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Introduction.

Let $M=G/K$ be a compact homogeneous space of a compact Lie
group $G$ with a G-invariant Riemannian metric $g$ and $N$ be a Riemannian
manifold. A homogeneous harmonic map from $M$ to $N$ means a $\rho-$

equivariant harmonic map from $M$ to $N$ relative to a homomorphism $\rho$

of $G$ to the isometry group of $N$. The existence and construction of
harmonic maps are interesting and important problems in various situ-
ations. Homogeneous harmonic maps make a simple and nice class of
harmonic maps. Concerning the existence of homogeneous harmonic maps,
in general it is known by the idea of W.-Y. Hsiang that given a non-
constant $\rho$-equivariant map $\varphi$ from a compact homogeneous Riemannian
manifold $M$ to a compact Riemannian manifold $N$, then $\varphi$ can be de-
formed to a nonconstant $\rho$-equivariant harmonic map $\varphi_{1}$ through a smooth
homotopy of $\rho$-equivariant maps $\varphi_{t}(t\in[0,1])$ with $\varphi_{0}=\varphi$ (cf. [Gu 5]).
Naturally we are interested in getting more explicit descriptions and
detailed properties of homogeneous harmonic maps for specific homo-
geneous Riemannian manifolds $M$ and $N$. In his nice paper [Gu 1], Guest
pointed out many interesting connections of the research for homogeneous
harmonic maps with problems of differential geometry and mathematical
physics. Moreover he gave algebraic descriptions of the harmonic map
equation for general homogeneous maps, and discussed the harmonicity
of homogeneous maps into complex projective spaces and a construction
of homogeneous harmonic maps from flag manifolds into complex Gras-
smann manifolds by the method of osculating flags and twistor spaces
(cf. [E-W]). In this paper we discuss homogeneous harmonic maps and
minimal immersions into complex projective spaces in detail, by using
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the relation between complex line bundles and smooth maps into complex
projective space8.

In Section 1 we shall recall the correspondence of a smooth map
from a manifold into a complex projective space with a system of smooth
sections for a complex line bundle over the manifold. We point out a
relationship between the homotopy-theoretic properties of the smooth
maps and the equivalence property of complex line bundles. Furthermore
we shall describe the harmonic map equation for a smooth map into a
complex projective space in terms of the corresponding system of smooth
sections for a complex line bundle. In Section 2 we shall consider homo-
geneou8 complex line bundles over compact homogeneous spaces. Using the
spectral decomposition of the space of all smooth sections of a homogeneous
line bundle and result8 in Section 1, we give a description of all homo-
geneous maps into complex projective spaces. Furthermore we shall show
a result on the multiplicity in the spectral decomposition over compact
symmetric spaces, which plays an essential role in Section 5. In Section 3
we shall give a description of homogeneous harmonic maps from certain
compact homogeneous Riemannian manifold8 into complex projective spaces
in terms of Sections 1 and 2. In Section 4 we shall apply results of Section
3 to the case when the domain manifold is a compact homogeneous K\"ahler
manifold and study 8ome properties of homogeneous harmonic maps from
such complex manifolds into complex projective spaces. In Section 5 we
shall determine the spectral decompositions for all homogeneous complex
line bundles over every irreducible Hermitian symmetric space $M=G/K$
of compact type. We 8hall give a complete list of irreducible represen-
tations of the compact Lie group $G$ appearing in the space of smooth
sections of each complex line bundle. In Section 6 we shall clas8ify
homogeneous harmonic maps and equivariant minimal isometric immersions
between complex projective spaces. By this result we find a nice series
of minimal isometric immersions of complex proiective spaces into complex
projective space8, which contains neither holomorphic, antiholomorphic nor
totally real immersions. It is a generalization of homogeneous minimal
2-spheres in complex projective spaces given by [B-O], [B-J-R-W], [Gu l] to
higher dimension. In Section 7 we shall give a remark on homogeneous
minimal 2-spheres in quaternionic projective spaces.

In the famous paper [Ta], Takahashi showed a connection of the
Laplacian acting on smooth functions with minimal immersions into
spheres and a construction of minimal immersions of compact homo-
geneous Riemannian manifolds with the irreducible isotropy representation
by eigenfunctions of the Laplacian. Thi8 work can be regarded also a8
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a natural extension of Takahashi’s results to eigensections of the Laplacian
in complex line bundles and harmonic maps, minimal immersions into
complex projective spaces.

We hope to find more properties and more explicit descriptions of
harmonic maps and minimal immersions into complex projective spaces
than those obtained here.

\S 1. Complex line bundles and harmonic maps into a complex

projective space.

Let $CP^{n}(c)$ be an n-dimensional complex projective space with the
Fubini-Study metric $g_{c}$ of constant holomorphic sectional curvature $c>0$

and $RP^{n}(c)$ be an n-dimensional real projective space with the standard
metric of constant sectional curvature $c>0$ . $RP^{n}(c/4)$ is imbedded into
$CP^{n}(c)$ in the natural manner as a totally real totally geodesic submanifold.
Let $S^{n}(c)$ be an n-dimensional sphere with the standard metric of constant
sectional curvature $c>0$ . Then we have a natural isometric covering
$S^{n}(c)\rightarrow RP^{n}(c)$ .

Let $\{\epsilon_{0}, \cdots, \epsilon_{n}\}$ be the standard basis of $C^{n+1}$ . We denote by $\langle, \rangle$

the standard Hermitian inner product on $C^{n+1};\langle z, w\rangle=\sum_{i=0}^{n}z^{i}\overline{w}^{i}$ . Let
$(, )={\rm Re}\langle, \rangle$ denote the associated real inner product on $C^{n+1}$ . Let
$\pi:C^{n+1}\backslash \{0\}\rightarrow CP^{n}$ be the canonical projection. Then $C^{n+1}\backslash \{0\}$ is a principal
bundle over $CP^{n}$ with the structure group $C^{*}$ , where $C^{*}$ denotes the
group of non-zero complex numbers. The restriction of $\pi$ to $S^{2n+1}(c/4)$

is a Riemannian submersion. Let $E=(C^{n+1}\backslash \{0\})X_{c}*C$ be the universal
bundle over $CP^{n}$ : the fibre $E_{x}$ over any $x\in CP^{n}$ is the complex l-dimensional
subspace of $C^{n+1}$ determined by $x$ . Thus $E$ is a holomorphic subbundle
of the trivial bundle $\underline{C}^{n+1}$ over $CP^{n}$ . Let $E^{\perp}$ be the subbundle of $\underline{C}^{n+1}$

whose fibre at $x$ is the orthogonal complement of $E_{x}$ in $\underline{C}^{n+1}$ . $E,$ $E^{*}$ and
$E^{\perp}$ have natural Hermitian connected structures. We give $E^{*}\otimes E^{\perp}$ the
tensor product Hermitian connected structure. Then there exists a natu-
ral bundle isomorphism $h:T^{(1,0)}CP^{n}\rightarrow E^{*}\otimes E^{\perp}$ preserving connections which
satisfies $\langle h(Z), h(W)\rangle=(c/2)g_{c}(Z, W)$ for $Z$, We $T_{x}^{(1.0)}CP^{n}$ (cf. [E-W, p. 224]).

Let $\varphi:M\rightarrow CP^{n}$ be a smooth map from a manifold $M$ to a complex
projective space. A map $\varphi$ is called full if the image $\varphi(M)$ is not con-
tained in any proper complex projective subspace of $CP^{n}$ . Consider the
exact sequence of pull-back vector bundles over $M$:

$0\rightarrow\varphi^{-1}(E^{*}\otimes E)\rightarrow^{i}\varphi^{-1}(E^{*}\otimes\underline{C}^{n+1})\rightarrow^{j}\varphi^{-1}(E^{*}\otimes E^{\perp})\rightarrow 0$ ,

where $i$ is the natural inclusion and $j$ is given by the orthogonal pro-
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iection along $E$. We call the section $\Phi=i(1)eC^{\infty}(\varphi^{-1}(E^{*}\otimes\underline{C}^{n+1}))$ the
universal lift of $\varphi$ (cf. [E-W]). Pulling back $h:T^{(1,0)}CP^{n}\rightarrow E^{*}\otimes E^{\perp}$ by
$\varphi$ , we get a connection-preserving bundle isomorphism $ h:\varphi^{-1}(T^{(1,0)}CP^{n})\rightarrow$

$\varphi^{-1}(E^{*}\otimes E^{\perp})$ . Let $D$ denote the covariant differentiation of the bundle
$\varphi^{-1}(E^{*}\otimes\underline{C}^{n+1})$ relative to the pull-back connection. Then the following
facts are known (cf. [E-W]):

(i) $\langle\Phi, \Phi\rangle\equiv 1$ .
(ii) For any $X\in C^{\infty}(TM^{c})$ , $D_{X}\Phi\in C^{\infty}(\varphi^{-1}(E^{*}\otimes\underline{C}^{n+1}))$ has image in

$\varphi^{-1}E^{\perp}$ . Moreover one has

(1.1) $ h((d\varphi)^{(1,0)}(X))=D_{X}\Phi$

for any $X\in T_{x}M^{c}$ . Here $(d\varphi)^{(1,0)}$ denotes the $(1, 0)$-component of $ d\varphi$ in
$CP^{n}$ .

We recall the relation between a map to a complex proiective 8pace
and a system of sections of a complex line bundle.

Let $L=P\times_{\sigma}C$ be a complex line bundle over a (paracompact) manifold
$M$ associated with a principal bundle $(P, \pi, M, K)$ . Here $(\sigma, C)$ is a complex
l-dimensional representation of the structure group $K$. Then the vector
space $C^{\infty}(L)$ of all smooth sections of $L$ can be identified with the vector
space $C^{\infty}(P, C)_{K}$ of all C-valued smooth functions $\tilde{f}$ on $P$ satisfying the
condition $\tilde{f}(uk)=\sigma(k)^{-1}\tilde{f}(u)$ for any $u\in P$ and $keK$, by the correspondence
$A:C^{\infty}(L)\ni f\mapsto\tilde{f}\in C^{\infty}(P, C)_{K},\tilde{f}(u)=u^{-1}(f(\pi(u)))$ for each $u\in P$.

Assume given a system $\{\varphi_{0}, \cdots, \varphi_{n}\}$ in $C^{\infty}(L)$ with no common zeros.
Let $\{\tilde{\varphi}_{0}, \cdots,\tilde{\varphi}_{n}\}$ be the corresponding system in $C^{\infty}(P, C)_{K}$ . We define a
smooth map $\tilde{\varphi}:P\rightarrow C^{n+1}\backslash \{0\}$ by $\tilde{\varphi}=(\tilde{\varphi}_{0}, \cdots,\tilde{\varphi}_{n})$ . Since $\tilde{\varphi}$ satisfies $\tilde{\varphi}(uk)=$

$\sigma(k)^{-1}\tilde{\varphi}(u)$ for any ueP and $keK$, the map $\tilde{\varphi}:P\rightarrow C^{n+1}\backslash \{0\}$ becomes a
bundle homomorphism from $(P, \pi, M, K)$ to $(C^{n+1}\backslash \{0\}, \pi, CP^{n}, C^{*})$ with the
homomorphism $\sigma^{-1}:K\rightarrow C^{*}$ of the structure groups. Therefore $\tilde{\varphi}$ induces
a smooth map $\varphi:M\rightarrow CP^{n}$ and the diagram

$P\rightarrow^{\varphi\tilde}C^{n+1}\backslash \{0\}$

$\pi\downarrow K$ $\pi\downarrow c*$

$ M\rightarrow CP^{n}\varphi$

is commutative. Let $H=E^{*}$ be the hyperplane bundle over $CP^{n}$ . Then
we see that the pull-back bundle $\varphi^{-1}H$ is isomorphic to $L:\varphi^{-1}H\equiv L$ .
Conversely every smooth map $\varphi:M\rightarrow CP^{n}$ is obtained in this manner by
considering the pull-back complex line bundle $\varphi^{-1}H$ over $M$ and a system
of $n+1$ sections of $\varphi^{-1}H$ given by the homogeneous coordinates on $CP^{n}$ .
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Hence giving a smooth map from $M$ to $CP^{n}$ is equivalent to giving a
complex line bundle $L$ over $M$ and a system of $n+1$ smooth sections of
$L$ with no common zeros.

