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Introduction.

In this paper we shall investigate the monodromy group G of generalized
hypergeometric equation (say GHGE, for brevity) in the form of Okubo type, its
irreducibility conditions, explicit form of its invariant hermitian matrix and so on. As
we shall see later, there exists a complex reflection group G induced from G and
containing G. We shall also study it and determine the case where G is a finite irreducible
group. Then G is also finite and the corresponding solutions of GHGE are algebraic
functions.

The equation of Okubo type is a system of first order linear differential equations
(see (¥) in §1). It gives a fine perspective in the theory of Fuchsian equations to consider
those in the form of Okubo type. K. Okubo showed in [5] that every Fuchsian equation
can be transformed into one of his type and its monodromy group up to conjugations
can be obtained by an algebraic computation. In particular, for GHGE, he -obtained
the monodromy group in the joint work with Takano ([6]) and solved the connection
problem ([5], see also [7]). His theory says that n-th order Fuchsian equations in
general have n? — 3n+ 2 numbers of accessory parameters (see [5]). We may comprehend
above G as the monodromy group of such equation, of which the number of accessory
parameters takes the special value 0, and GHGE as a limit of those equations.

For the single higher order GHGE, the monodromy group was obtained by A. H. M.
Levelt in his thesis [4]. We may say that it is integral, i.e., it is a subgroup of GL(n, Of)
if its parameters are rational numbers, where (g is the ring of integers of a suitable
cyclotomic field K. Recently, in their joint work ([1]), F. Beukers and G. Heckman
investigated systematically the cases where the group due to Levelt come to be finite.
Theorem 4.8 in [1] has a particular importance which was brought by virtue of the
above integral property besides their good idea. Moreover they obtained various
consequences by studying a reflection subgroup of the monodromy group. The fact is
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that, as we shall see later (Lemma 4.5), the two groups due to Levelt and Okubo-Takano
are conjugate to each other in GL(n, C). In Proposition 4.6 we shall also state a relatlon
between G and G on the finiteness which was pointed out by H. Nakajima.

In case the order of GHGE is equal to 2, it is just Gauss’ hypergeometric equation
and G coincides with G. The determination of finite monodromy groups in this case
was already done by H. A. Schwarz which, together with [12], gives a motivation of
our present work. Thus we only consider the case where the order of GHGE =3. On
Schwarz theory we also refer to [3] and [13]. :

In §1 we shall summarize several known results on GHGE in the form of Okubo
type and its monodromy group. We intend to state those with short proofs in
self-contained manner. In §2 we shall study the irreducibility conditions for GHGE
which coincides with those obtained independently by Beukers-Heckman for the single
higher order GHGE with a proof quite different from ours. Next we shall construct in
§3 the invariant hermitian matrix explicitly under a suitable condition so that its signature
will be computed directly. Those results are useful when we study discrete and arithmetic
group of GHGE in the future. Main result on the structure of G and G will be summarized
in Theorem 4.3 in §4. Though the groups stated here are part of those obtained by
Beukers-Heckman, yet our elementary method is applicable to wider class of Fuchsian
equations. The results due to G. C. Shephard and J. A. Todd ([10]), and T. A. Springer
([11]) on complex reflection groups play important roles for those investigations. In
a certain stage of computations of matrices we used the computer algebra system
MACSYMA on DEC VAX-11/750.

Finally I wish to thank to my colleagues, Professor Haruhisa Nakajima for his
valuable suggestions on reflection groups, and Professor Teruo Hikita who guided me
to computer sciences, especially, to MACSYMA.

§1. Generalized hypergeometric equations in the form of Okubo type and its
monodromy group G.

Let S be the Riemann sphere. We consider the following system of linear ordinary
differential equations of first order on S which we call of Okubo type;

* tI—B) % — 4x,
dt

where ¢ is a complex variable on S, x="'(x,, - - -, x,) is a column n-vector, I is the n by
n unit matrix and, 4 and B are n by n constant matrices.

DeFiNITION 1.1. The equation of Okubo type (#) is said to be a generalized
hypergeometric equation if B is the diagonal matrix
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0. 0
B=diag(0, ---,0, 1)= ""0
0
1
and
—ay 0 1
A= 0 ..—a"_l i
by - by, ‘ —a,

which has n distinct eigenvalues —p,, - - -, —p, (cf. [7], §1).

Throughout this paper we consider (¥#) satisfying the following assumption in
addition to Definition 1.1.

(A) None of the quantities g; (i=1,2, -~ -, n), a;—a, (j#k; j,k=1,---,n—1)

and p,—p,, (#m ;l,m=1, ---, n) is an integer. Moreover each p, is not a positive
integer. Consequently there is no logarithmic solution.

The system (#) has three regular singular points 0, 1 and oo on S. We denote
exp(—Zn\/_—jaj) and exp(—27t\/—_1pk) by e; and f;, respectively. The sums and
products; Y, _,, > x_1, [Ir-, and [];Z] are also abbreviated to Y, 31, [, and [T,
respectively.

