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§1. Introduction.

Let M be a compact C®-Riemannian manifold, C*(M) the space of all smooth
functions on M, and A the Laplacian on M. The A is a self-adjoint elliptic differential
operator acting on C*(M), which has an infinite discrete sequence of eigenvalues:

SpCC(M)={0=A.0</11<}.2< c <A‘k< A TOO}.

Let V.=V, (M) be the eigenspace of A corresponding to the k-th eigenvalue 4,. Then
V, is finite-dimensional. We define an inner product (, ) on C®(M) by

(f,g)=j fodVv,

where dV denotes the volume element on M. Then ) 2 , ¥, is dense in C*(M) and the
decomposition is orthogonal with respect to the inner product ( , ). Thus we have

Co(M)= :go V(M) (in L?-sense) .

Since M is compact, ¥, is the space of all constant functions which is 1-dimensional.
Let M be a compact C*-Riemannian manifold, and assume that M is a submanifold
of M which is immersed by an isometric immersion ¢. We have the decomposition

C*(M)= i V(M) (in L2-sense)

s=0

with respect to the Laplacian Ag of M. We denote by ¢* the pull-back, i.e., ¢* is
an R-linear map of C*(M) into C*(M) such that

(p*F)p)=F(p)), peM, FeC=(M).

For each integer s, ¢ * V(M) is a subspace of C®(M). Then we have a decomposition
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PV(M)c Y W,, W,=W/M,M,eq,s)cVM),
t=0

where each W, is the minimal subspace of V,(M) such that Z:‘;O W, contains ¢ *V,(M).
We say that ¢ (or M) is of finite-type with respect to VM), if #He=>1 | W,#(0)} is

- finite, and if it is not finite, we say that ¢ (or M) is of infinite-type with respect to V(M).

If #{r>1| W,#(0)} is equal to k, then we say that ¢ (or M ) is of k-type with respect
to V(M), and that ¢ (or M) is of order {t>1 | W,#(0)} with respect to V().
Furthermore, we say that ¢ (or M) is of mass-symmetric with respect to V(M) if
Wo=(0). .

In this paper, we consider the case where M is an n-dimensional complex projective
space CP"(4) of constant holomorphic sectional curvature 4, and s=1. So we omit the
terms “with respect to V,(CP"(4))” in conditions for immersions of M into CP"4).
These definitions are compatible with those by B. Y. Chen in [4].

A submanifold M of CP"(4) is said to be full, if M is not contained in any totally
geodesic complex submanifold of CP"(4). In [6], A. Ros shows that a 1-type complex
submanifold of CP"(4) is a totally geodesic Kihler submanifold, so that it is of order
{1}. He also shows that an m-dimensional 1-type totally real minimal submanifold of
CP"(4) is a totally real minimal submanifold of CP™(4) which is a totally geodesic
Kihler submanifold of CP"(4). In [9, 11], S. Udagawa shows that a full Kihler
submanifold CP"(4) is of 2-type if and only if it is Einstein, so that it is of order {1, 2}.
He also studies compact Hermitian symmetric submanifolds of degree 3 in CP"(4).
Here, for a Kéhler submanifold M of CP"(4), we say that M is of degree k if the pure
part of the (k—2)-nd covariant derivative of 4 is not zero and the pure part of the
(k—1)-st covariant derivative of A is zero, where A is the second fundamental form.
He shows that compact irreducible Hermitian symmetric submanifolds of degree 3 in
CP"(4) are of order {1, 2, 3}. Moreover, we can see in [10] that there exists a compact
Hermitian symmetric submanifold of degree 3 in CP"(4) which has different order, but
it is reducible.

One of the most typical examples of irreducible submanifolds in CP*(4) is a 2-sphere.
Let S?(c) be the 2-sphere of constant curvature ¢>0. S. Bando and Y. Ohnita in [1]
gave the family {¢,,} of all full isometric minimal immersions of S%(c) into CP"(4),
using irreducible unitary representations of SU(2). Independently, in [2], J. Bolton, G.
R. Jensen, M. Rigoli and L. M. Woodward gave this family {@nx}> using the method
of harmonic sequence. They called this family the Veronese sequence.

The purpose of this paper is to give the type of minimal 2-spheres of constant
curvature in CP"(4), and to characterize them in terms of the type.

We obtain the following main results.

THEOREM A. (1) ¢, is of at most n-type aﬁd mass-symmetric. For integers
nk,l with n>1, 0<k, I<n, define
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gr= lii —l)m(ri)lf[(k+j——m)(n—k—j+m+1).

Then the order of ¢, is {I| 1<I<n, qf#0}.

(2) A holomorphic imbedding ¢, o and its antipodal ¢, , are of n-type and of order
{1,2,3, -+, n}.

(3) If nis even, then a totally real minimal immersion @, is of n[2-type and of
order {2,4,6, - - -, n}.

REMARK. Generic ¢, is of n-type except for totally real ¢,; ;.

PRrOPOSITION B. If a compact submanifold in CP"(4) is mass-symmetric, then it is
Sfully immersed.

THEOREM C. Let S? be a k-type, mass-symmetric, minimal 2-sphere in CP™(4). Then
n satisfies n<2k.

THEOREM D. If a mass-symmetric, minimal 2-sphere S* in CP™(4) is of at most
2-type, then S? is of constant curvature, so that the immersion is congruent to either
?1,00 P1,1> 92,05 P2,15 P2,2 OF P42

Let M be a compact surface in CP"(4), and z=x+ iy an isothermal coordinate in
M. We call the angle 0 between J8/0x and d/0y the Kéhler angle, where J is the complex

structure of CP"(4). M is holomorphic (resp. anti-holomorphic) in CP"(4) if and only
if 0 is equal to O (resp. m). M is totally real in CP"(4) if and only if 0 is equal to =/2.

THEOREM E. Let S? be a mass-symmetric, minimal 2-sphere in CP*(4). If S? is of
at most 3-type and with constant Kihler angle, then S? is of constant curvature, so that
the immersion is congruent to either @,; (n=1,2,3, 0<k<n), @4, or @¢ 3.

