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Introduction

Let G be a noncompact connected real semisimple Lie group with
finite center. An irreducible unitary representation is called square
integrable if its matrix coefficients are square integrable with respect
to the Haar measure on G. Let (w, H) be a square integrable irreducible
unitary representation of G (see, for instance, Theorem 4.5.9.3 in [8]).
There exists a positive constant d, such that

0.1 |, G@8, NEDF, F)do=ds@, ¢, ¥

for all ¢, v, ¢’, 4" in H, where dx is the Haar measure on G. The
identity (0.1) is called the Schur orthogonality relation for the represen-
tation .

Our main purpose in this paper is to give an analogous result to this
relation for certain non square integrable unitary representations of G.
We shall state our results more precisely. Let K be a maximal compact
subgroup of G. The coset space G/K is a Riemannian symmetric space.
Let d(p, q) (p, € G/K) be the distance from p to q. We define d(x),
x € G by d(x)=d(xo, 0) where o is the origin of G/K.

THEOREM 1. Let (w, H) be an irreducible unitary representation of
G. We assume that there exists a K-finite vector ¢, in H such that

0<lime S (7T (2) o, Bo)|e™ ¢ " dax < oo .
e—+0 G
Then for each K-finite vectors ¢, v, ¢', ' in H, we have
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lim & S (w(2)¢, ¥)T@)S, ¥Ne W dx=d; (s, )W, ¥)

where d, i3 a positive constant which ts independent of ¢, 4, +--.

REMARK 1. When G is of real rank one, the irreducible components
of a reducible principal series representation of G satisfy the assumption
in Theorem I (cf. Lemma 1.4 in [4]). Applying the same arguments as
in §3 [4], we can prove that all unitary principal series representations
with regular infinitesimal character satisfy our assumption.

We shall state our proof briefly after the following preparations.
Let g be the complexification of the Lie algebra g of G. Canonically
the universal enveloping algebra u(g) of gc acts on C*(G@) to the left and
right. We denote the left (resp. right) action on C~(G) by bf (resp. fb)
for f in C~(G). Let us define a subspace H(G, X) of C=(G), for a given
character X, by the following;

a function f in C=(G) belongs to H(G, X) if f satisfies
0.2) @) zf=X(2)f for all z in 3, (2) limss [(b,fb.)(x)|?e~**=dx
e—+0 G
is finite for each b,, b, in u(g).

The space H(G, X) is a topological G-module with the seminorm | | defined
by |f |2=1im,_.+oeg |f(x)|e—*¢"'dx, feC~(G) (see Lemma 2.4). Consider an
G

irreducible unitary representation (z, H) of G satisfying the assumption
in Theorem I. We denote by H,(G) the subspace of C~(G) which is
generated by K-finite elements of 7, and define a Hermitian form (, ) on
H.(G) by

(0.3) f y)=1jr+r}e Saf(w)ﬁ(?)e““”dx Jor f, g in H.(G).

In our proof of Theorem I, one difficulty is to show that (, ) is positive
definite. To overcome this difficulty, we characterize H(G, X) in the follow-
ing Theorem II and Theorem III. We define N={fe H(G, X); |f]|=0},
L*(G)=the set of all square integrable functions on G.

THEOREM II. Let H(G, X) be the subspace of C=(G) defined by (0.2).
Then N=H(G, X) N L*G).

THEOREM III. Assume that there exists an element f, in H(G, X)
such that |f,|>0. Then the character X is mot real regular (for the

definition of real character, see §7).
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Theorem II and III are proved by an estimation for the solutions
of ordinary first order differential equations combining with Tauberian
theorem of Hardy-Littlewood.

Let us now state our proof of the fact: (,) is positive definite on
H.(G). Let X be the infinitesimal character of z#. Since H(G, X) is a g-
module (c¢f. Lemma 5 in [4]), we see that H,(G)SH(G, X). Let N be the
null space as in Theorem II, and assume that N+#0. Then the G-module
N is decomposed into the square integrable irreducible representations of
G. Consequently, by a result of Harish-Chandra (cf. [7], Proposition
15.13), X is real. Therefore, by Theorem II, we get N=0. Hence the
Hermitian form (, ) in (0.3) is positive definite.

Finally we shall state an application of Theorem I. Let €(G) be the
Schwartz space in the sense of Harish-Chandra. A distribution T on G
is called tempered if it extends to a continuous linear form on G(G).

THEOREM IV. Let (z, H) be the same as in Theorem 1. We define
a distribution 6, on G by 6. f)=traces S@)w(x)dx, for all C>-functions
G
J on G with compact support. Then 0, is tempered.

REMARK 2. For the case where (z, H) is square integrable, Harish-
Chandra proves that the character of z is tempered. By Theorem I, we
can prove Theorem IV applying the same arguments as in Theorem
10.2.1.1 in [9].

The contents of this paper are as follows. After the preparations in
§1, we introduce the function spaces H(G, X) and H.(G, X) in §2 which
are closely related to the representations considered in Theorem I. We
shall prove in this section that H(G, X) is a topological G-module with a
seminorm. We also study in §3, the differential equations concerning the
funetions in H(G, X) and H.(G, X). Throughout in §3, §4 and §5, we esti-
mate the asymptotic behaviour at infinity of K-finite functions in H,.(G, X).
Furthermore in §4, we shall give the proofs of Theorems II and III. In
§6, we study the Schur orthogonality relations of a non square integrable
irreducible unitary representation of G. Finally in §7, we shall show
that the parabolic subgroup of G along which some K-finite function in
H(G, X) has nonzero constant term is uniquely determined by X.

§1. Notations and preliminaries.

Let G¢ be a connected complex semisimple Lie group and G a con-
nected noncompact real form of G¢. By gc and g, we denote the Lie
algebras of G and G respectively. For each subalgebra § of g, we
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denote the complexification of § by b and the universal enveloping algebra
of H; by u(h). Then the algebra u(h) acts on the set of all C=-functions
C~(H) on H (H is the analytic Lie subgroup of G with Lie algebra b)
to the left (resp. to the right) as follows; for each X in J,

(X)@) = flexp tXo)ims (resp. (FX)@) =L@ exD X).u0)

for z in H and f in C=(H). We shall denote these actions of u() by bf
and fb (or resp. f(b;x) and f(z;d)) for b in u(h). Let @ be a Cartan
subalgebra of g. We denote the root system of (gc,d) by @(d), the
Weyl group of (g, Gc) by W(@c) and the ring of all W(dc)-invariant poly-
nomial functions on the dual space of d; by I(@). For each root a in @A),
we put g,={X € gc; ad(H)X=a(H)X, Hedc}. Then we have go=GcP>xc0i) 9
and dim g,=1.

Consider a positive root system &*@) of &(d), and put n*=
Seeo+d Gor N =)_aco+@ 8- Then we have go=n*@d,Pn-. Let 3 be the
center of u(g). Then there is a unique isomorphism vY=7,; of 3 to u(ad)
which is called the Chevalley isomorphism, such that

1.1) z—(z) eu(gmt for all z in 3.

Let o be one half the sum of all positive roots in #(@). Regard u(@) as
the algebra of polynomial functions on the dual space G;, and define

(1.2) L BN)=7,:(Z)(n—p) for each linear form \ on & and z in 3.

Then p,; is an algebra isomorphism of 3 onto I(@) which is called the
Harish-Chandra isomorphism.

Let P be a parabolic subgroup of G (for simplicity P is said to be
a p.s.g.r. of G). Then we have the Langlands decomposition P=MAN,
where A is a split component of P, N is the unipotent radical of P, Z(A)
is the centralizer of A in P and M is a closed subgroup of G which is
isomorphic to Z(A)/A. We shall denote the root system of (P, A), the
Lie algebras of M, A, N respectively by &#(A4), m, a, n. Let p be an
element in P and Ad(p)|. the restriction of Ad(p) to n. Define a function
dpr on P by

(1.3) dp(p)=(det(Ad(p)I.))"* .
We see that there is a unique linear form o, on a such that

1.4) dy(a)=exp(op(log a)) for all a in A.
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Let K be a maximal compact subgroup of G with Lie algebra f and ¢
the Cartan involution corresponding to K. We fix a minimal p.s.g.r. P,
of G with 6-stable split component A, and denote the Langlands decom-
position of P, by P,=M,A,N,. A p.s.g.r. P of G is called standard if A
is contained in A,. We see that any p.s.g.r. of G is conjugate to a
standard p.s.g.r. under an inner automorphism of K (cf, for instance G.
Warner [8]). ,

Let P=MAN be a standard p.s.g.r. of G. We put m,=mPa. Then
m, is reductive having the same rank asg. Consider a Cartan subalgebra
d of g containing a. Choosing a positive root system @*(ad) suitably we
have 0(4)={a|.;a € ®*@) and a#0 on a} where al, is the restriction of
a to a.

Let 7., be the Harish-Chandra isomorphism of $(m,) into I, (@),
I,(®) is the ring of all polynomial functions on the dual space of G,
invariant under the Weyl group of ((m,)¢, Gc). Then we have the follow-
ing two lemmas (cf. p. 120 Proposition 29, part II and p. 60 Corollary
10, part I in [7]).

LEMMA 1. There exists a wunique isomorphism Yom, OF % tnto 3(m,)
such that 7 i="ai°Vym. Furthermore for each z in 8 2—Vom(2) €
f(ma)u(g).

LEMMA 2. The algebra 3(m,) is a free Yom,(3) module with finite
index.