LEMMA 1.2. The characteristic exponents of () are

(_als T, —ay—g, O) at t=0,
(0:'..309 _an) at t=1,
(P15 P25 "5 Pw) at t=0o0.

Riemann-Fuchs relation is simply the invariance of the trace of A;
1.1) Y =Y p, and, consequently, []e.=[]f..
k k k A

LeMMA 1.3. The non-trivial components b; are represented in terms of a, and p, ;

(1.2) b= — L) .
. nkaej(ak_aj)
PROOF. By the definition, det(p/—A)=]],(p+ p,). On the other hand we have
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’ ’ bl
det(pI—A)=TkI (p+an) {(p+a,.)—; p+a} .

The lemma follows by setting p= —a;. q.e.d.

REMARK 1.4. We only note that, if we substitute (1.2) for b; in (¥) and eliminate
X4, **, X,—1, then x=x, just satisfies the classical GHGE (see Erdélyi [2])

(b) [6(6+a,—1)--- (b0+a,-,—1)—t(d+py) - (06+p,)]x=0,
where é =t(d/dt), which has
nFn—l(pl, T P t)= i @k~ (Pak
Ay, " 58,1 k=0 (@) = * (G- 1)ik!

as its particular solution at t=0, where (a)y=a(x+1) - -+ (a+k—1). So the system (¥)
is equivalent to the equation (b) (for details, see [7], §1 and also §5).

From Lemma 1.3, the equation (¥) is determined explicitly by its characteristic
exponents: i.e.,

THEOREM 1.5. The system (¥) is accessory parameter free.

THEOREM 1.6 (Gauss-Okubo formula; [5] and [7], Theorem 1). The system (¥)
has only n singular solutions defined at 0 and 1, corresponding to the characteristic
exponents —a; and the normalization conditions g;(0)=¢;:

X(0)=1"% Zo gm  (=1,2, -, n—1),

X,()=(t—1)"" 20 gu(m)t—1)",

where the j-th components and the others of the n-vector ¢; are 1 and 0, respectively.
Moreover, in any simply connected domain contained in S*=S\{0, 1, ©}, the
Wronskian of these solutions is

det X=(l—[ F(l —ak)) t—Z;:al(t_ 1)—a,. ,
k=1I'(1—py)

where X is the matrix [ X, - - -, X,,], from which the linear independence of the solutions

Jollows (see (A), in particular, the assumption on p,).

Now we fix a point o€ S*. Let yu, and u, be simple loops which start at -, go
around 0 and 1, respectively, once in the positive direction and return to ». The
composition u,, = u, - 4o which is the loop p, followed by g, is a simple loop surrounding
oo in the negative direction. The loops y, (x=0, 1, c0) generate the fundamental group
7,(S*, ») with the fundamental relation u_!-u, -uo=1. If the basis X for solutions of
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(#) is continued analytically along u,, ¥ is transformed into XM, where M,e GL(n, C)
is called the circuit matrix around o with respect to X. Thus a group representation ¢
of m,(S*, ) into GL(n, C) is determined by u,— M,. We call the image ¢ of ¢ the
monodromy group of (#) with respect to X. If X’ is another basis for solutions of (#),
there exists 7€ GL(n, C) which satisfies X' =XT. Let 4’ be the monodromy group with
respect to X'. Then we have ¥’ =T~ 14T, i.e., the monodromy group of (¥) is determined
uniquely up to a conjugation. Now set X=X stated in Theorem 1.6. Let G be the
corresponding monodromy group. Then we obtain:

LEMMA 1.7. The circuit matrices are represented as M,=I1+ C, (a=0, 1), where

e;—1 0 1 0 P1

0---O| 0

C1=(en_l)( O )
) 41 """ qn-1 1 .

The components p; and g; are called the connection coefficients with respect to X
which were calculated explicitly by Okubo [5] (see also [7], Theorem 3). However, for
observing the group structure of G, it is sufficient to obtain only the products p;g; when
all of them take non-zero values under which we shall study G from §3 on (cf. also
Theorem 2.3 below). Let G’ be a group generated by matrices, say My and M7, which
are given by substituting p; and ¢ for p; and g; in (1.3), respectively. We denote it by
G(Py, "5 Pa-13 41, " *» qu—1) (for brevity, G(p; ; ¢})) if necessary. Then G=G(p;; g;).

1.3)

LEMMA 1.8. Suppose p;q;#0 for all j (1 <j<n—1). For any set {p', ", Ph—1; 41>
“*, gn_1} there exists a non-singular diagonal matrix D up to a non-zero scalar multiple
which satisfies G(p; 4;)=D~'GD or, more precisely, M,=D~'M,D (x=0, 1), if and
only if prgx=p:q for all k (1<k<n-—1).

