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0. Introduction.

In his paper [4], T. Shintani gave the decompositions of the Dedekind n-function
n(z) and 3,(w, z), w,zeC, Imz>0, (see (1.1), (1.3)) in terms of the double gamma-
function and Stirling’s modular form in the sense of Barnes [1]. The decomposition
of 9, is also given in Barnes [2].

Shintani’s starting point is the double Riemann zeta function

o0

{2055 w, my, )= Z w+mw; +nw,)"*

m,n=0
Res>0, w+mw,+nw,#0, for m,n=0,1,2, ---

and the definition of double gamma-function and Stirling’s modular form by means of
C;’.(O s Wi, 0y, (1)2).

In the present paper, we shall go on the converse way to Shintani’s; namely, we
start with the decomposition of 3, and 7 by certain functions P and p (see (1.8), (1.10)),
employing Stirling’s formula for log I'(z). Then we define two functions I',(w, @,, ®,)
and p,(w,, ;) (see (4.4), (4.5)) using P and p. It is shown that the function I', satisfies
a certain limit condition (4.8) and the difference equations connecting I',(w+ ; ; @, w,)
and I',(w; w,, w,), i=1, 2 ((4.9), (4.10)).

Then Shintani’s Proposition 2 in [3] shows that there exists a function A,(w,, w,),
depending only on w,, @,, such that

I;(w; oy, w,)

log =005 w, 01, 03).

2@y, @3)
Using the limit condition of I', and Binet’s first formula for log I'(z), we prove that
Ax(wy, wz)=02(w1, ®3) .

This shows the connection of our I',, p, to {,(s; w, w,, w,) and that our p, is nothing
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but the Stirling’s modular form in the sense of Barnes [1]. Thus we arrive at Shintani’s
starting point. |
It will be an interesting problem to ask what is the ‘Dedekind sum’ for p,.

1. Decomposition of theta and eta.

We consider the theta function

' ®
(1.1) 9, (w, 2)=2e"5 sin mz n(z) [] (1 — 2™+ (1 — 2= +ma)

n=1
w,zeC, Imz>0, +w+nz#0, n=1,2, -,

where n(z) is the Dedekind eta-function

(1.2) n(z):e"izflz 1_[ a _e2xinz) .
n=1

To decompose

(1.3) ﬁ Q _eZni(w+nz))

appearing in (1.1), into the product of two functions, we note that

nz

sinnz

and for |argz|<m—0d (6>0)

1
(1.5) logl"(z+a)=(z+a—?>logz—z+%log2n

<& (_l)m_lBr’n+2(a) -M-1/2
Zimm+ Dima 2zm T O¢ )

(Whittaker-Watson [5], p. 278). Here

logz=log|z|+iargz |argz|<m
and
(1.6) log(—2z)=logz—mi.
Further B,,(u) is the m-th Bernoulli polynomial defined by
e _ 3 B

et—1 =0 k!

By (1.4), we have
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1 _ e21:i(w+nz) — eni(w+nz)(e-1ri(w+nz) ___e1ri(w+nz))

= —2ie™™*") gin n(w + nz)

= —2mie™ ™" I (w+nz) " Ir(1—(w+nz))~'.

‘Then, observing that, by (1.5),

1 1/2—3w+3w?
1081-'(W+nz)=<w+nz—%)lognz—nz+?log(27t)+ / 6w+ id
n

+0(n™ %)

holds for ze C—(— o0, 0], w+nz;é6, we see that

o0

Y <Jlog I'(w+n2) + 1 log(nz) +nz ! log(2m) ! wz—w}
z)— z—— - - —
EoR A Y e 2 B T onz 2mz

is convergent. Therefore we define
© 1
(1.8) P(w,z)=[] F(w+nz)~texp {(w +nz— —2—) log(nz) —nz
n=1

2_
+%log(27z)+ ! +w w}

12nz 2nz

and we have
(1.9) P(w, 2)P(1—w, —z)= [ (1 —e2mv+na)
n=1

For ze C—(— o0, 0], we define

(1.10)  p(z)=P(1, z)= P(0, z)

