —u'd*u. If ¢, is bounded, then the t-coordinate of ¢, tends to 0 or
‘oo, Since ds:=b(dt/t)?, the length of ¢, is infinite in this case. Therefore
in any case we have seen the length of ¢ is infinite.
The equation (A.2) implies

COROLLARY b. The hypersurface in V, defined by tu= —constant
with the induced metric is isometric to (2, —(b/u)d*u).

It would be a natural question to examine the Einstein-Kahler metric
on a Siegel domain of the second kind in view of Theorem a. The result
is Proposition d which we now describe. Let D be a domain in C”".
Suppose the existence of an Einstein-Kidhler metric i39v, where v is a
plurisubharmonic solution of the equation

(A.3) det 9dv=e?** on D, w=oc on oD.
By the uniqueness of a plurisubharmonic solution we know
LEMMA c¢. Let A be an affine automorphism of D. Then
v(Az)+(N+1)"*log [Jac A'=v(2) .

We will apply this lemma to a Siegel domain of the second kind.
Let V be a non-degenerate convex cone ‘in R**! and F:C™xC™—C"*' be



INVARIANT METRIC 75

a V-hermitian form, i.e. F(w, w') is C-linear in w and F(w, w’")=Fw’, w),
Fw,w)e V and F(w, w)=0 if and only if w=0. Then the set D=
D(V, F)={(z, w)eC*""xC™; Rez— F(w, w) € V} is a Siegel domain of the
second kind. The domain D has automorphisms z,, m, and t, defined by

Ta(2, w)=(2+a, w) aciR™
m(2, w)=(k*z, kw) _ keR*
to(z, w)=(2+2F(w, b)+ F(b, b), w+0b) beC™.

Since Jac t,=1, Lemma ¢ shows v(z, w)=v(z—F(w, w)), 0). Jac z,=1 implies
v is independent of Im 2. Hence we can write v(z, w)=URe z— F(w, w))
for some function U on the domain V. Jacm,=k"*"**" shows that
Uyp)=Uky)+@Cn+m+2)(n+m+2)~"logk for yeV. Set Uy)=
exp (—(m+m+2)2n+m+2)7'U(y)). Then U(ky)=kU,(y). Now let 2 be
a bounded hyperplane section of the cone V and choose a coordinate
system (y, t) e R"*' such that V={(fz, {);x€ 2, tc R*} as before. Then
U, can be written as U,(y, t)= —tu(y/t) for a function u(x) on 2. All of
the above imply

(A-4) (e, w) = —(2EREE) log (—tutyyt) ,

where Rez—F(w, w)=(y,t). The next thing to do is to rewrite the
equation (A.3) in terms of u, which can be done routinely. Let us

write the i-th component of F as F(w, w')'=al;w w*, alz=aiz. Then the
result is

‘ . , - | | ,

(A.5)  detuy=(ZEMERYT )t det (—wats = (w—uadei) on 2,
u=0 on 02.

Namely we have

PROPOSITION d. The equation (A.3) on a Siegel domain D(V, F) is
reduced to the equation (A.5) on Q.

‘Hence the existence of a convex solution of (A.5), which seems to
be not yet proved, implies the existence of the Einstein-Kahler metric
on D(V, F).

B. Affine invariants—Appendix to §4.

One can refer the book [1] for the affine geometry of surfaces in



76 TAKESHI SASAKI

R:. To give a sketch of fundamental definitions in general dimension,
we follow papers [3], [4], [10] and [7].

Let M be a hypersurface in R"™. Let x: M—R"" denote its
embedding. R*™ is equipped with the unimodular affine structure,
especially the determinant (---). Let e,, 1Sa<n+1, be a unimodular
affine frame: (e, ---, €,,,)=1. Write

dr=>3, w%e,

B.1
(B.1) de,=>, whe; .
The structure equations are

>, w5=0
(B.2) dw*=w* N\ 0}
doti=wlN®’ .