PrOOF. We first note that, for any non-singular diagonal matrix D=

diag(z,, - - -, t,), XD is also a basis for solutions of (#) and the corresponding
monodromy group is D~ 'GD generated by D”"'M, D=1+ D~ 'C,D, where
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[ 1. 0 (Ta/T)P;
D~ 'C,D=diag(e;—1, ---,e,_,—1, 1)* . :
° 1 ' ) 0 l (tn/rn—l)Pn—l ’

(1.4) 0 - 0 1

D'1C1D=(e,,—1)( 0 )
(tl/Tn)ql e (Tn—l/rn)qn—l 1 .

|

Thus the conditions M,=D"'M,D lead to p;=(z,/t;)p; and q;=(t;/7,)q; which imply
P;q;=p;q;. The converse is obvious from (1.4) and relations t;/t,=p;/P;=qj/q;. q.e.d.

REMARK 1.9. From this lemma we can choose appropriate n—1 non-zero
quantities among p; and g; in (1.3) which take any preassigned values. For example,
for an arbitrary choice of n—1 non-zero ¢; (1<j<n—1), the group G'=G(p}; q})
conjugate to G is determined uniquely by taking pj=p;q;/q;.

Next we calculate p;q; explicitly. By Lemma 1.2 the eigenvalues of M, =M, M,

are f, (1<k<n) and, consequently, det(f/—M_)=][[.(f — fi)- On the other hand, a
direct computation of det(f/— M ) by (1.3) shows

(1.5) l;[(f—fk)=|:(f en) —(en —I)Z l:(ez—l)'*‘ lj(,_l_ ]Pl‘]t] [I'—e).
By setting f=e; we obtain:
THEOREM 1.10 (Okubo-Takano [6], see also [7], Theorem 2).
Hk(ej_fk)
1.6 = —
(1.6) Pid; ej(ej_1)(en_1)1—[;‘¢j(ej—ek)

sint(a;—
=—— Hk (,J pk) (j=1,2,...’n_1).
sin 7a;*sin na,* l—[k*js]n n(a;— ay)

The latter relation is implied by (1.1).

§2. Irreducibility conditions for G.

Let h be an n by n matrix defined by
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Lo | P

@.1) b=| 0 "1 |pus

d1 -1 1
By setting f=1 in (1.5) and noting that det(h)=1-—) ;p,q,, we obtain

2.2) det(h) =[] 1L [ 02

k 1—e, 'k sinma,

The last relation is also implied from (1.1).

We remind that the monodromy group G is reducible if and only if there exists a
non-zero proper linear subspace ¥ in C" which is invariant under the action of G, and
otherwise G is irreducible. Let {g,, * * -, g.» be the group generated by g,, * * -, g,.. Since
G={(M,, M,>, G is reducible if and only if there exists V" ({0}, C") with VM,V for
a=0, 1.

THEOREM 2.1. If f,=1 for some k (1 <k <n), then G is reducible (cf. (A) in §1).

ProoF. From (2.2) rank(h)=n—1. Let W be a subspace of column vectors defined
by {weC"; hw=0}. Then dim W=1 and, for any we W, we can easily sece M,w=w
(x=0, 1). Let V be the subspace of row vectors v which satisfy v-w=0 for any we W.
Then dim V=n—1 and VM,V (a=0, 1) follow. q.e.d.

Let E be the n by n diagonal matrix diag(e, —1, - - -, e,—1). Then the next lemma
also follows directly from (2.2).

LEMMA 2.2. If f;#1 for all j (1 <j<n), then det(E-b)#0.

THEOREM 2.3. Under the conditionsf;# 1, the following statements are equivalent :
(@) The monodromy group G of (¥) is irreducible.

(b) All the components p; and q; are non-zero.

© e#fi =1,2,--,n—1;k=1,2, -, n).

ProOOF. The equivalence between (b) and (c) follows directly from (1.5).

(a)=>(c). It is sufficient to see the case where e, = f;. Then p, =0 or g, =0 by (1.6)
and, consequently, 1-dimensional linear subspace {(x, 0, - - -, 0)e C"} or (n—1)-dimen-
sional {(0, *, - - -, )} is invariant under G, respectively. Similarly, if e;= f;, then G is
reducible.

(b)=>(a). Let ¥V be a subspace invariant under G. For any veV, vC, (see (1.3))
must be in V because vM,=v(I+ C,) is in V. Let us denote the k-th row vector of
E-h=Cy+ C, by 3,. Lemma 2.2 shows the linear independence of 3,, - - -, 3,. For any
v=(v,, - -, v,) € C", the following relations hold:
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2.3) ‘ {"Co=vl31+ E of VY. MU R
UC1=U,,3,,.

Now we consider two cases separately:
Case 1. There exists a vector ve V with v, #0.
Case 2. The n-th components of all vectors in V are zero.