Following Harish-Chandra we define an isomorphism p,= Porm, Of 3
into 3(m,) by ’

(1.5) Poym(8)=dpo ftyya(R)od5 for z in 3.
Then we have

(1'6) ;“a /:=#m1/:°#g/m1 .

Finally we shall state the following two integral formulae on G which
will be applied frequently to our arguments in this paper. For the
minimal p.s.g.r. P,=M,A,N, of G, we choose a Cartan ‘subalgebra 4,
containing a, and a positive root system @+, of (8¢, (G))c) satisfying
O(A,)={al.;; € 0*(@,) and a#0 on a,}. Define a function 'D=D; on A, by

a.n - D(a)= ¢1;[(‘ ) lexp a(log a) —exp(—a(log a))|, acA,.
aiOonzg

Let dx, da, dn and dk be the Haar measures on G, A,, N, and K re-
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spectively. We normalize dk as S dk=1. Then we have the following two
lemmas (cf. Lemma 10.1.16 and Proposition 10.1.7 in [3]).

LEMMA 3. For each C>-function f on G with compact support, we
have | fayo=| | | Akan)d,(ayandadk.
G K J4y JNy
LEMMA 4. There exists a positive constant cq such that

| farda=co |, |, _flkeak)Di@)dkdicda

where A} 18 the positive Weyl chamber of (P, A).

REMARK 1. The set G,=KAFK is open dense in G.

§2. Topological G-module H(G, X).

Let K be a fixed maximal compact subgroup of G. Then the homo-
geneous space G/K is a Riemannian symmetric space of noncompact type.
Let d(p, @) (p, g€ G/K) be the distance which induced from the Killing
form on g and define a function d on G by

(2.1) d(x)=d(xo0,0) , € G where o is the origin in G/K.

Let C=(G) be the ring of C=-functions on G. For a given character X
of 3, we define a subspace H(G, X) of C~(G) as follows.

(2.2) A function f in C~(G) belongs to H(G, X) if f satisfies
(1) lil-{loe Sa | £(by; ;5 by)|? exp(—ed(x))dx< o for b,, b, in u(g),
(2) =zf=X(@)f for all z in 3.

We put
2.3) fr=lime §G|f(x)|2 exp (—ed(@))dz for f in H(G,X) .

Then H(G, X) is a topological vector space with the seminorm | |. Define
two actions R and L on C*(G) by

(R.NHW)=f(y=x) , (L)W =fz"y) for @, y in G.

In this section we shall prove that H(G, X) is a topological G-module by
these actions R and L.

LEMMA 1. Let H(G,X) be the subspace of C=(G) defined by (2.2).
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Then H(G,X) is a L (resp. R) module (i.e., for each f in H(G, X) and =
n G, |R.f|=|L.fl=|f| and R,f (resp. L,f) belongs to H(G, X)).

PROOF. It will be seen that the arguments for L-module H(G, X)
also can be applied to the R-module. Thus it is enough to show that
|L.fl=|f] and L,f belongs to H(G,X). Immediately we have L, f?=

1113) € SG |FW)I* exp(—ed(xy))dy. We put V={yeG;dy)<dx). Since
d(xy)z|d(x)—d(y)|, we obtain

IL.fF=slime {L_V |AW)I* exp(—ed(y))dy + SV )" exp( —ed(my))dy} .

Bearing in mind V is compact, the first term<| S and the second term=0
in the above inequality. Therefore |L,f|<|f| for any # in G. Replacing
L.-.f by f we have |f|<|L,-.f].

Consequently we get |L,f|=|f| for each z in G. It remains to prove
that L,f belongs to H(G, X). Since L,oz=z0L,, we have 2(L.f)=X(2)L,f,
ze3. Let b, and b, be two elements in u(g). A direct calculation verifies
that (L,f)(b; ¥; b)) =L, (f(Ad(x)b,; ¥; b,)) for all ¥ in G. The element
Ad(x7)b, is expressed as a finite linear combination of the elements in
u(g). This implies that |b,(L,f)b,|=|(Ad(® 1)b,)fb,|< > as desired.

A function f in C~(G) is called left (resp. right) K-finite if the
subspace in C~(G) generated by the set {L,f; ke K} (resp. {R,f: ke K}) is
finite dimensional. Especially if f is left and right K-finite f is called
K-finite. Let &(K) be the set of all equivalence classes of irreducible
unitary representations of K. We put for each 7 in £(K), X.(k)=trace z(k),
ke K. Let us now define the convolution operators X x and *X. on C=(G)
by

@.4) (hex @) =deg 7 | (WG n)dk ,
(f * 1) (@) =deg T S X e D fak)dk .

We remark that X.»X,=X, by this definition.

LEMMA 2. Let Hx(G, X) be the set of all K-finite functions in H(G, X).
Then the space Hy(G, X) is topologically demse in H(G, X).

Proor. We fix f in H(G, X) and « in G. By Peter-Weyl theorem on
the compact group K, we have

(2.5) Jf@)= 3 ) deg  deg o(X. * f * X,)(x) .

o0, Te& (K
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On the other hand by using the Schur orthogonality relations on K, we
have |X.* fI’<deg z|f|* and |f*X,’<deg o|f|*. Therefore

(2.6) X * f xX,| =(deg o deg 7)"”|f] .

Similarly we can prove that |b,(X.* f*X,)b,| is finite for 7, ¢ in &(K) and
b, b, in u(g). Hence we have that X.xfxX, belongs to Hg(G,X). It
remains to prove that the series in (2.5) converges to f under the topology
in H(G, X). Let 2 be the Casimir operator on K. Then for a given 7
in &£ (K) there exists a positive constant z(2;) such that Q2 X.=7(2)X..
Moreover choosing a positive integer m suitably, we have

2.7 >, (%)™ is finite .

re¥ (K)

Let m be the same as in (2.7). In view of (2.6) we have that
X f *X,| < (deg 7 deg 0)"*(z(2x)a ()™ |2Rf2Z| .

Combining this inequality with (2.5) and (2.6) (See Lemma 2 in [4].), we
conclude that the series (2.5) converges to f in the topological space
H(G, X). This completes our proof.

Let C*(G) be the set of all C=-functions on G with compact support
and consider an element ¢ in C?(G). We define the operators ¢+*and=*¢
on C,(G) by '

(2.8) (p* f)x)= SG sey)f(yNdy , (f*g)(x)= SG Sey)p(y™)dy .

The following lemma (cf. Theorem 1 in [1]) will be play an essential role
to prove that H(G, X) is a topological G-module.

LEMMA 3. Let f be a fixed element in C>(G). Assume that f 18 K-
finite and the dimension of 3f 18 finite. Then there exists ¢(resp. ) in
C>(G) such that fx¢=f (resp. 4 f=f).

Let us now prove that the actions z—R,f and z—L,f (f € H(G, X))
are continuous.

LEMMA 4. Let X be a character of 3. We define the space H(G, X)
by (2.2). Then G continuously acts on H(G, X) to the left (resp. right).

PROOF. Let f be an element in H(G, X). We shall prove that the
mapping ¢*—R,f of G to H(G, X) is continuous at the identity 1 in G.
In view of Lemma 2.2 we have
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(2.9) for each positive real number §, there exists g in H (G, X) such
that |f—g|<a.

Applying Lemma 2.3 to g we get gxg=g for an element ¢ in C2(G).
Let V be a compact neighbourhood of 1 and U the support of ¢. Then
for any z in G we have

(B.g—g)w)l=|{ 60— Ngwa)de|
= SW |p(z ") —¢(z“)|’szW l9(y2)*dz

where W=VU-y U-.
Since W is compact, it follows from Fubini theorem that

IB.g—gl<vol(W)igl| I6(z2)—pePdz .
Hence we have

(2.10) there exists a compact neighbourhood V, of 1 such that
|R.g—g|<d for all ¢ in V,.

Bearing in mind Lemma 2.1, (2.9) and (2.10) imply that for each positive
real number § there exists a neighbourhood V, of 1 such that R,g—g|l<
|B.(f—9)| + |R,g—g|+|g—f|<85 for all z in V,. Hence the mapping
*— R,f is continuous at the identity in G. Since H(G, X) is a R-module
(See Lemma 1.) the mapping & — R,f ( f e H(G, X)) of G to H(G, X) is con-
tinuous. Replacing the above arguments for B to L we have the con-
clusion of the lemma.

REMARK 1. The space H(G,X) and Hg(G, X) are the algebraic g-
modules (for a proof of this fact see p. 440, Lemma 5 in [4].

§3. Differential equation associated with a function in Hy (G, X).

Let f be an element in H(G, X) for a given infinitesimal character X
of 3 (see (2.2) for the definition of H(G, X)). It will be seen that the
norm of fis determined by the asymptotic behaviour of f at the infinity.
This fact will be proved by reducing to the evaluation of a solution of
first order differential equation associated with f. Our arguments are a
modefication for the theory, which is due to Harish-Chandra, of asymptotic
behaviour for K-finite and 3-finite functions on G.

In this section we shall state the first step of these procedure

following Harish-Chandra.
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DEFINITION 1. Let z=(z,, 7,) be a double representation of K on V..
A V.-valued function f on G is z-spherical if f satisfies

(3.1) flkxk’) =1, (k) f(x)c (k') for = in G, k, k' in K.