Let $\varphi,$ $\psi:M\rightarrow CP^{n}$ be two smooth maps. If $2n\geqq d{\rm Im} M$, then by the
classification theorem we have

$\varphi\simeq\psi-\varphi^{-1}H\equiv\psi^{-\perp}H$ ,

where $\varphi\simeq\psi$ means that $\varphi$ is homotopic to $\psi$ . Since an equivalence class
of complex line bundles is determined by the first Chern class, we get

$\varphi^{-1}H\equiv\psi^{-1}H-c_{1}(\varphi^{-1}H)=c_{1}(\psi^{-1}H)$

$-\varphi^{*}c_{1}(H)=\psi^{*}c_{1}(H)$ .
Hence the homotopy class of a smooth map $\varphi:M\rightarrow CP^{n}$ is determined by
the first Chern class $c_{1}(L)$ of the complex line bundle $L=\varphi^{-1}H$. When
$M$ is oriented and $H^{2}(M, Z)=Z$, the degree of a map $\varphi:M\rightarrow CP^{n}$ is an
integer deg $\varphi$ defined by $c_{1}(L)=\varphi^{*}c_{1}(H)=(\deg\varphi)\omega_{1}$ , where $\omega_{1}$ denotes a
positive generator of $H^{2}(M, Z)$ . Then we get

$\varphi\simeq\psi-\deg\varphi=\deg\psi$ .
Any two maps from $M$ to $CP^{n}$ constructed from systems of sections

of the same line bundle are homotopic to each other if $2n\geqq\dim M$. It
is an interesting and important problem to find many harmonic maps in
a given homotopy class of maps. We shall describe the harmonic map
equation for a map $\varphi$ in terms of $\tilde{\varphi}$ .

Assume that $M$ is an m-dimensional Riemannian manifold. Denote
by $\nabla^{1f}$ the Riemannian connection of $M$. We endow the principal bundle
$P$ with a connection $\Gamma$ . The connection $\Gamma$ induces the covariant differen-
tiation $\nabla^{L}$ in the associated line bundle $L$ . For $X,$ $Y\in C^{\infty}(TM^{c})$ , we
denote by $X^{*},$ $Y^{*}\in C^{\infty}(TP^{c})$ the horizontal lifts of $X,$ $Y$ to $P$ with respect
to the connection $\Gamma$ . Let $\Phi$ be the universal lift of the map $\varphi$ . By
(1.1) we have

$h((d\varphi)^{(1,0)}(X))\tilde{\varphi}=(D_{X}\Phi)\tilde{\varphi}$

$=X^{*}\tilde{\varphi}-\frac{\langle X^{*}\tilde{\varphi},\tilde{\varphi}\rangle}{\langle\tilde{\varphi},\tilde{\varphi}\rangle}\tilde{\varphi}$

$=j(X^{*}\tilde{\varphi})$ .
Here we regard $\tilde{\varphi}$ as a section of the pull-back bundle $\varphi^{-1}H$. By a
straightforward computation we get
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$h((\nabla_{Y}(d\varphi)^{(1.0)})X)\tilde{\varphi}$

$=j(Y^{*}X^{*}\tilde{\varphi}-(\nabla_{Y}^{K}X)^{*}\tilde{\varphi}-\frac{\langle X^{*}\tilde{\varphi},\tilde{\varphi}\rangle}{\langle\tilde{\varphi},\tilde{\varphi}\rangle}Y^{*}\tilde{\varphi}-\frac{\langle Y^{*}\tilde{\varphi},\tilde{\varphi}\rangle}{\langle\tilde{\varphi},\tilde{\varphi}\rangle}X^{*}\tilde{\varphi})$ .
We denote by $\tau^{(1,0)}\in C^{\infty}(\varphi^{-1}T^{(1.0)}CP^{n})$ the $(1, 0)$-component of the tension
field $\tau$ for the map $\varphi$ . Then we have

$h(\tau^{(1,0)})\tilde{\varphi}=h(\sum_{i=1}^{m}(\nabla_{\ell}i(d\varphi)^{(1,0)})(e_{i}))\tilde{\varphi}$

$=j(\sum_{i=1}^{n*}(e^{*}e_{i}^{*}\tilde{\varphi}-(\nabla_{e_{i}}^{H}e_{i})^{*}\tilde{\varphi})-2\sum_{i=1}^{n}\langle\langle\tilde{\varphi},\tilde{\varphi}\rangle$

’

where $\{e_{\mathfrak{i}}\}$ denotes a local orthonormal frame field on $M$. By virtue of
[K-N, I, p. 115] or [Oh 1, p. 162], this equation becomes

$h(\tau^{(1,0)})\tilde{\varphi}=j(-(\Delta^{L}\varphi)^{\sim}-2\sum_{=1}^{m}\frac{\langle(\nabla_{e}^{\iota_{i}}\varphi)^{\sim},\tilde{\varphi}\rangle}{\langle\tilde{\varphi},\tilde{\varphi}\rangle}(\nabla_{e}^{L}.\varphi)^{\sim})$ ,

where $\varphi=(\varphi_{0}, \cdots, \varphi_{n})$ and $\Delta^{L}=(\nabla^{L})^{*}\nabla^{L}=-\sum_{i=1}^{m}(\nabla_{e_{i}}^{L}\nabla_{\epsilon_{i}}^{L}-\nabla_{\nabla_{\iota_{i}}}^{\iota_{K_{l}}}i)$ .
PROPOSITION 1.1. (i) $\varphi$ is a harmonic map if and only if the system

$\{\varphi_{0}, \cdots, \varphi_{n}\}$ satisfies
$(\Delta^{L}\varphi)^{\sim}+2\sum_{i=1}^{m}\frac{\langle(\nabla_{e_{i}}^{L}\varphi)^{\sim},\tilde{\varphi}\rangle}{\langle\tilde{\varphi},\tilde{\varphi}\rangle}(\nabla_{e_{i}}^{L}\varphi)^{\sim}=\mu\tilde{\varphi}$

for some function $\mu$ on $M$.
(ii) Assume that $\Delta^{L}\varphi_{j}=\mu\varphi_{j}(i=0, \cdots, n)$ for some function $\mu$ on $M$.

If $\tilde{\varphi}:P\rightarrow C^{n+1}\backslash \{0\}$ maps horizontal subspaces on $P$ to horizontal subspaces
on $C^{n+1}\backslash \{0\}$ , then $\varphi$ is a harmonic map.

Note that when $M$ is a complex manifold, $\varphi$ is a holomorphic map
if and only if $D_{\overline{z}}\Phi=0$ for each $ZeT^{(1.0)}M$.

Let $\Omega$ be the curvature form of the connection $\Gamma$ and $R^{L}$ be the
curvature form of the connection $\nabla^{L}$ in the line bundle $L$ . Then we
have $(R^{L})^{\sim}=\sigma(\Omega)$ . The 2-form $\gamma_{1}(L)$ on $M$ defined by $(\gamma_{1}(L))^{\sim}=$

$(\sqrt{-1}/2\pi)(R^{L})^{\sim}=(\sqrt{-}1/2\pi)\sigma(\Omega)$ represent8 the first Chern class $c_{1}(L)$ of
the line bundle $L$ .

A smooth map $\varphi:M\rightarrow CP^{n}$ is called totally real if $\varphi$ satisfies $\varphi^{*}\omega=0$ ,
where $\omega$ denotes the K\"ahler form of $CP^{n}$ .

PROPOSITION 1.2. If $\varphi:M\rightarrow CP^{n}(c)$ is a totally real map from a
simply connected manifold $M$, then $\varphi$ has a horizontal lift $\tilde{\varphi}:M\rightarrow$

$S^{2n+1}(c/4)$ relative to the Riemannian submersion $\pi:S^{2n+1}(c/4)\rightarrow CP^{n}(c)$ .
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Moreover in case $M$ is a Riemannian manifold, $\varphi$ is harmonic if and
only if $\tilde{\varphi}$ is harmonic.

PROOF. The condition $\varphi^{*}\omega=0$ is equivalent to the flatness of the
connection induced from the canonical connection of the principal bundle
$(S^{2n+1}, \pi, CP^{n}, S^{1})$ through $\varphi$ . q.e.d.

\S 2. Homogeneous line bundles and homogeneous maps into com-
plex projective spaces.

Let $M=G/K$ be an m-dimensional compact homogeneous space with
a compact connected Lie group $G$ . We denote by $\mathfrak{g}$ and $f$ the Lie algebras
of $G$ and $K$, respectively. Let $(, )$ denote an $Ad(G)$-invariant inner
product of $\mathfrak{g}$ and $\mathfrak{m}$ the orthogonal complement of $f$ in $\mathfrak{g}$ with respect to
$(, )$ . Let $Aut(CP^{n})$ be the group of all holomorphic isometries of $CP^{n}$ .
$Aut(CP^{n})$ is identified in a natural way with a projective unitary group
PU$(n+1)=SU(n+1)/\{\epsilon 1_{n+1};\epsilon^{n+1}=1\}$ . For a given Lie group homomorphism
$\rho:G\rightarrow Aut(CP^{n})$ , a map $\varphi:M\rightarrow CP^{n}$ is called $\rho$-equivariant if $\varphi$ satisfies
$\rho(a)\circ\varphi=\varphi\circ\gamma_{a}$ for each a $eG$ , where $\gamma_{a}$ denotes the natural action of $G$

on $M$. A map $\varphi:M\rightarrow CP^{n}$ is called G-equivariant if there exists a Lie
group homomorphism $\rho:G\rightarrow Aut(CP^{n})$ such that $\varphi$ is $\rho$-equivariant.

In this section we consider the case when $M$ is a compact homo-
geneous space $G/K$ of a compact connected Lie group $G$ and the principal
bundle $(P, \pi, M, K)$ is the standard principal bundle $(G, \pi, M, K)$ of the
homogeneous space $M=G/K$. We endow $M$ with a G-invariant Riemannian
metric $g$ on $M$. Suppose that $(\sigma, C)$ is a complex l-dimensional unitary
representation of $K$. Then the associated complex line bundle $L=G\times_{\sigma}C$

becomes a G-homogeneous vector bundle with a Hermitian fibre metric
$\langle$ , $\rangle$ . $C^{\infty}(L)$ and $C^{\infty}(G, C)_{K}$ have (left) G-module structures in a standard
manner so that the map $A$ preserves the actions of $G$ . Let $\mathcal{D}(G)$ denote
the set of all equivalence classes of finite dimensional irreducible complex
representations of $G$ . Let for each $\Lambda\in \mathcal{D}(G),$ $(\rho_{\Lambda}, V_{A})$ be a fixed represen-
tation of $\Lambda$ . For each $\Lambda\in \mathcal{D}(G)$ we assign a map $A_{A}$ from $V_{A}\otimes Hom_{K}(V_{A}, C)$

to $C^{\infty}(G, C)_{K}$ by the rule $A_{A}(v\otimes T)(a)=T(\rho_{A}(a^{-1})v)$ . Here $Hom_{K}(V_{A}, C)$

denotes the space of all linear maps $T$ of $V_{A}$ into $C$ such that $\sigma(k)\circ T=$

$T\circ\rho_{A}(k)$ for each $keK$. For $\Lambda e\mathcal{D}(G)$ , set $C_{A}^{\infty}(L)=A^{-1}(A_{A}(V_{A}\otimes Hom_{K}(V_{A}$ ,
$C)))$ . By virtue of the Peter-Weyl theorem and the Frobenius reciprocity
law, the algebraic direct sum $\sum_{Ae\ovalbox{\tt\small REJECT}(\theta)}C_{A}^{\infty}(L)$ is uniformly dense in $C^{\infty}(L)$

relative to the uniform topology (cf. [Wa2]):

(2.1)
$C^{\infty}(L)=\sum_{A\in\ovalbox{\tt\small REJECT}(O)}C_{\Lambda}^{\infty}(L)$ .



94 YOSHIHIRO OHNITA

Choose the canonical G-invariant connection $\Gamma$ on the principal bundle
$(G, \pi, M, K)$ with the horizontal subspaces determined by the subspace
$\mathfrak{m}$ . Let $\nabla^{L}$ be the covariant differentiation on the complex line bundle
$L$ induced from the connection $\Gamma$ . The Laplacian $\Delta^{L}$ gives the eigenspace
decomposition of $C^{\infty}(L)$ in the same sense as (2.1):

(2.2) $C^{\infty}(L)=\sum_{\nu}C_{\nu}(L)$ ,

where $g_{\nu}(L)=\{f\in C^{\infty}(L);\Delta^{L}f=\nu f\}$ is the eigenspace of $\Delta^{L}$ corresponding
to the eigenvalue $\nu$ . Since $\Delta^{L}$ commutes with the action of $G$ on $C^{\infty}(L)$ ,
each $g.(L)$ is a finite dimensional G-submodule. Hence each $g_{\nu}(L)$ is a
finite direct sum of some irreducible G-modules. Assume given a finite
dimensional G-submodule $V$ of $C^{\infty}(L)$ . Set $n+1=\dim_{c}V$. Decompose the
G-module $V$ into the direct sum: $V=\sum_{i=1}V_{i}$ of irreducible G-modules $V_{i}$

with $\dim_{c}V_{i}=n_{i}+1$ . For any real numbers $(r_{1}, \cdots, r.)$ with $\sum_{i=1}r_{i}^{2}=1$ ,
we can construct a smooth map $\varphi(V;r_{1}, \cdots, r.):M\rightarrow CP^{n}$ as follows.
Choose a unitary basis $\{\varphi_{0}, \cdots, \varphi_{n}\}$ of $V$ with respect to the $L^{2}$-inner
product such that $\{\varphi_{t(i-1)}, \cdots, \varphi_{t(i)-1}\}$ is a unitary basis of $V_{l}$ , where
$t(i)=\sum_{j=1}^{i}\dim_{c}V_{\dot{f}}$ and $t(O)=0$ . By the G-invariance of $\langle, \rangle$ and each
$V_{i}$ ,

$\sum_{i=1}^{\cdot}r_{i}^{2}(\langle\varphi_{t(i-1)}, \varphi_{t(i-1)}\rangle+\cdots+\langle\varphi_{t(i)-1}, \varphi_{t(i)-1}\rangle)$

is a positive constant on $M$. In particular the system

$\{r_{i}\varphi_{t(:-1)}, \cdots, r_{i}\varphi_{t(i)-1} ; i=1, \cdots, s\}$

has no common zeros. By using this system of sections of $L$ , we obtain
maps $\tilde{\varphi}(V;r_{1}, \cdots, r_{\epsilon}):G\rightarrow C^{n+1}\backslash \{0\}$ and $\varphi(V;r_{1}, \cdots, \gamma);M\rightarrow CP^{n}$ . Note that
the map $\varphi(V;r_{1}, \cdots, r_{\epsilon})$ is full.