> 1 1 1
= H I'(l+nz)"lexp {(nz+—2—> log(nz)— nz+—2—log(2n) +——} .
n=1

12nz
THEOREM 1. For Imz>0, w+nz+#0, n=0, 1,2, - - -, we have
e—m‘z/6
1) P(w, 2)P(1 —w, —2)P(—w, 2)P(1 +w, —2)=———-9,(W, 2),
2sin 7w n(2)
(2) p(2)p(—2z)=e""12q(2) .
Proor. (1) is obtained by making the product of (1.9) and (1.9) with —w instead
of w. (2) is nothing but the formula (1.9) with w=1. |

2. Difference equations for P(w, z).

Let y be the Euler constant. Hence
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1 1
2.1 1+—+ -+ +————logN=y+O(N"!
2.1 5 N_] [ogN=y+O(N")

holds. We shall prove the following.

THEOREM 2.

(1) P(w+z,2)=Pw,z)2n)*" Y2 (w+z)exp {—(z+w——;—) logz+7y (w+§—-5
) P(w+1, 2)=P(w, 2)I <1> exp {1ogi+l"i} .
4 z V4

PrROOF. From (1.8), we have

log PW+z,z)~ ! —log P(w,z)~!

8

= {log I(w+((n+1)z)—logI'(W+nz)—zlog(nz)—

n

2wz +z2 —z}
nz )

We consider the partial sum

2.2) i {10g1*(w+(n+ 1)z)—log I'(w+ nz) —zlog(nz) —

n=1

w+z/2—1/2}

N

=logI'(w+(N+1)z)—logF(w+z)— ), {zlog(nz)+%(w+%z—%)}.
n=1

Using (1.5) again, we have

= —log F(w+z)+%log(2n)+((N+ Dz+ w———;—) log((N+1)2)

N

—(N+1)z— ) {zlog(nz)+i(w+lz—l)}+O(N-‘)
n 27 2

n=1

1 1 1 1
= —logF(w+z)+7log(2n)+<(N+?)z+—2-z+w——z—) log(N+1)

1 N
_ +<(N+1)z+w—-2—)1ogz—(N+ 1)z—Nzlogz—z ), logn

n=1
N1

—<w+—1—z—%) Y —+O(W™Y

2 n=1 N

1 1
= —logl“(w+z)+—?—_—log(27t)+(z+w—?> logz

)
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1 1Y N
+<w+~2—z——2—)<log(N+ B —1—)

n=1 N

+z{<N+%)log(N+ D—(N+1)— i logn}+O(N“1).

n=1

Since

logN+1)— 3 L=—y—0ovh by @1),

1
n=1h

logl'(N + 1)=(N+%)log(N+ D—(N+ 1)+%10g(27z)+0(N—1) by (1.5),
and

n

N

logn=log'(N+1),
=1
we see, letting N tend to oo, that (2.2) converges to

1 1 1 1
—10g1"(w+z)+~2—log(2n)+(z+w—?) logz—y(w+—z—?>—§log(2n)

2
and get (1).
To prove (2), we need
(2.3) logI'(z)=—logz—yz— Y, {log(n+z)——logn———z—}.
n=1 n
Using

log I'(W+ 1+ nz)=log(w+nz)+log I'(w+ nz)
in the formula

logP(w+1,2) 1= ) {logl"(w+ 1 +nz)—(w+%+nz)log(nz)

n=1

1 _(w+1)2—(w+1)}

1
+nz——1log(2n)—
g 2 g(2m) 12nz 2nz

we get

log Pw+1,2z)"'—log P(w, z) !

= i {IOg(W +nz)—log(nz)— 1}
n=1 nz




160 KOJI KATAYAMA AND MAKOTO OHTSUKI

w w
{log (n +—)—logn——}
1 z nz

= —logl—-y—w—logl"(£> .
z z z

M8

The last equality follows from (2.3). Thus (2) is obtained. (End of the proof of Theorem
2)

3. Double Bernoulli polynomial and double Riemann zeta-function.

The double Riemann zeta-function is defined for w, w,, w,€ C, w,/w, ¢ (— o0, 0]
by

a0
(s w, 0, @)= Y, (W+mw,+nw,)™*
mn=0

Res>2, w+mw,+nw,#0, m,n=0,1,2,---
(see Barnes [1], §36). Here
ws=eslogw
and
logw=log|w|+iargw, —n<argw<m.
Then it is known that for Rew>0, Rew,; >0, Rew,>0, {, can be represented by the

following contour integral:

3.1 {a(s s w, 0y, w3)=

r(l_s)e—snij' e—wtts—l &
2mi ey (1—e™ 2 (1—e™2%)
Here ¢>0 and I(e, o0) means the path consisting of the infinite line from o0 to &, the

circle of radius & around the center 0 in the positive sense and the infinite line from ¢
to oo as shown in Fig. 1.