We know that for each g in Hg(G, X) there exists a double representation
(z, V.) of K, a vector v in V. and a z-spherical function f such that
g(x)=(f(x), v), € G. Let us consider a double representation v=(z, ;)
of K and a character X of 3. We shall use the following notations;

C~(G; V.;7): the linear space of all r-spherical C=-mappings of G to V.,

H.(G, X): the subspace of C=(G; V.;7) consisting of those f such that
(1) lim esa |f(by 7; b)Pe—4®dg < oo for all b, b, in u(g) and
e+
(2) zf=X(z)f for all z in 3.

Let P,A,N, be a minimal p.s.g.r. of G with #-stable split component A,.
For a standard p.s.g.r. P=MAN of G, we denote the Lie algebras of
M, A, N and M,=MA respectively by m, a, n and m,. We fix an
element f in H.(G, X) and put

3.2) 2(f)={ze3 2f=0}, g(m; ) =3(m)ep(3())

where p, is the same as in (1.5).

We know that these two sets in (8.2) form the ideals in 3 and 3(m,)
respectively. Since z(m,) is a free p.(3)-module of finite rank, the
dimension of the residue ring z(m,)/3(m,; f) is finite. We denote the
canonical projection of = in z(m,) to 3(m,)/3(m,; f) by @. Choose a base
(@ Tgy +++, Uy} (w,=1) in 3(m,)/3(m,, f). Then for each fixed # in z(m,)
there exist the complex numbers I'(w),; and 7, ;€3(m,; f) such that
wu; =230 I'(w);, U+ 70,5 (G=1,2, -+, P).

Let C? be the p-dimensional cartesian product over C and {e,, e, * - -, &,}
be the canonical base of C?. We define a linear endomorphism 7I"(u) of
V.QC? for u in 3(m,) and a V.®Cr-valued C~-function & on M, by

(3.3) F(u)(v®e,)=i§’=]1v®l“(u)i,,~e,- for v in V.,
3.4) @(m)=Z:‘,1(dpf)(m; u;)Qe; for m in M,

where f is the same as in (8.2) and dp(p)=|det(Ad(p)).|'"*. We now state
the following two lemmas due to Harish-Chandra.
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LEMMA 1. Let notations being as above. Then we have ®(m;u)=
(Cw)d)(m)+T,(m) for u n zm) and m in M, where T, (m)=
2= (dpf)(m; N, ) Q€5+

This lemm% is a direct consequence of the definitions of (8.3) and
3.4).

Let f be a fixed function in H.(G, X). Then the function d,f on M,
can be estimated as follows.

LEMMA 2. Let 1 be an element in z(m; f) and {Xl, X oo, X} @
_base of 6(n). Then there exists b in u(g) such that

l(dpf)(m; )| <a const.|Ad(m)low | 1sggqlolp(m)f(JQ; m; b)|

Jor all m in M, where |Ad(m)|s.,| ts the morm of Ad(m)lsw,-

PROOF. Let n={u,(2) (ej(m,), z€3(f)) be an element in z(m,; f).
Bearing in mind dz'o £p(2) o dp="7,/m,(2), We get

(3.5) (daf)(m; ) =dp(m)f(m; {'Yy/m,(2))
where {'=dz'c{od, and m is an element in M,.

On the other hand by Lemma 1.1, we have 2—"Yym (2) € 0(M)u(g). Since
m, normalizes A(n;), we see that there exists Y in 6(1;) and b in u(g)
such that {'(7,m,(2)—2)=Yb. Therefore (3.5) is rewriten as (dpf)(m; )=
de(m)fim; {'2)+dps(m; Yb). Hence, by 2zf=0, we have (dpf)(m;7n) =
de(m)f(Ad(m)Y; m; b). This implies the conclusion of Lemma 2.

We keep the same notations as above. Let ®#(4) be the root system
of (P, A). In the following we shall assume that P is of split rank one
p.s.g.r. of G (i.e. dim A=1). Let B be a unique simple root in @(A).
Choose an element H, in a satisfying B(H,)=1. Then each element a in
A is parametrized by

(3.6) a=a, , a,=exp(tH,), teR.

Let f be a function in H.(G, X), and define I'( ) and & corresponding to
S by (38.3) and (8.4) respectively. We now put I"'=I"(H,) and T=0y,
Therefore we have

3.7) %@(a,m) =(I'®)(a,m)+T(a;m), meM,, tcR.

The endomorphism I on V,®C? has the Jordan decomposition; I'=S+ T,
S and T are the linear endomorphisms of V®C?, T is nilpotent, S is
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semisimple, T and S are commute to each other We define two V. QCr-
valued C~-functions on M, by

(8.8) d(a,m)=exp(—tT)d(am), T(a;m)=exp(—tT)T(am) .
From (3.7) it follows that

(3.9) %5(a,m)=Sd~>(a,m)+ll7(a,m) for t in R and m in M, .

Let &(I") be the set of all eigenvalues of I'. We denote E, the projection
to the eigenspace of S for A e ®(I") and write &,=E,®, ¥,=E,%. Then
we have

(3.10) —;—t@:x@—i-@}, =S & and F=S @,.

A2ed(IN Aed(I')

§4. An estimation for .

Let f be a 3-finite and K-finite function on G. Assume that f satisfies
“the weak inequality”. We know that the asymptotic behaviour of f at
the infinity can be calculated by using the evaluation in Lemma 3.2
concerning with first order of linear differential equations in Lemma 3.1.
In this paper we shall calculate, for a given function f in H.(G, X), the
asymptotic behaviour of f at the infinity without the assumption; f
satisfies the weak inequality. Speaking more precisely, the asymptotic
behaviour of f in H. (G, X) can be calculated by using the Tauberian
theorem of Hardy and Littlewood combining with the evaluation for the
solution of first order differential equation in (3.9).

Let P,=M,A,N,, m,, qa, n, ®(A,) be the same as in the previous
section. Let d, be a @-stable Cartan subalgebra of g containing aq,.
Choosing a positive root system @*(G,) of (g (G,)) suitably, we may
assume that @(4,)={al.,;, € ®"(G) and a#0 on a}. We denote the
positive Weyl chamber of A, by Af under this ordering. Let cl(Af) be
the closure of Af. For each simple root 8 in @(A4,) and a real positive
number r, we put

(4.1) A(B, r)={a €cl(4A7); B(log a)=rp(log @)} where p is one
half the sum of all roots in @%(q,).

LEMMA 1. There exists a positive real number r, such that cl(AH)S
Uaer, A(B, 1;) where ¥, is the simple root system of ®(A,).

(For the proof of this lemma, see Theorem 14.8, Part II in [7]).
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Let B be an element in ¥,. We define a p.s.g.r. P=P, of G as
follows. Let a, be the subspace of a, defined by a;={H eca,; a(H)=0 for
all @ in F—{B}}. We put the set of all roots in #(4,) which does not
vanish identically on a, by @,(4,), u,={Xen;ad (H)X=a(H)X for all
H in a;} for a in 04(A,), n,=2ae¢ﬁ<A0, u,, Ny=the analytic subgroup of
G with Lie algebra n, A,=the analytic subgroup of G corresponding to
az, Z(Ap)=the centralizer of A; in G. Then there exists a reductive
subgroup M, of G such that Z(A;,)=M;A; and M,NA;={1}. Therefore
Py=M;A;N; is a Langlands decomposition of the p.s.g.r. P, of G. The
group P; is called the p.s.g.r. of G corresponding to B.

Let us now fix a simple root 8 in @(4,), and denote P=P,, M =M,,
A=A;, N=N,;. We put af =aq,Nm, A¥=exp(a¥). Then we have 4,=AA*
and ANAy={1}.

Let us consider a minimal p.s.g.r. P¥ of M with split component AZX.
Then the root system @(AY) of (P¥, A¥) is given by @(A¥) ={a e ®(A,);
a=0on a}. Define a function D, on A by (1.7) and extend it to A, by

4.2) Dy(aa*)=Dy(a*) for a in A and a* in A¥.

Let r and " be two nonnegative real numbers. For each measurable
function g on A, we define |g|,,, and |g|p, by

(4.3) o= l9@FDu@+d@)da

o otk =lime | lg(@)Du(@)exp(—ed(@)da

where B is a fixed simple root in @(4,) and P=P, is the same as above.

LEMMA 2. Let 7 be a double representation of K with finite dimen-
sion and X is a character of 3. Then, for each g in H.(G,X) and posi-
tive real number r, we have that |drg|s, is finite.

PROOF. By using the integral formula in (1.4), we get
(4.5) lg|*=1im ec,4 S . lg@)*D(a)e~**“da .
e—+0 cl(4g)

On the other hand we see that

(4.6) there exists a positive constant C such that
D(a)=Cdy(a)*Dy(a) for all a in A(B, r) satisfying B(loga)=1.

Hence, from (4.5) it follows that the integral
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lim s L [(drg)(@)[Dy(@)e~*“da is finite .
B

Furthermore, since the set {a € A(8, r); B(log a)<1} is compact we conclude
that |dgg|p,, is finite.

Let P=MAN be the p.s.g.r. of G corresponding to a fixed simple
root 8@ in ¥,. Then by the definition of A, we have dimA=1. We
enumerate the simple root system ¥, of #(4,) by ¥,={8=8,, B: ***, Bi}>
and define the dual base {H,;; 1=} of ¥, by

(4-7) B{(HI)=3¢,5 ’ léi, j§l .

Then A is parametrized by A={a,; a,=exp(tH,), t € R}. Let P¥ be a minimal
p.s.g.r. of M. We can assume that Ehe split A¥ of 1;"5“ satisfies A,=AA{.
We define a linear form 8 on a, by 8=8 on a and 8=0 on a.