We define a unitary representation $\rho_{V}:G\rightarrow U(n+1)$ by $L_{a}(\tilde{\varphi}_{0}, \cdots,\tilde{\varphi}_{n})=$

$(\tilde{\varphi}_{0}, \cdots,\tilde{\varphi}_{n})\rho_{V}(a)$ for each $a\in G$ , where $L_{a}$ is the left action on $C^{\infty}(G, C)_{K}$ .
Note that $\rho_{V}(a)eU(n_{1}+1)\times\cdots\times U(n.+1)$ . Then the map $\varphi(V;r_{1}, \cdots, r.)$

is $\rho_{V}$-equivariant for each $r_{1},$ $\cdots,$ $r_{\epsilon}$ with $\sum_{=1}^{\iota}r_{i}^{2}=1$ . Hence we have
$\tilde{\varphi}(V;r_{1}, \cdots, r_{\epsilon})(a)=(\rho_{V}(a))v_{0}$ ,
$\varphi(V;r_{1}, \cdots, r.)(a\cdot 0)=\pi((\rho_{V}(a))v_{0})$

for each $a\in G$ . Here $0=eK\in M$ and $v_{0}=\tilde{\varphi}(V;r_{1}, \cdots, r.)(e)eC^{n+1}\backslash \{0\}$ .
Under the identification $\mathfrak{m}\cong T_{o}M$, choose an orthonormal basis

$\{X_{1}, \cdots, X_{m}\}$ of $\mathfrak{m}$ with respect to $g$ . By Proposition 1.1 the tension
field $\tau$ of $\varphi(V;r_{1}, \cdots, r.)$ at oeM is given by
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(2.3) $h(\tau^{(1,0)})v_{0}=j((\sum_{t=1}^{m}\rho_{V}(X_{i})^{2})v_{0}-2\sum_{i=1}^{m}\leq\frac{\rho_{V}(X}{\langle v_{0}}i\frac{)v_{0}}{v_{0}’}\rangle\underline{v_{0}\rangle}\rho_{V}(X_{i})v_{0})$ .

We describe the first Chern class $c_{1}(L)$ of the homogeneous line bundle
$L$ . The curvature form $\Omega$ of $\Gamma$ is given by

(2.4) $\Omega(X, Y)=-[X, Y]_{1}$

for $X$, Ye $\mathfrak{m}$ (cf. [K-N, I, p. 103]). We choose an element N. $\in f$ such that
$\sigma(X)v=\sqrt{-1}(\lambda_{\sigma}, X)v$ for any $Xef$ and $v\in C$. Then the 2-form

(2.5) $(\gamma_{1}(L))^{\sim}(X, Y)=\frac{1}{2\pi}([x_{\sigma}, X], Y)$ for $X$, Ye $\mathfrak{m}$

represents the first Chern class $c_{1}(L)$ of $L$ .
Assume that $(G, K)$ is a compact symmetric pair. Let $\mathfrak{g}=f+\mathfrak{m}$ be

the canonical decomposition of $\mathfrak{g}$ associated with the symmetric pair
$(G, K)$ . Let $\mathfrak{a}$ be a maximal abelian subspace of $\mathfrak{m}$ . Choose a maximal
abelian subalgebra $\mathfrak{h}$ of $\mathfrak{g}$ containing $\mathfrak{a}$ . Fix a linear order $<$ on $\mathfrak{h}$ . Let
$\Delta(cb)$ denote the root system of $\mathfrak{g}$ relative to $\mathfrak{h}$ . We have the root
space decomposition of $\mathfrak{g}^{c}$ relative to $\mathfrak{h}$ :

$\mathfrak{g}^{c}=\mathfrak{h}^{c}+\sum_{\alpha e\Delta}\tilde{\mathfrak{g}}_{\alpha}$ ,

where $\tilde{\mathfrak{g}}_{\alpha}=$ { $Xe\mathfrak{g}^{c};(adH)X=\sqrt{-1}(\alpha,$ $H)X$ for any He $\mathfrak{h}$ }. Let $\Delta_{a}^{+}$ be the
8et of positive roots which do not vanish identically on $\mathfrak{a}$ . Set $\mathfrak{n}^{c}=$

$\sum_{ae\Delta_{a}}+\tilde{\mathfrak{g}}_{\alpha}$ . Then $\mathfrak{n}$ is a nilpotent Lie algebra and the Iwasawa decompo-
sition gives a direct sum decomposition

(2.6) $\mathfrak{g}^{c}=f^{c}+\mathfrak{a}^{c}+\mathfrak{n}^{c}$

as vector spaces.

LEMMA 2.1. Let $\rho:G\rightarrow GL(V)$ be a complex irreducible representation
of $G$ with the highest weight $\xi eb$ and $\langle, \rangle$ be a G-invariant Hermitian
inner product of V. Choose a weight vector $v_{\xi}(\neq 0)eV$ for the highest
weight $\xi$ . Suppose that there exists a nonzero vector $weV$ and an ele-
ment $\lambda\in f$ such that $\rho(X)w=\sqrt{-1}(\lambda, X)w$ for each $X\in f$ . Then we have
$\langle w, v_{\xi}\rangle\neq 0$ .

PROOF. We define a complex valued linear function $F$ by $F(X)=$
$\langle\rho(X)v_{\xi}, w\rangle$ for $X\in \mathfrak{g}^{c}$ . For any $Ye\mathfrak{n}^{c}$ , we have $F(Y)=0$ because
$\rho(Y)v_{\xi}=0$ . For any $H\in \mathfrak{a}^{c}$ , we have $ F(H)=\sqrt{-1}(\xi, H)\langle v_{\xi}, w\rangle$ . For any
$Xef$ , we have $ F(X)=\langle\rho(X)v_{\text{\’{e}}}, w\rangle=-\langle v_{\epsilon}, \rho(X)w\rangle=\sqrt{-1}(x, X)\langle v_{\text{\’{e}}}, w\rangle$ . If
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$\langle v_{\text{\’{e}}}, w\rangle=0$ , then by (2.6) we get $F\equiv 0$ . By the irreducibility of $\rho$ , we
have $w=0$ , a contradiction. q.e. $d$ .

PROPOSITION 2.2. Let $(G, K)$ be a compact symmetric pair and
$\rho:G\rightarrow GL(V)$ be a complex irreducible representation of G. For any
$x\in f$ , set

$W_{\lambda}=$ {$w\in V$ ; $\rho(X)w=\sqrt{-1}(x,$ $X)w$ for each $X\in f$}.

Then we have $\dim_{c}W_{\lambda}=0$ or 1.

PROOF. Let $v_{\xi}$ denote the highest weight vector of $\rho$ as in Lemma
2.1 and $\langle, \rangle$ be a G-invariant inner product of $V$. We define a linear
map $f:W_{\lambda}\rightarrow C$ by $ f(w)=\langle w, v_{\xi}\rangle$ for $weW_{\lambda}$ . By Lemma 2.1, $f$ i8 injective.
Therefore we have $\dim_{c}W_{\lambda}=0$ or 1. q.e. $d$ .

COROLLARY 2.3. If $(G, K)$ is a compact symmetric pair, then in the
decomposition (2.1) we have $C_{A}^{\infty}(L)$ is isomorphic to $V_{\Lambda}$ or $\{0\}$ for each
$\Lambda\in \mathcal{D}(G)$ .

REMARK. These results for $x=0$ are well-known and essential in the
theory of spherical functions over compact symmetric spaces. The proof
here was inspired by that of [Te l].

\S 3. Harmonicity of homogeneous maps to a complex projective
space.

Let $\varphi:M=G/K\rightarrow CP^{n}$ be a full, homogeneous map compatible with
a Lie group homomorphism $\rho:G\rightarrow Aut(CP^{n})$ . Note that there exists a
unitary representation $\tilde{\rho}:\tilde{G}\rightarrow SU(n+1)$ of the finite covering group $\tilde{G}$ of
$G$ such that the diagram

$\tilde{G}\rightarrow^{\rho^{\tilde}}SU(n+1)$

$\pi_{G}\downarrow\rightarrow PU(n+1)\rho\downarrow$

is commutative. Take $v_{0}eS^{2n+1}(c/4)$ with $\varphi(0)=Cv_{0}$ . Then we have
$\varphi(a\cdot 0)=\rho(a)\varphi(0)=\rho(a)\pi(v_{0})=\pi(\tilde{\rho}(\tilde{a})v_{0})$ for each $\tilde{a}e\tilde{G}$ with $\pi(\tilde{a})=aeG$ . In
particular we have $\tilde{\rho}(\tilde{K})Cv_{0}\subset Cv_{0}$ . Hence there is a real-valued linear form
$\lambda_{0}$ on $f$ such that $\tilde{\rho}(X)v_{0}=\sqrt{-1}u(X)v_{0}$ for any $Xef$ . Set $f^{\prime}=KerM=$

{X $ef;\tilde{\rho}(X)v_{0}=0$}. We have a decomposition $f=f^{\prime}\oplus c_{0}$ as Lie algebras,
where $c_{0}$ is an orthogonal complement of $f^{\prime}$ in $f$ . Note that dim $c_{0}=0$ or
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1 and $c_{0}$ is contained in the center of $f$ .
Decompose the representation space $C^{n+1}$ of $\tilde{\rho}$ into the direct sum:

$C^{n+1}=\sum_{=1}^{*}V_{i}$

of irreducible $\tilde{G}$-submodules $V_{i}$ , and let

$v_{0}=\sum_{i=1}^{l}v_{i}$ , $v_{i}eV_{i}(1\leqq i\leqq s)$ .

Then each $v_{i}$ does not vanish in virtue of the fullne8s of $\varphi$ , and satisfies

$\tilde{\rho}(X)v=\sqrt{-1}u(X)v_{i}$ for each $Xef$ .
Put $W=Cv_{0}$ . Then $W$ is a complex l-dimensional $K$-submodule of

$C^{n+1}$ . Consider the associated homogeneous complex line bundle $L=$
$\tilde{G}\times.W^{*}\sigma$ over $M=\tilde{G}/\tilde{K}$, where $(\sigma^{*}, W^{*})$ denotes the dual K-module of $W$.
We define a smooth map $\tilde{\varphi}=(\tilde{\varphi}_{0}, \cdots,\tilde{\varphi}_{n}):\tilde{G}\rightarrow(W^{*})^{n+1}\approx C^{n+1}$ by $(\tilde{\varphi}(a))(w)=$

$\langle\tilde{\rho}(a)w, \epsilon_{i}\rangle(i=0, \cdots, n)$ for each $a$
$e\tilde{G}$ and $weW$ . Since each $\tilde{\varphi}_{i}8ati8fie8$

$\tilde{\varphi}_{i}(ak)=\sigma(k)^{-1}\tilde{\varphi}_{i}(a)$ , i.e. $\tilde{\varphi}_{i}eC^{\infty}(\tilde{G}, W^{*})_{\tilde{K}},$ $\{\tilde{\varphi}_{0}, \cdots,\tilde{\varphi}_{n}\}$ induce8 a system
$\{\varphi_{0}, \cdots, \varphi_{n}\}$ of smooth sections of the bundle $L$ . Let $V$ denote the $\tilde{G}-$

submodule of $C^{\infty}(L)$ spanned by $\varphi_{0},$ $\cdots,$ $\varphi_{n}$ . Then $\varphi$ i8 equivalent to
$\varphi(V;r_{1}, \cdots, r.)$ for some real numbers 8atisfying $\sum_{=1}r^{2}=1$ .