Case 1. For any v with v,#0, vC,=v,3,eV. Thus 3, and, in particular,
3n/(ea—1)=(q;, " *, g,—1, 1) wWhich we denote by v, are in V. By (2.3) we have
0Co=q131+ ' +qn-13n-1=0e1—1)q;, - * -, (€,-1—1)g,—, *)€ V and, consequent-
ly, 15CoCo=(e;—1)q13:+ " +(€n-1—1)gn_13,-1=((e;—1)%qy, - -, (ep_;
—1)%g,_,, *)€ V and so on. Repeating this process, we obtain that all vectors

(e, —1)q13:+ -+ +(€ao1—1)*u—130-1 (k=0,1,:--,n-2)
in addition to 3, are contained in V. Vandermond’s determinant

91 9n-1
-1 _.—=Dg._ ,
det (ex—1Dqy (€n-1—1)g,—y — I—I a1 (e;—ey)

.................................. ik
(er—1)""2q, -+ (ey-1— )" %q,_,

is non-zero from the assumptions (A) and g;#0, which leads to the linear independence

of the above n vectors. Thus V'=C".

Case 2. For any v=(vy, ' *,0,-;,0)eV, vCo=(v,(e,—1), -, 0,_,(€p—;—1),
Y.j(e;—1w;p;) is in V, where the last component must be zero. Next vCy-C,=
(viler—1)% -+, v, y(en—1—1)%, Y j(e;— 1)?v;p)) is in ¥ and also Y (e;—1)%v;p;=0.
Repeating it n—1 times, we obtain

Y (—Drvp;=0  (k=1,2,---,n—1).
Jj
As in the first case,
(el_l)pl (en—l_l)pn-—l
(e;—1%p; -+ (es—1—1)?p,- ,
det| TP LT D [ = I e e TTe—en
i j>
(91“1)"—1P1 (en—1—'1)"_1Pn—1

is not zero which leads v;=0 for all j (1<j<n—1). Thus v=0 and, consequently, we
have V'={0}. q.e.d.

We can restate Theorems 2.1 and 2.3 as follows:
THEOREM 2.4. The monodromy group G of (#) is irreducible if and only if
24 e;# fi #1 (=1,2,:---,n—1;k=1,2,---,n),
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i.e., none of the quantities a;— p, and p, is an integer.

ReEMARK 2.5. The theorem was obtained independently in [1] (Propositions 2.7
and 3.3) by a method completely different from ours.

§3. The invariant hermitian matrix.

DEerFINITION 3.1. Let ® be a group in GL(n, C). An n by n herimitian matrix § is
said to be ®-invariant or invariant under § if gHg* =9 for any ge ®, where g* is the
transposed complex conjugate of g.

Now we assume that all p;q; are real numbers. It should be noticed that, if all a;
and p, are real, this assumption is always satisfied by (1.6). Then we can define an n
by n constant matrix 4 as follows;

€ 0 €101
p) . €2P2
(3.1 h= s

€n-1 | €p—1Pn-1

91 92 *** qn-1 1

where each ¢; is equal to 1 or — 1 according to p;¢q;>0 or <0, respectively. In particular,
if p;q;>0 for all j, we have h=} (see (2.1)). Let r=#{j; p;q;<0} forj=1,2, ---,n—1.
Obviously we obtain

(3.2) det(h)=(—1)"det(h) .
When the inverse matrix of 4 exists, we denote it by H=h"1.

LEMMA 3.2. Suppose f;#1 for any j=1,2, - - -, n and p,q; be real numbers for all
k=1,2,---,n—1. Then:

(a) H exists.

(b) If h is hermitian, then H is a non-degenerate hermitian matrix invariant under G.

ProOF. (a) Since fj#1, we have det(h)#0 by (2.2). Thus H exists from (3.2).
(b) Non-degeneracy of H follows immediately. The matrix H is hermitian if and
only if so is A. We show the G-invariance of H as follows. Let My;=I+(e;—1)Q;
(j=1,2, - -+, n—1) be matrices;

(3.3) I+(—-1)| 0---0 1 0---0 p; |,
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where the (j,j)-th, the (j, n)-th and the other components of Q; are 1, p; and 0,
respectively. Then we have Mo=My My, - My ,_, and My; My, = My M,; for any
J and k. Since G=<{M,, M,), it is sufficient to show M,;HMg;=H for all j and
M, HM¥=H. By (3.3)

(3.4) Mo HMY=H+(e;— 1)Q;H +(&;— )HQ} +(e;— 1)(;,— 1)Q,HQ} ,

where ¢; is the complex conjugate of e;. Since H=H* and H is the inverse of A whose
J-th row is identical with that of Q; up to ¢;, we have Q;H=HQ}=(Q;H)*=¢;E;;,
where Ej; is the matrix whose (j, j)-th component and the others are 1 and 0, respectively.
Moreover the only non-zero element of the j-th row of QF is 1. Thus the right hand
side of (3.4) equals H+[(ej—1)+(&;—1)+(e;—1)(¢;—1)]¢;E;;= H. The proof is the
same for M,. q.ed.