LEMMA 3. Let r be a positive real number and B a fized simple
root in ¥,. Assume that A(B, r)* . Then r satisfies the following two
properties; (1) 1—rp(H,)>0, (2) the set A(B,r) is given by A(B, r)=
{a.a*; a* ecl((45)*), t=0 and (L—ro(H))t=(rpo—pB)(og a*)} where (AF)* is
the positive Weyl chamber of AF and cl(Ay*)is the closure of (A¥)™*.

Proor. First we shall prove that
(*) B(log a)<B(oga) for all a in cl(4}) .

Choose a base {A,, 4,, ---, A;} of a, satisfying (A4,, H)=g,(H) for all 2 and
H in a, where (,) is the inner product on a, induced from the Killing
form on g. Let a be an element in cl(A}). Then a is written as loga=
> t;A; for some real numbers t;. Since B(loga)=3:, t;(8, B;) and
(Bs, B;)S0 for i35, we get ¢;,=0 for j#1 and B,(loga)=<t,|8|*. Since
B=p,, we have the conclusion of (*).

Finally we shall prove the lemma by using (*). Let a,0* be an
element in A(B, 7). Then, by (*), we have (t{B(H)=8(oga,)=
B(log a,a*)=0. Hence we have t=0. For j#1, we have B;loga*)=
B;(log a,a*)=0. Consequently a* belongs to cl((A¥)*). Since B(log a.a*)=
ro(log a,a*), we conclude (**); a.,a* satisfies ¢t=0, a*ecl((4¥)*) and
A—roH))t=(rp—B)(log a*). Conversely assume that an element a,a*
in A, satisfies the properties (**). Immediately we have t=7ro(log a.a*),
for j=2, B;loga*)=0. We see that p is expressed as p=>;_, m;B; on q,
for suitable nonnegative real numbers m;. Consequently the last property
of aa* in (**) is equivalent to the fact; (1—rpo(H))B(og a.a*)=

i=e Tm;B;(log a*). Therefore B;(log a,a*)=0 for all j=1,2, ---,l. (since
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AR, r)+, we get 1—ro(H,)>0). This completes our proof.

Let X and 7 be the same as in Lemma 4.2. We define the space
H.(G, X) by (38.2) and a maximal p.s.g.r. P=MAN of G corresponding to
a fixed simple root 8 in ®(A,). Define @, ¥, &), T, P, and ¥, for the
pair (P, f) (fe H(G, X)) by (38.4), (8.7), ---,. Since T is a unipotent
endomorphism of the finite dimensional vector space V.XC?, there exist
a positive constant C and a number k such that |exp(—tT)|<C1+[t])*
for all £ in R. Hence, by the definitions of &, and ¥,, we have

(4.8) there exist two positive constants C, and C, such that

B (a.a)| SC(1+ [t)*|0(a,a*)| and ¥ (a,a*)|<Cu(l+[t])* [T (aa®)|

for all a,a™ in A, .
Let r be a positive real number satisfying A(B, r)+@. We put a subset
B.(t) (¢z0) in A¥ by B.(t)={a*€cl((4)"); A—roH))t=(ro—R)(log a*)}.
We now define a function g, on the interval (0, ) by g.(t)=

|, . 10(aa) Dytar)dar.

LEMMA 4. Let the notations and assumptions being as above. Then
we have that limy... (1/N)S Go(t)dt < oo

Proor. By Tauberian theorem of Hardy-Littlewood (cf. Chapter 7
in [6]), it is enough to prove that lim..., e Sj go(t)e 'dt < oo, In view of
the definition of @, we see that there exist wu,, u,, ---, %, in 3(m,) such
that |@(m)*=>"2_, [(drf)(m; u,;)* for all m in M,. Therefore Sm go(t)e ' dt =

2 15“ I(dsf)(a; w;) e ?°¢® Dy(a)da. Since Hi(G,X) is a go-module (See
Remark 2 1.) and dy(a; w;)=a const. d,(a), our proof is reduced to the
following; lim,_, eS I(drf)(@)]* Dy(a)e ?"°¢*da < « for any function f in

H.(G,X). Let B beA(éiﬁé Killing form on g. By the Riemannian structure
on G/K (See [2], Theorem 3.3 and Proposition 3.4, IV.) we have d(a)’=
B(log a, log a) for all @ in A,. Since B(H, H)=>,coq, ®(H)* for H in &,
we have

4.9) there exist two positive constants ¢, and ¢, such that
c,0(log a)=d(a)<c,0(loga) for all a in Af.

Consequently, by B(log a)=rp(log a) for a in A(B, r), we have e ?s® <
g PlIoBd L gmrellora) < g—cdle) for g in A(B, r) where c=c;'r is positive. This
implies that limc_.ﬂ,es I(drf)(@)* Dy(a)e~ 8 da<c|dpf |3, (see (4.4)).
Hence by Lemma 4.2, Aéfr'e can prove the lemma.
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LEMMA 5. We keep the same mnotations as above. Let N\ be an
element in O(I'). Assume that Re(\)=0>0. Then we have |®,|,, . <oo
Sor all monnegative real numbers r and r'.

PrOOF. Since @, satisfies the differential equation in (8.10), we see

that (8/ou)e=*®y(a,,.0*) =¥ (a,,.a*) for t in R and a* in A*. Integrat-
ing the both side of this identity over the interval (0, N) we obtain

~ ~ N ~
(4.10) Ba,a®) = Bya,va")— | e (,.0)du .
0
In view of Lemma 4.4 and (4.10), it is enough to verify that

(4.11) lim \ d¢ L e |80, ya*)Du(@®) L+t da* < oo

N—=oo JO

S" e (a,, a%)du| Du(@*)(1 +8)"da* < oo .

N—oo Jo 0

4.12)  lim SN dt SM)

Let I(N) be the integral of (4.12). Using Lemma 4.8 and (4.8), we have
N
I(N)gCle'””(1+2N)"+’°s S , 10(@.va*) Du(@*)da*dt. By the definition

r

of B,(t), we have B,(t+l§7)aa,+Na* for all a,a* in B,(t). Hence I(N) is
evaluated by

I(N)<Ce " (1+2N)"+ S: dt L _ 10(a,a*)Du(a*)da

r

<Cer1+2N)"+* | go(trae

where & and 7’ are positive.

Since ¢ is positive, Lemma 4.4 implies that the limit of (4.11) is
finite. It remains to prove the fact (4.12).
Combining Lemma 3.2 with (4.8), we have

¥ (a.a*)| <a const. |[Ad(a.a*) s, |d(a.a*®) f;ggqlf(X,-; a.a*; b)|(1+|¢])*

for some X, in 6(nt,) and b in n(g).
Since |Ad(a,a*)|p. e Ps%" e Ut ms) <o=rt (g =rp(H,)) for all a,a*
in A(B, r), the proof of (4.12) is reduced the following;

418)  lim{"at {1, dr@vaa® 1 AX;; Guraa®; D)o du}’
N—oo Jo By(t) \Jo

X Dy(a®)1+d(a,a*))"'da* < oo .
By Schwarz inequality, the integrant { } of (4.18) is estimated as follows;
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i }|2§<S:V e““‘*“’du)zqiv e"‘“;’“’ | p(@ 8K 5 Beu™; b)|>2
X Dy(a™)(1+d(a.a*)) du .

Hence we have

|, dar(| 4@ f(X; auraa; Be44|du) Dy(a®)(1 +d(a,a®)”

By(®)

<K-le SNdu S e | (X3 0ua™; b)'dp(@ua*)Dy(a®)(1 +d(a,a®))"da* .
[}

Bpiw)

By (4.9) and (*) in the proof of Lemma 4.3, we have d(a.a*)<c,0(log a,a*)<
re,B(log a,a*)<re,B(log a,)=rc,;t for all a,a* in A(B, r). Hence the above
integral <k '(14c,t)" e * S e~ |(d (X, fb))(@)|*Dy(a)da where c=c;'r.

A8,

Therefore the term in (4.13)

<a const. §°° (L+e,t) edt S =@ |(d (X, £b))(@)*Dy(a)da .

A(B,r)

By Lemma 4.2, the last integral in the above integrals is finite. Con-
sequently the term in (4.13) is also finite.

REMARK 1. In view of the proof of (4.11) we see that for each N in I,
S , [T (a,a*)?Dy(a*)e* da*dt < o for suitable real number w>0.
A(8,r)

LEMMA 6. Assume that an eigenvalue \ of I' satisfies Re (\)=0<0.
Then we have |@,lp, . <o for positive real numbers r and r'.

PROOF. Since (9/ou)e @, (a..a*)=te ¥ (a,,a*), we have F,(a,a*) =
~ 1 ~
e”““"¢z(au,a*)+te“8 e ¥ (a,,a*)du for each positive real number o
3
satisfying 6<1. We put

Ji=\ e @anDua 1+t dardt
AB,r)

JFS {6" S, te"’“‘lﬁz(aua*)ldu} "Du(a®)A+ ) tda*dt .

A(B,r)
Therefore it is enough to verify J, and J, are finite for a positive
number §.

Put s=p(H)'(1—6(1—rp(H,))). Since 1>rpo(H,) (See (1) in Lemma
4.3.) we have s>0. Furthermore we get (See (2) in Lemma 4.3.)
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(4.14) aa*ec A(B, s) for all a,a* in AR, 7).