We shall study harmonicity of the homogeneous map $\varphi=\varphi(V;r_{\iota}, \cdots,r.)$ .
We prepare a lemma. Choose a subspace $\mathfrak{m}$ of $\mathfrak{g}$ such that $Ad(K)m=m$
and $\mathfrak{g}=f+\mathfrak{m}$ is a direct sum as vector subspace8.

LEMMA 3.1. $\tilde{\rho}([f, \mathfrak{m}])v_{0}$ is horizontal with respect to the Hopffibration
$\pi:S^{2n+1}(c/4)\rightarrow CP^{n}$ , that is, $\langle\tilde{\rho}([f, \mathfrak{m}])v_{0}, v_{0}\rangle=0$ . Therefore if $[f, \mathfrak{m}]=\mathfrak{m}$ , then
$\tilde{\rho}(\mathfrak{m})v_{0}$ is horizontal. Here $[f, \mathfrak{m}]$ denotes the vector subspace of $\mathfrak{m}$ spanned
by $\{[T, X];Tef, Xe\mathfrak{m}\}$ .

PROOF. From the invariance of the Hermitian inner product $\langle, \rangle$

by the action $\tilde{\rho}$ of $\tilde{G}$ , for any $Tef$ and Xem we have

$\langle\tilde{\rho}(T)\tilde{\rho}(X)v_{0}, v_{0}\rangle+\langle\tilde{\rho}(X)v_{0},\tilde{\rho}(T)v_{0}\rangle=0$ .
Since $\tilde{\rho}(T)v_{0}=\sqrt{-1}M(T)v_{0}$ , we have

$\langle\tilde{\rho}(X)v_{0},\tilde{\rho}(T)v_{0}\rangle=-\sqrt{-1}u(T)\langle\tilde{\rho}(X)v_{0}, v_{0}\rangle$ ,

and

$\langle\tilde{\rho}(T)\tilde{\rho}(X)v_{0}, v_{0}\rangle=\langle\tilde{\rho}([T, X])v_{0}, v_{0}\rangle+\langle\tilde{\rho}(X)\tilde{\rho}(T)v_{0}, v_{0}\rangle$

$=\langle\tilde{\rho}([T, X])v_{0}, v_{0}\rangle+\sqrt{-1}\lambda_{r}(T)\langle\tilde{\rho}(X)v_{0}, v_{0}\rangle$ .
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Hence we obtain $\langle\tilde{\rho}([T, X])v_{0}, v_{0}\rangle=0$ . q.e.d.

REMARK. Set $\mathfrak{m}=[f, \mathfrak{m}]+\mathfrak{m}_{0}$ where $\mathfrak{m}_{0}$ denotes the orthogonal com-
plement of $[f, \mathfrak{m}]$ in $\mathfrak{m}$ with respect to an $Ad(G)$-invariant inner product
of $\mathfrak{g}$ . Then $\mathfrak{m}_{0}$ is $Ad(K)$-invariant and satisfies $[f, \mathfrak{m}_{0}]=0$ and $[\mathfrak{m}, \mathfrak{m}_{0}]\subset \mathfrak{m}$ .

If the homogeneous space $M=G/K$ satisfies one of the following
conditions, then we have $\mathfrak{m}=[f, \mathfrak{m}]$ :

(1) The isotropy representation of $M=G/K$ is irreducible.
(2) rank $G=rankK$.
(3) $\mathfrak{g}$ is semisimple and $(\mathfrak{g}, f)$ is a symmetric Lie algebra.

The compact homogeneous spaces with irreducible isotropy representation
were classified by [Wo]. By a result of Hopf-Same18on $M=G/K$ satisfies
rank $G=rankK$ if and only if the Euler-Poincar\’e characteristic of $M$ is
positive.

Let $g$ be a G-invariant Riemannian metric on $M$. Let $g_{a}$ denote the
G-invariant Riemannian metric on $M$ induced by an $Ad(G)$-invariant inner
product $(, )$ of $\mathfrak{g}$ .

From Proposition 1.1, (2.3) and Lemma 3.1 we get the following.

PROPOSITION 3.2. Suppose that the homogeneous space $M=G/K$
satisfies the condition $[f, \mathfrak{m}]=\mathfrak{m}$ . Then the following statements for a
G-equivariant map $\varphi=\varphi(V;r_{1}, \cdots, r.):(M, g)\rightarrow CP^{n}$ are equivalent to each
other:

(1) $\varphi$ is a harmonic map.
(2) $(\sum_{i=1}^{r*}\tilde{\rho}(X_{i})^{2})v_{0}eRv_{0}$ , where $\{X_{1}, \cdots, X.\}$ denotes an orthonormal

basis of $\mathfrak{m}$ with respect to $g$ .
(3) For some constant $\nu$ , A$L\varphi_{j}=\nu\varphi_{j}(j=0, \cdots, n)$ , that is, the sub-

space $V$ of $C^{\infty}(L)$ is contained in some eigenspace $g,(L)$ of $\Delta^{L}$ .
By this proposition we see that if $M=G/K$ satisfies $[f, \mathfrak{m}]=m$ , then

{$\varphi(V;r_{1}, \cdots, r.);V$ is a G-submodule of some eigenspace for $\Delta^{L},$ $r_{i}eR$

$(i=1, \cdots, s)$ with $\sum:_{=1}r_{i}^{2}=1$ } is the set of all equivalence clas8es of G-
equivariant harmonic maps from $(M=G/K, g)$ to a complex projective
space. Here $s$ denotes the number of $\tilde{G}$-irreducible components of $V$.

Let $C$ denote the Casimir differential operator of $\tilde{G}$ with respect
to the $Ad(G)$-invariant inner product $(, )$ of $\mathfrak{g}$ , that is, $C=\sum_{A=q}^{l}X_{A}X_{A}$ ,
where $\{X_{A}\}_{A=1\ldots.,l}$ is an orthonormal basis of $\mathfrak{g}$ with respect to $(, )$ and
$\{X_{k}\}_{k=m+1,\cdots,l}$ is contained in $f$ . If $g=g_{a}$ , then we have $\tilde{\rho}(\sum_{i=1}^{n}X_{i}X_{i})=$

$\tilde{\rho}(C)-\sum_{k=m+1}^{\iota}\tilde{\rho}(X_{k})^{2}$ . If the representation $(\tilde{\rho}, C^{n+1})$ is irreducible, then
by Schur’s lemma $\tilde{\rho}(C)$ is a constant operator $-c(\tilde{\rho})I$ for 8ome $c(\tilde{\rho})>0$ .
In this case we have $\tilde{\rho}(\sum_{=1}^{m}X_{:}X_{i})v_{0}=(-c(\tilde{\rho})+(x_{0}, u))v_{0}$ . Therefore we
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obtain the following.

PROPOSITION 3.3. Suppose that $M=G/K$ satisfies the condition
$[f, m]=\mathfrak{m}$ . If $V$ is irreducible (equivalently, $(\tilde{\rho},$ $C^{n+1})$ is irreducible),
then $\varphi=\varphi(V;r_{1}, \cdots, r_{\epsilon}):(M, g_{a})\rightarrow CP^{n}$ is a harmonic map $(s=1)$ .

We shall give an explicit formula for the energy density of a G-
equivariant map $\varphi:(M, g_{a})\rightarrow CP^{n}$ .

PROPOSITION 3.4. Suppose that $M=G/K$ satisfies the condition
$[f, \mathfrak{m}]=\mathfrak{m}$ .

(1) The energy density $e(\varphi)$ of a G-equivariant map $\varphi:(M, g_{a})\rightarrow$

$(CP^{n}, g_{c})$ is given by

$e(\varphi)=-\frac{1}{2}\langle\tilde{\rho}(C)v_{0}, v_{0}\rangle-\frac{2|x_{0}|^{2}}{c}$ .
Moreover if $(\tilde{\rho}, C^{n+1})$ is irreducible, then

$e(\varphi)=\frac{2}{c}(c(\tilde{\rho})-|x_{0}|^{2})$ .

(2) If $\varphi^{*}g_{c}=rg_{G}$ for some positive constant $r>0$ , then $r$ is given by

$r=-\frac{1}{\dim M}\{\langle\tilde{\rho}(C)v_{0}, v_{0}\rangle+\frac{4}{c}|M|^{2}\}$ .

PROOF. Under the identification $m\cong T_{o}M$, by Lemma 3.1 we compute

$e(\varphi)=\frac{1}{2}\sum_{i=1}^{m}(\varphi^{*}g_{c})(X_{i}, X_{i})$

$=\frac{1}{2}\sum_{i=1}^{m}\langle\tilde{\rho}(X_{t})v_{0},\tilde{\rho}(X_{i})v_{0}\rangle$

$=-\frac{1}{2}\langle\tilde{\rho}(\sum_{i=1}^{m}x_{i}x_{i})v_{0},$ $ v_{0}\rangle$

$=-\frac{1}{2}(\langle\tilde{\rho}(C)v_{0}, v_{0}\rangle+\sum_{k=m+1}^{l}\lambda_{0}(X_{k})^{2}|v_{0}|^{2})$

$=-\frac{1}{2}\{\langle\tilde{\rho}(C)v_{0}, v_{0}\rangle+\frac{4}{c}|M|^{2}\}$ .

From this we get (1). Immediately (1) implies (2). q.e. $d$ .
By virtue of the formula of Freudenthal, the eigenvalue $c(\tilde{\rho})$ of the

Casimir operator $\tilde{\rho}(C)$ for an irreducible representation $(\tilde{\rho}, C^{n+1})$ is given
by
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$c(\tilde{\rho})=(A_{\overline{\rho}}, A_{\tilde{\rho}}+2\delta)$ ,

where $\Lambda_{\overline{\rho}}$ denotes the highest weight of the representation $\tilde{\rho}$ and $\delta$

denotes half the 8um of the po8itive roots of $\mathfrak{g}$ , relative to a maximal
abelian subalgebra of $\mathfrak{g}$ and a linear order on it.

REMARK. (1) Similar results and formulas can be found in [Gu 1],
[Gu3] for a flag manifold $G/T$. In [Gu3], [Gu4], Guest gives more re8u1ts
and interesting ob8ervations from the viewpoint of twistor geometry and
8ymplectic geometry.

(2) If $K$ has the di8crete center, then the associated homogeneou8
complex line bundle $L$ is a flat vector bundle and any homogeneous map
$\varphi$ made from section8 of $L$ is alway8 totally real.

\S 4. Homogeneous harmonic maps of compact homogeneous Kahler
manifolds into complex projective spaces.

Let $\mathfrak{g}$ be a compact semisimple Lie algebra and $\iota$ be a maximal abelian
subalgebra of $\mathfrak{g}$ . Denote by $\mathfrak{g}^{c}$ and lo the complexifications of $\mathfrak{g}$ and $f$ ,
respectively. lc is a Cartan subalgebra of $\mathfrak{g}^{c}$ . Let $(, )$ be an $Ad(G)-$

invariant inner product on $\mathfrak{g}$ defined by $(-1)$ times the Killing form of
$\mathfrak{g}$ . Let $\Sigma(\subset t)$ denote the root system of $\mathfrak{g}$ relative to $l$ . We have a
root space decompo8ition of $\mathfrak{g}^{c}$ :

$\mathfrak{g}^{c}=\Psi+\sum_{\alpha e\Sigma}ae$ ,

where $\mathfrak{g}_{\alpha}^{c}=$ { $Xe\mathfrak{g}^{c}$ ; (ad $H$ )$X=\sqrt{-1}(\alpha,$ $H)X$ for any $Het$}. Choose a lexi-
cographic order $>$ on $\Sigma$ . Put $\Sigma^{+}=\{\alpha e\Sigma;\alpha>0\}$ . Let $\Pi$ be the funda-
mental root system of $\Sigma$ consisting of simple roots with respect to the
linear order $>$ . We identify $\Pi$ with its Dynkin diagram. Let $\{\Lambda_{a}\}_{\alpha e\Pi}(\subset\iota)$

be the fundamental weight system of $\mathfrak{g}^{c}$ corresponding to $\Pi$ :

if $\alpha=\beta$ ,
if $\alpha\neq\beta$

Let $\Pi_{0}$ be a subdiagram of $\Pi$ . We may suppose that the pair $(\Pi, \Pi_{0})$

is effective, that is, $\Pi_{0}$ contains no irreducible component of $\Pi$ . Put
$\Sigma_{0}=\Sigma\cap\{\Pi_{0}\}_{z}$ , where $\{\Pi_{0}\}_{z}$ denote the subgroup of $l$ generated by $\Pi_{0}$ over
$Z$. Define a subalgebra $u$ of $\mathfrak{g}^{c}$ by