ReMmark. In [2], J. Bolton, G. R. Jensen, M. Rigoli and L. M. Woodward show
that, without the assumption of 3-type, Theorem E remains true if n<4 and the
immersion is neither holomorphic, antiholomorphic nor totally real.

The author wishes to thank Professors K. Ogiue and Y. Ohnita for many valuable
comments and suggestions.

§2. Preliminaries.

Let M be a compact C®-Riemannian manifold, C*(M) the space of all smooth
functions on M, and A the Laplacian on M. In a natural manner, A can act on R"-valued
functions on M. We assume that M is a submanifold of an N-dimensional Euclidean
space RN with an isometric immersion F. Then an R"-valued function F has the
decomposition
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a0
F=Fo+ Z Fk’ AFk=Aka,
k=1

where F is a constant map and A, is the k-th eigenvalue of A. Here, the center of mass
of M in R" is equal to F,. We say that F (or M) is of finite-type, if #{t>1| F,#0} is
finite, and if it is not finite, we say that F (or M) is of infinite-type. If #{t>1| F,#0}
is equal to k, then we say that F (or M) is of k-type, and that F (or M) is of order
{t=1| F,#0}. B. Y. Chen in [4] showed the following:

THEOREM 2.1. Let F: M — R" be an isometric immersion of a compact Riemannian
manifold M into R™. Then F is of finite-type if and only if there exists a polynomial P(x)
and some constant F, in RY satisfying

2.1) ' P(A)(F—Fy)=0.

Moreover, F is of k-type if and only if there exists a polynomial P(x) of degree k and
some constant F, in RY satisfying (2.1), and any polynomial P(x) of degree<k and any
constant F, in RN do not satisfy (2.1).

The natural Hermitian inner product in C**! is defined by
n .
(2'2) <U, W>= Z UiWi s v=t(009 Y U,,) ’ w=t(w05 Y wn) .
i=0

The unitary group U(n+ 1) is the group of all linear transformations on C**! leaving
the Hermitian inner product (2.2) invariant. An n-dimensional complex projective space
CP" is the orbit space of C**!—{0} under the action of the group C*=C—{0}; z —»
Az (A€ C*). Let w: C**!'—{0} - CP" be the natural projection. Denote by 5, and ¥",,
the horizontal and the vertical spaces of 7 at ze C**' — {0}, respectively, so that

T(C" ' ={0)=o, DV ,,
H,={reC"*' |{v,z)=0}, ¥ ,={iz|AeC}.

Then n, : #, — T, CP" is a linear isomorphism over C. The Fubini-Study metric §
of constant holomorphic sectional curvature ¢ in CP" is given by

{v, w)
|z|?

where | z|>={z, z). U(n+1) acts on CP" as follows:
Un(z)=n(Uz), UeUn+1), zeC***—{0},

g(my(v), 7t,.:(W))—-—R , zeC"*'1—-{0}, v,wes,,

so that this action leaves the metric § invariant. We denote by CP"(¢) an n-dimensional
complex projective space equipped with the metric §.
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Let HM(n+1, C) be the set of all Hermitian (n+ 1, n+ 1)-matrices over C, which
can be identified with R, N=(n+1)2. For X, Ye HM(n+1, C), the natural inner
product is given by

2.3) X, Y)=£~Re(trXY).
. ¢

U@n+1) acts on HM(n+1, C) by X -» UXU*, UeU(n+1), Xe HM(n+1, C), where
U*="T, so that this action leaves the inner product (2.3) invariant. Define two linear
subspaces of HM(n+ 1, C) as follows:

HMy=HMy(n+1, C)={Xe HM(n+1, C) | tr X=0},
HMg=HMpg(n+1,C)={al | acR},

where I is the (n+ 1, n+ 1)-identity matrix. Both of them are invariant under the action
of U(n+1), and irreducible. We get the orthogonal decomposition of HM(n+1, C) as
follows: ‘

It is well-known that HM,, (resp. HM ) is identified with the first eigenspace V,(CP"(¢))
(resp. the set of all constant functions, i.e., Vo(CP™(&)). The first standard imbedding
¥ of CP"(?) is defined by

1

22

(2.4) qf(n(z))=l zz*e HM(n+1,C), zeC"*1—{0}.

¥ is U(n+1)-equivariant and the image of CP™(¢) under ¥ is given as follows:
P(CP')={AcHM(n+1,C) | A’=A4,tr4=1},
so that it is contained fully in a hyperplane
HM,=HM,(n+1,C)={Ae HM(n+1,C) | tr4=1}

: {A Ly
n+1

of HM(n+1, C). Denote by SY~2(&(n+1)/(2n)) the hypersphere in HM 1(n+1,0)

centered at (1/(n+ 1)) with radius / 2n/(&(n+ 1)). Thus we obtain that ¥ is a minimal

immersion of CP*(¢) into S¥~2(&(n+1)/(2n)), and that the center of mass of CP"(d)

is (1/(n+ 1)L In fact, ¥ satisfies the equation AY =é&(n+ (Y —(1/(n+1))]), so that ¥

is of order 1. Moreover, all coefficients of ¥ —(1/(n+ 1)) span the first eigenspace
Vi(CP"(®)). For details, see [4].

From now on, we assume that M is a submanifold of CP*(¢) with an isometric

immersion ¢. Then F= ¥ o ¢ is an isometric immersion of M into HM(n+1, C), and the

set of all coefficients of F—(1/(n+ 1))I spans the pull-back @*V,(CP"(¢)). Therefore,

AeHMO}
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the conditions “of finite-type”, “of infinite-type”, “of k-type” and ‘“mass-symmetric”’
for ¢ defined in § 1 are compatible with those for F, and so is “order”, so that we obtain
the following proposition:

PROPOSITION 2.2. Let ¢ : M — CP"(¢) be an isometric immersion of a compact
Riemannian manifold M into CP"(¢). Then ¢ is mass-symmetric and of finite-type if and
~only if there exists a polynomial P(x) satisfying

1
(2.5 p(A)(F—m1)=o,

where F=¥ o ¢. Moreover, ¢ is mass-symmetric and of k-type if and only if there exists
a polynomial P(x) of degree k satisfying (2.5), and any polynomial P(x) of degree <k do
not satisfy (2.5).