Hence we have

Jso=o (Tat | erBiaat)Du(a®)o -+ dat
0 Bg(t)
where &'=(1—0)0"'(—o) is positive. Combining Lemma 4.2 with Lemma
4.3 and (4.8), we see that J, is finite
Let us now consider the integral J,. From oc(1—u)t<0 for ésu<1
and t=0, it follows that

{e" S, et | T (an.a®)| du} < S‘ 1t (@ua®)du .

Therefore

1

J,<a const. S S:SB o | (@ a®)EDy(a*)(1 +t)" *'dudtda* .

4

Let a.a* be one of each element in A(B,r). By (4.14), we have
aa* € A(B, 8). Since (1—sp(H))ut=(1—sp(H,))ot=(rp—pB)(loga*) (See
Lemma 4.8.), we get a,0a*<c A(B, s) for all a,a* in A(B, r). Hence we
have '

J,<a const. S: du S | (a,a®)|0~ (L +6~'¢)" "' Dy(a*)da*dt .

A8,

By Remark 4.1 the integral on A(B, s) in the above inequality is finite.
Consequently J, is finite. This implies our conclusion.

LEMMA 7. Let N be an element in O("), and assume that \ s a
purely imaginary number. Then there exists a V. QC*-valued measurable
Sfunction Z, on cl((A¥)*) such that I@,-—-e‘ZzIP_,,,,<oo Sor all positive real
numbers r and r’', where e’Z, is defined by (e’Z))(a.a*)=e*Z,(a*) for a, in
A and a* in cl((AH)).

PROOF. Let n be a positive integer. Then, for each m in M, we
hf.ve (6/6t){e‘“5(a,m)+§j e T (a,m)du}=0. We put Z,(m)=e *®(a,m)+
S e~ ¥ (a,m)du. We claim that the series {Z,(a*)}. (a* €cl((A¥)™*)) is a
Ctauchy sequence. In view of Remark 4.1, we have S |7 (@)2Dy(a)da < .
Consequently 4k

(4.15) S: | (a.a*)'dt < > for almost everywhere a* in cl((A¥)*) .
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Since the set {a*e A¥; D,(a*)+#0} is open dense in Ay, we have
Sw | (a,a®)Pdt is finite. From this fact the sequence Z, converges to a
measurable function Z, (i.e., Zz(a*)=e’”d~>1(a,a*)+sm e T (a,0*)du. Let
r and ' be two positive real numbers. Then we htave (See (4.3).)

8= Zlr,n=| (@i~ Z)(@) Dula)1+d(@) da

(8,

hence by Lemma 4.3,
gg“’ dt S (S‘” IYNfz(a“a*)ldu)zDM(a)(l+d(a,a*))"'da*dt .
0 B, (%) t
Let & be a positive real number. By Schwarz inequality, we have
© 7 * 2 °° —déu Sw Su 7 k|2
(S ¥ (aua®)|du g(s ¢ du)( " e (0,0 du)

ée“‘”(r e“’“du)(Sj e Iﬁz(aua*)lzdu) .

Consequently
8.~ 2ln,,.s| e (Terau)([] e Fi@ianDuta®
° t t JBy()
x (1+d(@,a*)"da* )dt .
By Lemma 4.8, we have {a,a*; u=t, a* € B,(t)}CA(B, r). Hence
B pi , < —at
|0, —e*Z|p,p. §<So € dt)(S

% (S:’ e (1 +cz'r‘1t)"dt>

¢t [imata*)vz),,(a*)da*dt)

A(8,7)

where ¢, is the same constant as in (4.9). We now choose a sufficiently
small positive real number 8. Then the second integral is finite (see
Remark (4.1)). This completes our proof.

Let us summarize Lemmas 4.5, 4.6 and 4.7. Let 8 be a simple root
in ®(4,) and P=MAN be the p.s.g.r. of G corresonding to 8. For a
function f in H.(G, X), we define @, ¥ as in §3. Let Pf=MFAFf Ny be a
minimal p.s.g.r. of M satisfying A*cA,. We put Ky=KNM. Then
M=K,P*=K, cl((A¥")K,. By the definition of ® and ¥, we see that

(4.16)  O(kymk,)=1,(k)@(m)Ty(k,) and  ¥(kmk,) =7,(k)¥ (m)7,(k2)
for all k,, k. in K, and m in M.
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Define a double unitary representation 7., of K, by

4.17) Try = (Tilry Telx,) Where 7,|x, is the restriction of z, of -
K to K,.

Then &, and ¥, (A e ®(I")) are z., -spherical. So Z; in Lemma 4.7 can be
extended canonically to a function on M which is 7. -spherical. We
define a V.QCr-valued 7 ,-spherical function @, on M by

(4.18) D (a,m) = 02 e* exp(tT)Z(m) for t in R and m in M.
ed(rI)

Re(2)=0
Then we have

(4.19) ¢(a,m)=leoz('}‘) exp(tT)ﬁz(a,m)+@P(a,m) (see (3.8) and (3.10)).

Re(2) #0

Combining Lemma 4.5, Lemma 4.6 with Lemma 4.7 we conclude the
following.

LEMMA 8. Let notations being as above, and 2 be a compact subset
in M. Then, for each two positive real numbers r and ', we have

( 1 ) S: §.Q |¢(a'm) ~—¢P(a‘m)l2‘DM(a)(1 +d(a¢m))',d7ndt< oo,
(2) Sup ” |9(a) — P ()" Du(a)(1+d(a))"da< .

§5. The constant term of a function in H.(G, X).

For a fixed simple root @ in ®(4,), we consider the maximal p.s.g.r.
P=MAN corresponding to @ (see §3). Let X be a character of 3 and
(z, V.) be a finite dimensional double unitary representation of K. For
a function f in H.(G, X) and P, we define V,®XC?-valued functions & and
@, by (3.8) and (4.18) respectively. Then @, is of the form; @ (a,m)=
Fe(am)Qe, + 32, f» (a;m)Re; for the suitable Tx,~SPherical functions f; ; on
AM. Consequently, by the definition of @,, there exist a finite number
of purely imaginary numbers A\, A, --+, A, the polynomials p,, »,, -+ -, D,
in ¢ and 7.,-spherical measurable functions f,, f,, -+, f, on M such that

(5.1) fp(a,m)=zq‘, e p.(t)f(m) for all t in R and m in M.
i=1
Our main purpose in this section is to prove that f, is a z(m,)-finite,

Tx,-SPherical C~-function on M.
The following lemma is a direct consequence of Lemma 4.8.
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LEMMA 1. Let Q be a compact subset in M and r (resp. r') be a
positive real number. Then we have

(1) S: S.r) |(dpf—fp)(atm)|2DM(a)(1—}—d(a,m))"'dmdt< oo,
(2) | |dnf X Dal@)(L+d(@)) da< oo.

LEMMA 2. Let 2 be a compact subset in M and f, be the same as
in (5.1). Then f, is square integrable on each compact subset in M.

PROOF. In view of the definitions for f,, f» and @,, it is sufficient
- to prove that ‘ |Z:(m)|*dm are finite for all purely imaginary numbers
A in o(). Sinc':éJ Zz(m)=e“”@(atm)+r e ¥ (a,m)du, so what must be
shown is that there exists a positive r‘eal number 6 such that

(5.2) Salﬁz(aam)lzdm<w and Salre”“ﬁl(aum)du ‘dm< oo |

Since &, is a C=-function on AM and Q is compact the first integral is
finite for all positive real number 6. Let 2* be a compact subset in
cl((43)*) satisfying 2 K,02*K,. Choosing sufficiently large positive real
number 5, we get a,2*ZA(B, r). Therefore, since ¥, is Tg,-SPherical we
have

L,

S:o e~y A{a,m)du l 2olm =< S

Sw |¥71(aua*)[du } 2DM(a*)da,*
3

), e (] e a.amydn)da”

evt lﬁx(a,a*)lzDH(a*)da*dt .
)

IIA

<a const. g

(B

where w is a sufficiently small positive real number. Hence by Remark
4.1, the second integral in (5.2) is finite as desired.

LEMMA 8. For the functions f, and p;, in (5.1), we have (1) all p,’s
are constant, (2) all f’s are square integrable on M.

PrOOF. We put, for each positive integer n, M,={m e M; d(m)=n}.
Combining Lemma 4.1 with Lemma 5.1 (See also the integral formula in
Lemma 1.4), we get

|fI?=a const. lim ¢ S: S 51‘, 4=t () p () f(m)Fi(m)dmdt

e—+0 My t,5=1

where ¢ is some positive real number. Since
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e—+0

lim ¢ S” ettt (H)p;()dt=0 for i+#j and S” | fi(m)[fdm < oo
0 ”

for all 7 (cf. Lemma 5.2), the above inequality leads to the following;
| fI*=a const. Z (hmes e~*%|p(t) I2dtS |f(m)|*dm. This implies that p,’s

=1 \e—+0

Man
are constant and |fI*=a const. S |fi{(m)|*dm for all positive integer =,
M

” . 3
where the constant is independent on n. Consequently, since lim,_ .. M,=
M, we have our conclusion.

REMARK 1. For the above functions f and f,, | f|=a const. L | folm)|*dm.