$u=1^{c}+\sum_{ae\Sigma_{0}\cup\Sigma+}\mathfrak{g}_{\alpha}^{\underline{c}}$ .
Let $G^{c}$ be the connected complex semisimple Lie group without
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center, whose Lie algebra is $\mathfrak{g}^{c}$ , and $U$ the connected closed complex
subgroup of $G^{c}$ generated by $u$ . We define a complex manifold $M$ by
$M=G^{c}/U$, which is known to be compact and simply connected. Denote
by $J$ the complex structure of M. $G^{c}$ acts effectively on $M$, since $G^{c}$

ha8 no center. The origin $U$ of $M$ is denoted by $0$ . Let $G$ be a compact
connected semisimple subgroup of $G^{c}$ generated by $\mathfrak{g}$ and put $K=G\cap U$.
Then $K$ is connected and $G$ acts on $M$ transitively, and hence the natural
map $G/K\rightarrow G^{c}/U$ induces an identification $M=G/K$ as a smooth manifold.
$M$ is called a generalized flag manifold. The complexification $f^{c}$ of the
Lie algebra $f$ of $K$ is given by

$f^{c}=t^{c}+\sum_{\alpha e\Sigma_{0}}\mathfrak{g}_{\alpha}^{c}$ .
We define a sub8pace $c$ of $f$ by

$c=\sum_{\alpha e\Pi-\Pi_{0}}R\Lambda_{\alpha}$ .
Then $c$ coincides with the center of $f$ . We define lattices $Z$ and Z. of $l$

and $c$ respectively by

$Z=\sum_{\alpha e\Pi}Z\Lambda_{\alpha}$

and

$Z_{t}=Z\cap c=\sum_{\alpha e\Pi-\Pi_{0}}Z\Lambda_{\alpha}$ .
We define a cone $c^{+}$ in $c$ by

$c^{+}$ (resp. $\emptyset$) $=$ {$xec\backslash \{0\}$ ; $(\lambda,$ $\alpha)>0$ (resp. $\geqq 0)$ for each $\alpha\in\Pi-\Pi_{0}$}

and put $Z_{c}^{+}=Z\cap c^{+}$ and $Z_{l}^{l}=Z\cap c^{l}$ . Then we have $c^{+}=\sum_{ae\Pi-\Pi_{0}}R^{+}\Lambda_{\alpha}$ and
$Z_{\iota}^{+}=\sum_{\alpha e\Pi-\Pi_{0}}Z^{+}\Lambda_{\alpha}$ , where $R^{+}$ and $Z^{+}$ denote the set8 of positive real
numbers and po8itive integers, respectively. Let $\mathfrak{m}$ be the orthogonal
complement of $f$ in $\mathfrak{g}$ with respect to $(, )$ . Then we have a direct sum
decomposition $\mathfrak{g}=f+m$ as vector spaces. The subspace $m$ is K-invariant
under the adjoint action and identified with the tangent space $T.M$ of
$M$ at the origin. Put $\Sigma_{u}^{+}=\Sigma^{+}-\Sigma_{0},$ $\Sigma_{u}^{-}=-\Sigma_{\alpha}^{+}$ , and define K-invariant
subspaces $\iota \mathfrak{n}^{\pm}$ of $\mathfrak{g}^{c}$ by

(4.1)
$\mathfrak{m}^{\pm}=\sum \mathfrak{g}_{a}^{c}\alpha e\Sigma_{u}^{\pm}$

Then $\overline{\mathfrak{m}}^{\pm}=\mathfrak{m}^{\mp}$ and the complexification $\mathfrak{m}^{c}$ of $m$ is the direct sum $\mathfrak{m}^{c}=$

$\mathfrak{m}^{+}+m^{-}$ .
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Let $\tilde{G}^{c}$ be the universal covering group of $G^{c}$ and $\tilde{G}$ be the simply
connected subgroup of $\tilde{G}^{c}$ generated by $\mathfrak{g}$ . Let $\tilde{U}$ be the connected closed
complex subgroup of $\tilde{G}^{c}$ generated by $u$ and put $\tilde{K}=\tilde{G}\cap\tilde{U}$. Then we
have also identifications $M=\tilde{G}^{c}/\tilde{U}=\tilde{G}/\tilde{K}$. Let $\tilde{T}$ be the toral subgroup
of $\tilde{G}$ generated by $l$ .

We choose $E_{a}e\mathfrak{g}_{a}^{c}$ for $\alpha\in\Sigma$ with the following properties and fix
them once and for all:

$[E_{a}, E_{-a}]=V=1a$ , $(E_{a}, E_{-a})=1$ , $\overline{E}_{\alpha}=E_{-a}$ for $\alpha\in\Sigma$ .
We denote by $X\mapsto\overline{X}$ the complex conjugation of $\mathfrak{g}^{c}$ with respect to the
real form $\mathfrak{g}$ . Let $\{\omega^{\alpha}\}_{\alpha e\Sigma}$ be the linear forms on $\mathfrak{g}^{c}$ dual to $\{E_{\alpha}\}_{ae\Sigma}$ , more
precisely, the linear forms defined by

$\omega^{a}(1^{c})=\{0\}$ ,

$\omega^{\alpha}(E_{\beta})=\left\{\begin{array}{ll}1 & if \alpha=\beta,\\0 & if \alpha\neq\beta\end{array}\right.$

Every G-invariant K\"ahler metric on $M$ is given by

$g(x)=\frac{1}{2\pi}\sum_{\alpha e\Sigma_{m}^{\pm}}(\lambda, \alpha)\omega^{\alpha}\cdot\overline{\omega}^{a}$ for $xec^{+}$ (cf. [B-H], [Te2]).

Denoted by $\omega(x)$ the Kahler form (or fundamental 2-form) of $g(x)$ ,
$\omega(x)(X, Y)=g(x)(JX, Y)$ . Any G-invariant Riemannian metric on $M$ is a
Hermitian metric with coclosed fundamental 2-form.

Given any $xe$ Z., we can define a complex l-dimensional unitary
representation $\sigma(\lambda)$ of $\tilde{K}$ by $(\sigma(\lambda))(a)=\exp(\sqrt{-1}(x, X))$ for each $ae\tilde{K}$,
where $a=\exp X$ and $Xef$ . We construct a h\‘Omogeneous complex line
bundle $L_{\lambda}=\tilde{G}\times_{\sigma(\lambda)}C$ over $M=\tilde{G}/\tilde{K}$ associated to the representation $(\sigma(h), C)$

of $\tilde{K}$. Conversely for each homogeneous complex line bundle $L$ over
$M=\tilde{G}/\tilde{K}$, there exists a unique element $\lambda\in Z.$ such that $L=L_{\lambda}$ . The first
Chem class $c_{1}(L_{\lambda})$ of the complex line bundle $L_{\lambda}$ over $M$ associated to
$xe$ Z. is represented by the closed 2-form

(4.2) $\gamma_{1}(L_{\lambda})=\frac{\sqrt{-1}}{2\pi}\sum_{\alpha e\Sigma_{m}^{f}}(x, \alpha)\omega^{\alpha}$ A $\overline{\omega}^{\alpha}$ .
This is because by (2.5) we have

$\gamma_{1}(L_{\lambda})(E_{\alpha},\overline{E}_{\beta})=\frac{1}{2\pi}([x, E_{a}],\overline{E}_{\beta})=\frac{\sqrt{-1}}{2\pi}(\lambda, \alpha)(E_{\alpha},\overline{E}_{\beta})$ .

PROPOSITION 4.1 (cf. [B-H], [Te2]). Let $J_{G}^{2}(M)$ and $\ovalbox{\tt\small REJECT}^{2}(M, g)$ be
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the real vector space of all G-invariant closed 2-forms on $M$ and the real
vector space of all harmonic 2-forms on $M$ with respect to a G-invariant
Riemann’ian metric $g$ on $M$, respectively. Then we have the following
$isomo\gamma ph\dot{\tau}sms$ :

$c\cong H^{1}(\tilde{K}, R)\cong H^{2}(M, R)\cong\ovalbox{\tt\small REJECT}^{2}(M, g)=\mathcal{J}_{G}^{2}(M)$

$ Z_{c}\cong H^{1}(\tilde{K}, Z)\cong H^{2}(M, Z)\uparrow|\uparrow$

and the linear isomorphism between $c$ and $J_{G}^{2}(M)$ is given by

$\eta(x)=\frac{\sqrt{-1}}{2\pi}\sum_{\alpha e\Sigma_{m}^{+}}(x, \alpha)\omega^{\alpha}$ Adi’ $\in\ovalbox{\tt\small REJECT}_{G}^{2}(M)$

for $xec$ . Here note that we can identify $H^{1}(\tilde{K}, Z)$ and $H^{2}(M, Z)$ with
subgroups of $H^{1}(\tilde{K}, R)$ and $H^{2}(M, R)$ since these integral cohomology groups
have no torsion.

Let $\Leftrightarrow \mathscr{G}(M)$ be the complete set of equivalence classes of complex
line bundles over $M$. Then we get the bijective correspondences among
$\mathscr{L}(M),$ $H^{2}(M, Z)$ and Z. by $c_{1}(L_{\lambda})=\eta(x)$ for $\lambda\in Z$ .

For each $\lambda\in Z_{\iota}$ , there is a unique holomorphic character $\chi(x)$ of $\tilde{U}$

such that

$(\chi(x))(\exp H)=\exp\sqrt{-1}(x, H)$ for each $H\in\iota^{c}$ .
Then we can identify $L_{\lambda}$ with the holomorphic line bundle $\tilde{G}^{c}\times_{\chi(\lambda)}C$ over
$M$ associated to the principal bundle $(\tilde{G}^{c}, \pi, M,\tilde{U})$ by $\chi(x)$ . We have the
identifications $L_{\lambda}=\tilde{G}X_{\sigma t\lambda)}C=\tilde{G}^{c}\times_{\chi(\lambda)}C$. Through these identifications we
endow the complex line bundle $L_{\lambda}$ with the Hermitian metric and the
holomorphic structure. Hence $L_{\lambda}$ becomes a holomorphic Hermitian line
bundle. Let $\Gamma$ be the canonical G-invariant connection on the principal
bundle $(G, \pi, M, K)$ and let $g=g(\mu)(\mu ec^{+})$ be a G-invariant K\"ahler metric
on $M$. By (2.4) and (4.1) the curvature form $\Omega$ of $\Gamma$ is of type $(1, 1)$ .
Let $\nabla^{\lambda}$ denote the covariant differentiation of $L_{\lambda}$ induced from the con-
nection $\Gamma$ . Then $\nabla^{\lambda}$ is the Hermitian connection of the holomorphic
Hermitian line bundle $L_{\lambda}$ . The complex Laplacian $\coprod^{\lambda}$ of $L_{\lambda}$ is defined by

$\coprod^{\lambda}f=\overline{\partial}^{*}\overline{\partial}f=-\sum_{i=1}^{m}[\nabla_{u_{ii}}^{\lambda}\nabla\frac{\lambda}{u}f-\nabla_{\nabla_{u_{i}}^{M}\overline{u}_{i}}^{\lambda}f]$ for $feC^{\infty}(L_{\lambda})$ ,

where $0$ and $\overline{\partial}^{*}$ denote the $(0,1)$-operator of the holomorphic line bundle
$L_{\lambda}$ and its adjoint operator respectively, and $\{u_{i}\}$ is a unitary basis of
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$T_{p}^{(1,0)}M$ with respect to $g=g(\mu)$ . Then we have

$\coprod^{\lambda}f=-\sum_{i=1}^{n}\nabla_{u_{i},\overline{\iota}}^{\lambda}f=-\frac{1}{2}\sum_{=1}^{n}[\nabla_{u_{i},\overline{*}}^{\lambda}f+\nabla_{\pi_{i^{*}i}}^{\lambda}.f+R^{\lambda}(u_{i},\overline{u})f]$

$=\frac{1}{2}\{\Delta^{\lambda}f-2\pi[\sum_{\alpha e\Sigma^{+}}\frac{(\lambda,\alpha)}{(\mu,a)}\}\},$

where $\Delta^{\lambda}$ and $R^{\lambda}$ denote the rough Laplacian relative to $\nabla^{\lambda}$ and the
curvature form of $\nabla^{\lambda}$ respectively. Hence if $x=\mu$ , that is, $c_{1}(L_{\lambda})_{R}=[\omega(\mu)]$ ,
then it becomes $\coprod^{\lambda}=(1/2)(\Delta^{\lambda}-2\pi m\cdot 1)$ , where $m=d{\rm Im}_{c}M$. Set $\nu(\lambda, \mu)=$

$2\pi\sum_{\alpha e\Sigma}+(\lambda, a)/(\mu, \alpha)$ . In the next section we will determine all eigen-
values and eigenspaces of the Laplacians and $\Delta^{\lambda}$ for each irreducible
Hermitian symmetric 8pace $M$ of compact type.