REMARK 3.3. Inthecase 2=}, thislemma was proved by Okubo ([5], Chapter V).

By interchanging the order of the components x,, - - -, x,_, in (¥) if necessary, we
may assume that p;q;<0 for 1 <j<rand p;q;>0forr+1<j<n—1.If 1<r<n-—2, the
direct computation of det(A/—h) shows that the eigenvalues of 4 are —1 ((r— 1)-ple),
1 ((n—r—2)-ple) and the roots of algebraic equation

r

n—1 n—1
3.5) 13—12—(1— > pigit+ X Pj‘Ij)/H'(l_ .lejqj)=0'
j=

j=1 j=r+1

Similarly those for r=0 are 1 ((n—2)-ple) and the roots of A2—24+det(h)=0, and,
for r=n—1, —1 ((n—2)-ple) and the roots of 12 —det(h)=0.

THEOREM 3.4. Under the same assumptions as in Lemma 3.2:

(@) If 0<r<n-—2, then the signature (p,q) of H is equal to (n—r,r) or
(n—r—1,r+1) according to det(h) >0 or <O, respectively.

(b) Ifr=n—1, then det(h)>0 and (p, q)=(1, n—1).

Proor. If A is an eigenvalue of A, then 1/A is one of H. Let us denote the
left hand side of (3.5) by f(1). In case 1<r<n—2, we only note that f(—1)=
2(1—Z§=1quj)>0, f(1)<0 and f(0)=det(h), and f has a relative minimum and
maximum at 4, >1and A_ < —1/3, respectively. The assertion follows by an elementary
consideration. The other cases are obvious. q.ed.

From now on we assume that the monodromy group G of (¥) is irreducible and,
all a; and p, are real numbers. Then, by (1.6) and Theorem 2.3, all p;q; take real non-zero
values. It was noticed in Remark 1.9 that, for investigating the group structure of G,
it is sufficient to study G’ = G(p} ; ¢j) =D~ 'GD for an appropriate choice of a set { p} ; ¢/}
with p;q;=p;q; by which the matrices M, are transformed into suitable forms according
to our purpose. We also note that the matrix (3.1), say #’, determined by G’ coincides

with D~ 'AD. From now on, if there is no danger of confusion, we denote G’, M, P>
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q;, i, - - - again by G, M,, p;, q;, h, - - -, respectively.
From the above argument and Lemma 3.2, we easily obtain:

THEOREM 3.5. Suppose {a;; p,} be a set of real numbers satisfying the assumption
(A), the Riemann-Fuchs relation (1.1) and the conditions in Theorem 2.4. Then there exists
an irreducible monodromy group G of (¥) with parameters {a; : p} of which corresponding
matrix h defined by (3.1) is hermitian. And, consequently, H=h" ! is a non-degenerate
hermitian matrix invariant under G.

REMARK 3.6. Moreover, by the same reason as above, we can choose G so that
the corresponding 4 is a real symmetric matrix.

Next we note that M, and M, are represented in terms of e; and f;. On the other
hand 2n quantities {a;; p,} have only one relation (1.1). Moreover g; and p, are not
integers from the assumption (A) and Theorem 2.4. Thus we may assume, without loss
of generality,

3.6) {0<a1<a2< ces <@po <1,

0<p;<pr< - <p,<l.

THEOREM 3.7. Under the same assumptions as in Theorem 3.5 adding to (3.6), H
is a positive definite hermitian matrix if and only if the following condition holds;

3.7 0<p;<a;<p,<a,< -+ <a,_;<p,<1 and p,<a,<p,.

ProOF. By Theorem 3.4, H is positive definite if and only if r=0 and det(h)>0,
namely, p;q;>0 for all j and, under (3.6), sin na,>0 from (2.2). Thus, by (1.6), we
obtain the first relation in (3.7) which automatically leads to the second by the
Riemann-Fuchs relation (1.1). q.e.d.

REMARK 3.8. By Theorem 3.4 there are no cases where H is negative definite.

§4. The unitary reflection group G containing G.

We remind that M, is represented by the products Mo Mg, =+ Mon—1 (see (3.3)),
where each M,; is a so-called generalized reflection. Let us denote the group
(Moy, Moy, -+ *» My, 1, M1> by G which contains G={M,, M,) as its subgroup. Note
that the irreducibility of G implies the same for G. Our purpose of this section is:

(%) Determine all cases where G is a finite irreducible group for n>3 .

When n=2, it is equivalent to find all finite G which was done by H. A. Schwarz in
his famous paper [9]. Suppose G is finite. Then G is also finite and, consequently, all
solutions of (#) are algebraic functions. Thus all quantities a; and p; (j=1, 2,¢:,n)
are rational numbers. It should also be noticed that G must be isomorphic to a finite
group generated by n unitary reflections. All such groups were classified by
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Shephard-Todd [10]. We denote by STk the number k (1 <k<37) of the group‘on
the table VII in [10].

