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Introduction

Let A be a Cohen-Macaulay semi-local ring of dimension d. The
length of an A-module E will be denoted by ~(E). Let I be an open
ideal of A which contains some power of the Jacobson radical of A, then
the Hilbert-Samuel function ~(A/I"*") of I equals

. (n—l—d)_ (n+d-——1

_1\d
d d—1 (=D

>+--~+(—1)"“ea-1<n+1)

for large n. The coefficients e, (0<k=d) are called the normalised Hilbert-
Samuel coeflicients of I. ¢, will be denoted by e,(I), if it is necessary to
avoid confusion.

Assume that A is a Cohen-Macaulay local ring of dimension a>0, M
the maximal ideal of A, and the residue field A/M infinite. Abhyankar
[1] proved inequality

/(MIMP)<e+d—1

where e=e,(M). Sally [11] proved that equality holds if and only if there
exists an ideal X generated by a system of parameters of A such that
M?=XM, and that if equality holds then

n—l—d—l) +<'n+d—1>
d d—1

for all n=0 ([12] Theorem 1). We know also
/(M/M*)=e+d—1—s(M?*XM)

(A M) =e<

for any ideal X generated by a system of parameters of A, such that
M""'=XM" for large n ([13] Lemma 2.1). Furthermore, for a primary
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ideal I which belongs to the maximal ideal M, Valla [15] obtained equality
(I ID)=e+(d—1)7(A/I)—(I*XT)

where e=¢,(I) and X is an ideal generated by a system of parameters of
I which is contained in I and satisfies e=</(4/X).

Let A be again, a Cohen-Macaulay semi-local ring, and I an open
ideal of A. We denote a ring of fractions S™A by A,, where S is the
set of all elements of A which are contained in no prime divisors of I.
If a system of d elements of I generates an ideal which contains some
power of I, we call it a system of parameters of I. In this paper, we
shall put the above results of precursors together to the following
synthetical theorem.

THEOREM. Let A be an equi-dimensional Cohen-Macaulay semi-local
ring of dimension d>0, and I an open ideal of A. Then the following
conditions are equivalent.

(1) /(A/I"“)=eo(n}_d)—el("}_ifl) for all n=0.

(2) 2(A/I)=e,—e, and /(A/I")=e(d+1)—ed.

(8) Z(A/I*)=e,+ds(A/I).

If the residue fields A/M are infinite for all maximal ideals M of
A, then the above conditions are equivalent to the next one.

(4) There exists an ideal X in A,;, generated by a system of para-
meters of IA, such that I’A,=XIA,.

As a corollary to the theorem, we have a new proof of a result on
e, obtained by Narita [7].

Sally [14] proved that a Cohen-Macaulay local ring with its maximal
ideal M and multiplicity e, has the maximal embedding dimension e+d—1,
if and only if its Hilbert-Samuel polynomial is

n+d—1 +<n+d—-1
e( d ) d—1 ) '
We shall show in a forthcoming paper [3], an extension of this fact to
any open ideal of an equi-dimensional Cohen-Macaulay semi-local ring.

In our terminology, a ring A is said equi-dimensional, if dim(A4,)=
dim(A) for all maximal ideals M of A. Thus, an equi-dimensional Cohen-
Macaulay ring is a Macaulay ring of Nagata [6]. Throughout the paper,
we assume that A is an equi-dimensional Cohen-Macaulay semi-local ring
of dimension d>0. An element of A which is not a zero-divisor will be
called a regular element.
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§1. Omne-dimensional case.

In this section, we assume that the dimension d of A is equal to 1,
and we recall that an open ideal of A which satisfies the equivalent
conditions in the theorem, is nothing but a stable ideal studied by
Lipman [4].

Let A be the integral closure of A in its total ring of fractions,
and put I*: I"={xc A|xI"cI"} for an open ideal I of A. A ring A’'=
Unso I": I" is called the blowing-up of A with center I. We know that
Al=]*:I" for large n and A’ is a finite A-algebra. Furthermore IA’ is
a principal ideal of A’ generated by a regular element. An open ideal I
is called a stable ideal, if IA’=1I or A’=1I:1. For large n, I is stable,
since the blowing-up of A with center I" (n=1) coincides with A’. If I"
(r=1) is stable, then I" are stable for all n=7r. An element x of I is
called a transversal element of I, if I"*'=xI* for large n. If the residue
fields A/M are infinite for all maximal ideals M of A, then there exists
a transversal element of I. Let x be a transversal element of I, then
TIA’=gA’ and I" is stable if and only if I**'=xI". Now put e=~s(A"/IA")
and f=s(A%/A). Since, if x is a regular element in 4, /(E/xE)=/(A/xA)
for any finite A-module E in A, we have e=</(A/xA) if x is transversal
element of I.