Let $\Gamma(L_{\lambda})$ be the subspace of $C^{\infty}(L_{\lambda})$ consisting of all holomorphic
sections of $L_{\lambda}$ . We see that $\Gamma(L_{\lambda})=\{feC^{\infty}(L_{\lambda});\coprod^{\lambda}f=0\}=\{feC^{\infty}(L_{\lambda});\Delta^{\lambda}f=$

$\nu(\lambda, \mu)f\}$ . From the Borel-Weil theorem ([Bt]) we know that $\Gamma(L_{\lambda})$ is an
irreducible G-submodule of $C^{\infty}(L_{\lambda})$ with the highest weight $\lambda$ , hence if
$xeZ_{\iota}\backslash (Z_{t}^{l}\cup\{0\})$ , then $\Gamma(L_{\lambda})=\{0\}$ . It is known that $xeZ_{t}^{+}$ if and only if
$L_{\lambda}$ is very ample. Let $g_{y}(L_{\lambda})$ be the eigenspace of $\Delta^{\lambda}$ with the eigenvalue
$\nu$ . The decomposition (2.2) of $C^{\infty}(L_{\lambda})$ become8

$C^{\infty}(L_{\lambda})=\Gamma(L_{\lambda})+\sum_{\nu>\nu(\lambda\mu)},g_{\nu}(L_{\lambda})$ .
Let $\varphi=\varphi(V;r_{1}, \cdots, r.);M\rightarrow CP^{n}$ be a homogeneou8 map associated to a
finite dimensional G-submodule $V$ of $C^{\infty}(L_{\lambda})$ a8 in Section 2. We use the
8ame notation as in the preceding sections.

PROPOSITION 4.2. (1) $\varphi=\varphi(V;r_{1}, \cdots, r.):M\rightarrow CP^{n}$ is a full holo-
morphic map if and only if $xeZ_{t}^{1}$ and $V=\Gamma(L_{\lambda})(s=1)$ .

(2) If $xeZ_{*}$ satisfies Ov, $\alpha$) $\neq 0$ for each $a\in\Pi-\Pi_{0}$ then $\varphi=$

$\varphi(V;r_{1}, \cdots, r.):M\rightarrow CP^{n}i\epsilon$ an immerston.
(3) If $xeZ_{*}^{1}$ and $V\subset \mathscr{G}_{\nu}(L_{\lambda})$ for $\nu>\nu(x, \mu)$ , then $\varphi=\varphi(V;r_{1}, \cdots, r.)$ :

$M\rightarrow CP$“ $ i\epsilon$ a harmonic map which $ i\epsilon$ neither holomorphic, antiholomor-
phic nor totally real. Moreover if a harmonic map $\varphi=\varphi(V;r_{1}, \cdots, r.)$ :
$M\rightarrow CP$“ with the simple compact Lie group $G$ and $\dim_{c}M\geqq 2$ is neither
holomorphic nor antiholomorphic, then $\varphi$ is not even pluriharmonic (cf.
[Ud], [O-U]).

(4) If $\varphi:M=G/K\rightarrow CP^{n}$ is a G-equivariant, stable harmonic map
of a compact homogeneous Kahler manifold $M=G/K$ with the second
Betti number $b_{\iota}(M)=1$ , then $\varphi$ is holomorphic or antiholomorphi.

PROOF. (1) Note that by the G-invariance of $\varphi$ and Lemma 3.1 we



HOMOGENEOUS HARMONIC MAPS 105

have $(D_{X}\Phi)\tilde{\varphi}=X^{*}\tilde{\varphi}$ for each $X\in TM^{c}$ . Assume that $xeZ\oint$ and $V=\Gamma(L_{\lambda})$

$(s=1)$ . From $x\in Z_{t}^{t}$ we see $\Gamma(L_{\lambda})\neq\{0\}$ . Since $(\overline{\partial}_{\overline{Z}}\varphi_{i})_{i=0,\cdots,n}^{\sim}=(\nabla_{Z}^{\lambda}\varphi_{l})_{i=0,\cdots,n}^{\sim}=$

$\overline{Z}^{*}\tilde{\varphi}=0$ for each $z\in T^{(1,0)}M$, we get $D_{\overline{Z}}\Phi=0$ . Thus $\varphi$ is holomorphic.
Conversely assume that $\varphi$ is holomorphic. Then for each $ZeT^{(1,0)}M$ we
have $0=(D_{\overline{Z}}\Phi)\tilde{\varphi}=\overline{Z}^{*}\tilde{\varphi}=(\nabla\frac{\lambda}{Z}\varphi_{i})_{=0,\cdots,n}^{\sim}=(\overline{\partial}_{\overline{Z}}\varphi_{i})_{i=0,\cdots,n}^{\sim}$ . Hence $\{\varphi_{0}, \cdots, \varphi_{n}\}$ are
nonzero holomorphic sections of $L_{\lambda}$ . Thus by the Borel-Weil theorem
we get $xeZ_{c}^{1}$ and $V=\Gamma(L_{\lambda})$ .

(2) Let $\omega_{c}$ denote the Kahler form of $(CP^{n}, g_{c})$ . Then the first
Chern class $c_{1}(H)$ of the hyperplane bundle $H$ over $CP^{n}$ is represented
by $\gamma_{1}(H)=(c/4\pi)\omega_{a}$ . Since $\varphi^{*}c_{1}(H)=c_{1}(L_{\lambda})$ and $\varphi^{*}\gamma_{1}(H),$ $\gamma_{1}(L_{\lambda})$ are G-
invariant closed 2-forms, by (4.2) and Proposition 4.1 we get $\varphi^{*}\gamma_{1}(H)=$

$\gamma_{1}(L_{\lambda})$ , that is,

$\varphi^{*}\omega_{6}=\frac{2}{c}\sqrt{-1}$
$\sum_{+,ae\Sigma_{\infty}}(x, \alpha)\omega^{\alpha}$

A $\overline{\omega}^{a}$ .
Hence we see that $(\lambda, \alpha)\neq 0$ for each $\alpha e\Pi-\Pi_{0}$ if and only if $\varphi^{*}\omega_{0}$ is
nondegenerate, and then $\varphi$ is an immersion.

(3) The first statement follows from (1). If $\varphi=\varphi(V;r_{1}, \cdots, r.)$ i8
a nonconstant pluriharmonic map, then by a result of [Ud] we have
$rank_{R}d\varphi\leqq 2$ , hence $\dim_{R}\varphi(M)=1$ or 2. Since $G^{\prime}=\{a\in G;ax=x$ for each
$x\in\varphi(M)\}$ is a normal closed subgroup of $G$ and $G$ is simple, $G$ is locally
isomorphic to $G/G’$ . Since $G/G$’ acts effectively on $\varphi(M),$ $G$ must be of
type $A_{1}$ . Thus $\dim_{c}M=1$ .

(4) By (2) $\varphi$ must be an immersion. By a result of [B-B] (see also
[B-B-B-R]), we see that $\varphi(M)$ is a complex submanifold of $CP^{n}$ . Hence
by the G-equivariance of $\varphi$ the standard complex structure of $CP^{n}$ induces
a G-invariant complex structure $J^{\prime}$ on $M$ through $\varphi$ . By Proposition 13.8
of [B-H] the complex structure $J$ ’ or $-J$’ coincides with the complex
structure $J$ of $M=G^{c}/U$ . Thus $\varphi$ is holomorphic or antiholomorphic.

q.e. $d$ .
REMARK. (1) The statement (1) of Proposition 4.2 can be regarded

as a very special case of the famous Kodaira embedding theorem. If
$\lambda\in Z_{c}^{l}\backslash Z_{c}^{+}$ , then the holomorphic map $\varphi=\varphi(\Gamma(L_{\lambda})):M\rightarrow CP^{n}$ is not an im-
mersion. For each $\lambda\in Z_{t}^{+}$ , we have a Kahler embedding $\varphi=\varphi(\Gamma(L_{\lambda}))$ :
$(M, (4\pi/c)g(x))\rightarrow(CP^{n}, g_{c})$ . These K\"ahler embeddings were investigated
and classified in detail by [Te2].

(2) If $(G, K)$ is an irreducible Hermitian symmetric pair, since the
isotropy representation of $M=G/K$ is irreducible, the statement (3) of
Proposition 4.2 gives neither holomorphic, antiholomorphic nor totally
real, minimal isometric immersions $\varphi:(M_{1}rg_{a})\rightarrow CP^{n}$ for some $r>0$ . The
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values $r$ and eigenspaces $g,(L_{\lambda})$ are determined precisely from Proposition
3.4 and results of the next section.

\S 5. Spectral decomposition for complex line bundles over compact
Hermitian symmetric spaces.

In this section we discus8 the case when the generalized flag manifold
$M$ is a Hermitian symmetric space.

Let $\Pi=\{\alpha_{1}, \cdots, \alpha_{l}\}$ be an irreducible Dynkin diagram. A pair $(\Pi, \Pi_{0})$

is called irreducible symmetric if $\Pi-\Pi_{0}=\{\alpha_{:_{0}}\}$ and the highest root $\tilde{a}$ of
the system $\Sigma$ with the fundamental root system $\Pi$ has an expression:

$\tilde{\alpha}=\alpha_{t_{0}}+\sum_{i=1i\neq i_{0}}^{l},m_{i}\alpha$ , $m_{i}eZ,$ $m_{i}>0$ .
A general pair $(\Pi, \Pi_{0})$ of Dynkin diagram8 is said to be symmetric if
the pair $(\Pi, \Pi_{0})$ is a direct sum of irreducible symmetric pairs of Dynkin
diagrams. Let $M=G/K$ be a generalized flag manifold associated to an
effective pair $(\Pi, \Pi_{0})$ . It is known that the pair $(G, K)$ is a symmetric
pair if and only if the pair $(\Pi, \Pi_{0})$ is symmetric. In this case for any
G-invariant Riemannian metric $g$ on $M,$ $(M, g)$ is a Hermitian symmetric
space and the identity component $Aut^{0}(M, g)$ of all automorphisms of
$(M, g)$ is equal to $G$ . Every Hermitian symmetric space of compact type
is obtained in this way.

PROPOSITION 5.1 (cf. [H-C], [He]). There exists a subset $\gamma_{1},$ $\cdots,$ $\gamma_{f}$ of
$\Sigma_{u}^{+}$ consisting of strongly orthogonal roots, i.e. $\gamma_{i}\pm\gamma_{\dot{s}}\not\in\Sigma(1\leqq i, j\leqq r)$ such
that

$\mathfrak{a}^{c}=\sum_{i=1}^{r}C(E_{\gamma_{i}}+E_{-\gamma_{i}})$

is a maximal abelian subspace of $\mathfrak{m}^{c}$ . In particular

$\mathfrak{a}=\sum_{i=1}^{f}R(E_{\gamma_{i}}+E_{-\gamma})$

$\dot{r}s$ a maximal abelian subspace of $\mathfrak{m}$ .
Consider the inner automorphism $\nu$ of the Lie algebra $\mathfrak{g}$ , the so called

Cayley transformation
$\nu=Ad(c_{0})$ ,

where $c_{0}=\exp(\pi/2)\sqrt{-1}\sum_{i=1}^{f}(E_{\gamma_{i}}-E_{-7_{i}}\cdot)/(\sqrt{2}|\gamma_{i}|)$ . Then we have $\nu(\mathfrak{a})\subset t$

and $\nu((E_{\gamma_{i}}-E_{-\gamma_{i}})/\sqrt{2})=-\gamma_{:}/|\gamma_{i}|$ for $1\leqq i\leqq r$ (cf. [H-C]).
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Set $\Lambda_{i}=\Lambda_{\alpha_{i}}$ for $i=1,$ $\cdots,$
$l$ . In our case we have $Z.=Z\Lambda_{i_{0}}$ . For each

$x=k\Lambda_{i_{0}}\in Z.,$ the first Chern class $c_{1}(L_{\lambda})$ is given by $c_{1}(L_{\lambda})=k\omega_{1}$ where $\omega_{1}$

is a positive generator of $H^{2}(M, Z)$ . For each $k\in Z$, set $W_{k}=(\sigma(k\Lambda_{i_{0}}), C)$ .
We shall determine the spectral decompositions (2.1) of all complex

line bundles over each irreducible Hermitian symmetric space of compact
type. Let $D(G)$ be the set of all dominant integral elements of $l$ . By
Proposition 2.2 we know $\dim Hom(V(\Lambda), W_{k})=0$ or 1 for each $\Lambda eD(G)$ .
Set

$D(G, K;k)=$ {$\Lambda\in D(G)$ ; dim $Hom_{K}(V(\Lambda),$ $W_{k})=1$ }

for each $k\in Z$, and $D(G, K)=D(G, K;0)$ .
THEOREM 5.2. The following is a complete list of $D(G, K;k)(keZ)$

for each compact irreducible Hermitian symmetric space $M=G/K$. Here
each diagram is the Satake diagram of $(G, K)$ and $Oo$ represents the
element of $\Pi-\Pi_{0}$ .