LEMMA 4.1. Suppose G be a finite irreducible group. Then it is isomorphic to one
of ST25, ST26 and G(m, 1, 3) (m=3).

PROOF. Since none of a;—ay; (j, k=1, - - -, n—1) is an integer by the assumption
(A), two of ay, - - -, a,_, cannot be equal to 1/2 simultaneously. Thus G is finite only
in the following four cases; ST'25, ST 26 and ST 32 for primitive G from the table VIII
in [10], and G(m, 1, 3) (m>3) for imprimitive G. But, for ST32 (n=4), a,, a, and a,
must be equal to 1/3 or 2/3 which is impossible from the same reason as above. Lemma
follows. q.e.d.

Since n=3 in all the possible cases, we restate several acquired results for the later
use. The relations (1.1) and (1.6) are as follows:

4.1) ayta+az=p;+p,+p;.
sin n(a, — p,)*sin n(a, — p,)-sin n(a, —p,)
sin ma, *sin na*sin n(a, —a,)

_sinn(a; —py)-sinn(a; — p,) sinn(a, —ps)
P292= — : : : .
212 sin ma, *sin na, *sin n(a, —a,)

P19, = —

b

4.2)

In the proof of Lemma 3.2 we have already shown that H is also G-invariant.
Therefore, by Theorem 3.7, the G- and G-invariant hermitian matrix H is positive
definite if and only if

4.3) 0<p;<a;<p;<a,<p3<l and O0<p,<a;<p;<l.

Moreover, by Remark 1.9, we take G(p;q;; 1) for simplifying our later computations;

e, 0 (e;,—1pyq, 1 0 0
My, =| 0 1 0 s My,=10 e, (e2—1)pq, |,
00 1 0 0 1
4.4 1 ,
1 0 0
M1= 0 1 0
L e3—1 e;—1 ey

The next theorem due to T. A. Springer ([11], 3.4) plays an important role for
our following investigation. Let ® be a finite complex reflection group and { a root of
unity, of order d. We denote the degrees of ® by d; (i=1, 2, - - -, n) (cf. [10], Table VII).

THEOREM 4.2 (Springer [11]). There exists ge ® with eigenvalue { if and only
if d divides at least one degree d,.
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By virtue of these results we determine finite G up to the complex conjugate. We
state our process of determinations explicitly only for the case G~ST25.

[ST25]. By the Table VIII in [10], each g; is equal to either 1/3 or 2/3, and,
consequently, a,;=1/3 and a,=2/3 from (4.3). It is sufficient to study the case
(ay, a,, az)=(1/3, 2/3, 1/3), for the remaining (1/3, 2/3, 2/3) is its complex conjugate.
Set p;=c;/d;, (c;, d;)=1. Since the degrees of ST25 are {6, 9, 12} and p; are eigenvalues
of M, d; must be a divisor of 9 or 12 by Theorem 4.2. We first take all such possible
p, satisfying 1/3<p,<2/3. Then p, is equal to one of {5/12,4/9, 1/2,5/9, 7/12}. We
note that, for carrying out this and the following processes, it is convenient to consider
p; in the form /36, where ¢} has 3 or 4 as its divisor.

Next, for each p, stated above, we seek all possible pairs of p, and p; satisfying (4.1)
and (4.3). Then there are only four cases;

(4.5) (aj 5 pj)=(a19 a, as ; P1, P2, P3)

(1 2 1. 1 5 5 121.15'3)
\3’3’3’12712°6/)° \3°3°3°6°12°4)°

(121_147) (121_113)
3°’3°379°9’9)7 \3°3°37 127274}
For each case, by substituting those values into (4.2), we obtain M,;and M, from

(4.4). Again by the Table VIII in [10], if G is isomorphic to ST'25, then the following
conditions should be satisfied; '

(4.6) the OrderS Of M0=M01M02, M01M1 and M02M1 are Cqual to 2, 3, 4, or 6 .