REMARK. ¢ is mass-symmetric if and only if the center of mass of M in .
HM(n+1, C) is equal to that of CP"(?).

Now we prove Proposition B. Let M be a compact Riemannian submanifold of
CP"(¢), which is fully contained in a totally geodesic complex submanifold CP™(¢) of
CP"(¢). We can assume that

’

Y’(CP"’(&)):{(I‘:) g) ’ A€ HM(m+1,C), 4> =A', trA' = 1}.

Let ¢ : M — CP"(¢) be an isometric immersion, and for xe M, set ¥ o @(x)=A(x)=

( A,éx) g). Then the center of mass of M is given by
F 1 xemA'(X)dvy, 0
1 j A(x)dvy, = (I mA'(X)dvy ) .
vol(M) J,en vol(M) 0 0

If M is mass-symmetric in CP"(¢), then this is equal to (1/(n+ 1))I. Therefore, we get
m=n so that M is full in CP"(J).

§3. Minimal 2-spheres with constant curvature in CP"().

The purpose of this section is to prove Theorem A. First, we review S. Bando and
Y. Ohnita’s results for minimal 2-spheres of constant curvature.
SU(2) is defined by

wa-{( )

The Lie algebra su(2) of SU(2) is given by

a,beC, |a|2+|b|2=1}.
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()

-y ——-\/—_lx

Define a basis {&,, &, &,} of su(2) by
8_(./—1 0 ) 8_(0 1) 8_( 0 ./—1)
°\ o __/=1/) "\ =10/’ 2_\/:_10 '

Then these satisfy

x,yl,y”eR, y=yl+ /_lyll}.

(&0, £1]1=2¢,, L&y, e2]=2¢, [&2, &0]=2e, .

Let V, be an (n+ 1)-dimensional complex vector space of all complex homogeneous
polynomials of degree n with respect to z,, z,. We define a Hermitian inner product
{,» of V, in such a way that

{ufP =z§z1 7%/ /K (n—k)! | 0<k <n}

is a unitary basis for ¥,. We define a real inner product by (,)=Re(,>. A unitary
representation p, of SU(2) on V,, is defined by

P S (2o, 21) =f (20, 21)9) =f(azo— bz, bz + az,)
for ge SU(2) and f e V,. We also denote by p, the action of su(2) on ¥, so that

@3.1) PAX ) = (k— (n—K))/— Lxu?

—JVk(n—k+Dpu  +./(k+ Dn—k)yu™. , ,
for 0<k<n and Xesu(2). It is well-known that {(p,, V,) | n=0, 1,2, - - -} is the set of

all inequivalent irreducible unitary representations of SU(2).

Put T={exp(te,) esu(2) | 1€ R} and we have S?=CP!=SU(2)/T. We identify the
tangent space of S? at o={T} € §?=SU(2)/T with a subspace m=span{e,, &,} of su(2).
We fix a complex structure on S? so that ¢, —/— le, is a vector of type (1, 0). Let g.
be an SU(2)-invariant Riemannian metric on S? defined by

2
4. (X, Y)=——trXY
' ¢

for X and Yem and c is a positive constant. It is the restriction of SU(2)-invariant
inner product on su(2). Clearly, {(/¢/2)e;, (v/ ¢/2)s,} forms an orthonormal basis of
m=T,S? and (S?, g,) has the constant curvature c, so that we denote this by S2(c).
The spectrum of the Laplacian A of S%(c) is given by Spec(S2(c)) = {Ay=cl(l+1) | 1>0}.

Put $?"*!={veV,|(v,v)=4/¢} where ¢ is a positive constant. Let r: $2"*+1
CP"(¢) be the Hopf fibration, so that the action of p,(SU(2)) on S2"*! induces the
action on CP"(¢) through 7. Thus, for any non-negative integers n and k with 0<k<n,
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denote by ¢, , the SU(2)-equivariant mapping of a Riemann sphere S?(c) into CP™(¢)
defined by

(3-2) @ni i SH(c)=SUQ2)/TegT—n (p..(g) = uﬁ"’) e CP(?) .
c

- Bando and Ohnita in [1] show the following:

THEOREM 3.1. (1) @, is a full isometric immersion.

(2) cis equal to é/(2k(n—k)+n).

) @4 is a minimal immersion.

4 (@ Ifk=0 (resp. k=n), then ¢, is holomorphic (resp. anti-holomorphic).
(b) Ifnisevenandk=n/2, then @, is totally real and ¢ 2#x(S2%(¢)) is contained

in a totally geodesic totally real submanifold RP**(¢/4) of CP*(?).

(¢) Otherwise, ¢, is neither holomorphic, anti-holomorphic nor totally real.

() Pnil(SHEN) = Ppn-i(S*(©)).

Moreover, they show the following rigidity theorem.

THEOREM 3.2. Leto:S %(c) = CP™(@) be a full isometric minimal immersion. Then
there exists an integer k with 0<k<n such that c=¢&/(2k(n—k)+n) and ¢ is congruent
10 @, up to a holomorphic isometry of CP"(¢).

We identify ¥, with C**! such that {u{’, u{, - -, u™} is the canonical basis of
C"*1, so that we can regard p,(g), g SU(2), as an element of Un+1).

Put P=HM(n+1, C). Let p:SUQ2) - GL(V) be a real representation defined
by p(g)X=p,(g9)Xp,(9)* for ge SU(2) and Xe V. Let (5, V) be the complexification
of (5, V). It is easy to see that @, VO =(p, gl(n+1, 0)) is SU(2)-equivalent to
(0 ® pu» V,, ® V), since the dual representation (p*, V*) of (p,, V,) is S U(2)-equivalent
to (p,s V). By Clebsch-Gordan’s theorem, we have the following decomposition V€=
Vo®dV,® - @ V,,, where (5, ) is SU(2)-equivalent to (P21, V21) for each [ with
0<I<n. Set W,=Vn V, Then each (g, W,) is an irreducible real representation, and
Vis decomposed into V=W, O W, ® --- ® W,. Let C; be the Casimir operator of
P, which is a real operator on ¥¢ defined by Ci=)i-0 p((J ¢ [2)¢;)?. Then each W, is
characterized by the eigenspace of C; in vV w1th the elgenvalue ——cl(l+ 1).