Let (,) be a positive definite Hermitian form on V., and \ a fixed
imaginary number. For a given f in H/(G, X), we define a linear form

Jfa by
(5.3) fi(é) =.1_i3£ € S: dt SM {dpf)(am), (ed)(@em)ye= ™ dm

where ¢ € C2(M: V), é*¢ is defined by (e’¢)(a,m)=e*¢(m). We have im-
mediately |f:(¢)*<a const. |f [2§ l[p(m)*dm for all ¢ in C2(G: V,.). There-
fore f; is a V.-valued distribution on M. Bearing in mind (1) in Lemma

5.1 and lim,... p(log a,)d(a,)*=1, the same arguments as in the proof of
Lemma 5.8 implies

G0 L @=pi p(H)™ | Fim), gomddm for ¢ in C2(G: VL) .

We shall prove that f;, is a 3(m)-finite and K,-finite distribution on G
after the following lemma.

LEMMA 4. We define a function g. on G by g.(x)=e % for a given
positive real number ¢. Let X be an element in the Lie algebra g of G.
Then we have g.(X; x)<a const. g.(x) for all x in KAFK where the con-
stant does mot depend on e.

PROOF. Let G, be a 6f-stable Cartan subalgebra of g containing a,,
and #@G,), g. --+ be the same as in §1. We choose X, in g, satisfying
B(X,, X_,)=1 (B is the Killing form on g,). Let g=!@p be the Cartan
decomposition of g. Then X, can be expressed as X,=Y,+Z, Y,cl
and Z,ep. Therefore, for each root a in @(@,), Ad(@)Y.=
(1/2)Ad(a)(X,+6(X,)) =cosh(a(log a)) Y, +sinh(a(log a))Z,, ac€ A,. We now
assume that a is a regular element in A,. Then

(6.5) Z,=(sinh(a(log a))*(Ad(a) Y,—cosh(a(log a))Y,) .
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Put G,=KAfK. We see that the mapping (kyy ay Mik,)—k,ak, of Kx At x
(M,\K) into G is an analytic diffeomorphism. Consequently if k,ak,=
kia'k;, then a=a' and ki'ki=kik;' € M, where ki, k., ki, k:€ K, a, a' € A}.
Let us prove Lemma 5.4. Let x=Fk,ak, be an element in KAFfK. Then
the value (d/dt)g.(exp(t Ad(k,)*Xt)|,_, is uniquely determined by «. Select
a base {H, H,, ---, H,} of G, as follows; H,H,:--,Hea, and H,,,,
H., -, H,eGN: Then Ad(k,)*X is of the form Adk)* X=
2wk H, + o, 4a(k) X, where u, and wu, are analytic on K.
Bearing in mind the function g, is K-invariant, we have immediately
9:(Y:; a)=g.(a; Y,)=0 for all roots «a, ¢.(H;;a)=g.(a; H,)=0 for i>1 and
9(X.; a)=g.(a; X,)=0 for all roots a« in @&, which vanish identically on
a,. Therefore ' '

9.(X; x)=9.((Ad(k,) ' X); a)=§ u(k)g.(H;; a)+ aé@ Ue(k)g(X,; @) .

a¥0 on qp

For +<l, 9.(H;: a)=d(a)™*B(H,, log a).

Hence, we have |g.(H;; x)|<e|H,| for all i<l. Let a« be an element
in @(@&) which does not vanish on a, By (5.5), we get 9.(X,;a)=
9:(Zs; a)=g.(a; Ad(a™)Z,)=(sinh alog a™))g.(a; Y,)=0. Consequently we
have [9.(X; a)|<a const.xeg,(x) for all x in KA/ K.

Let o be the conjugation of g, with respect to g. We define an
antilinear automorphism * of g, by

(5.6) X*=—0g(X) for Xin g, .
We extend * canonically to the universal enveloping algebra u(g) of g,.

LEMMA 5. Let S be an element in H.G, X),and fe, f, be the same
as in (5.2). Then we have that f, is 3(m)-finite, and So satisfies pp(2)fr=
X(2)fp for all z in 3.

PrOOF. We fix a number 7 (1<:{<gq), and let f:, be the distribution
on M defined by (5.4). It is easy to see that Sy, is Tg,-spherical. Let
z be an element in 3. By using Lemma 1.1, we have b=2—7ym,(2) €
f(mu(g). From v, (2)=dz'c pp(2)odp, it follows that dp(am)flam; z)=
(drf)am; 1p(2))+ds(a;m)f(a;m; b). Since b is of the form b=Xp' for
some X in 6(n,), b’ in u(g,), fla,m;b) is estimated as follows;

| flaym; b)| <a const.|Ad(a,m)|sw| lssggklf(Xi; a;m; b")|

where X, X;, -+, X, is a base of 6(n). Since X.fb" belongs to H.(G, X)
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for a suitable double representation 7’ (See Remark 2.1.), the above
estimation for fb’ and Lemma 4.2 imply that

lime r dt S {dp(a;m)fasm; b’), e*g(m)ye~** ™ dm=0 .
0 M

&—+0

Hence we have
6.7 (@) (@)=lime S: dt SH {daf)(@m), (€Y (am; te(2)*)de - ™dm .

Define a ring homomorphism 7, of 3(m,) onto 3(m) as follows; 7,(z)=z for
z in 3(m) and N (H)=(N\;—pp)(H) for H in a. By definition, we have
X(2)f1,(8) =12,((: o p(2))¢) for all z in 3. On the other hand, 3(m,) is a finitely
generated free p.(3)-module, that is, there exist 2, 2, -+, 2, in 3(m,)
such that z(m,) = p(32, +---+ pp(3)z.. This implies z(m) = 7,(3(m,))=
B0 BN+ + - + (o tp)@7z,). Hence the dimension of sm)f;, is
finite. It remains to prove f; is analytic on M and f; satisfies p.(2)fr=
X(2)fe. In view of the formula in (5.5), the finiteness for dim j(m)f; is
obvious. Consequently f, is a finite linear combination of the eigen-
functions for a certain elliptic differential operator on M. Therefore f,
is real analytic on M, and by (6.7) ps(2)fr=X3)f, for all z in 3. This
completes our proof.
Sumarizing the previous five lemmas we have the following.

THEOREM 1. Let f be an element in H.(G, X) and P=MAN the p.s.g.r.

of G corresponding to a fixed simple root B in ®(A,). Then there is an
analytic function fr on M with the following properties;
(5.8) (1) fe 18 of the form felaym)=i., e*f(m) for a, in A, m in
M where all \’'s are purely imaginary and f,'s are square integrable
on M,

(2) for each positive real numbers r and 7',

|, @ =f)@FDula)1 +d@) da< oo ,

(8) pe(2)fp=X@)fp for all z in 3.

REMARK 2. The function f, on M has the similar properties to the
constant term along P in the sense of Harish-Chandra (see Lemmas 57,
58 in [1], or Theorems 14.1, 14.2, Part II in [7]). In [1], the constant
term of f was calculated under the assumption “f satisfies the weak
inequality”. In the above theorem, we assume that f is a r-spherical

eigenfunction of 3 and limsg | fl@)[’e*¢'"'dx is finite.
e—+0 @
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Let f be an element in H.(G, X). We shall prove f satisfies the weak
inequality which is an application of Theorem 5.1. From this fact we
see that f, is actually the constant term of f along P (cf., [7]).

Let o be one half the sum of all positive roots in @(a,). We define
a function 5 on G, which is called elementary spherical function on G,
by

(5.9) E(w)=§ e PHENGL  xe G, ke K,
K

Where H(xk) is determined by «ke Kexp(H(xk))N,, H(xk)eaq, It is
known that there exists a positive constant ¢ and a number m>0 such
that

(5.10) e P < Bag)<ce 5% (1+d(a))™ for all a in cl(A{)

(cf. Proposition 8.3.7.3 and Proposition 8.7.7.4 in [8]).
The Schwarz space €(G) on G is defined by

5.11) Y@ ={fe C™(G); v, 1.5, (f)<ce for all r=0, b, b, e u(g)}

where
Dr.0,,(F)=5UD |5, £5,)@)| E@) (1 +d@))" .

We see that €(G) is a topological vector space.

DEFINITION. A distribution 7" on G is called tempered if 7T is
extended to a continuous linear form on €(G).

THEOREM 2. Let X be a character of 3 and f a C>-function on G
with the properties; zf=X(@)f for all z im 3 f s K-finite and
lime_.stS |f(x) e~ “'de is finite. Define a distribution T=T, by T(¢)=
Saf(x)gs(x)%lx, $€C2(G). Then T is tempered. .

REMARK 3. Since T is tempered, the function f in the above theorem
satisfy the weak inequality (see for example, Lemma 8.3.8.7 in [9]), and
consequently fp is actually_ the constant term of f along P.

PRrROOF OF THEOREM 2. By the assumption for f, there exists a finite
dimensional double representation (z, V) of K such that f(x)=(h(x), v)
for some h in H(G,X) and v in V.. On the other hand, since D(a)<
e*°¢? for all a in cl(A7), (5.10) implies that for a positive number p the

integral L= o+ |Z(a)?D(a)(1+d(a))?da is finite. We put vp,(¢)=
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SUp, ¢ lp(x)| E(x)* (1 +d(x))? for ¢ in C,(G). Using the integral formula in
Lemma 1.4, we get

IT@)=2,@)Colo |, I(@)| S@)(1+d(@)*Dia)da
=%,@)ColoIL | , M@ +d@)*Dia)da .

Therefore our proof is reduced the following: The integrals I=
SA . |h(a)?2D(a)(1+d(a))"*da are finite for all B8 in ¥,. (See Lemma 4.1.)