Since

e," 0 (e"—1)piqy
My"=| 0 e (e2"—1)p2q; |»
0 o0 1
M3 =1 holds in any of (4.5). We checked by using MACSYMA that, for each case,
whether the conditions (4.6) for the remaining two matrices are satisfied or not. Then
they are fulfilled only for the third case in (4.5). In the other cases, (Mo, M,)"#1 and
(My,M,)"#1 for any n=2, 3,4, 6.
For (a;; p;)=(1/3,2/3,1/3; 1/9, 4/9, 7/9), we have
o 0 (w—1)/3 1 0 0
M01= 0 1 0 9 M02= 0 602 ((Dz—l)/3 >
00 1 0 0 1
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1 0 0
M1= 0 1 0 9
wo—1 wo—1 w

where w=exp(2n,/—1/3), and (Mo, M,)®=(M,,M,)*=1. Let T be a constant matrix;

1 0 —1
I=101 -1
00 3

Then we have

T— 1M01 T=

S © 8

00
1 0 Py T—1M02T=
01

o o =
o € o

— (o ©* o?
-1 \/ —1 2 2
T "'MT=—"—| 0w o o],
V3 0 0 o
which are well-known generators of S7'25 (see [10], p. 296). Thus G is just the group
ST25. Moreover, taking a matrix S, '

. o 1 o?
S=\/——? o o 1|,
0 0 o
we obtain
010 o 00
(TS) 'M(TS)=|0 0 1|, (TS) 'M(TS)={0 1 0
100 0 01

It shows that G~((Z/32) x(Z/3Z) x (Z/3Z))><(Z/3Z) and is contained in G(3, 1, 3).
We note that G is an imprimitive group, though G is primitive.

[S726] and G(3, 1, 3). In these cases the order of each reflection is equal to 2 or
3. If G is isomorphic to one of these groups, there necessarily exists at least one reflection

of each order among M,,, M,, and M, (see [10], p. 295 and the Table VIII). Then
there are four possible cases on the choice of a;’s up to complex conjugates;

(aaa)_l2l)(lll)121)lll
13293—3,352’ 3’2’39 23393, 3’292-
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The degrees of ST26 and G(3, 1, 3) are {9, 12, 18} and {3, 6, 9}, respectively. Similar
arguments to [S725] show that there are 47 possible cases which we have to examine.
On the other hand, if G is actually isomorphic to the group S726 or G(3, 1, 3), then
the same condition as in (4.6) should also be satisfied. Performing the same calculation
as in [ST25] by using MACSYMA, we can see that there are only three possible cases;

1 1 1 1 7 13
4.7 A Pj)=\ T s T s3T5 35° o |
@7 @5 0:) (3 2°3 18718 18)
1 2 1 1 7 5
47 . il el el sl Ssesal Sl 1)
@.7)2 (2 3’3’ 12712 6)
1 11 1 4 7
4'7 —’_9—;'—3—’_ .
47 (3 2°2°9°9 9)
The case (4.7),: By substituting (4.7), into (4.4), we obtain
o 0 (w—1)/3 1 0 O 1 0 0
M01= O 1 O N M02= 0 _1 —1 ) M1= O 1 0 ’
00 1 0 O 1 o—1 o—1 o
Mo6=(Mo1M1)6=(M02M1)6=I-
1 0 0
Taking T=| 1 —1 0 |, we have
-2 1 1
( — (0o o »? 1
-1 \/_1 2 2 -1
T M01T=’———_____ (0)) (1)) ()] s T M02T= 1 N
V3 o? 0 o 1
“4.8)
1
T M, T= 1
w?
The case (4.7),:
-1 0 -1 1 0 0 1 0 0
Me=| 0 1 0 |, Mg,=|0 0 (@-13|, M\y;=[ 0 1 0
0 0 1 0 0 1 w—1 o—1

M06=(M01M1)6=(M02M1)4=1-
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-1 1 0
If wetake T=1| O 1 0 |, then
1 -2 1
[ 1 — (0 o
T M, T= 1 R T“M(,2T=‘/—__1 0o 0 o/|,
1 V3 0o o
4.9)
1
T-M,T= 1
)

Thus, in both cases, G is just the group ST26 from (4.8), (4.9) and [10], p. 297. We
easily see that, in each case, (M, My,>={(M,) from (4.8) and (4.9). Thus G=G =
ST26 in both cases (4.7), and (4.7),.

The case (4.7)5:

o 0 (w—1)/2 1 O 0 1 0 O
My, =10 1 0 » Mo,=| 0 -1 —1/2 |, M;=]| 0 1 0
00 1 0 0 1 -2 =2 -1
M6=(M01M1)6=(M02M1)3=I-
If we take
1 1 1
4.10) S=]10 1 0 |,
0 —2 -2
then we have
0] 1 1
S™IM, S= 1 , STIM,,S= 1|, S7'M,S= 1

1 1 1
Thus G=G(3, 1, 3). Since {Myy, My,>=<{M,>, we obtain G=G=G(3, 1, 3).