Let ¥, be the set of all 5(T)- 1nvar1ant elements of ¥, i.e., V= {ve V] p(Hv=v for
any teT}. For integers i and j with 0<i, j<n, let E;; be the matrix in ¥¢ whose
(i+1, j+ 1)-coefficient is 1 and others are zero, so that E; is equal to u(™)* and ¥V
is spanned by {E;;, (1/2)(E;;+ Ej;), (v —1/2)(E;;— Ej,) | 051<15n} over R. By the defini-

ie
tion, for t=(e 0

0 €T, we get p,(DufY =e"2*~™0yM_ Therefore, we obtain ¥; is
e

spanned by {E; | 0<i<n} over R, i.e., Py is the set of all diagonal matrices in ¥. Since
(21> V2)) is a spherical representation, ¥, n W, is 1-dimensional, so that there exists an
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element Q, such that ¥V, N W,=R{Q,}. Since C; and p(SU(2)) are commutable, P, is
invariant under Cj;. Therefore, each Q, is characterized by an eigenvector of C; in Vr
with the eigenvalue —cl(/+1).

For ve ¥y, f, denotes a P-valued function on S? defined by f,(go)=p(g)v for
g€ SU(2). Then the action of A for f, is give by Af,= f—cp- Thus, v has the decom-
position v=3"7_ v, v,e W, V. if and only if £, is the sum of the Ar-eigenfunctions
Jo,- Now, we define the order of f, (or ve V;) by Ord(f,)= Ord(v)={I/ | 1<i<n, v,;#0}.

For integers n and k with 0<k<n, we set F, ,=¥ o @ By the definition of ¢, ,,
we get F, . =fp,,. Since E e Vr, we have Ord(F, ) ={l| 1<I<n, (Ey, Q) #0}, so that
@ is at most n-type. Put Q,=>0_ g{Ey, qf € R. Then the order of ¢,, is given by
{I|1<i<n, gf#0}.

We can easily see that the identity matrix 7 in ¥ is a O-eigenvector of C;, and so
we put Q,=1. Since the Wj-part of E is equal to (1/(n+ 1))/, the constant term of
Fox—Q/(n+ D)=/, — 1)+ 1yr vanishes. Therefore, ¢, , is always mass-symmetric.

To prove Theorem A (1), we shall give gf explicitly. First, we restrict C; to Vr.

LemMA 3.3. For A=} aE, and B=Y}_ b.E e V1, B=CsA if and only if
b= —c{Ql(n—D+na,—Un—I1+a,_, —(+1)(n—Da,.,}
Jor 0<i<n.
Proor. By (3.1) we get’

Pue )" = —/Un—I1+ D™, +/(I+ 1)(n—Duf? ,
Pu(e)U? =/ Un—1+ 1)/ — 14 | + /(U+ D =D/ 1, ,

so that

Pule))’u” = — Un— D) +mu® + /Il — D) (n— 1+ 1)(n— 1+ 2)u®,
+/ U+ DI+ 2)n—D(n—1—Duf®,

Pr(E2)*u” = — QUn— D) +nyu® — /I — 1)(n— 1+ 1)(n— I+ 2)uf™,
— A+ DI+2)(n—D(n—1— 1), .

Thus simple computation gives

Pu(e)*uf” = —2Q2Un— 1)+ n)uf®

o8

i=1

U™ .fi pue)? = (22:1 p n(si)zuf”))* = —2Q2Un—1)+n)um* .

Since E;=u{"u{"* we get




86 YOICHIRO MIYATA

Cpa= 3. e 3, antoutp>
4 =1 1=0
c & 2 2 2 ) *
-t2a {( > p,.(ei)zus"’) 442 3, (e pueui) + u%"’(gl p..(si)zus"’) }

=c ), a{—QUn—1)+nmu{u{™ + ln—1+ D) 0% + I+ 1)(n— Duf? ,uD%} .
1=0

This implies Lemma 3.3 immediately. [

We identify ¥, with R"*! such that {Eq, E,,, - - -, E,,} is the canonical basis of
R"*1. Define an (n+ 1, n+1)-matrix R=(r;)o<; ;<n by

—in—i+1), if j=i—1,

2iln—i)+n, if j=i,
r.:=
YTl —+D—i),  if j=i+1,
0, otherwise ,

and put ¢,=%(g’, g/, - - -, q7"). Then, from Lemma 3.3, ¢, and R are corresponding to
Q,and —(1 [€)C3, respectively. Therefore, each g, is characterized by an eigenvector of
R with the eigenvalue /(/+1). Notice that go,='(1, 1, - - -, 1) is a O-eigenvector of R.

In order to prove Theorem A (1), it is sufficient to show the following lemma.

Lemma 3.4. Let q;="(q0, q', - -, qP), 1<I<n, be a vector in R**" defined by

1 1
3.3) q,"=—1— > (-—1)"‘(’:1)}:[1 k+j—m)(n—k—j+m+1).

l! m=0 .
Then for each | with 0<I<n, q, is an eigenvector of R with an eigenvalue I(I+1).

To prove this lemma, we need some lemmas. Put r;=j(n—j+1), so that

rot+ry, —ry 0
—ry ri+r, —r,
R= —r,
. rn—1+rn — Iy
0 —r, ry+r,i,

It is easy to see that
3.9 Feor+reo;—2r=-21>, forall k1.

In particular, we have
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3.5) Fes1+r—1—2r.=-2, for all k.

LemMma 3.5. (1) For any integers k, I and p with 0<p <1, we have
(3.6) Ter1-p= —(=p)l—p+D+(—p+Dr,—(—pr_, .
For any k and p with p>1, we have
(3.7 pri—(P+ Dy =—p(p+1)—r_,_,.

