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Abstract. An immersion of a differentiable manifold into an almost Hermitian manifold is called a
general slant immersion if it has constant Wirtinger angle ([3, 6]). A general slant immersion which is neither
holomorphic nor totally real is called a proper slant immersion. In the first part of this article, we prove that
every general slant immersion of a compact manifold into the complex Euclidean m-space C™ is totally real.
This result generalizes the well-known fact that there exist no compact holomorphic submanifolds in any
complex Euclidean space. In the second part, we classify proper slant surfaces in C2 when they are contained
in a hypersphere S3, or contained in a hyperplane E3, or when their Gauss maps have rank <2.

1. Introduction.

We follow the definitions and notations given in [1], [2], [3], and [6].

Let E?™=(R>™, (, Y)and C™=(E*™, Jo) be the Euclidean 2m-space and the complex
Euclidean m-space, respectively, with the canonical inner product ¢ , ) and the canonical
(almost) complex structure J, given by

(1'1) Jo(xn Y1 * s Xy ym)=(_y1’ X1s " T Vms xm) .
Denote by Q, the Kaehler form of C™, i.e.,
(1'2) QO(X9 I,)=<X’JOY>9 Xa YeEzm’ QOEAZ(EZM)*'

By an a-slant immersion [3, 6] we mean a general slant immersion x : M— C™ with slant
angle a [0, n/2], i.e.,

(1.3) L(Jo(x,X), x (T,M))=a VXeT,M—{0}, VYpeM,

where £ denotes the angle in E2™ with respect to the inner product ¢, ). A totally real
immersion [4] and a holomorphic immersion are nothing but a n/2-slant immersion
and a 0-slant immersion, respectively. A proper slant immersion is an a-slant immersion
with a#0, /2.

In section 2 we prove the following
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THEOREM 1.1. Let x be a general slant immersion of a differentiable manifold M
into the complex Euclidean m-space C™. If M is compact, then x is totally real.

This theorem shows that there exist no compact proper slant submanifolds in C™
as in the case of holomorphic submanifolds. We note that one may construct compact
proper slant surfaces in a (flat) complex torus via a proper slant plane in C? (cf. Example
3 of [3]). We also note that there exist many compact totally real submanifolds in C™.

Next, we consider a slant immersion x from a noncompact oriented surface M into
C?. As in [6] we may extend the slant angle by defining it as

(1.4) a=cos” Y (—QuX, Y)e[0,n],

where {X, Y} is a local positive orthonormal frame field on M.

Now we assume that the image of x is contained in a hypersphere S3 of C2. Since
the slant angle is invariant under the parallel translations and homotheties in C?, we
can assume, without loss of generality, that S3 is the unit hypersphere centered at the
origin of C2. Let n denote the unit outer normal vector of S in C? and ¢ the unit
positive normal vector of x(M) in S3. It is known that S? is the Lie group of unit
quaternions which can be regarded as a subgroup of O(4) in a natural way (cf. [7, p.
142]). Let 1 denote the identity element of the Lie group S given by

(1.5) 1=(1,0,0,0)e S*c E*.
We put
(16) X1=(Os 1’030)9 X2=(090’ 190)9 X3=(09010, I)ETIS3'

We denote by X, i=1, 2, 3, the left-invariant extensions of X,, i=1, 2, 3, on S3,
respectively (cf. [7, p. 145]). Let ¢: S3—S3 be the orientation-reversing isometry
defined by

a1.7) ¢(a, b,c,d)=(a,b,d,c).
We define two maps g, and g_ from M into the unit sphere S2 in 7,53 by
(1 8) g+(p) = (L¢(x(p))‘)— 1(4’*6(1’» ’ g —(p) = (Lx(p)‘)— I(E(P))

for pe M. In.fact, g, and g_ are the analogous of the classical Gauss map of a surface
in E3 in which the parallel translations in E> are replaced by the left-translations L,
on S3. We also define a circle S} for a€[0, n] on the unit sphere S2 in 7,53 by

(1.9) Si={XeT,S®| |X]|=1,4X, X;>=—cos &} .
Finally, let J; denote the complex structure on E* defined by
(1.10) Jo(x, ¥, z, wy=(—y, x, w, —2).

In section 3 we prove the following result which characterizes spherical slant sur-
faces in C2.
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PROPOSITION 1.2. Let x: M—S>c E* be an immersion of an oriented surface M.
Then we have

(1) x is a-slant with respect to J, if and only if
(1.11) ’ g.(M)cSlcT,S?.

(ii) x is a-salnt with respect to Jo if and only if
(1.12) g_-(M)cSi_,=T,S3.

This proposition provides us the spherical version of Proposition 4.1 of [6].
In order to describe slant surfaces in S geometrically, we give the following

DEerINITION 1.3. Let (s) be a curve in S* parametrized by arclength and let
3
(1.3) c'(s)= ; Si(9)Xi(cs) .

We call the curve o(s) a helix in S with axis vector field X, if
(1.149) fi)=b, frs)=acostks+sg), [fi(s)=a sin(ks+ so)
for some constants a, b, k, and s, satisfying
(1.15) a?+b*=1.
We call the curve c(s) a generalized helix in S* with axis vector field X, if
(1.16) {c'(s), X,(c(s))) =constant .
The helices in S3 defined above are the analogues of Euclidean helices in E3.