Let P be the maximal p.s.g.r. of G corresponding to a fixed element B
in ¥,. Then we have

I\ |de)@FD@)d+d(@) da
<\def—Folbat2ldnf ~Frlena(|, , 1f@FQ+d(@)*da)”
+|,, 1@ Du@)1+d@) da
By Theorem 1, we have
@rf—Felena<oo and | |/@)Du(@)1+d(@)*da< o .

Hence the theorem follows.

THEOREM 3. Let f be an element in H.G, X). Then the following
three conditions are equivalent

(1) |fl=

(2) f is square integrable on G

(38) fPﬁ=0 Jor all B in ¥,

REMARK 3. The equivalence between (2) and (3) is a result of
Harish-Chandra.

Proor. By Theorem 5.1, f is square integrable if and only if
fP =0 for all 8 in ¥,. Therefore (2) is equivalent to (3). We shall
prove that (1) is equivalent to (2). If f is square integrable on G, then
by the definition of |f| we have immediately |f|=0. Conversely assume
that |f|=0. By Remark 5.1 and (1) in Theorem 5.1, we get fp,=0 for
all 8 in ¥,. Hence f is square integrable on G. This completes our

proof.
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§6. Schur orthogonality relations.

Let us consider an irreducible unitary representation (zx, H) of G
with the following property;

(6.1) there exists a K-finite vector ¢, in H such that
O0<lime S |(7r () o, Po)|?€ " dx < oo .
£—>+0 G

In this section we shall state the Schur orthogonality relations for a
nonsquare integrable representation = of G satisfying (6.1).

THEOREM 1. Let X be a character of 3. We define H(G,X) by (2.2)
and a bilinear form (,) on H(G,X) by (f, g)=lim. ¢ ng(x)@e“‘““”div.
Assume that there exists a K-finite function f, in H(G, X) such that
|fol=(fo, f)*>0. Then (,) is a positive definite Hermitian form on
H(G, X).

ProorF. We first show that L*G)NH(G,X)={0}. Suppose that
L*G)N H(G, X)#{0}.. Then we have L*G)N Hx(G,X)+#{0}. Let f be a
nontrivial element in L*(G)N Hgx(G, X). Since f is square integrable 3-
finite and K-finite function on G, X is real regular (see §7, for the fact
and definition of real regular character of 3). On the other hand H(G, X)
contains K-finite function f, on G satisfying |f,|>0. Consequently by
Theorem 5.3, f, has a nontrivial constant term (f,)», for a maximal p.s.g.r.
of G. Therefore by (38) in Theorem 5.1, X is not real regular. Hence
we have a contradiction. This implies that L*(G)N H(G, X)={0} as claimed.
Finally we shall prove the lemma. Let f be an element in H(G, X), and
assume |f|=0. In view of (2.6), we have |X.xfx*X,/=0 for all ¢, 7 in
&(K). Using Theorem 5.3, X.*f xX, belongs to L*G)N H(G, X). Hence
by the above fact f=>, .ceux) X.*f*X,=0. This completes our proof.

Let X and H(G, X) be the same as above theorem. We denote the
completion of H(G, X) by H*. For each z in G and ¢ in H*, we define
i (x) by (w*(x)p)(y)=¢(xy) for y in G. Since H(G, X) is a unitary G-module
(See Lemmas 2.1 and 2.4), (z*, HY) is a unitary representation of G.

' Let (w, H) be an irreducible unitary representation of G and ¢, an
element in H satisfying (6.1). We denote the set of all K-finite func-
tions in H by Hg. Since rw is irreducible, there exists an infinitesimal
character X of 3 such that z¢=2X(z)¢ for all z in 3. For this character
X, we define a representation (x*, H*) as above. Then the function fi(x)=
((x)d,, #,) belongs to H(G, X) (see the proof of Lemma 13 in [4]). We
shall prove that 7 is equivalent to a subrepresentation of (z*, H*) after
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the following preparations. Let 7 be an element in &(K). Define a
projection operator of H to Hy by

6.2) E(r)g= SK deg(t)n(k)gdk .

Let = be an element in &(K) appearing in the restriction of = to K.
We choose an element ¢, (#0) in Hy with the property; E(z)¢,=¢,. We

put 7(f)=|_fwm@yds for £ in C2(G) and Hg)={w(f)es feC2(G). Since

nw is irreducible, the space H(g,) is dense in H. For a given + in H,
we define a linear operator Sy of H(g,) to CZ(G) by

(6.3) Sy@(f)g) W) = (@WNT(f)por ¥) » YEG .

Then the image of S, is contained in H(G, X), and we have Syoz(x)=
nw*(x) oSy for all x in G (see Lemma 2.1).

LEMMA 1. Let notations and assumptions being as above. We denote
the minimal invariant subspace of H* containing (w(y)g,, ¥) by Hy and
the restriction of n* to Hy by my. Then (zy, Hy) is unitary equivalent
to (w, H).

PrROOF. By definition, it is enough to show that (my, Hy) is irredu-
cible and (z, H) is infinitesimal equivalent to (wy, Hy) (cf. corollary 4.5.5.3
in [7]). We first prove =my is irreducible. From H(g,) is dense in H and
7 is irreducible, it follows that Sy, is injective. We put H(r)=E(rt)H
and

V@)={feCo(G); X f=1 and XK flezk™)dk=f) for all z in G} .

Then V(z) is an algebra with the convolution product, and each element
f in V{(t) operates on H(z) canonically. It is known (cf. [2], Theorem 6,
§2) that the representation f—=n(f) of V(z) is irreducible. Consequently,
since H(zr) is finite dimensional, the representation f—rmu(f) of V(r) on
Sy(H(z)) is irreducible. Let W be a nontrivial closed invariant subspace
of Hy, and W* the orthogonal complement of W in Hy. Then we have
Sy(H(z))S E(t) W+ E(r)W*, and hence by the above fact, E(r) W2Sy(H(7))
or E(z)W*2Sy(H(r)). But Hy is the minimal closed invariant subspace
of H* containing Sy(¢,). Therefore E(r) W22Sy(H(z)). Thus W=Hy and
(my, Hy) is irreducible. Since Sy o7(z)=7nyu(x)° Sy on H(g,), the infinites-
imal equivalence is obvious. Hence the lemma follows.

THEOREM 2. Let (x, H) be an trreducible unitary representation of
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G, and assume that there exists a K-finite vector ¢, such that 0<

lim,_,+oss |(7(2)po, Po) e ®'dx<co. Then for a suitable constant d. we
22

have

lim & S (@(@)g, )¢~ dz=dz ] |]*
e—+0 G

Sfor all K-finite vectors ¢, v in Hy.

PrROOF. Let ¢, be a fixed element in H,. We define Sy and (wy, Hy)
as in (7.2) for ¢, in Hy. Since 7w and 7y are unitary equivalent to each
other, there is a unitary mapping Q, of Hy to H such that z(x)oQu=
Quomy(x) for all x in G. We put Dy=Qy8Sy. Therefore Dy and n(x)
are commutative. Since 7 is irreducible, Dy=»\yI for a suitable complex
number A\, where I is the identity mapping of H(g,). Consequently we
have

gl Bl = ISym(Pl=lim e | (R@T(F)g, )lie*daz

for all f in C(G). By using the same argument as above, we can prove
that for a fixed element +, in H,,

ROl =lim el (= (@)n(F)p, vlte ¥ da, f& C2(G), ¢ € He

where \; is a complex number. Combining these two equations, we
obtain lim,_ ¢ SG |(z(@)p, ¥)Pe™ @ dr =N [*|r|2= Ny *|6]* for all ¢, 4 in Hg.
We now put d.=[ns|%60/>. Since di*|gyl* [v[*=Ayl?|$ol* = (Nypl* |4 2)(|0]* |9]%),
we get d.=ny|?|y* for all 4» in Hy. Hence we have our conclusion.

THEOREM 3. Let (m,, H) (t=1, 2) be two trreducible unitary repre-
sentation of G satisfying (6.1). Suppose 7, and w, are inequivalent.
Then we have, for each ¢, ¢' in H, x and +, v in H,g,

lime | (m(@)g, )@@, ¥Ie " dw=0

where H, x is the set of all K-finite vectors in H,.

ProoF. Let ¢, and +, be two fixed elements in H,, and H,,
respectively. We define a bilinear form {, ) on H, X H, x by (&, ¥)=

lime_.%es (@), 6 T@ T, FIe—*@dx for ¢ in H, x and 4 in H, x. Using
[¢]

the Schwarz inequality and Theorem 6.2, we have [{(¢, ¥)>|=
(A2, @) 7|0l [4o] [<8, ¥>| for all g€ H, x and 4 in H, k.
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Consequently the bilinear form can be extended to a continuous
linear form on H,x H,. Let S be the linear operator of H x to H, ¢
defined by (Sg, v)=<g, ¥>. Then S is continuous and Sozx(x)=r(x)oS
for all z in G. Since m,’s are irreducible and inequivalent to each other,
we get S=0. Thus the conclusion follows.

Let (z, H) be an irreducible unitary representation of G. We define
a linear form ¢, on C2(G) by

©4 6.(f)=trace(| floym(@)iz) .

It is known that 4, is a distribution on FG (see, for instance, Theorem
4.5.7.6 in [8]).

THEOREM 4. Let (z, H) be an irreducible unitary representation of
G. Assume that there exists a K-finite vector ¢, such that

0<lime | |(m@g, plte ™ dz< oo .
e—+0 (2]

Then 6. ts tempered.