(2) For any integers k, 1 and p with 0<p<I, we have
(3.8) Te—14p=~({=p)l—p+ D) +(—p+Dr,—(—p)rs, -
For any k and p with p>1, we have
(3.9) pri—(P+Drey=—p(p+1)—reipyy .

ProOF. We shall prove (1). We get
Thrt=p=(kt1-p— 2Ny p_ 1+ Ths1—p—3)
+2(rcst-p-1—2rks1-p—2F Tkt 1-p-3)
+3(rkt1-p—2—2Nc41-p-3+Tks1-p-a)+ -
+(=p—D)(ris2—2r 1 +13)
+(—P)ris1—2r+re_y)
+({—p+Dr—({—p)ri_y,
which, together with (3.5), implies

Tevi—p=—2(14+2+ - +(—p)+(—p+ Dre—(—p)ri—1
=—(U-p(-p+D)+U—p+Dr,—(U—p)r,_; .
Next, we show (3.7). Similarly, we get

pri—(p+Dr—y =P("k—2"k—1“""k—2)
+(P—1)(re—1—2r, 2 +71_3)
+(P—2)(re—2—2rp_3+r_g)+ -
+2(rk—p+2_2rk—p+1+rk—p)
F(P-pr1—2r—p+Ti—p_1)
~Tk—p-1>

which, together with (3.5), implies

prii—(p+Dr_ = —2(p+(—-D+ --- +2+1)—rk—p—l
=—p(p+1)—r_,_,.
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(2) is proved similarly. [J
LeMMA 3.6. (1) For each p=0,1, ---, [(I—2)/2], we have

-1
(3.10) —Il+1) 2; (—1)"'( m )lg Trti-1-m
P j#mfl

=2 (-1)"’<I+l) IT 7ess-m

meJp m 1<j<l

)
+("'1)p+_2(p+l)’k+z—p-1 U T4aTk—1 " Tg—p—y

l

—1NNi—-p—1
A

)’k+p+1 U TkeTk—1 " Pr—q4p+1s

where I,={0,1, ---,p,l—p—1, ---,1—1} and J,={0,1, ---,p+1,1—p, ---, 1+1}.
(2) We have :

s -1
(3.11) —I(l+1) Z ("l)m( ) H Tk+j-1-m
m=0 m J 1<jsi
JEm+1
1t I1+1
=2 (—1)"'( ) IT resjom-
m=0 m 1<j<l
PrOOF. (1) We shall prove (3.10) by induction on p. Assume p=0. By (3.6), we
get
Newni=—l+D)+(+Dry—iIr,_,,
which implies
(3.12) at (53 ) /UVEPILERYE UL UREES (T
—(+Dreyg—q eI oy Ty -
Similarly, from (3.8), we get
(3.13) =W+ - kg1 =Teoy Ty
—U+Dn e -y gy -

From (3.12) and (3.13), we obtain (3.10).
We assume p>0. From (3.6) and (3.7), we have
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I 1+1
(.14) (p)rk,,,_‘,—(p:l)r,‘
= +1 pry p+1 p -1 » D p
I—1 !
=_l(l+1)( p )_<p+1)r"_"_1'

Similarly, from (3.8) and (3.9), we have

l I+1
19 (l—p)r""””—(l—p)rk

-1 l
-+ (l—p—l)_<l—p—-1)rk+p“ ‘

By the assumption of induction, we obtain

— I+1
i+ Y (—1)"<’m1) 1 ENVEREES ) (—1)"'( * ) 1 reeyom

mel, <js<l meld, m 1sj<l1
Jj#¥m+1

‘ l .
_(—1)p+2<p+l)rk+l—p-—1 U Tr4alk—1 00 Tk—p—1

o l
—(=1)i-» 1<l~p‘_1)rk+p+1 U Tk+aTk—1 T T Te—i4p+1 s

=(—-1yt+1 e s .
=(—1) Tx+1—p-1 Fe+17k—1 Ty—p

I ! I I—1
(8 ) A e )

- “en ce
+(—=1)"Prey, Te+17x—1 Tk—t1+p+1

l I1+1 1 1-1
X {<l—p)rk"+"_(l—p>r"+(l—p— l)r"+”“+l(l+ 1)(1—1’— 1)} '

Combining (3.14) and (3.15), we obtain (3.10). '

(2) Put p=[(I—2)/2]. If / is even, we get p=1I/2—1. Then we obtain (3.11) from
(3.10) immediately. Therefore, we assume that / is odd. In this case, we get p=(/—3)/2
(or/=2p+3),sothat I, u{p+1}={0,1, ---,I—1}and J,u {p+2}={0, 1, - - -, I+1}.
From (3.10), we have
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-1 I—1 I+1 1
1$m+ =

+

-1
=—I(l+ 1)(—1)"+1(p 1) "k+j—p—2

+1
“(—1)p+2< ) Te+j—p-2
+2/1<j<t

+(—1)P+2( l
p+1

Tk+t—-p—-1 """ Te+1?k—1 """ Tk—p-1

o l
+(—1)l P l(l_p_1>rk+p+1 T TewaTk—1 7 Tk—14p+1

2p+3
=(— l)p+2(:+1 ) 1 I;I lrk+j—p—2(2(p+2)2_2rk+rk+p+2 +rie-p-2),
=j=<!

which, combined with (3.4), implies (3.11). [

PROOF OF LEMMA 3.4. For any n, k and / with 0<k,l<n, we get by simple
computation,

lgt= Z (- ( l)ljlrk+j—m |
-2 () Ment 2 0 (L) e

< Z -1)m< ) r(k+1)+j—1—m)rk+1
=0 15]5

_( i (—1)"'(1_1) H rk+j—1—m)rk'
m=0 m 1<jsi
jEm+1

On the other hand, direct computation gives
P I+1
Ngf—qr~ )= Z (—l)m( ) 1_[ Tit+j—m>
m=0 m 1<j<l
which, combined with (3.11), implies
— I+ Dgf=1gr ™+ —gB)ris s — Mg —qf ™),
=—I—ngt ' +r+r ) — @t
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Therefore, we obtain Rq,=I(I+1)q,. [
To prove Theorem A (2) and (3), we need more detailed properties for g,.