DEFINITION 1.4. We call an immersion x : D—S?3 of a domain D around the origin
(0, 0) of R? into S3 a helical cylinder in S* if

a.1g - x(s, )=y(1)c(s) ,

for some helix ¢(s) in S with axis X, satisfying k= —2/b and ab<0 and for some curve
y(t) in S3 which is either a geodesic or a curve of constant torsion 1 parametrized by
arclength such that (i) ¢(0) =y(0), and (ii) the osculating planes of c(s) and of y(f) coincide
at r=s5=0. We note that the binormal of ¢(s) is normal to x(D) in S by Lemma 4.2 in
section 4 and [7, pp. 149-157]. Here we orient the curve c in such a way that the
binormal of c¢(s) is the positive unit normal of x(D).

In section 4 we prove the following classification theorem for spherical slant sur-
faces.

THEOREM 1.5. Let x: M—>S3c C?=(E*, J,) be a spherical immersion of an
oriented surface M into the complex 2-plane C*=(E*,J,). Then x is a proper slant
immersion if and only if x(M) is locally of the form {P(y(1)* c(s))} where ¢ is the isometry
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on S? defined by (1.7) and {y(t)- c(s)} is a helical cylinder in S* (cf. Definition 1.4).

For an immersion x : M—C™, the Gauss map v of the immersion x is given b
Yy

(cf. [5D

. Vi M—G(, 2m)=D,(l, 2m)=SN-1 < A(E™),
. Wp)=ey(p)A - re(p), peM,

where /=dim M, N=(*"), D,(/, 2m) is the set of all unit decomposable /-vectors in
/\'E?™, identified with the real Grassmannian G(/, 2m) in a natural way, and SV~ ! is
the unit hypersphere of AY(E?™) centered at the origin, and {e,, - - -, e,,} is a local
adapted orthonormal tangent frame along x(M).

In section 5 we prove the following classification theorem.

THEOREM 1.6. If x: M—C?*=(E*, J,) is a general slant immersion such that the
rank of its Gauss map is less than 2, then the image x(M) of x is a union of some flat
ruled surfaces in E*. Furthermore,

(i) A cylinder in C? is a general slant surface if and only if it is of the form {c(s) + te},
where e is a fixed unit vector and c(s) is a (Euclidean) generalized helix with axis Jye
contained in a hyperplane of E* and with e as its hyperplane normal.

(i) A cone in C? is a general slant surface if and only if, up to translations, it is
of the form {tc(s)}, where (¢ - c)s) is a generalized helix in S* with axis X, (cf. Definition
1.3).

(iii) A tangential developable surface {c(s)+(t—s)c'(s)} in C? is a general slant
surface if ~and only if, up to rigid motions, (¢-c')(s) is a generalized helix in S3
with axis X,.

In the last section we prove the following

THEOREM 1.7. Let x: M—C?*=(E*, J,) be a proper slant immersion of an oriented
surface M into C?. If x(M) is contained in a hyperplane W of E*, then x is a doubly
slant immersion (in the sense of [6]) and x(M) is a union of some flat ruled surfaces in
W. Furthermore,

(1) A cylinder in W is a proper slant surface with respect to a complex structure J
on E* if and only if it is a portion of a 2-plane.

(ii) A cone in W is a proper slant surface with respect to a complex structure J on
E* if and only if it is a circular cone.

(iii) A tangential developable surface in W is a proper slant surface with respect to
a complex structure J on E* if and only if it is a tangential developable surface obtained
from a generalized helix c in W.

In the classifications of slant surfaces given in Theorems 1.5, 1.6, and 1.7, we avoid
the messy argument of gluing.
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2. Compact slant submanifolds.

The following two lemmas follow easily from direct computation.

LEMMA 2.1. For Xy, -+, X,,€ E*™ (n<m), we have

2.1) @YX, A AXy,)= Z sign(a)Qo(X,m, Xo(z))' ) 'Qo(Xa(zn—l), Xa(2n)) s

o€eSan

where S, is the permutation group of order 2n, sign denotes the signature of permutations
and Q4 e A\*(E*™*=(A\*"E>™)*. ’

LEMMA 2.2. Let VeG(l,2m) and mn, : E*"—V be the orthogonal projection. If V
is a-slant in C™=(E*™, J,) with a#n/2, then the linear endomorphism Jy, of V defined by

(2.2 ' Jy=(sec a)(my o Jo | )
is a complex structure compatible with the inner product  , ) | v- In particular, | is even.

Let {, be the metrical dual of (— Q,)" with respect to the inner product { , ) natural-
ly defined on A?"E*™, i.e.,

(2.3) Lo, m>=(=1Q4(m)  for Vne A>"E>",
then we have the following
LEMMA 2.3. Let VeG(2n,2m). If V is a-slant in C™ with a#1/2, then
(24 o, V> =m, cos" a,
where p, is a nonzero constant depending only on n.