PROOF. Choose orthogonal base ¢, ¢,, -+, é,, --- in H such that
E(r,)p,=¢; for some 7, in &£(K). We put N(zr)=the number of elements
in the set {i: E(7)¢,=¢,}. Then we have N(zr)<a const.(deg 7)* (cf. Theorem
4.5.2.10 in [8]). Let 2, be the Casimir operator- on K and 7z(2,) the
positive constant defined by 2:X.=7(2%)X.. Choosing a suitable positive
number m, we have D .y ix) N(7)7(2%) ™<oo. Let h be an element in the
Schwarz space €(G) of G (see (5.11) for definition). We have immediately

©5)  lewis 3 @0 S|, e oDl a@e, g)ldz) .

T{=T

On the other hand,

|, Ih@: 22 |@ @8, poldaslim | |h; 9Bl (e@Ig, g0l da

1/2

stim(§ I ompTds) (WT?| (e, pords)

T—>c0

Bearing in mind Lemma 1.4 and (5.10), we find a positive number p so
that limT_,mS TE(x)*(1+d(x))**dx< . Hence we obtain
T )

2d(

6.6)  lim TS h(w; Q) Fdz<v(h)? anS ()2 (1 +d(x))-
T—oo T2d(2) T'—o00 (%)

T2d
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where v(h)=sup,.q|h(x; 2%)| Z(x)*(1+d(x))"*. Consequently our proof of
the theorem is reduced the following.

LEMMA 2. Let H(G, X) be the same as in (2.2) and H (G, X) the set
of all K-finite functions in H(G,X). Then there exists a positive real

constant C, such that limT;w(l/T)S g (@) deZC,|f]? for all f in
Ted(z)
H.(G, X).

PrOOF. Let B be a fixed element in the simple root system ¥, of
®(A,) and A(B, r,) the same as in Lemma 4.1. Then, by the integral
formula in Lemma 1.4, we have

|fIF=lim e SA(‘Q ) h(a)e ***dx where h(a)=§x . | fkak’)|* D(a)dkdk' ,
Ixq1) X

&e—++0

hence by Lemma 4.1

>lim ¢ ﬂ h(a.a*)e= e dg dt .
e—+0 0 JBy,(t)

We choose an element H in a (={Xea, a(X)=0 for all & in ¥,—{8}})

sa}isfying B(H)=1. By 4.8) rd(a,a*)=c,0(log a,a*)=c,8(og a,a*)=

c;B(log a,a*)=c,t. This implies that

6.7) reztime ™| h@anedarde
r0

&—+-0 )0

(6.8) >1im S”S h(a,a*)e " da*dt
Byy(t)

e—+0 Jo
where c¢=7r.c;.
Applying Tauberian theorem of Hardy-Littlewood to the integral
(6.8), we have

flP=e lim (1/T) S haa®)da*dt .
T'—+o00 -

T2t
aga*e A(8,7rq)

Again by (4.8), d(a.a*)=c,0(log a,a*)=c,B(log a,)=c,t. Therefore

h(a,a*)da*dtgs ha)da .

¢ ¢, T2d(2)

aza*e A(B,rq) a€d(B,rg)

Consequently we have |f[*P=ci'c limT_.+°°(1/T)S , |flx)|*de for all f
T2d(xz)

zeKAB,r) K

in Hg(G,X). Let I be the number of elements in ¥,. By the above
inequality, we have immediately lc,c™*|f|*=lims .. (1/ T)S , |flx)|*da for
Trzd(z)
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all f in H(G, X). This completes our proof.

§7. Appendix.

Let X be a character of 3, and define the space H/(G, X) by (3.2) for
a finite dimensional double unitary representation z of K. In this section
we shall calculate the constant term f, of f in H.(G, X) more explicitely
after the following preparations. Let d be a §-stable Cartan subalgebra
of g and pg=p,; the Harish-Chandra isomorphism of 3 onto I(@). For
each character X of 3 there is a linear form 4 on &, such that p(z)(4)=
X(z) for all z in 3. We shall denote X=X,. Let a, and a, be the sub-
spaces of d defined by a,={Hed; 6(H)=—H} and a,={He€q; 6(H)=H}
respectively. Then we have a=a,Pa;.

DEFINITION. A character X=X, of 3 is called real if A4 is real on
V' =1a,Pa, and X is regular if A satisfies (4, a)#0 for .all roots a in
o(qa,). :

Let 7 be a finite dimensional double representation of K and P=MAN
the p.s.g.r. of G corresponding to a simple root B in ®(4,). We shall
use the following notations;

A*: a character of the center () of u(m),
L(M; X*): the set of all square integrable 7, -spherical functions f
which satisfy zf=X*(z)f for all z in z(m).

Let f be an element in H.(G, X). Then by Theorem 5.1, f, is of the form
q
(7.1) fela;m)= g‘: e*'f(m)

for some f, in LZXM;X*) and A, in “—1R (\,#); for i=j) where X} is
a character of 3(m), a,=exp(tH) and H is an element in a satisfying
B(H)=1. We now assume f»#0. By the results of Harish-Chandra (cf.
[7], Proposition 15.7 and Proposition 15.18), we have rank(M)=rank(KN M),
and all X*’s are real regular. Let d@* be a compact Cartan subalgebra
of m. Then G=add* is a Cartan subalgebra of g. We define a linear

form B on a by
(7.2) B=0 on G and B=B ona.

Since pp(2)(e*f,)=X(z)(e*f,) for z in 3, X is given by X=Xuz:4, for a
suitable real regular linear form 4, on a* satisfyillg X;"=X,’,“i.__This implies
that there exists s, in W(d) such that s,V —InB+4)=V—1INB+4; for
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1=2,38, --+,q. Therefore s,(\,8)=\,8 for all 5. This conclude that +<2
and \,= +)\,, and hence we have the following.

LEMMA 1. Let f be an element in H (G, X). Assume that fpﬁ¢0.
Then P 1s cuspidal and fpﬁ 18 of the form

Srlam)=e " f, (m)+ e TS _(m)

where a,=exp(tH), H 1s an element in a satisfying B(H)=1, N is a real
number, f. and f_ belong to L:(M; X*), X* is a real regular character of
g(m).

LEMMA 2. Let P=P;, and P'=P; be two maximal p.s.g.r. of G.
Assume that there are two functions f in H.(G,X) and f’' in H.(G, X)
such that fp#0 and fr #0 (¢ and ©’ are some finite dimensional double
representations of K). Then we have P=P’.

B PROOF. Let @, be Cartan subalgebra of g containing a, and B (resp.
B’) be the same as in (7.2) coresponding to B (resp. B’). Choosing two
elements y; in M, and y,- in M,. we have

(1.8)  ‘Adw)B=8 on a, ‘Ad(y)F=0 on a*, Ad(y,)@E).=d
'Ad(y,)B'=8" on o', *‘Ad(y,)B'=0 on (a')*, Ad(y,)(a,).=a;
where a* is the orthogonal complement of a in a,.

We see that ‘Ad(y,)B8 and *Ad(y,)BR’ are dominant on a,. Let X* and
(X")* be the same as in Lemma 7.1 corresponding to P and P’ respectively.
Then X*=X} and (X')*=(X")¥ for two linear forms 4 and A4’. Consequently
we have X=2Xeaawv=usrn =Xtaawgn v=iwscan Or A, A in V' —1R. Therefore
s *Ad(y,)(V —IAB+ A)=*Ad(ys )V —IN'B'+A") for a suitable element s in
W(@,), and hence s’Ad(y,)B='Ad(y,)B. Since ‘Ad(y,)B8 and *Ad(y,)B" are
dominant, we have 8=g’. This completes our proof.

Finally we shall state an example G having a maximal cuspidal p.s.g.r.
of G.

LEMMA 3. Let G be a connected moncompact real semisimple Lie
group with finite center. Assume that G has a compact Cartan subgroup.
Then there exists a maximal p.s.g.r. of G which is cuspidal.

PrROOF. We choose, for each « in @(3,), X, in g, satisfying B(X,, X_,)=
1. Then we have B(H, H,)=«a(H) for all H in §,. By our assumption for
G, there exists a strongly orthogonal system {a,, a,, + -+, a;} in @@, such
that {H,,; 1=i1<l} generates a, over R (see, for instance, Lemma 3 in [5]).
We may assme all a,’s are positive. We put @*={a c @(4,); (a, a,)=0}.
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Then ©@* is an abstruct root system, and ¥,—®* consists of exactly one
root 3. Let P=P; be the p.s.g.r. of G corresponding to 3. We shall
prove P is cuspidal. Let a be one of each element in the strongly
orthogonal system. Since a is real on &, we can assume X,€g, and
0X)=—X_, Put Y..=1V"2]|a|"Xsa, Z,=2|a|>H,. Then we have
[Y., Y_.]=2Z, and [Z,, Y., ]=2Y.,. Let Y, be the element in G, defined
by y.=exp(y —1x/4)(Y,+ Y_,). Using the above relations between Z, and
Y.., we can calculate that Ad(y, v —1Z,=Y,—Y_, and Ad(y,)H=H for
all H in the set {X, €d,; (X)=0}. From these facts it follows that a*=

Ad(y)(a,Nt+Xi; RZ, )t Nm where y=3{_, Y.,. Furthermore, since a*Pa
is a Cartan subalgebra of g, we conclude G* is a Cartan subalgebra of
m. This conclude that P is a maximal cuspidal p.s.g.r. of G.
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