Lemma 3.7. (1) gP=n!/(n—D)! for all n and | with 0<I<n.
2) qr *=(—=1)'q¥ for-all n,1 and k with 0<k, I<n.

(3) Ifnis even and |l is odd with 0<I<n, then q/?=0.

(4) Ifnandl are even with 0<I<n, then g}'*#0.

Proor. (1) follows immediately from (3.3). Also from (3.3), we have

] l 1
l!ql"_k= ;0(_1)m<m> an~k+j—m .

Put j'=/—j+1 and m'=[/—m, and we obtain
1
Ngr~*= Y (—1)’_""(
m =0

=(= 1Nt
So (2) holds. (2) implies (3) immediately.
Assume that ¢/?=0, for some even n and ! with 0</<n. Put k=n/2—j,
J=0,1, -+, n/2. Then (2) implies that g;'**/=¢/*>~J. From Lemma 3.4, we get

1
l—m

l .
,) I1 Tetj—m

j=1

n n _ . B
"(7)(7"'1)(%"/2 T = =@ T (a2 g DA = T 1102

=l(l+1)q'*=0.
These imply '

(3.16) grrl=gr2=gr2+1-0,
Now, from Lemma 3.4, for any k, gf satisfies -

—ngl (e )gE = gE T =10+ g,

which, combined with (3.16), implies gf=0 for all k with 0<k<n, i.e., g;=0. This
contradicts (1). Therefore, (4) holds. [J

From Lemma 3.7 (1) and (2), we have g°#0 and ¢ #0 so that the order of Pn,0
and ¢, , are {1, 2, - - -, n}. Similarly, from Lemma 3.7 (3) and (4), if » is even, then the
order of ¢, ,, is {2,4, - - -, n}. So Theorem A (2) and (3) are proved completely.

By Theorem A (1), if integers n and k with 0 <k <n are explicitly given, then we
can obtain the order of ¢, ,. The following proposition is used in the later section.
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PrOPOSITION 3.8. For n<6, the order of @k IS given as follows:

P order type
®1,0 and ¢, {1} 1-type
@20 and @, , {1, 2} 2-type

®2.1 {2} 1-type
@3 (0<k<3) {1,2,3} 3-type

Pax 0<k<4,k+#2) {1,2,3,4} 4-type

Pa,2 {2,4} 2-type

@5, (0<k<5) {1,2,3,4,5} 5-type

P6x (0<k<6,k+#1,3,5) {1,2,3,4,5, 6} 6-type
@¢,1 and g s {1,3,4,5, 6} S-type

Pé,3 {2’ 4’ 6} 3'type

REMARK. From Lemmas 3.4 and 3.7, we have g¢!=(—1)q} ‘=((n—1)Y
(n—DN(n—I(I+1)). Therefore, we see that ¢, , and @pn—1 With n=I(l+1) are of order
{1,2,---,1—1,1+1, - -, n} and of (n— 1)-type, and that other @s,1 and @, ,_, are of
order {1,2, - - -, n} and of n-type.

§4. Minimal surfaces in CP" and harmonic sequence.

In this section, we consider minimal immersions of S2 into CP" in the context of
harmonic maps.

Let M be a smooth manifold and V be a complex vector subbundle of the trivial
bundle C**!'=M x C"*! over M. Then V¥ has a connection V, induced from the trivial
connection on C"*?, given by Vs=mn,ds, where s is a section of ¥ and n, : C"*! - V
denotes orthogonal projection onto V.

Let L be the universal line bundle over CP" defined by L= {(p, v)e CP" x C"*1 | ve
p} then both L and its orthogonal complement L' have induced connections and
Hermitian metrics. Let T**CP" (resp. T\ CP") denote the (1, 0)-part (resp. (0, 1)-part)
of the complexification TCP" of TCP". Thus we have a Hermitian metric and a
connection of Hom(L, L*) and there is a canonical isomorphism h: T1-OCP" -
Hom(L, L) given by A(X)s=mn.ds(X), where Xe T'"OCP" and s is a local section of
L. Under this isomorphism, the complex structure, the metric and the connection on
Hom(L, L') correspond respectively to the complex structure, the Fubini Study metric
and the connection on CP" with constant holomorphic sectional curvature 4.

For a smooth manifold M, there is a bijective correspondence between (smooth)
complex line subbundles of C**! and smooth maps ¢ : M — CP", given by ¢ < ¢*L.
Let d“% : TM€ — T":9CP" be the (1, 0)-part of the derivative of . Then hod-9¢p
is a bundle map covering ¢ and the corresponding section 6 of Hom(TM€ ® @*L, ¢ *[Y)
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is given by d(X ® s)=mn,.ds(X), where a section s of ¢*L is considered as C** !-valued
function.defined on M. If M is a Riemann surface, the holomorphic part

0: TYOM® p*L - *L*
of ¢ is given in terms of a local complex coordinate z on M by
| 0(0/0z ® 5)=(hod*O¢(0/02))(s) = r..ds(d/0z) ,
and the antiholomorphic part
0:TOVM® ¢*L - o*L*
of J is given by
0(0/0z ® s)=(hod"V¢(0/02))(s) =n,.ds(0/0Z) .

For any complex vector bundle ¥ over the Riemann surface M, by Koszul-
Malgrange theorem, each connection on V¥ determines a holomorphic structure on V.
Thus we have holomorphic structures on ¢*L and ¢*L*, and Wolfson shows that ¢
is harmonic if and only if  (resp. 0) is a holomorphic (resp. an antiholomorphic) bundle
map. Using these ideas, for a harmonic map ¢, Wolfson in [12] goes on to construct
inductively an associated sequence

Y L—25 L—19 LOa Lla L23 e
of complex line subbundles of C**! and bundle 'm_aps
0p: T"MQ®L,->L,,;, and J,: TO'MQ®L,-»L,_,.