PROOF. Let J; be the complex structure on V defined by Lemma 2.2. For a unit
vector Xe V, we put Y=J,Xe V. Then we have

2.5) Qo X, Sy X)=(—-J, Y, JyY)=—cos a.

If X, Ze V and Z is perpendicular to J, X, then

(2.6) Qo(X, Z)=cos alX, JyZ)=0.

Therefore, if we choose an orthonormal J,-basis {ey, **, e,y on V, ie.,
2.7 en=Jylr_1, k=1,:--,n,

and |

(2.8) A V=e A" - Aeyp,

via the natural identification of G(2n, 2m) with D,(2n, 2m), then we have

2.9 o(e,, ep) = —4ep COS O for a<b,
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where
(2.10) QCk)y*=2k—1, (k—-1)*=2k for k=1,---,n.
By (2.8), Lemma 2.1, and (2.9) we find

(2n)!1Q25(V)=(2n)!Q%(e A -+ - Aey,)

= Z sign(c)29(€4(1)s €s(2))" " Qo(€s2n-1)> €o(2m)

GESzn

2n
= Y 8Os €0) Rol€arn_ 1> €as)

ap,-,axp=1

2n

2.11) =X RO en)  Qolen,s €a)
=2" 3 o X S ole,s €x) *  Qoles,, €u2)
ay <aj an<a
—n n . 12e000e- (2n)
=2"%(—cos a) ’Z' 2 Bt et
ay <aj an<a,

=2"(—cos a)'n! .
Hence, by (2.3) and (2.11) we obtain (2.4) with u,=2"n!/(2n)!. Q.E.D.

PROOF OF THEOREM 1.1. Assume x is a-slant with a #n/2. Then, by Lemma 2.2,
l is even. Put /=2n. Since M is compact, it is known that the Gauss image v(M) is
mass-symmetric in SV¥ ! (cf. Lemma 3.1 of [5]). Therefore

(2.12) f Mp), HdVy =0
pPeM

for any fixed 2n-vector { € A*"(E*™), where dV, is the volume element of M with respect
to the metric induced from the immersion x. Let {={,. Then Lemma 2.3 and (2.12)
imply

(2.13) U, vol(M) cos"a=0.

But this contradicts the assumption cos a#0. Hence a=m/2 and x is a totally real
immersion. Q.E.D.

~ 3. Characterization of spherical slant surfaces.

The main purpose of this section is to prove Proposition 1.2. To do so we recall
that the left-translation L, and the right-translation R, on S* are isometries which are
analogous to the parallel translations on E* and they are given by
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a —b —c —d\/x
b a —-d c ¥y
t —
(31) (qu)_' c d a —b z ’
d —c b a w
a —b —c¢ —d\/x
b a d —clly
t, —_
3-2) (Rpq)= ¢c —d a b z
d ¢ —-b a w

for p=(a, b, ¢, d), q=(x, y, z, w)e S3 = E*, where '4 denotes the transpose of 4.

Let n denote the unit outer normal of $3 in E* and J, and J, the complex struc-
tures on E* as defined by (1.1) and (1.10), respectively.

By direct computation we have the following

LEMMA 3.1. For any ge S3, we have
(3.3) (Jon)g)=RpX; ,
(3.4) (Jsm@)=LpX, =%,(@)
Hence Jon and J 5 n are right- and left-invariant vector fields on S3, respectively.

We denote by _# the set of all complex structures on E* compatible with the inner
product ¢, ». For each fixed Je # an orthonormal basis {e,, - - -, e,} of E* is called a
J-basis if Je, =e,, Je;=e,. Two J-bases have the same orientation. By using the natural
orientation of E* we can divide ¢ into two disjoint subsets:

F+={Je # | J-bases are positive} ,
F~={Je # | J-bases are negative} .
Thus we have F=94"0u _# (cf. section 3 of [6]).

LEMMA 3.2. Let WeG(3,4) and Ve G(2,4) such that V< W. Then V is a-slant
with respect to a complex structure Je #* (respectively, Je # ) if and only if

3.5 &y, Ny = —cos a (respectively, {&y, JNw) = +cosa),
where &, and ny, are positive unit normal vectors of V in W and of W in E*, respectively.

PROOF OF LEMMA 3.2. We choose an orthonormal J-basis {e,, - - -, e,} of E* such
that

(3.6) e, e« WnNJW, es=Jes=ny.

We also choose a positive orthonormal basis {X,, X,} of V. Let {, be the 2-vector
defined as the metrical dual of —Q,e(A2E*)*, i.e., {;, XA Y)=—Q)X, JY) for any
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X, Ye E*. Then by formula (1.4) we see that the slant angle a)(}V) of V with respect to
J satisfies
cos a)(V)=<Ls Xy A Xy ) =Ces nestezney, Xy A XD
=(er nes Xy A XY= e, &)= F (I, &)
for Je #*. This proves the lemma. Q.E.D.

Let x: M—S3c E* be a spherical immersion of an oriented surface M into S3
and ¢ the positive unit normal of x(M) in S3. Then we have

LEMMA 3.3. The following three statements hold.
(1) x is a-slant with respect to J, if and only if

(3.7 &(p), Jon(x(p)))=—cosa  for VpeM.
(i) x is a-slant with respect to Jq if and only if
(3.8) &p), Xy(x(p))=+cosa  for VpeM.