PROPOSITION 1. For an open ideal I of A, we have the following
imequalities. '

(1) z(A/IY)=en—f for all n=0, and for n=1 equality holds if and
only if I" is stable. In particular, e=e,(I) and f=e,(I) ([4] Theorem 1.5
or [5] Propositon 9). ‘

(2) <«(IMI"*H<Ze for all m=0, and for n=1 equality holds if and
only if I" is stable ([4] Theorem 1.9 or [5] Proposition 8).

ProoF. Since IA? is a principal ideal of A’ generated by a regular
element, #(I*A'/I*"'A")=/(A’/IA")=e for all k=0, and

/(AI/I’I&AI)___/(AI/IAI)_'_ .o _l__/(In—IAI/InAI):en
for n=0. Therefore,

(A I =s(AT]IM)— (AT A)
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=/(AI"A")+(I"A*/I*) —27(AT[A)
=en—f+/(I"AY/I") .

This proves (1). To prove (2), consider A[t],.; where t is an indeterminate,
if necessary, and we may assume that A/M are infinite fields for all
maximal ideals M of A (cf. [4] p. 656, [5] p. 277, or [6] (21.4)). Then
there exists a transversal element z of I, and /(I*/xI*)=/(A/xA)=e for
all n=0. Hence,

AT I = (I fe ) — o (I ) = — AT I

and we obtain (2).

COROLLARY 2. The following conditions for an open ideal I of A,
are equivalent.

(1) I 2s stable.

(2) z(A/I)=e—f.

(8) <s(A/I")=en—f for all n=1.

(4) sI/I*=e.

(5) z(I*"/I**")Y=e for all n=1.

(6) There exists an element « of I such that I*=xI.

PROOF. There exists an element x of A7 such that JA’=xA’. Assume
(1), then I=JA"=xA’ and x is an element of I. Moreover, I*=I2AT—
xIA*=2xI, and we have (6). The rest of the proof is obvious.

§2. Systems of superficial parameters.

Hereafter, we assume that the dimension of A d>0, and for any
subsets J and K of A, we put J: K={xe A|[xKCJ}. An element x of an
open ideal I is called a superficial element of I, if there exists an integer
¢ such that (I"*: x)NI°=I" for all n=c. We call an open ideal contained
in the Jacobson radical of A, an ideal of definition of A. If I is an open
ideal of A, then IA; is an ideal of definition of 4,. A system of para-
meters of an ideal of definition, is a regular sequence in A ([6] §25).

LEMMA 3. An element x of an ideal of definition I, is a superficial
element of I +f and only +f I":2=I"+(0:2) and I"N(0: 2)=0 for all
large nm.

PrROOF. Assume that the conditions in the lemma are satisfied by
n=c. Then (" x)NI°=I"+0:2)NI*=I" for n=c. Therefore z is a
superficial element of I. :
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Conversely assume that z is a superficial element of I, and (I"™: )N
I'=1I" for all n=¢. By the Artin-Rees lemma, there exists an integer k
such that I"NzA=I""*(I*NxA) for all n=k. Hence for n=c+k—1, I""'N
xA is contained in x2I°, and we have ,

I ="t )N I"-F(O: x)=I"+0:x) .
On the other hand if n=c and m=c, then we have
IrnO:x)clnNO:e)c NI x)y=1".
Hence by Krull’s Intersection Theorem, I"N(0: )=0 for n=c.
LEMMA 4. Let I be an ideal of definition of A.
(1) An element x of I is a superficial element of I, if and only if
It g=1I" for all large n. In particular, any superficial element of I
28 a regular element.

(2) Let x be a superficial element of I, and n(=0) an integer. Then
we have equality

/(A/(I"“—i—xA)):/(A/I"“)-/(A/I") ’
if and only if It:z=1I"
(8) If x is a superficial element of I, then we have
e.(I)=e,(I[xA)
Sfor all £k (0=k=d-1).
PROOF. Let z be an element of I, then

(A)(I"P 4 g A))=2(A/ ") — 2(IV 2 A) I
=/(A/I"") — (@ A/(I"" N2 A))
=/(A[I") —2(A[(T*: )
=7(A/ ") —(A/I™) + (I x)[I7)
If x is a superficial element of I, then the above Lemma 3 implies that

the inclusion 0:xcI*':z induces an isomorphism O0:z=(I"*":x)/I" for
large n. Therefore

AT+ A)=s(A/ I —2(A]T) +2(0: x)

for all large n. Since there exists a superficial element of I which is
regular, the above equality implies that the degree of the Hilbert-Samuel
function <#(A/I"*') is equal to the dimension d of A. For any superficial
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element x of I, then the degree of the Hilbert-Samuel funection
7(A/(I"**+xA)) of I/xA is d—1 and we know that dim(4/xA)=d—1. Since
A is an equi-dimensional Cohen-Macaulay semi-local ring, and I is an ideal
of definition of A, this means that z is a regular element. Hence we
have (1). (2) and (3) are immediate consequences of (1).