Here L,= ¢} L for a suitable harmonic map ®,: M — CP" and 9, (resp. 0,) is essentially
the map 0 (resp. J) defined above for the map ®,- Then 8, (resp. 0,) is a holomorphic
(resp. antiholomorphic) bundle map. If ,=0 but d,_, #0 (resp. d,=0 but J,,, #0)
then the sequence terminates with L, at the right (resp. left) hand end, and the
corresponding harmonic map ¢, is antiholomorphic (resp. holomorphic). The set of
points of M over which d, (resp. 0,) is singular is a set of isolated points and, except
these points, L, (resp. L,-,) is the image of d, (resp. J,). (Also, see [2, 3].)

We call the sequence {¢,} the harmonic sequence determined by ¢ with ¢ = o, for
some p, and the sequence {L,} the associated bundle sequence. @, is conformal if and
only if L, is orthogonal to L,_,.

If the harmonic sequence {¢,} terminates at one end, then it terminates at both
ends and all the elements of the associated bundle sequence {L,} are mutually orthogonal,
i.e., L,is orthogonal to L, for p #q. If the harmonic sequence of ¢ satisfies this condition,
o is called isotropic, so that each ¢, is conformal. Moreover, in this case, ¢ is full in
CP" if and only if the sequence {¢,} has length exactly n+ 1, which is equivalent to
the fact that C**! is an orthogonal sum of some n+ 1 consecutive bundles of the bundle

sequence.
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Now we need a local description of the harmonic sequence of an isotropic harmonic
map ¢. Let z be a local complex coordinate on M. Then, for each p, we can choose a
meromorphic local section f, of L, such that

Jp+1=0,(0/02® f,) .
- Define functions y, by

| fosrl? .
, if f,#0,
=1 1fpl° ?
0 if f,=0,
then we have
i} 0 2
“4.1) Ef;=f,+1 +5;108If,,| Jos
0
4.2) E.f;)= —')’p—1fp—1 .
Since (0%/0202) f,=(0%/020z) f,, we have
.62
(4°3) _IOngp|2=‘yp_Yp—l

020z

and the unintegrated Pliicker formulae
az

4.4
@4 0z0Z

logy,=7p+1—2yp+7,-1 -

If ¢ is conformal, then ¢ is minimal if and only if ¢ is harmonic. Therefore, in
order to prove Theorems C, D and E, we use the method of the harmonic sequence.
Notice that in [2], J. Bolton, G. R. Jensen, M. Rigoli and L. M. Woodward show
Theorems 3.1 and 3.2 using this method.

By Riemann-Roch theorem, every harmonic map of a 2-sphere S2 into CP" is
isotropic. Therefore, we will prove Theorems C, D and E for a compact isotropic
minimal surface in CP".

From now on, we assume that ¢ : M — CP" be an isotropic conformal minimal
immersion of a compact Riemann surface M into CP", and that {e,} is the cor-
responding sequence determined by ¢ with ¢ =¢,. Then each @, is also an isotropic
conformal minimal immersion of M (perhaps with isolated singularities). Let gpand 6,
denote the induced metric of M by ¢, and the Kihler angle of @, Tespectively. Let A,
and K, denote the Laplacian and the Gaussian curvature of (M, dp), respectively. Then
we have

4.5 gp=0,dzdz , 0p="p+Vp-1>
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7] _
(4.6) tan? P = 'p-1 ,
2 Yp
2
4.7 A= _4 o
6, 020z
2 92
4.8 K=— —lo .
8) P o, 020z 89»

Set F,= ¥ o ¢@,. By the definition of ¥, we have

1
4.9) F=——ffX.
p lfp|2 p/p
From (4.1), (4.2) and (4.7), we will inductively show that
(4.10) AbFo= Y oFif,f*
Iplslgl st

for any nonnegative integer /, where a?? is a C-valued function on M. Note that a

matrix f,f* acts on C**! as (f,fOf,=Lf.. D1,

Theorem C follows from the following theorem.

THEOREM C’. Let M be a compact, k-type, mass-symmetric, isotropic, minimal
surface in CP"™(4). Then n satisfies n<2k.

Proor. By Proposition 2.2, there exist real constants a,, 1 </<k, such that the
matrix-valued function

P=A§Fo+a Af ' Fo+ - +a,_1AgFo+a(Fo—(1/(n+ 1))
is identically zero. Since ¢ is exactly k-type, we have a;, #0. From (4.10), we get

aQ

4.11) P= aPLf, X
Ipl,%}sk T+

I

where ¢ is a C-valued function on M. Since ¢ is isotropic, f, is orthogonal to f, for
P#4q, so that (4.11) implies that if |p[>k+1, then f,=—((n+1)/a)Pf,=0. By
Proposition B, ¢ is isotropic and full. Therefore, there exist nonnegative integers / and
I’ such that n=I1+/, f,#0 for —I'"<p</ and other f,’s are identically zero. Thus we
get [, I'<kso that n<2k. [

(4.1), (4.2) and (4.9) imply that

' 0 1 -
4.12) EFp=rf—|3fp+1fp*"yLlfpfp*—1 ’
P

| fol?
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4.13) ;f; » |fp|2fpfp+1 r};liﬁ-lf:,
4.14) 5 ;_ Fo=—ptVp-0)Fp+7pF 1+ 7p- 1 Fp
which, combined with (4.7), yields

4.15) AoFp=(ty+t, )F,—t,Fp,  —t, \F, ,

where 1,=4y,/(yo+7y_,). After simple computation, these imply that

4.16)  AZF,=Ay(t,+1,_)F,

__(t +tp l)z( )' (tp+tp—1)E(Fp z+(tp+tp—1)A0Fp
_AOthp+1 + (tp)z( +1)‘+ (tp)'( +1)z_tpA0Fp+1

4 4
_'Aotp— le-— 1 +0'— (tp- l)z(Fp— 1)E+o__ (tp— I)E(Fp— l)z - tp-— IAOFp— 1
PROPOSITION 4.1.  If a compact, mass-symmetric, isotropic, minimal surface M in
CP"™(4) is of at most 2-type, then M has constant curvature and constant Kéhler angle.