(i) x is a-slant with respect to J, if and only if ¢ o x is a-slant with respect to J .

PROOF OF LEMMA 3.3. Statement (i) follows from Lemma 3.2. Statement (ii) fol-
lows from Lemma 3.1 and Lemma 3.2. Finally, the last statement follows from state-
ments (i) and (ii) and from the fact that ¢ is an isometric involution reversing the ori-
entation of E*. Q.E.D.

PROOF OF PROPOSITION 1.2. Proposition 1.2 follows from Lemma 3.1, Lemma 3.3
and the definitions of g, and g_. Q.E.D.

Concerning the images of g . and g_ we give here the following two simple examples.
ExaMPLE 3.1. If M=S!xS! is the flat torus in E* defined by

1 . .
(cos u, sin u, cos v, sin v) ,

x(u, v)=

then the images of g, and g_ are the great circle perpendicular to X, =(0, 1, 0, 0).
ExXaMPLE 3.2. If M=S?is the totally geodesic 2-sphere of S parametrized by
x(u, v)=(cos u cos v, sin ¥ cos v, sin v, 0),
then
g+, v)=(0, —sinv, —cos u cos v, sin u cosv),
g-(u, v)=(0, sin v, sin ¥ cos v, —cos ¥ COs V) .

Hence, both g, and g_ are isometries.
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4. Classification of spherical slant surfaces.

The main purpose of this section is to prove Theorem 1.5 which classifies spherical
proper slant surfaces in C2. In order to do so we need several lemmas.

First, we note that curves in S can be described in terms of the orthonormal
left-invariant vector fields {X,, X,, X5} (cf. §1 or chapter 7 of [7]). Let I be an open
interval containing 0 and ¢ : -S> a curve parametrized by arclength s. Let «(s), n(s),
b(s), x(s), and 1(s) be the unit tangent vector, the unit principal normal vector, the unit
binormal vector, the curvature, and the torsion of ¢ in S3, respectively. We put

3
4.1) Ks)= _; S X (c(s)) .
Then

4.2) (16N> + (L) + (f56)*=1.

Conversely, we have the following

LEMMA 4.1. Let f(s), i=1, 2, 3, be differentiable functions on I satisfying (4.2).
Then, for any point poe S3, there exists a curve c(s) in S> defined on an open subinterval
I’ of I containing 0 and satisfying (4.1) and c(0)=p,.

Proor. Considering the curve L, ! - c instead if necessary, we can assume without
loss of generality that p,=1. The solution of the following system of the first order
linear differential equations

. x’ X =y —z —Ww 0
z z w x =Yy 1
w' w —z y X f3

with the initial condition (x(0), y(0), z(0), w (0))=(1, 0, 0, 0) satisfies xx'+yy’+zz'+
ww’=0 and the curve c(s)=(x(s), y(s), z(s), w(s)) is in fact the desired one. Q.E.D.

Lemma 4.1 guarantees the existence of helices in S3.

LEMMA 4.2. The following two statements are equivalent:
(i) The curve c(s) is a helix in S with axis vector X, of the form

4.4) fi9)=b,
4.5) fo(8)=a cos(——%s+so) ,

(4.6) fi(8)=a sin(——lz)—s+so) ,
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4.7 a’+b*=1, ab<0.
(i) The curve c(s) satisfies

(4.8) (s)=—1,

(4.9) Cbls), Xy(cls)>=a,

(4.10) a¥+1,0.

PrOOF. (ii)=>(i): We apply the theory of curves in S3 mentioned in [7, pp.
145-148].
Suppose cis a curve in S parametrized by arclength and let the unit tangent vector

t of c be given by (4.1). Let g, =15 35— f3./%, g.=f3/1—1 [ 93=f1f2—fo.f1- By
Frenet-Serret formulas and (4.8) we have

N\’ 2f
4.11) (i) Y 12,
K K
By using (4.9) and the identity d=¢ x n, we may obtain
(4.12) a=9L
K

Hence, we find 2f"/k=a’=0. Let b denote f; which is a constant. Then, from (4.12)
and b=t x n, we may find

(4.13) b=aX, —(bf "‘)X’z+(bf '2),\“’3 ,
K K
4.14) kK2=(f22+(f3)?,
(4.15) _ n=(f—’2))?2+(§)f3 )
K K

Since ||b|| =1, ||n]| =1, (4.13) and (4.15) imply a®>+b%=1. Thus, from |¢| =1 and (4.1)
we get 3+ f2=a? So we may put

(4.16) fo=acos0, fi=asin@, 0=0(s).
Thus by applying the definition of g,, g,, g; we have

4.17) gi=ak, g,=—bf3, g3=bf5.
By using (4.10), (4.14), (4.16), and 7 #0, we get

(4.18) k=|a0'|#0.

From (4.1), (4.16), (4.17) and (4.18) we find (b8’ +2)sin#=0. Since sin 6(s) has only
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isolated zeros by (4.18), b8’ +2=0. Thus, b#0. So 6= —(2/b)s+ s, 5o =const. Hence,
" by (4.12) and k>0, we get ab<0.
(i) = (ii) follows from straight-forward computation. Q.E.D.