LEMMA 5. Let x,,,, ---, %,, * be a regular sequence in the Jacobson
radical of A, and X=(x,, %, -+-, x;). Then X":z=X" for all n=0.

ProOF. We prove the assertion by induction on ». The assertion
for n=0 is trivial, and we assume that n=1. By hypothesis of induction,
X=X gD X" 2. We prove

(@), + -, z,)" T N(X™ Z)CX"

for all s (0=s=<t), again by induction on s. For s=0, we take
(2, -+, 2,)=0 and the assertion is obvious. Now let =1, and w an
element of (x,, ---,2,)"*N(X": x). We can put w=u-+z,v, where u and
v are elements of (x,, ---, 2, )" and (x, ---, 2,)""* respectively. Let
Y=(x, *++, X,_1) Zops, ***, %), then xw=2u-+x2,v is contained in X"= YY"+
2,X""'. And we can find an element z of X" such that asw—=z,z2=2u-+
x,(xv—=z) is an element of Y". Since ue Y, we get z,(xv—z)e Y™
Therefore by hypothesis of induction on 7, we have zv—ze Y*' and
xzv e X*'. Again by hypothesis of induction on n, we know that » e X* .
Hence ru=zw—xz,ve€ X", and u is contained in (z, ---, z,_)"'N(X": 2).
By hypothesis of induction on s, u € X*, and we know that w=u-+z,v is
contained in X",

We call a sequence of d elements of I, x, x,, ---,2;, a system of
superficial parameters of I, if x, mod. (%, ---, x,_,) is a superficial element
of I/(x,, -+, x:_,) for any k (1=<k<d). A system of superficial parameters
of an ideal of definition I, is a system of parameters of I.

LEMMA 6. Let X be an tdeal generated by a system of parameters
of an ideal of definition I, x,, x,, ---, 245. Put I,=1I/(x,, - -, x,_,) for each
k 1=k=d). Then the following conditions are equivalent.

(1) I’=XI.

(2) IPcX, and (I)"": x,=(T)" for all k A=<k=d) and for all n=0.
Where we confound x, with its image in A/(x, -, x,_,).

PROOF. Assume (1) and put Y=(x,, ---, ;). Then I"*'=gI*+ Y"I.
Let we I"*': x, and x,w=x,u+v where u € I" and v € Y"I, then z,(w—u) € Y.
Since %,, + -+, x4, x, is a regular sequence in A, we have w—u¢c Y*= Y™ x,
by the preceding Lemma 5. Therefore w is contained in I*, and I**%: z,=1I".
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Since (I,)°=(x;, +++, 25)I,, we have (I,)"*: x,=(I,)" for any k (1=k=d).
This proves (2). On the other hand, (2) obviously implies (1). In general,
if for an integer n=0, I"* is contained in X=(x,, x,, -+, x;) Where ux,

(1=k=d) are elements of I, and if (I,)"*:z,=(,)" for all k AZk=d),
then we have I""'=XI",

§3. Proof of Theorem.

Let I be an open ideal of an equi-dimensional Cohen-Macaulay semi-
local ring A of dimension d>0. Since A/I is canonically isomorphic to
A,;/IA,, the length of an A-module I"/I"** equals to the length of an A,-
module (IA,)"/(IA;)"**. Therefore, the Hilbert-Samuel function of I and
that of IA; take the same value for any n=0, and ¢,(I)=e,(IA;) for all
kE (0=k=d).

- ProproSITION 7 (cf. [9] Theorem 1). For an open ideal I of A, we
have inequality
e, =e,—/(A/I1)=0 .

Proor. First, consider A; if necessary, and we may assume that I
is an ideal of definition. Next, consider A[t];. ;7 With an indeterminate
t if necessary, we may assume that A/M are infinite fields for all maximal
ideals M of A. Then there exists a system of superficial parameters of
I, x,x, -+, 25, and we have e,(I)=e¢,(I/(x,, ++-, 24_,)) for k=0 and k=1
by (8) of Lemma 4. Hence the assertion is obtained by Proposition 1.

PROPOSITION 8 (cf. [15] Lemma 1). For an open tideal I of A, we
have inequality

(I/I)=e,+(d—1)7(A/T) .