(1) $(AIII)_{pq}(1\leqq p\leqq q):M=G_{p,q}(C),$ $l=p+q-1$ . If $1\leqq p\leqq l/2$ ,

$D(G, K;k)=\{\sum_{i=1}^{p-1}m_{i}(\Lambda_{i}+\Lambda_{\iota-l+1})+m_{p}\Lambda_{p}+m_{p+1}\Lambda_{l-p+1}$ ;

$m_{i}eZ,$ $m_{i}\geqq 0(i=1, \cdots, p+1),$ $m_{p}-m_{p+1}=k\}$ .
If $2p-1=l$ ,

$D(G, K;k)=\{\sum_{i=1}^{p-1}m_{i}(\Lambda_{i}+\Lambda_{l-i+1})+m_{p}\Lambda_{p}$ ;

$m_{i}eZ,$ $m_{i}\geqq 0(i=1, \cdots, p),$ $m_{p}-|k|\geqq 0$ is $even\}$ .
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(2) (BD),. $(m\geqq 5):M=Q_{n}(C),$ $l=[m/2]+1\geqq 3$ . If $m$ is odd $(l\geqq 3)$ ,

If $m$ is even $(l\geqq 4)$ ,

$D(G, K;k)=\{m_{1}\Lambda_{1}+m_{2}\Lambda_{2}$ ;
$m_{i}eZ,$ $m_{i}\geqq 0(i=1,2),$ $m_{1}-|k|\geqq 0$ is even}.

(3) $(CI)_{l}(l\geqq 2):M=Sp(l)/U(l)$ .

$D(G, K;k)=\{\sum_{i=1}^{l-1}m2\Lambda_{i}+m_{l}\Lambda_{l}$ ;

$m_{i}eZ,$ $m_{i}\geqq 0(i=1, \cdots, l),$ $m_{l}-|k|\geqq 0i\epsilon even\}$ .
(4) $(DIII)_{l}(l\geqq 5);M=SO(2l)/U(l)$ . If $l=2r$ ,

$D(G, K;k)=\{\sum_{i=1}^{r-1}m_{i}2\Lambda_{2}+m_{f}A_{l}$ ;

$m_{i}eZ,$ $m_{i}\geqq 0(i=1, \cdots, r),$ $m_{f}-|k|\geqq 0$ is $even\}$ .
If $l=2r+1$ ,
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$D(G, K;k)=\{^{f}\sum_{i=1}^{-1}m_{i}2\Lambda_{2i}+m_{r}\Lambda_{l-1}+m_{r+1}\Lambda_{l}$ ;

$m_{i}eZ,$ $m_{i}\geqq 0(i=1, \cdots, r+1),$ $m_{r}-m_{r+1}=-k\}$ .

(5) (EIII): $M=E_{6}/Spin(10)\cdot T$.

$D(G, K;k)=\{m_{1}\Lambda_{1}+m_{2}\Lambda_{2}+m_{8}\Lambda_{6}$ ;
$m_{i}eZ,$ $m_{i}\geqq 0(i=1,2,3),$ $m_{1}-m_{a}=-k$}.

(6) (EVII): $M=E_{7}/E_{6}\cdot T$.

$D(G, K;k)=\{m_{1}\Lambda_{1}+m_{2}\Lambda_{6}+m_{8}\Lambda_{7}$ ;
$m_{i}\in Z,$ $m_{i}\geqq 0(i=1,2,3),$ $m_{3}-|k|\geqq 0$ is even}.

We will get Theorem 5.2 by proving the following lemma.

LEMMA 5.3. Let $p$ be the Satake involution of $(G, K)$ (or $(\Pi,$ $\Pi_{0})$).

(1) If $p(i_{0})\neq i_{0}$ , then

$D(G, K;k)=D(G, K)+k\Lambda_{t_{0}}$ for each $k\geqq 0$ and
$D(G, K;k)=D(G, K)-k\Lambda_{p(i_{0})}$ for each $k<0$ .

(2) If $p(i_{0})=i_{0}$ , then

$D(G, K;k)=D(G, K)+|k|\Lambda_{t_{0}}$ for each $keZ$ .
PROOF. Note that if $p(i_{0})\neq i_{0}$ , then $k\Lambda_{i_{0}}\in D(G, K;k)$ for $k\geqq 0$ and

$-k\Lambda_{p(t_{0})}eD(G, K;k)$ for $k<0$ , and if $p(i_{0})=i_{0}$ , then $|k|\Lambda_{i_{0}}eD(G, K;k)$ for
$keZ$. Let $\Lambda eD(G, K;k)$ . We show that if $k\geqq 0$ , then $\Lambda eD(G, K)-k\Lambda_{p(i_{0})}$ .
Let $k$ be a nonnegative integer. Now we take the tensor product G-
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module $(V(k\Lambda_{i_{0}}))^{*}\otimes V(\Lambda)$ . Here $V^{*}$ denote8 the dual G-module of a G-
module $V$ . Then we have the direct sum decomposition of the G-module
$(V(k\Lambda_{c_{0}}))^{*}\otimes V(\Lambda)$ into irreducible G-modules $U_{i}$

$(V(k\Lambda_{i_{0}}))^{*}\otimes V(\Lambda)=U_{1}\oplus U_{2}\oplus\cdots\oplus U$. ,

where $U_{1}$ denotes the highe8t component. Since $(V(k\Lambda_{i_{0}}))^{*}=V(k\Lambda_{p(i_{0})})$ , we
have $U_{1}=V(k\Lambda_{p(t_{0})}+\Lambda)$ . Choose a nonzero weight vector $fe(V(k\Lambda_{i_{0}}))^{*}$ for
the lowest weight $-k\Lambda_{0}$ and a nonzero vector $weV(\Lambda)$ belonging to a K-
submodule of $V(\Lambda)$ isomorphic to $W_{k}$ . Then we see $\rho(X)f=-\sqrt{-1}(k\Lambda_{i_{0}}, X)f$

for each $X\in f$ and $\rho(a)(f\otimes w)=f\otimes w$ for each $a\in K$, where $\rho$ denotes the
action of $G$ on each representation space. Moreover choo8e a nonzero
weight vector $f_{1}\in(V(k\Lambda_{t_{0}}))^{*}$ for the highest weight $k\Lambda_{p(:_{0})}$ and a nonzero
weight vector $v_{1}\in V(\Lambda)$ for the highest weight $\Lambda$ . Note that $f_{1}\otimes v_{1}\in U_{1}$ .
For each $Hel$ , we have

$\rho(H)(f_{1}\otimes v_{1})=\sqrt{-1}(k\Lambda_{p(\ell_{0})}+\Lambda, H)(f_{1}\otimes v_{1})$ .
Since $\langle\rho(c_{0})^{-1}f_{1}, f\rangle\neq 0$ and $\langle\rho(c_{0})^{-1}v_{1}, w\rangle\neq 0$ by Lemma 2.1, we have

$\langle\rho(c_{0})^{-1}(f_{1}\otimes v_{1}), f\otimes w\rangle=\langle\rho(c_{0})^{-1}f_{1}, f\rangle\langle\rho(c_{0})^{-1}v_{1}, w\rangle\neq 0$ .
Write $f\otimes w=u_{1}+\cdots+u.$ , where $u_{\ell}eU_{i}(i=1, \cdots, s)$ . Then we see
$\rho(a)u_{i}=u_{i}$ for each $a$ $eK$ and $\rho(c_{0})(f\otimes w)=\rho(c_{0})u_{1}+\cdots+\rho(c_{0})u.,$ $\rho(c_{0})u_{i}\in U_{i}$

$(i=1, \cdots, s)$ . Since $\langle f_{1}\otimes v_{1}, \rho(c_{0})(f\otimes w)\rangle=\langle f_{1}\otimes v_{1}, \rho(c_{0})u_{1}\rangle\neq 0$ , we get
$\rho(c_{0})u_{1}\neq 0$ . Hence $0\neq u_{1}\in U_{1}$ and $\rho(a)u_{1}=u_{1}$ for each $aeK$. Thus we
obtain $k\Lambda_{p()}0+\Lambda eD(G, K)$ .

Similarly we can show that if $k<0$ and $\Lambda eD(G, K;k)$ , then $\Lambda e$

$D(G, K)+k\Lambda_{i_{0}}$ . We have only to apply the same argument to the tensor
product G-module $V(-k\Lambda_{i_{0}})\otimes V(\Lambda)$ .

First we discuss the case when $p(i_{0})\neq i_{0}$ , that is, the pair $(G, K)$ is
of type $(AIII)_{pq},$ $(DIII)_{l=2r+1}$ or (EIII). Let $\Lambda\in D(G, K;k)$ . Assume $k\geqq 0$ .
By the above assertion we can write

$\Lambda=m_{0}^{\prime}(\Lambda_{i_{0}}+\Lambda_{p\{i_{0})})-k\Lambda_{p\{t_{0})}+$ [$terms$ involving $\Lambda_{j}$ with $j\neq i_{0},$ $p(i_{0})$]

for some $m_{0}^{\prime}\in Z,$ $m_{0}\geqq 0$ . Hence we get

$\Lambda=m_{0}(\Lambda_{i_{0}}+\Lambda_{p(i_{0})})+k\Lambda_{i_{0}}+$ [$terms$ involving $\Lambda_{j}$ with $j\neq i_{0},$ $p(i_{0})$]

with $m_{0}=m_{0}^{\prime}-k\geqq 0$ . Thus we obtain $\Lambda eD(G, K)+k\Lambda_{i_{0}}$ . Next a8sume
$k<0$ . Similarly by the above assertion we can write

$\Lambda=m_{0}(\Lambda_{i_{0}}+\Lambda_{p(i_{0})})+k\Lambda_{i_{0}}+$ [$terms$ involving $\Lambda_{j}$ with $j\neq i_{0},$ $p(i_{0})$]



HOMOGENEOUS HARMONIC MAPS 111

for some $m_{0}^{\prime}eZ,$ $m_{0}^{\prime}\geqq 0$ . Hence we get

$\Lambda=m_{0}(\Lambda_{i_{0}}+\Lambda_{p(i_{0})})-k\Lambda_{p(i_{0})}+$ [$terms$ involving $\Lambda_{j}$ with $j\neq i_{0},$ $p(i_{0})$ ]

with $m_{0}=m_{0}^{\prime}+k\geqq 0$ . Thus we obtain $\Lambda\in D(G, K)-k\Lambda_{p(i_{0})}$ . Conversely if
$\Lambda eD(G, K)$ and $k\geqq 0$ (resp. $k<0$), then $\Lambda’+k\Lambda_{t_{0}}$ (resp. $\Lambda’-k\Lambda_{p(t_{0})}$ ) $\in$

$D(G, K;k)$ . In fact, if we let $ueV(\Lambda’)$ and $veV(k\Lambda_{i_{0}})$ (resp. $V(-k\Lambda_{pt_{0})})$ )
a nonzero K-fixed element of $V(\Lambda)$ and the highest (resp. lowest) weight
vector of $V(k\Lambda_{i_{0}})$ (resp. $V(-k\Lambda_{p(t_{0})})$), then by Lemma 2.1 we see that the
highest component of the tensor product $V(\Lambda^{\prime})\otimes V(k\Lambda_{i_{0}})$ (resp. $ V(\Lambda’)\otimes$

$V(-k\Lambda_{p(i_{0})}))$ contains a nonzero component of $u\otimes v$ , and hence it contains
a K-submodule isomorphic to $W_{k}$ . Therefore we obtain (1).