G(m, 1,3) (m=>4). In [8] we found more general class of imprimitive groups on
the analogy of the last case. Let us consider the case where

n 1 1 n n+m n+2m)
m’ 2°2°3m’ 3m > 3m )’

(4.11) @ ; ,,j)=(_
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for any positive integer » satisfying (m, n)=1 and 1 <n<m/2. Then we have

" 0 (=12 1 0 0
My,,=| 0 1 0 , Mgy,=({ 0 —1 —1/2 |,
0 0 1 0 o0 1
1 0O O
M,=10 1 0
-2 =2 -1
Taking the same matrix S as in (4.10), we obtain
G /1 1
S™'M,, S= 1 , STIM,,S= 1], S7'M,S= 1
1 1 1

Thus G is certainly the group G(m, 1, 3). If m is odd, then My, My,>=<{M,y> and,
consequently, G=G=G(m, 1,3). However, if m is even, we easily obtain
My, My,> 2{ M,y and G~{G(m/2, 1, 3), {,,I> by an elementary calculation. The case
(4.7)5 is a special case of (4.11). We note that, if m/2<n<m in (4 11), G (and also G)
is the complex conjugate to the group determined by

(m—n 1 1 m—n (m—n)+m (m—n)+2m)
m b 2 > 2 b 3m b b .

3m 3m

Moreover, if G and G correspond to a parameter set (a ;5 pj), their complex conjugates
are given by (1—a;; 1—p)).
Now we summarize our results in a single theorem.

THEOREM 4.3. Suppose the monodromy group G of (#) is irreducible. Then;
(@) G is a finite primitive group if and only if (a;; p;) takes one of the following
values;

3 2 3 18 1 18
a (I+— +2 nt ,rii,sil,tii>,
. 3 3 12 17 6

wherel,m,n, v, s,te Z, n=r+s+t—1—m and the sign + takes either + simultaneously
or — simultaneously. In each case the following properties are satisfied;
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order of
G G g
G M, M, M,
(1) ST25  (Zyx Zyx Zy)Z, 81 3 3 9 10
(I1) ST26 ST26 1296 6 3 18 172
am ST26 ST26 1296 6 3 12 271
where g is the genus of the Riemann surface of the solutions for ().
(b) Suppose m>3. G is a finite imprimitive group if
n 1 1 n m+n 3m+n
av (a,-;pj)=(li—,mi—,ni—;ri st i )
m 2 2 3m 3m 3m

Sfor any positive integer n satisfying (m,n)=1 and 1 <n<m. The following is similar
to (a);

m ; odd G(m, 1, 3) 6m? 2m 2 3m (m—1)(3m?—2m—2)/2
G(m, 1, 3)
m ; even {G(m/[2, 1,3), L I> 3m32 m 2 3m (m—2)(3m?*—2m—4)/8

PrOOF. It is easy to obtain the orders of G from the Table VII in [10]. We only
note that, for even m in (b), G(m, 1, 3)/G(m/2, 1, 3)~Z[2Z. Let us denote the order of
M, by o, (=0, 1, o0). The genus in each case is led from the orders |G| and o, by
using the Hurwitz formula.

g=1-161+17) (3 — (o)) = (1o — (Vo)) .

q.ed.

REMARK 4.4. Now we have to mention the relation between G and the group
H(a; b) in [1]. We use the notations in [1] freely. For the classical generalized
hypergeometric equation (b) in §1, one of b/’s is equal to 1 (say, b,=1). Since
det(AI-—My)=A—D][]iG—e))=(A—-D]]j(A—bjY)=det(AI—hy) and det(A]—
M)=[T,A=MN=I1,A—a; H=det(AI—h3') with M,My,=M_ and h h,ho=1I, G is
Just the hypergeometric group defined in Definition 3.1 in [1]. Thus, by Levelt’s theorem
([1], Theorem 3.5), we have:

LEMMA 4.5. G is conjugate to H(f{*, -+, f,7 s ert, -+, e 2, 1) in GL(n, C).

We point out the following two facts. First, as was mentioned above, the case (IV)
has been obtained intuitively on the analogy of G(3, 1,3). We checked by using
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MACSYMA that it is the only case for G to be finite imprimitive when 3<m <6, and
we easily see from Theorem 5.8 in [1] that the same is true for any m>3. Note also
that, in the case (I), the reflection subgroup H, of H acts reducibly on C? ([1], Theorem
5.3) and, the cases (II) and (IIT) are (1/2)-shift of No. 10 and (1/6)-shift of No. 9 in the
Table 8.3 in [1], respectively.

Second, to obtain the key result stated in Theorem 4.8 in [1], it is important that,
under a suitable condition, H is contained in GL(n, O), where Oy is the ring of integers
of a cyclotomic field K. Moreover, in each of our cases stated in Theorem 4.3, we also
have G GL(n, O) for a suitable K. Note that:

PROPOSITION 4.6. Let G be an irreducible group with an invariant hermitian matrix
H which is also invariant under G. Let K/Q be a finite Galois extension of which subfield
K N R is also a Galois extension over Q and let X~ *GX = GL(n, Oy) for some X € GL(n, C).
Then G is finite if and only if so is G.

On the other hand our result shows that, for the cases which are listed on the Table
8.3 in [1] satisfying either a, =0 or B, =0, the corresponding G are all infinite groups.
For several (probably, for all) cases, we can easily check that the trace of M,;M; is not
an algebraic integer.
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