LEMMA 4.3. A helical cylinder x(M)={y({)-c(s)} in S> is a proper slant surface
with respect to Ji with the slant angle equal to cos™'a, where a is the constant given
by (1.14) of Definition 1.3.

PrOOF. Let ¢ be the positive unit normal of x(M) in S* and b the binormal
vector of ¢ in §3. Then we have

4.19) E()* c(5))=Lebls)
Lemma 4.3 then follows from Lemma 3.3 and Lemma 4.2. Q.E.D.

LemMA 4.4. For any point p,€ S* and any oriented 2-plane P, < T, S* < E* which
is proper slant with respect to Jg , there exist helical cylinders in S 3 passing through p,
and whose tangent planes at p, are P,.

PROOF. Let ¢ be the positive unit normal of P, in T, S* and « the slant angle of
P, with respect to Jg . Put

a=cosa (#£0, +1), b=+x(1—-a»)'?,

where + is chosen so that ab<0. Pick s, €[0, 2n) such that

1 o . 1 ~
COS §p= ———b—<§, X(po) > SN §o = “-b—<f, X3(po)) -

We define f; by (4.4)«4.6). Then they satisfy (4.2) and we can choose a curve c(s)
satisfying the conditions mentioned in Lemma 4.1.
Let y(7) be either a geodesic in S? satisfying

9(0)=po, 7Y'()ePy, 7y(0)#c(0),

or a curve in S3 satisfying this condition and the condition =1 (see Theorem 3 of [7,
p. 35] for the existence of such curves). Then we can verify that {y()- c(s)} is a desired
surface. Q.E.D.

PROOF OF THEOREM 1.5. First, we note that the isometry ¢ of S> has the follow-
ing properties:

(4.20) d(p-q)=dlg)-#(p), for Vp,qeS>,

@21) X e Z(S?) is left-(respectively, right-)invariant
' ' < ¢, X is right-(respectively, left-)invariant ,

(4.22) Tpoe= —T, for a curve cin S3,
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(4.23) b is the binormal of a curve ¢ in S*<> —¢_b is the binormal of ¢ocin S3,

where 1. denotes the torsion of the curve c in S3.

Let o be the slant angle of x(M) with respect to J,. Since x(M) is spherical, the
normal curvature R” of the slant immersion x vanishes. Thus, by Lemma 4.1 of [3],
M is a flat surface in S>. Therefore, x(M) is locally a flat translation surface
X(M)={c(s):¥2)} (cf. [7, pp. 149-157]), where ¢ and y are curves in S* parametrized
by arclength satisfying one of the following conditions:

§)) .=+1 and 1,=-1,

(ii) .=+1 and 7y is a geodesic,
(ii") c is a geodesic and 7,=—1,
(iii) ¢ and y are distinct geodesics .

Cases (i) and (ii): Let b be the binormal of ¢. With a suitable choice of orientations,
b is the positive unit normal of x(M) in S>. By Lemma 3.3, Lemma 4.2, (4.22), and
(4.23), ¢poc is a helix in S*? with a and b in (4.4)(4.7) determined by

(4.24) a=cosa, b=+sina, ab<0,

and either 7,.,= +1 or ¢ oy is a geodesic. So, by (4.20), (¢ - x)M) is a helical cylinder
in S°.

The converse is given by Lemma 4.3. Moreover, Lemma 4.4 guarantees the exis-
tence of such surfaces.

Next, we want to show that both cases (ii") and (iii) do not occur. Without loss
of generality we can assume

(4.25) q0)=y(0)=1eS3,

because Lemmas 3.1 and 3.3 imply that the slantness of a surface in S3 with respect
to J, 1s right-invariant, i.e., if x is a-slant with respect to J,, so is R o x for any ge S?,
and hence we can replace x, ¢ and y by R,).y0)° X, R.)°c¢ and L 0y° Ry0)-1.c0)-1°7>
respectively, if necessary.

Case (ii'): Let b be the binormal of y. We can choose the orientation so that

(4.26) E(cA(s) V(D) = L5sb(2) , for Vs, t.
So, by Lemmas 3.1 and 3.3, and (4.25), we have

4.27) {Ly5y+b(0), R s X 1> = —cCOS & for Vs.
Put

(4'28) CI(O)=(O9 a,, a, a3) s b(0)=(0’ bI, b29 bS)E T1S3CE4 .
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Then

(4.29) c(s)=(cos s, a, sin s, a, sin s, a5 sin s) .
Putting s=0 in (4.27), we find

(4.30) b;=—cosa#0, +1,

since x(M) is properly slant. On the other hand, by (3.1), (3.2), (4.20), and (4.21), we
have

(4.31) <Lc(s)"b(0)9 Rc(s)¢X1> = bl cos 2s -+ ( - a3b2 + azb3) Sin 2S .

So, from (4.27) and (4.31), we get b, =0 which contradicts (4.30). Consequently,
case (ii’) cannot occur.