Next we proceed to the case when $p(i_{0})=i_{0}$ , that is, the pair $(G, K)$

is of type $(BD)_{m},$ $(CI)_{l},$ $(DIII)_{l=2r}$ and (EVII). Let $\Lambda\in D(G, K;k)$ . From
the above assertion8 we already know $\Lambda\in D(G, K)-|k|\Lambda_{i_{0}}$ . Hence from
Satake diagrams we can write

$\Lambda=m_{0}^{\prime}2\Lambda_{i_{0}}-|k|\Lambda_{i_{0}}+$ [$terms$ involving $\Lambda_{j}$ with $j\neq i_{0}$]

for some $m_{0}^{\prime}\in Z,$ $m_{0}^{\prime}\geqq 0$ . Thus it becomes

$\Lambda=m_{0}\Lambda_{i_{0}}+$ [$terms$ involving $\Lambda_{j}$ with $j\neq i_{0}$]

with $m_{0}=2m_{0}^{\prime}-|k|\geqq 0$ and $m_{0}-|k|$ even. We have to show $m_{0}\geqq|k|$ . By
the assumption $V(\Lambda)$ contains a K-submodule isomorphic to $W_{|k|}$ , which
also denoted by $W_{|k|}$ , because $V(\Lambda)^{*}$ is isomorphic to $V(\Lambda)$ . By the irre-
ducibility of $V(\Lambda)$ and the K-invariance of $W_{|k|}$ , we have

$V(\Lambda)=\sum_{q=0}^{N}\sum_{\beta_{1},\cdots,\beta_{q}e\Sigma_{\mathfrak{m}}}\rho(\mathfrak{g}_{\beta_{1}}^{c})\cdots\rho(\mathfrak{g}_{\beta_{q}}^{c})W_{|k|}$

for a sufficiently large integer $N$. Note that $\rho(\mathfrak{g}_{\beta_{1}}^{c})\cdots\rho(\mathfrak{g}_{\beta_{q}}^{c})W_{|k|}$ is con-
tained in the weight space of $V(\Lambda)$ for the weight $|k|\Lambda_{i_{0}}+\beta_{1}+\cdots+\beta_{q}$ ,
or it is zero. Hence we can write

(5.1) $\Lambda=|k|\Lambda_{i_{0}}+\beta_{1}+\cdots+\beta_{q}$

for some $q\geqq 0$ and $\beta_{1},$ $\cdots,$
$\beta_{q}e\Sigma_{t\mathfrak{n}}^{+}$ . Indeed, we have only to choose

$\{\beta_{1}, \cdots, \beta_{q}\}\subset\Sigma_{\iota \mathfrak{n}}$ of the minimal number $q$ such that $\rho(E_{\beta_{1}})\cdots\rho(E_{\beta_{q}})w$ is
the nonzero highest weight vector of $V(\Lambda)$ , where $w$ is a nonzero element
of $W_{|k|}$ . We check that

(5.2) $\frac{2(\beta,a_{i}}{(\alpha_{i_{0}},\alpha_{i}}0\frac{)}{)}=0,10$ or 2

for each $\beta e\Sigma_{\iota \mathfrak{n}}^{+}$ . Indeed, we define an integer $i_{0}$ by $j_{0}=2$ if $(G, K)$ is of
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type $(BD)_{n},$ $j_{0}=l-1$ if $(G, K)$ is of type $(CI)_{l},$ $j_{0}=l-2$ if $(G, K)$ is of
type $(DIII)_{l=2r}$ and $j_{0}=6$ if $(G, K)$ is of type (EVII). Then from the list
of root systems we see that

$(\alpha_{i_{0}}, a_{\dot{f}})=0$ for $j\neq i_{0},$ $j_{0}$ , and $\frac{2(\alpha_{\dot{J}0},a_{i_{0}})}{(a_{i_{0}},\alpha_{i_{0}})}=-1$ ,

and for each $\beta e\Sigma_{\varpi}^{+},$ $\beta$ has the following form:

$\beta=\left\{\begin{array}{l}\alpha_{i_{0}}\\\alpha_{i_{0}}+a_{\dot{g}_{0}}+terms\alpha_{j}j\neq i_{0},j_{0}\\a_{t_{0}}+2\alpha_{j_{0}}+terms\alpha_{j}j\neq i_{0},j_{0}\end{array}\right.$

Hence we get (5.2). Therefore from (5.1) we have $m_{0}=2(\Lambda, \alpha_{0})/(\alpha_{0}, \alpha_{t_{0}})=$

$|k|+2\sum_{=1}^{q}(\beta., \alpha_{0})/(\alpha_{i_{0}}, \alpha_{i_{0}})\geqq|k|$ . We got $D(G, K;k)\subset D(G, K)+|k|\Lambda_{i_{0}}$ . In
the same way a8 the proof of (1) we can show $D(G, K)+|k|\Lambda_{i_{0}}\subset D(G, K;k)$ .
We obtain (2). q.e. $d$ .

PROOF OF THEOREM 5.2. The method of determining $D(G, K)$ by
Satake diagram is well-known in the theory of spherical functions over
compact symmetric spaces (cf. [Te l] and references of [He]). Therefore
Theorem 5.2 follows from Lemma 5.3. q.e. $d$ .

\S 6. Classification of homogeneous harmonic maps between complex
projective spaces.

In this section we di8cu8s the case when $M$ is an n-dimensional complex
projective space $CP^{f*}$ . By Theorem 5.2, Freudentha1’8 formula and Weyl’s
dimen8ion formula, a simple computation gives the following.

PROPOSITION 6.1. For the case $(AIII)_{1n}.:M=CP^{n}$ , for each $A=$

$m_{1}\Lambda_{1}+m_{2}\Lambda.eD(G, K;k)$ with $m_{1}-m_{2}=k$ , the eigenvalue $c(\Lambda)$ of the Casimir
operator for $\Lambda$ relative to the inner product of g=@u(m+l) defined by
$(-1)$ times the Killing form, and the dimension $d(\Lambda)$ of the representation
of @u(m+l) with the highest weight $\Lambda$ are given as follows;

$c(\Lambda)=\frac{1}{2(m+1)^{2}}\{mm_{1}^{2}+2m_{1}m_{2}+mm_{2}^{2}+m(m+1)(m_{1}+m_{2})\}$ ,

$c(\Lambda)-|k\Lambda_{1}|^{2}=\frac{1}{2(m+1)}\{2m_{1}m_{2}+m(m_{1}+m_{2})\}$ ,

$d(\Lambda)=\left(m & -1+m_{1} & m_{1}\right)\left(m & -1+m_{2} & m_{2}\right)\frac{m+m_{1}+m_{2}}{m}$ .
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By this proposition and results of the previous sections we get a
nice series of homogeneous harmonic maps between complex projective
spaces.

THEOREM 6.2. There exists a series of $SU(m+1)$-equivariant full
minimal isometric immersions $\psi_{n,l}^{m}:CP^{m}(c(n, l))\rightarrow CP^{N(n,l)}(c)$ indexed by the
set $\{(n, l)eZ\times Z;n\geqq l\geqq 0\}$ , where

$c(n, l)=\frac{cm}{2l(n-l)+mn}$ ,

$N(n, l)+1=\left(\begin{array}{lll}n-l+ & m & -1\\n-l & & \end{array}\right)\left(\begin{array}{ll}l+m & -l\\l & \end{array}\right)\frac{m+n}{m}$ .

Moreover $\{\psi_{n,l}^{m}\}$ satisfy the following:
(1) $l=0$ if and only if $\psi_{n,l}^{m}$ is holomorphic. In this case $\psi_{n,l}^{m}$ is the

n-th Veronese imbedding of $CP^{m}$ (cf. [Te2]).
(2) $l=n$ if and only if $\psi_{n,\iota}^{m}$ is antiholomorphic.
(3) $n$ is even and $2l=n$ if and only if $\psi_{n,l}^{m}$ is totally real. In this

case $\psi_{n.l}^{m}$ is a composite of the l-th standard minimal immersion $ CP^{m}\rightarrow$

$S^{N}(c/4)$ (cf. [Wa 1]), the natural isometric covering $S^{N}(c/4)\rightarrow RP^{N}(c/4)$ and
the totally real totally geodesic imbedding $RP^{N}(c/4)\rightarrow CP^{N}(c)$ .

(4) The degree of $\psi_{n,l}^{m}$ is equal to $n-2l$ .
REMARK. In case $m=1,$ $\psi_{n,l}^{1}$ is congruent to $\psi_{n,l}$ in Theorem 1 of

[B-O] (cf. [B-J-R-W], [Gu l]). So this theorem is iust a generalization of
the result of [B-O] to higher dimensional complex projective spaces.

PROOF. For each $\Lambda=m_{1}\Lambda_{1}+m_{2}\Lambda_{m}\in D(G, K;k)$ , we set $\psi^{m_{l}},=\varphi(V_{A})$

$(s=1)$ by Proposition 3.3, where $n=m_{1}+m_{2},$ $l=m_{2}$ and $k=n-2l$ . Then
we get the above series. q.e. $d$ .

THEOREM 6.3. Let $\varphi:CP^{m}\rightarrow CP^{N}$ be a full S$U(m+1)$-equivariant
harmonic map between complex projective spaces with the Fubini-Study
metrics. Then there exists a pair of integers $(n, l)$ with $0\leqq l\leqq n$ such
that $N=N(n, l)$ and $\varphi$ is equivalent to $\psi_{n,l}^{m}$ .

REMARK. From this result we see immediately that if $\varphi:CP^{m}(c’)\rightarrow$

$CP^{N}(c)$ is a full $SU(m+1)$-equivariant minimal isometric immersion, then
there exists a pair $(n, l)$ with $0\leqq l\leqq n$ such that $c’=c(n, l),$ $N=N(n, l)$

and $\varphi$ is congruent to $\psi_{n,l}^{m}$

PROOF. Let $k$ be the degree of $\varphi$ . By the results of Section 3,
there exists a unique homogeneous complex line bundle $L$ with $c_{1}(L)=k$
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over $CP^{m}$ such that $\varphi$ is equivalent to $\varphi(V;r_{1}, \cdots, r.)$ for some G-submodule
$V$ of an eigenspace of $\Delta^{L}$ in $C^{\infty}(L)$ and some $r_{1},$ $\cdots,$ $r_{\iota}eR$ with $\sum:_{=1}r_{i}^{2}=1$ .
It suffices to show $s=1$ . Let $V=\sum_{i=1}^{l}V^{()}$ be the direct sum decomposition
into irreducible G-modules and $\Lambda^{(i)}=m_{1}^{(i)}\Lambda_{1}+m_{2}^{(i)}\Lambda_{n}\in D(G, K;k)$ be the
highest weight of $V^{(i)}$ for $i=1,$ $\cdots,$ $s$ . Then we have

(6.1) $\left\{\begin{array}{ll}m_{1}^{(i)}-m_{2}^{(i)}=k & for i=1, \cdots, s,\\c(\Lambda^{(i)})=c(\Lambda^{(i+1)}) & for i=1, \cdots, s-1.\end{array}\right.$

By (6.1) and Proposition 6.1, a simple computation shows $m_{1}^{()}=m_{1}^{(i+1)}$ and
$m_{2}^{(i)}=m_{2}^{(i+1)}$ for $i=1,$ $\cdots,$ $s-1$ , that is, $\Lambda^{(i)}=\Lambda^{(i+1)}$ for $i=1,$ $\cdots,$ $s-1$ . By
Corollary 2.3, we get $s=1$ . q.e.d.

REMARK. (1) It is important to investigate the rigidity of the
above minimal $immer8ions$ . Refer to [Ca] for the rigidity of $\psi_{n,0}^{n}$ or $\psi_{n,n}^{\pi\iota}$

and to [Wa 1], [Ur] for the rigidity of $\psi_{n.l}^{m}$ with $n=2l$ .
(2) After the author finished this work, Dr. Bur8ta11 informed him

that Toth a18o got examples of non(anti)holomorphic harmonic maps
$CP^{m}\rightarrow CP^{n}$ for $m<n$ .

\S 7. Homogeneous minimal 2-spheres in quaternionic projective
spaces.

It is interesting to 8tudy homogeneous harmonic maps into quater-
nionic projective spaces by applying our argument to quaternionic line
bundles and smooth maps into quaternionic projective spaces. Here we
give homogeneous minimal 2-spheres in quaternionic projective 8paces and
some information about them. They were discussed first by Salamon
[Sa].

Let $HP^{n}(c)$ denote an n-dimensional quaternionic projective space with
the standard metric of maximum sectional curvature $c$ .

PROPOSITION 7.1. There exists a series of $SU(2)$-equivariant mini-
mal isometric immersions $\varphi_{n,\alpha}:CP^{1}(c(n, \alpha))\rightarrow HP^{n}(c)$ indexed by the set
$\{(n, a)eZ\times Z;n\geqq a\geqq 0\}$ , where

$c(n, \alpha)=\frac{c}{2a(2n+1-\alpha)+2n+1}$ for $\alpha=1,$
$\cdots,$ $n-1$ ,

$c(n, n)=\frac{c}{n(n+1)}$ ,

and the image of each $\varphi_{n,a}$ is not contained in any proper totally geodesic
submanifold of $HP^{n}$ . Moreover $a=0$ or $n$ if and only if $\varphi,\alpha$ is totally
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complex. Conversely they give all proper $SU(2)$-equivariant minimal
immersions of $CP^{1}$ into $HP^{n}$ .

REMARK. (1) Refer to [Ts] for the definition of a totally complex

immersion. It is equivalent to the inclusive condition in [E-S] as a
smooth map. In [Sa] a connection of these maps with the twistor spaces
$Sp(n+1)/Sp(n)\times U(1)$ and $Sp(n+1)/U(n)\times Sp(1)$ over $HP^{n}$ was studied.
This result shows that the statements in Lemma 2.10 and Theorem 4.1
in [Ts] do not hold for $\varphi_{n,n}$ .

(2) We conjecture that $\{\varphi_{n.\alpha}\}$ exhaust all proper minimal isometric
immersions of $CP^{1}(c^{\prime})$ into $HP^{n}(c)$ .
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