PrOOF. By Proposition 2.2, there exist real constants b and ¢ such that the
matrix-valued function

P=A3Fo+b4oFy+c(Fy—(1/(n+ 1))/I)

is identically zero. Since (p is isotropic, f, is orthogonal to Sy forp#q. Since to+1_, =4,
from (4.12), (4.13), (4.15) and (4.16), we have

4
Pfo—<16+to+tz1+4b+c )ﬁ) (to)if1+——(t—1)z')‘-—1f—1
Since ¢ is not a constant map, we see that f;, #0, and either J1 or f_, is not identically
zero. From P=0, we see that either (¢,); or (¢_,), is vanishing. Since each 7, is a real-

valued function, we see that either ¢, or 7_, is constant, so that there exist real constants
o and B such that

4.17) ayo+By-.=0

with (a, B)#(0, 0) and both ¢, and ¢_, are constant. (4.6) and (4.17) imply that M has
constant Kéhler angle.
Since t, and 7_,; are constant, we have
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A%F0=4A0Fo_toA0F1_z_leF_l Py

so that
1
(4.18) Pf1=<—4to—(t1+to)to—bto“‘c )fx,
n+1
1
(4.19) Pf_1=<—4t_1—(t_1+t..2)t_1"‘bt_1'—c )f—l‘
_ n+1

Assume that f; #0. Then from (4.17), we have y,#0 and y_, =vy, with some constant

v>0. Since P=0, (4.18) implies that ¢, is constant so that there exists a constant u such

that y, = puy,. Then from (4.8) and (4.4), we get
_ 2 0?

(14 v)y, 0202

2
(1+V)Vo(
_ _2(v+u—2)
1+v

log(1+v)y,

P1—2y0+7-1)

Therefore, M has constant curvature.
Similarly, from (4.19), even if f_, #0, M has constant curvature. []

PROPOSITION 4.2. Compact, totally real, minimal flat surfaces in CP"(4) are never
isotropic.

PROOF. Let ¢ : M — CP" be a totally real minimal immersion of a flat compact
Riemann surface M in CP", and {¢,} the corresponding harmonic sequence determined
by ¢ with ¢ =¢,.

Since 0,=n/2, (4.6) implies y,=7_,. Applying 02/0z3z, and using (4.4), we get
71 =7—,. Since K, =0, (4.8) implies y; =7,. Therefore, we have y, =yo,=y_;=y_, (#0)
so that (4.6) and (4.8) imply that both ¢, and ¢_, are also totally real minimal
immersions of M in CP", and the induced metrics are flat. Inductively, we obtain that
each ¢, is totally real. Therefore, the sequence {¢,} never terminates so that ¢ is not
isotropic. [

In [5], Y. Ohnita showed the following:

THEOREM 4.3. Let M be a minimal surface with constant curvature K immersed
fully in CP". Assume that the Kihler angle of M is constant. Then the following hold:
(1) If K>0, then there exists some k with 0 <k <n such that M is an open submani-

fold of ¢, (S?).
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(2) If K=0 (i.e., M is flat), then M is totally real.
(3) K<O0 is impossible.

Let ¢ : M —» CP" be a mass-symmetric, 2-type, isotropic, minimal immersion of a
compact surface M in CP"(4). From Proposition B, ¢ is full. Then, from Propositions
4.1, 4.2 and Theorem 4.3, we obtain that M has positive constant curvature, and that
@ : M — CP" is congruent to @, : S> - CP" for some k with 0<k<n. On the other
hand, from Theorem C’, we get n<4. Therefore, from Proposition 3.8, we obtain the
following:

THEOREM D'. Ifa compact, mass-symmetric, isotropic, minimal surface M in CP"(4)
is of at most 2-type, then M is of positive constant curvature, so that the immersion is
congruent to either @10, 1,1, ¥2,00 P2,1> P2,2 OF Py 2.

Theorem D follows immediately from this theorem.

PROPOSITION 4.4. Let M be a compact, mass-symmetric, isotropic, minimal surface
in CP"(4). If M is of at most 3-type and with constant Kihler angle, then M is of constant
curvature.

PRrROOF. From (4.6), both ¢, and 7_, are constant so that we have
AgFo=4F,—t,F,—t_,F_,,
AiFy=4AFy—toAoF, —1t_AoF_, ,
A3Fy=4A%Fy—t,ASF, —t_,AF_, .

By Proposition 2.2, there exist real constants a, b and ¢ such that the matrix-valued
function

1
P=A3F,+aA3F,+bA,F,+ c(Fo —?I)
n

is identically zero. Since the Kéhler angle is constant, from (4.6), there exist real con-
stants « and f such that ay,+ fy_, =0 with (a, B)#(0, 0).

Assume that ¢ is not antiholomorphic. Then we have f;#0 and y_, =vy, for
some v>0 so that from (4.8) and (4.4),
(1 +(—2)p0) .

°T T+,

If f,=0, then y, =0 so that M has constant curvature K,= —2(v—2)/(1+v). So we
assume f, #0. Simple computation implies

c 4
Pfr=2t0t,(t1)./1 +(to(t1(t2+211 +4)+Aty) +atot, —m)fz—a— to(t1):/5

]
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and since f; #0 and f,#0, we have 7,70 and ¢, #0. Then P=0 implies (¢,),=0 so
that 7, is constant and there exists a constant p such that y, = uy,. Therefore, we obtain
Ky= —2(v+u—2)/(1+v) so that M has constant curvature.

Similarly, we see that if ¢ is not holomorphic, then M has constant curvature.
Therefore, Proposition 4.4 is proved completely. [

By an argument similar to Theorem D', Proposition 4.4 implies the following
theorem, from which Theorem E follows immediately.

THEOREM E’. Let M be a compact, mass-symmetric, isotropic, minimal surface in
CP™4). If M is of at most 3-type and with constant Kéhler angle, then M is of positive
constant curvature, so that the immersion is congruent to either ¢, , (n=1, 2, 3,0<k<n),

Pa,2 OF Q3.

REMARK. There exists a compact, mass-symmetric, finite-type minimal surface in
CP" which is not isotropic. From example, a totally real flat minimal torus 72=
n(S1(3) x S1(3) x $1(3)) in CP%(4) is mass-symmetric, 1-type and its harmonic sequence
is a cyclic infinite sequence, where n : C*—{0} — CP? is the projection.
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