Case (iii): Let {c(s)'y(#)} be defined by using two distinct geodesics ¢ and y and
assume

(4.32) x: I xI,»S3; (s, 8) > c(s)*(2)

is properly slant. Since the geodesics ¢ and y can be extended for all s, ze R, we can
extend the immersion x to a global mapping:
(4.33) y:R*5S3; (s, ) c(s)*(0) .

Now, we claim that y is in fact an immersion and properly slant. To see this, we recall
(4.25) and put

(4.34) c'(0)=(0, ay, a5, a3), y'(0)=(0, by, b,, b3)eT,S3.
Let X, ¥ be the vector fields along y(R?) defined by
(4‘35) X~'(S, t) = Ry(,).c'(s) N Y(S, t) = Lc(s)c’y ,(t) .

Then it follows from (3.1) and (3.2) that
(4.36) (X(s, 0, Y(s, 1)) is a polynomial of sin s, cos s, sin ¢ and cos ¢ .

On the other hand, since s-curves and z-curves on x(I, x I,) intersect at a constant
angle (cf. [7, p. 157]),

(4.37) (X(s, 1), ¥(s, D) =const. # + 1, for V(s,t)el, x1I,.
From (4.36), we see that (4.37) holds for all (s, #)e R? and hence y is an immersion. Since
&) WD) =11 X(s, ) x ¥(s, 9~ (X(s, ) x ¥(s, 1)),

where x denotes the usual vector product in T.s)-yyS> determined by the metric and
the orientation, so, by (3.1), (3.2) and (3.3), we know that {&(c(s)y(?)), Jon(c(s) y(®)) is
a polynomial of sins, coss, sin¢ and cos¢. By Lemma 3.3 we conclude that this
polynomial is a constant on I, x I, and hence y is a proper slant immersion defined
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globally on R2. Now, by the double periodicity, y induces a proper slant immersion:
§: T?=(R2nZ)x (R|2nZ) » C*>=(E*, J,)

of a torus into C?, which contradicts Theorem 1.1. Conseqeuntly, case (iii) cannot
occur. This completes the proof of the theorem. Q.E.D.

5. Slant surfaces with rank(v) <2.

In this section we prove Theorem 1.6.

Assume x: M—»C?=(E*, J,) is a general slant immersion of an oriented surface
M into C? with Gauss map v.

Let * be the Hodge star operator *: A2E*— A2E* induced from the natural
orientation and the canonical inner product of E*. Denote by A3 E* and AZE* the
eigenspaces of * with eigenvalues + 1 and — 1, respectively. Then it is well-known that
both eigenspaces are of dimension 3. We denote by S% and S% the 2-spheres centered
at the origin with radius 1/\/2 in A%ZE* and A2E?*, respectively. Then we have
D,;(2,4)=S2% xS%. Let

n, :D,2,4)>S%, n_:D,2,4)-> S%
denote the natural projections. We define two maps v, and v_ respectively by
v,=m,ov and v_=m_ov.

Suppose that the slant immersion x: M —-C?=(E*, Jo) satisfies rank(v)<2. Then we
have rank(v,)<2. Hence, x(M) is a flat surface in E* (cf. Lemma 6.2 of [6]). Further-
more, we have

LEMMA S5.1. If x is a general slant immersion with rank(v) <2, then x(M) is a union
of flat ruled surfaces in E*.

PrROOF. Since the normal curvature R?=0, we can choose {e,, e,} such that the
second fundamental form {A};} is simultaneously diagonalized, i.e., we have

L 0) ﬁ=(d 0)
(5.1 (hi; (0 NE (h3) 0 e

Put

where H is the mean curvature vector.

Since x(M) is flat and H=0 on M,, x(M,) is a union of portions of 2-planes in
E* with the same slant angle.

On M,, we put e;=H/| H|. Since rank(v)<2, we have bc=0 and d=e=0. We
may choose {e,, e,} such that b#0, c=d=e=0 on M,. From these we may prove that
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the integral curves of x,e, are open portions of straight lines and therefore x(M,) is a
union of flat ruled surfaces. Consequently, x(M) is a union of flat ruled surfaces possibly
glued along oM. Q.E.D.

We recall that a flat ruled surface in E* is ““in general” a cylinder, a cone or a
tangential developable surface (cf. [7]).

PROOF OF THEOREM 1.6. The first part of the theorem is given in Lemma 5.1. Now,
we prove the remaining part of the theorem.
Case(i): If x(M)isaslantcylinder, then we may assume that x(M)is of the form:

(5.3) | x(M)={c(s)+te},

where e is a fixed unit vector in E* and c(s) is a curve parametrized by arclength which
lies in the orthogonal complement (up to sign), say We G(3, 4), of e. Since {c’(s), e} is
a positive orthonormal basis of T, ..M, cos a=<{c'(s), —Joe)> by (1.4). Hence, c(s) is
a generalized helix in W (= E®) whose tangents make a constant angle a with —Jyee W.

Case (ii): If x(M) is a slant cone, then, without loss of generality, we may assume
that the vertex of the cone is the origin of E*. So we can write

(5.4) X(M)={tc(s)} ,

where c(s) is a curve in S* parametrized by arclength. Since {c'(s), n(c(s))} is a positive
orthonormal basis of T, M, cos a=<c'(s), —Jon(c(s))) for all s. Thus, by Lemmas 3.1
and 3.3, we conclude that (¢ o c)(s) is a generalized helix in S3 with axis X, (cf. Defini-
tion 1.3).