C

FiGURE 1
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I(e, c0) is taken so that it does not contain non-zero poles of the integrand. Since
I(e, o0) does not go through 0, the right hand side of (3.1) converges for any s. It is
known that {, can be continued analytically to the whole s-plane except for simple
poles at s=1, and s=2.

The double Bernoulli polynomials ,S,(w ; w,, ®,) are defined by

l1—e™™ w

(I—e®Y(1—e ")  ww,t

—280(w; 0y, W)+ -+
W ; w,, ®,) m
n!

2r 2r

o1y

+ -, | <

.

L]

W, (0F)

Differentiating this with respect to w, we have
—te™™ 1

(3.2) (1 _e—wlz)(l _e—wzl)= (Dlwzt

—280(W 5 @y, W) +,81(W ; Wy, w)E+ -

125 (W 5 0y, @) P

+(=1)" -

+..

Thus, writing symbolically as

tewt

=e(B"‘+w)t ,
e —1

we have

—te ™ 1

(I—e ) 1—e-°")  wm,t

and comparing this to (3.2),

e"'(Bwl +B*w2 +w)t

* n+1
(3.3) Siw 5 @, wg)= Bt BT@2 W)

n+Do,w,

Here B’=B;, B*/=B, but B/B**+# B, . In particular, we have, by (3.3),

2 2 2
(3.9 251w 5 Wy, w2)=0)1 +w; +30,0, w __(CU1 +w,)w
120)1(1)2 2001(92 2(01(02
and
3.5 LSow: @, ) =—0r P11 D2

w0, 20,0,
PropPoSITION 1. For Rew>0, Rew, >0, Rew,>0,

00 w, 1, w)=,51(w ; W, ;) .
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PrROOF. We have
e - W!t -1

(1 _e—ﬂ)lt)(l _e—wzt)

(20 ; w, w,;, w;)=Res, -,

=,81(w ; wy, wy)

by the contour integral representation of {, and the residue principle. |

4. Definition and properties of I', and p,.

We put, for ze C—(— 0, 0], w+nz#0, n=1,2, - - -,

@4.1) I,(w; 2)=P(w, 2)~*p(z)(2r)"*I'(w) exp [(W;w2 _;) log2+y(w;—w):| ’
z

z
and
' 1 1
42)  py(2)=p(2)(2n)*"* ex {——y——i+z (-1 +(i——+——>lo z}.
(4.2)  px(2)=p(2)(2n)** exp % 12 {'(=1) 7 a1, )8
Here {’ is the derivative of the Riemann zeta-function {(s). Then, for Imz>0, we have
1 1
4.3) P2(2)p(—2)=(2m)%?27 n(z) exp {ﬂi (— + —)} .
4 12z
Further, for w;, w,e€C, w,/w,¢ C—(— 0, 0], we define
44 '
. 1/1 1 w2
Iy(w; oy, w)=I,(ww, ; w,/w,)exp| {— + w— —1zlogw, |,
‘ 2\, w, 20,w,
and
A w w 3
4.5) P20y, w;)=p (w,/w,) exp {( 1202)1 + 126:)2 —7> logwl}-
Hence it follows easily that
(4.6) _
1/1 1 w?
I(tw ;5 twy, twy)=T5(w ; 0,4, w,)exp| < — + w— —1;logt |,
2 (O3 Wy 20)10)2
and
w w 3
4.7 Wy, tw,)=p,(w,, w,)ex 2 4 1 —-—)lo t}
@.7 p2(tw, 2)=p2(®1, ®;) P{( 2o, 120, 4 g
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hold for ¢>0. Since P(0, z) =p(z), we see that for w—0,