Choose ¢,, ---, e, that are tangent to M. Then w"*'=0 and dw""'=w'A
wrt'=0 along M. Here and later the range of indices is1=4, j, ---=n.
‘We have

(B.3) 0t =h,;0

for some symmetric form h,;. Now assume M is locally strongly convex
so that the matrix (k,;)>0. Then, setting H=det h,;, we define

(B.4) II=H""*h;0'e’ .

This form is affinely invariant and defines a Riemannian structure on M,
which is called the affine metric of M. We next choose e,,, with the
property that

(n+2)writ+dlog H=0 .
This is always possible, [8] p. 21, and we set
(B.5) y=HY"*%e, .,

This vector is also affinely invariant and is called the affine normal
vector. With this choice of a frame, we have dw?1i=0 and we can write

(B.6) @i =—1H0}t .
for some symmetric I*. The quadratic form

(B. 7) III'——— l;"a)‘(o’. ’ liJ' =hiklk.hﬂj ’
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is called the third fundamental form. The scalar function

(B.8) L=-};(the trace of III with respect to II)

is called the affine mean curvature.
We next choose the frame so that H=1; see [10]. Hence w;ii=0.
Let us define a symmetric tensor A, by

(B'9) h,,-,,a)"=dhi,-—hﬂ,a)i—h,-ka)i .

Then the connection form @& associated with the fundamental form IT is
(B.10) Bi=wi +—;-h"kh,,mw"‘ :

where (h’*) is the inverse of (k). Making use of this equality and

above definitions we can compute the curvature tensor R,;,. The result
is

B.11) R,,= %(lilhik —lahj—iha + k) + %(hjbmhiln —Ranhj )™,

see [3], [4]. From this, scalar curvature R is

(B.12) R=n(n—-1)L+—i~F .
Here
(B. 13) F=h“-khijk

is the Fubini-Pick invariant.

Now let us turn to the situation of §4. The hypersurface is defined
by z"t'=f(x', +--, x"). We are working around the point y=(0, ---, 0, 1).
Set C=det f,; and ¢=C-V*"*?_ Define a frame (¢, ---, €,.,) by

U
=¢©, ---,0,1,0, ---,
(B.14) e, =c( 0,1,0 J)
en+1=c_n(07 *t 0; 1) .
Then we have h,;=c"**f,; and
(B.15) V=e€,+ +nc™" 'zcjfj"e,,

is the affine normal vector, where ¢;=dc/ox; and (f?) is the inverse of
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(f:;). Moreover following definitions we have

B.16) Y= — (log O VS ™ +——z ( 2)2 (log C)i(log C) . fHxf™
and
(B. 17) hi:k—nc e (cij;k +c fl:£+ck-fi:)+c nr fi,k .

We next evaluate the quantities at y. Since f;(0)=d,;, we have
¢(0)=1 and ¢;(0)= —a,,;/n(n+2). So we have (4 13). The equalities (4. 14)
follow from (B.16) and (B.17).

We finally remark that we can always choose the frame SO that the
affine normal vector coincides with the euclidean normal vector.
Consider the hypersurface {z"*'=f(a!, ---, ")} with f(x)=(1/2)a,,-m‘x" +
(1/6)a,x'xix*+ - - - and introduce new coordlnates X, - X"“) by «* =

‘X"“—I—p‘X’ and z""'=pX"*'. Then the surface is ertten as {X"+1
gXt, --., X"}, where g(0)=g,(0)=0. Setting g(X) (1/2)b,,X‘X’+
(1/6)b¢,-,,X‘XJ'X"+- .., we have equalities

bta_amnpt p: ’ -

®1® - L

3 G (p:"b,k+p’;‘btk+p?b¢,) + @i PiPF pk .

From this, supposing a,;=9d,;, we get

(B.19) Db, =(n;2 p? +pau,->pi .

Then it is always possible to find a transformation so as b,,=0, 1=sk=n
and this proves the assertion.
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Added in Proof. The Problem 1 is solved: The metrics w and x are
of asymptotically negative constant curvature. Relative to Problems 2
and 3, it is possible to expand the function k with respect to the funection
# up to the first order making use of the Fubini-Pick invariant. The
precise statement will appear elsewhere.