Case (iii): If x(M) is a slant tangential developable surface, the surface has the form:

(5.5) x(M)={c(s)+(t—s)c'(s)} ,

where c(s) is a curve parametrized by arclength. We put

1
(5.6) v (8)=c'(s9), xi()=IviN, vz(S)=<K (S)>v’1(3)-
1

Note that x, 50, since c(s) generates a tangential developable surface. {v,(s), v,(s)} forms
a positive orthonormal basis of T4 - M, and so we have

cos a = vy(s)/[[v1(s)l, —Tov1(s)>

for all s. If we consider v,(s) as a curve in S3, then (5.6) means that

cos a=<Ks), —Jon(v.(s))) ,

where #(s) is the unit tangent of v,(s). So, as in case (ii), (¢ - v,)(s) is a generalized helix
in S3 with axis X,.
It is easy to verify that in each of the cases (i)(iii), the converse is also true.
Q.E.D.
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6. Slant surfaces in E3.

In this section we assume that the slant surfaces are contained in a hyperplane W
of E4.

LEMMA 6.1. Let x: M—C?=(E*, J,)) be a general slant immersion of an oriented
surface. If M is contained in some We G(3, 4), then rank(v)<2 and the immersion x is
doubly slant with the same slant angle.

PROOF. As in the proof of Lemma 3.2, we choose a positive orthonormal J,-basis
{e,, e,, €3, e,} such that e,, e;e W J W, e, =Joe; =ny, Where ny is the positive unit
normal vector of the hyperplane W in E*. We put

(6.1) Gy =G(2,4)n N2Wc \2E*.

Then Gy is the unit 2-sphere in the 3-dimensional Euclidean space A2W. For a€[0, ]
we put

(6.2) GW,a = Glo,a (@) GW s

where G, _, is the set of all 2-planes in E* with slant angle « with respect to J,. We
recall that a 2-plane V was identified with a unit decomposable 2-vector e; A e, in AZE*
with {e,, e,} as a positively oriented orthonormal basis of V. From the proof of Lemma
3.2, we see that Gy, is the circle on Gy =S>c A?W defined by Gy ,={VeGy |V,
e, A ey)=Cos a}.

For each Je ¢, we denote by {; the 2-vector which is the metrical dual of —,
as defined in section 3. Let {: #— A2E* be the mapping defined by {(J)={;. Then {
gives rise to two bijections (cf. Lemma 3.1 of [6]):

(*: Fr83(J2) and (" : £ S51(/2).
For each 2-plane Ve G(2, 4) we define two complex structures J; € #* and J, € #~
by

Jy=(*)"'2n (V) and Jy=(7)"'2n_(V)).
Let J,=J_, Then we have

(6.3) 7 (Gw)=53a=8%, n_(Gwd=S5.c5%,

where SF, are the circles (possibly singletons) on S3%, respectively, consisting of all
2-vectors on S%which make constant angle a with {, (cf. [6]). If x is a-slant with
respect to J, and x(M)< W, then M) < Gy ,. Therefore, rank(v)<2 and, by (6.3), x is
also a-slant with respect to J,. This proves the lemma. Q.E.D.

We note here that if we identify A2W with the Euclidean 3-space E3>=W (W
spanned by {e,, e,, e;}) via the isometry XA Y—Xx Y, then v: M—>Gpc A\2W is
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nothing but the classical Gauss map g: M—S?c E3. Since e, xe,=e3=—Jony, X is
a-slant if and only if
(6.9 gM)=S)={ZeS?|(Z, —Jnyp>=cosa}=S2c W .

PROOF OF THEOREM 1.7. Assume x : M—C?=(E*, J,)is a proper slant immersion
of an oriented surface M such that x(M) is contained in some We G(3, 4). The first
part of Theorem 1.7 is given by Lemma 6.1. For the remaining part it suffices to check
the three cases of Theorem 1.6.

Suppose x is properly slant with slant angle «. Denote by ¢ the local unit normal
of x(M) in W. We put

(6.5) e, =t¢/l|t&ll, ey=(secx)Pe;, ez=(csc a)Fe,, e,=(csc a)Fe,,

where PX and FX denote the tangential and the normal components of JoX, respective-
ly, and # is the tangential component of Jy¢. Then {e1, - - -, e,} is an adapted ortho-
normal frame along x(M) and it satisfies

(6.6) e3=unit normal of x(M) in W, ece W,
(6.7) tey=—(sina)e,, te,=—(sinae,, fes=—(cosa)e,, fe,=(cos e, ,

where fe; is the normal component of Jye,. Since e, is a constant vector in £4, Lemma
3.1 of [3] implies that the second fundamental form (h7) is of the following form:

b 0
6.8 hi)= ,  (hH=0,
(6.8) () (0 0) (h5)
which shows that our frame {e,, - - -, e,} coincides with that chosen in the proof of

Lemma 5.1 (up to orientations). Since J,e, is also a constant vector in E4, from 6.7
we have

(6.9) , —sin o;Vxez —cosaAd, X=0, for XeTM.
Hence, we get
(6.10) wi(e,)=—bcota, e,b=b%cot o .