WF2(W , (1, Z))=P(w, Z)_lp(z)(zn)w/zwr(w) exp [( w2 —w _K) ]0g2+M:|
2z 2 2z

tends to 1: namely

4.8) lim wly(w ; 0, w,)=1.

w—0
Then Theorem 2 can be written in the following form:

(49 TI,w+o; o0, 0,)
=I(w; wy, wz)(zn)I/ZF <~w—> €Xp {(?—l) log wz} s
w

2 W3

(4.10) r,w+ow, ; o, »,)

=I,w; w,, w,)2n)'2Ir (——w—) exp {(——l) log wl} .
W, 2 w
From (4.8), (4.9), (4.10), we easily deduce

2r 2r
Iy(w; ; 0, w)= [—, I'y(w; ; 0, )= [—,
W, @,

2n
A/ W10,
Now Shintani’s Proposition 2 in [3] asserts that for Rew >0, Rew; >0, Rew, >0, there
exists a function 4,(w,, w,), not depending on w, such that

Fy(w; o, 0) 1 j e ™ logt
)"Z(wb (1)2) 2ni I(e, 0) (1 —e_wlt)(l _e—mzt) t

@4.11)

Iy(w+w,; o, w,)=

dt

4.12) log

+(—mi),Si(w ; 0y, w3), 0<e<|2nm/w, |, 12n/w, ] .

The point of this proof is the analyticity of both hand sides and the difference
equations (4.9), (4.10) satisfied by I', and the right hand side of (4.12). 7

From (4.12) or Shintani’s proof of (4.12), it follows that there exists one and only
one function I', satisfying (4.9), (4.10) and (4.8). Thus our I',(w ; ®,, ®,) is nothing
but the double gamma function in the sense of Barnes [1].

Let ¢ be positive. Differentiating

(o5 5 tw, twy, tw,)=t"5C,(s ; w, 01, W,)

with respect to s and putting s=0, we have
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r ; ‘ 5
z(tw N twl, tw2)= —logt CZ(O ; w, wl, w2)+logT2(w ’ wl’ w2)
Ay (twy, twy) Ay, @)

Put w=w, in (4.13). Then by (4.11) and Prop. 1, §3, it follows

2 : 2
log /t—"—logxz(twl, y)= —log 1 ,S} (@, ; w0y, @) +log_|—> —log dx(@y, 7).
wz wz

From this and (3.4), the formula

“4.13) log

(4.14) A(twy, tw,) = Ay(wy, wz)exp[{ D1 + D2 ——i}logt]
Rw, 12w, 4

is obtained. Denote by U(g) the circle of radius >0, rounding 0 in the positive sense.
Let /(¢) denote any quantity which tends to 0 as e—0.

LEMMA 1. Let w and z be positive. Then

1 —-wt
J e log1? &t
27[1. U(B)(l _e—t)(l _‘e—Zt) t

So(w ; 1,
+2 ol Z)+

2z¢? €

=,S1(w; 1,2z)loge— 2Siw s 1, 2)mi+ Ue) .

PrOOF. For t=c¢e®, we havé, by (3.2)

e ™ 1 2S6(W 3 1,2)
- +,81(w; 1, 2)+ (e
(1—e™9( —e"') ze2e?® ge' 251 )+ @)
Then our Lemma follows easily from this. [ ]

LEMMA 2. Let w and z be positive. Then

® =Wt 1T 1 i1 — i
@ e " a=—1 (w/z) oge mi logz m_H(g)’
l1—e™* z I'(w/2) z z z z

o0 —wt l
W [ Llogr(r.)__log(zn)_gl(1_1)10g8_31(1_ﬁ)m-
—e z 2 z z

_|_L__}31 (1 —K) log z— (y —mi) (L~K)+l(8) ,
z 2 z

&z

(iii) j — ——-zLG( )—LBZ(I—f—)zloge+—1—Bl(1—K)
2t g2 z 2 z € z

1 w 1 1 w
——B,|\1—— )| zRi+————B,|1——]zlo
2 2( z) 2ze2 2 2( z) Bz
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- —1— (y—mi)B, (—Mi) z+1(e) ,
2 z

where we denote by LG(u), for u>0, the function defined in Shintani [3]:

e ™ logt
—t t2

y—mi
B,(u) .
5 2(w)

1
(4.15) LG(u)=—-
7l J 166, 0) 1-—

di+

Proor. Hurwitz zeta-function is defined by

{(s,u)= Y, (n+uw)™*  Res>1, Reu>0.
n=0

Then it is well known that {(s, ) has the following contour integral representation:

e ™ (1—5) e ™

{Gs, u)= —t*"'dt (0<e<2m).