If X is an ideal of A; generated by a system of parameters 6f IA,
such that e,=7,,(A;/X), then we have equality

(I 1) =e,+(d—1)7(A/I)—27, (I*"A,/XIA,;) .

PrOOF. Again, we may assume that I is an ideal of definition and
that A/M are infinite fields for all maximal ideals M of A. Let
Xy, Loy +o+, &; be a system of superficial parameters of I, then e¢(I)=
C(Af(xy, @y <+, x5)) by (8) of Lemma 4 and by the fact that x;mod.
(4, +++, x4_,) is a transversal element of I/(x, :--, 2;_,). In general, if X
is an ideal generated by a system of parameters of I, x,, x,, - -+, &;, then
Xy, %y + ¢, ¥; is a regular sequence in A. Therefore, a homomorphism ¢
from a direct product of d copies of A to X/XI defined by
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¢(a19 Agy **°, ad)=a1w1+azx2+ oo+ Qa4 mod. XTI ’

induces an isomorphism from a direct product of d copies of A/I to
X/XI. Hence we have /(X/XI)=d/(A/I), and

c(IIIH=¢(A|I*)—s(AlT)
=/(A/X)+4(X/XI)— (1% XI)—2(A/I)
=/(A/X)+(d—-1)/(A/I)—«(I*/XI) .

This proves the proposition.
Now, we come to prove our Theorem.

PrROOF OF THEOREM. Obviously (1) implies (2), and (2) does (3). To
prove that (3) implies (1), we may assume as usual, that I is an ideal of
definition and that the residue fields A/M are infinite for all maximal
ideals M of A. Under this condition, there exists an ideal X generated
by a system of superficial parameters of I. Since e¢(I)=:(4/X), (3)
implies (4) by Proposition 8. Now assume (4), and let X be an ideal
generated by a system of parameters of I, x,, @, ---, ®; such that I’=XIT.
For k (1=5k<d) put X,=(,, +-*, %x_,), Ay=A/X,, and I,=1/X,. Then by
Lemma 6, (I)**: x,=(I,)" for all n=0, where we again confound x, with
its image in A,. Therefore by (2) of Lemma 4, we have

(AT — (A (L)) = ¢ (Ap i/ Lis )™ )

for all £k (1<k<d—1) and for all n=0. Since (I,)’=wx;I;, I; is a stable
ideal of a one-dimensional ring A;. Therefore by Corollary 2, we have

(AT =e(I)(n+1)—e,(1s)
for all n=0. Since ¢, (I;)=e,(I)=e, for k=0 and k=1, we have

bty n+d)_ (n-l—d—l)
7(AlI) eo( d €, d—1

for all n=0. This completes the proof of the Theorem.

COROLLARY 9 (cf. [7] Theorem 1). Assume that the dimension d=2,
then for an open ideal I, we have €,=0. In the case that d=2 and that
A/M are infinite fields for all maximal ideals M of A, e,=0 if and only
if there exists an integer r(=1) and an ideal X im A, gemerated by a
system of parameters of I'A; such that I*"A,=XI"A,.

Proor. For an integer r(=1), let
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d d—1

be the Hilbert-Samuel polynomial of I". We can write

P,<n>=eo<If>("’+d) -—el(I')<n+d_1> o (—)el(I7)

P, (n)=(n+1)Q,(n)+(—1)eiI") ,

where Q,(n) is a polynomial in n. For large =, the Hilbert-Samuel
function of I, #(A/I""*Y) equals to both P,(n) and Pl('r(n—!—l) 1), and
we have equality of polynomials

P.(n)=r(n+1)Q,(r(n+1)—1)+(—1)%e,(I) .

Putting n=—1, we get ¢;,(I")=¢4(I) for any integer (=1) ([7] Proposition
2).

To prove e,=e,(I[)=0, we may assume again, that I is an ideal of
definition and that A/M are infinite fields for all maximal ideals M of A.

Further we may assume that d=2, by (3) of Lemma 4. Let r(=1) be
an integer such that

2 / 1
/(A/I"+1)=eo<n;_ )——el(n_l}_ ) +e,

for all n=r—1. Put J=1I", then
2 1
(AT = eo<J>(”+ > e«J)("J’ )+ez<J>

for all n=0. In particular putting n=0, we get
e:=e(I)=e(J)=e,(J)—e(J)+7(A/J)=0,

by Proposition 7. This proves the first assertion of the corollary. If d=2
and e,=0, then the above J=1I" satisfies the condition (1) of Theorem.
Therefore, equivalence of (1) and (4) in Theorem, under the additional
condition that the residue fields A/M are infinite for all maximal ideals
M of A, proves the second assertion of the corollary.
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