. Case (1): In this case, the curve ¢(s) of (5.3) lies in a 2-plane W' ={e}* " W W
which is perpendicular to e. So, x(M) is totally real with respect to the complex structures
+J 3. defined above. If v, (M) is not a singleton, then Jo is one of the complex structures
+J# according to Lemma 4.2 and Theorem 4.3 of [6]. Hence we get a=n/2, which
contradicts the assumption. So, v, (M) is a singleton and hence x(M) is minimal (cf.
Theorem 4.3 of [6]). Thus, by (6.8), x(M) is an open portion of an a-slant 2-plane.

In Cases (i) and (iii)), we may assume M= M, according to the remark after
Theorem 1.7.

Case (ii): In this case the curve c(s) in (5.4) lies in the unit 2-sphere S2=S3  W.
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Choose {e,, - - -, e,} according to (6.5) and let ¢, n, b, i, and 7 be the unit tangent, unit
principal normal, the unit binormal, the curvature, and the torsion of c(s) in W=E 3
respectively. We want to show that t=0.

Since

611) ey D=f)=L 2, exs, D=cl)=—", exls, D=esls Dxexs, 1),
t Os ot

where x is the vector product in W, we have

(6.12) b= — (;)@, c>.
From |c|| =1, we get

(6.13) ki{m,c)>=—1.
Differentiating (6.13) with respect to s, we get

(6.14) Kk2t{b, c>=x’'.
From (6.12) we obtain

(6.15) —ttkb=x'.
Differentiating (6.15) with respect to 7 and using (6.10) and (6.15), we obtain
(6.16) K'(tk tan a—x')=0.
By (6.12), (6.14) and <t, c) =0, we find

(6.17) k?1tc=—xktn+x'b.

Since ||c||=1, we also get
(6.18) 2kt =122+ (x')? .

If k'(s;)=0 at a point s=s,, then, by (6.15), we have 1(so)=0, since b(s, 1) #0 by
assumption and x(s) #0 because c(s) is spherical.

If k'(s5)#0, we choose a neighborhood U of s, on which k' never vanishes. By
- (6.16), (6.18) and x#0, we get

(6.19) (@(s))*{(x(s))>* —1 —tan?a} =0 for VseU.

If 7(s,)#0 in addition, we choose another neighborhood U’ of s, contained in U on
which 7 never vanishes. Then, by (6.19), we get

(k(s))* — 1 —tan? a =0

for all s in U’. By continuity wet get x(s)=constant on U’ which contradicts x'(s)#0
on U’. So, again we have 1(so)=0. Therefore, =0, which means that (s) is a circle on
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S? and thus x(M) is a circular cone. According to the remark after the proof of Lemma
6.1, the axis of the cone is given by —J,e,.

Case (iii): We assume the surface is given by (5.5) and {ey, " ,e4}, t, n, b, K,
and T are given as in case (ii). We have

(6.20) e, (s, )=n(s)= i ey(s, t)=t(s)=—§t— , e3(s, )=e; xe;=—bs).

(t—s)k 0s

Hence

(6.21) V.e.=

So, by (6.8), we find

(6.22) b=

By (6.20) and (6.22), we obtain

eyb =5
This formula together with (6.10) and (6.21) implies that t/k=tan a is a constant.
This means that the curve c¢(s) is a generalized helix in W. The axis of the helix is
—Joe,.

In each of the cases (i)(iii), the converse is easy to verify. For example, if x(M)
is a circular cone with the axis vector e in a 3-plane W perpendicular to a unit vector
n in E*, then, by picking a complex structure J such that J=J;, p» X(M) is properly
slant with respect to J.

This completes the proof of the theorem. Q.E.D.
References
[1] B. Y. CHEN, Geometry of Submanifolds, Dekker, 1973.
[2] B.Y. CHEN, Total Mean Curvature and Submanifolds of Finite Type, World Scientific, 1984.
[3] B.Y. CHeN, Slant immersions, Bull. Austral. Math. Soc., 41 (1990), 135-147.
[4] B.Y.CueN and K. OGIUE, On totally real submanifolds, Trans. Amer. Math. Soc., 193 (1974), 257-

266.

[ 5] B. Y. CHeN and P. PiccINNI, Submanifolds with finite type Gauss map, Bull. Austral. Math. Soc., 35
(1987), 321-335.

[6] B.Y.CHeNand Y. TAZAWA, Slant surfaces with codimension two, Ann. Fac. Sc. Toulouse Math. (to
appear).

[7]1 M. Spivak, A Comprehensive Introduction to Differential Geometry, Vol. 4, Publish or Perish, 1979.



120

BANG-YEN CHEN AND YOSHIHIKO TAZAWA

Present Address:

BANG-YEN CHEN
DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY
EAST LANSING, MICHIGAN 48824-1027, U.S.A.

YOSHIHIKO TAZAWA
DEPARTMENT OF MATHEMATICS, TOKYO DENKI UNIVERSITY
KANDA, TokYyo 101, JAPAN