2ﬂi I(s,oo) 1 —e
Differentiating this formula at s=0 and noting that ([5], p. 271)
I'(v)

S

C(S u) ‘s O—IOg

we have
—ut l 1
(4.16) O ¢ °g’dz+(y-m)(——u).
/2n i lew)l—€ " 1 2

We put t=¢e® in the formula:

1 e ™ logta’t= I‘J‘ e'“‘_ logta,H_J"’o e ™ _¢_1£
2 U(z’:)1 ! e

2715i [(e’w)l—e_t t t l—e—t t
Then
—ut —(u—1)t
! f e logr 1 J‘ e logt
i Jugl—e™" 1 2ni Jue €' =1 ¢
B,(1— .
-—J (1088+19){ —+B,(1— )+.£(_i_“)8ene+ -~-}d0
1 .
=Bi(1—u)loge——+ B;(1 —w)mi+I(e)
€
and

J‘oo e—ut dt_ =) e—uzt J‘ J‘
e 1l—e ™"t e 1—e t
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[+ o] A —uzt t 1 1
=J ¢ i+——<i———)+B1(l—u)logz+l(s).
. &

l—e™ 2 t 2z \¢

Put these formulas into (4.16) and #=w/z. Then (ii) is obtained.
Differentiating (4.16) with respect to u, we have
I''(w) 1 e ™

4.17) - -
I'(w) 27 J ey 1 —€

log tdt—(y —mi) .

Now, since

1 —ut e(l—u)t ® - ut

e 1 e
—_ log tdt= log tdt +
21ti I(a'w)l—-e—' g 21ti fu(e) e"“l g J; l_e—t

2n
=EI—J. (loge+i6){1+ B,(1 —u)ece®®+ ---}do
T Jo

dt

© e—uzt
+zj 7 — dt—logz+1(¢)
e 1—e

¢} —uzt

— dt—logz+/e)

=loge+mi+z f
. 1—e

holds, put this into (4.17) and- u=w/z. Then (i) is obtained.
Finally, we shall transform the contour integral for LG(x) to a line integral. So in

the formula

—ut 1 1 [ o] —ut dt —r7
(4.18) LG(u) = —— f ¢ Blay j e” 4 0" pw,
U e

i Jygl—e™t 12 1—e™* 2 2

compute both integrals as

1 1 (2 1 B,(1—u)
— = lo a+i0{ _ 4 ——B -+ - }de
270 Jye 2m jo (log ) g2e¥ ge™ 2 )
1 1 B,(1—u) B,(1—u)
=7B2(1—u)logs— 767 . + 2 i+
and
o g—ut dt 1 e vt
. 1—e™! 7z gz 1—e t2
_ 1 —uzt 1 e/z e-—uzt dt
_Z ~-zt t2 z J, l—e—2 t2'

The last integral is equal to
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1 z 1 B,(1-uw)(z 1 _Bz(l—u)
_7{(_ 2¢2 M 2282>— 2 (?——x;) 2 logz}+l(s) .

Put these in (4.18) and #=w/z. Then (iii) is obtained. n

PROPOSITION 2. For Rew>0, w, >0, w,>0, we have

I(w; 0, w;) [© e ™o { 1 1 1 1 }dt
= <

A(wy, @3) o 1—e (@ot 1 ¢t 2 12§

+&LG< wo co1>_ w, F'(w/a)z—w1/w2)_ilogr<i_ﬂ>
W, Wy, 0, 2w, I'ww,—w,/w;) 2

—log COZ { (D2 B2<w1+w2_W)‘iB1(w1+w2—W)+ (D1 }
o; (2w, w, 2 w, 12w,

1 1 1/1 1 2
+—10g(2n)—{ at: + bt +—————( + )w+ id }logwl.
4 20w, 120, 4 2\0; o,

PrOOF. By (4.6), (4.7) and (4.14), we have, for >0,

log

r,(w; w,, w2)=1 Iy(tw ; tw,, tw,)
Ay(wy, @7) Ay(twy, tw,)

w, w, 3 1/1 1 w?
+ + e + w+ +1¢logt.
Rw;, 12w, 4 2\w;, o, 20,m,

Hence, we shall compute

log

iy
where t=1/w,, z=w,/w,, w*=w/w,. By (4.12)
r,(w*;1,2) 1 j e ™" logt &t
A1, 2) 270 Jpe,my(1—€ (1 —e™ %) ¢

+(y—mi),Si(w* ; 0y, @,) .

We divide the contour integral to

L s
5 =-— +
27t Jreo0) 27 Jue .
and observe that

r‘ we~<w*—m{ 1,11 t}dt 1 [®e-0n=1r gp
. ) =emle=1 2 ¢ 12) ¢ 2), —e ™) ¢
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—(w‘—l)t dt 1 e—(w" 1)t

t), amem et i), acen”

Then our proposition is obtained by applying Lemmas 1 and 2 and letting ¢ tend to 0.
n

PROPOSITION 3. For w,, w, € C with w,/w, ¢(— 0, 0],

A1, @)= py(w,, w,)

holds. In particular for ze C— (o0, 0],
Ax(1, 2)=py(1, 2).

ProoF. By the principle of analytic continuation, it suffices to prove our
proposition for w, >0, w,>0. Further, taking t=w;!, z=w,/w, in i(v,, w,)=
pa(wy, @,), we get 4,(1, z)=p,(1, z). Hence by (4.7) and (4.14), it suffices to prove our
proposition for w; =1, w,=z.

In the formula of Proposition 2, put w, =1, w,=z and w=1+2z. Then by (4.11),
the left hand side is equal to log 2n/\/7—log A,(1, 2). The right hand side is equal to

© em (1 1 1 dt
R LG ——r 1
L l—e'”{e'—l : 2 12} +2LG() ‘M

1 1 1
—1 B,——B,+— +—log(2n) .
082{2 2 > 1 122 } 2 og(2m)

Here note that (Shintani [3])

LG(1)=%—C’(—1)

and
r)y=—y

Then we have

4.19) log A,(1, z)——3—log(21t)————+zC(—l)—— (—}—+———l)logz
12z 12 12z 12 4

f‘” 1 (1+1 1 )dt
o €—1\e'—1 2 ¢ 12/ ¢’

We employ, here, Binet’s first formula for log I'(z) (Whittaker-Watson [5], p. 249):

logI'(z)= (z——i—) logz—z+ %log(Zn) +¢(2),
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¢(z)=r<l—i+ : )e—tht (Rez>0).
o \2 7

et—1) 1t

Put

f@=02mn)'*r(+z)"texp {—1;—+(—;—+z)logz——z} .
z
Then
f@=exp {1—;;— ¢(z)} .

Observing that

we have

1 ©ft 1 1 1 e

—_— = —_———t— dt

2, %@ L (12 2 "1 e‘—l) ‘
and by (1.10)

p@)= 1 12

Now,

ao o0 1
log [] f(nz) (———tb(nZ))
n=1 n=1 12nz
J‘w(t 1 1 1 )_mdt
___.___._+_..._ e —_—
1Jo \12 2 ¢t e'—1 t

J“”( t 1 1 1 > 1 dt
= ———_+__—
o \12 2 ¢t e'—1/)e*—11¢

It
Ms

1 1 1 t
+—————=0(?),
ef—1 2 12 ()
1 1
=—%4 -
e*—1 =zt

Thus
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log p(2) °°( | N 1 + 1 ) 1 4t
ogp(z)= ———t— —
T \2 2 e e o1

and our proposition follows from this, (4.2), (4.5) and (4.19). [ |

We summarize the above result in the following:
THEOREM 3. For Rew>0, v,>0, w,>0,
r)(w; o, w,)

pa(w,, w,)

log =00;w; 0, ;).
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