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1. Introduction.

In [1] and [8], Avanissian and Supper considered transformation G for analytic
functionals. They applied transformation G to study arithmetic entire functions of
exponential type in Abel sense and derived Abel summation formula for entire functions
of exponential type in C" by using the sequence {D"F(n)}. They also showed some
relations between analytic functionals and classical special functions using transfor-
mation G. In this paper we will consider transformation G for analytic functionals
with unbounded carrier. As application, we derive some theorems for holomorphic
(non-entire) functions of exponential type defined in direct product of half planes by
using the sequence {D~"F(—n)}.

2. Notations.

U={{=rexp(if)e C": 0<r<(n—|0])/|sin(0) |}. D) =exp(—{)/{. @ is biholomor-
phic mapping between U/{0} and C/[—e, 0] ([4]). We put y =&~ 1,
For set L in C", L,=pry(L) denotes i-th projection of L. {z, )=z t;+ - +2z,,
for z=(zy, - -+, z,), t=(ty, - - -, t,) € C". H (z2)=sup,_, Re{z, 1.
d(F) denotes transfinite diameter of compact set F in C. For the details of transfinite
diameter, we refer the reader to [6].

1

DI W=~

rf(x—y)y"-ldy. (neN)

Under suitable conditions, D} D_ " f(x)= f(x) valids for ordinary differential operator
D,. We put

D "=D ™D ™, |m|=my+---+m, for m=(m,, ---,m,)eN".

Exp(D : L) = {holomorphic functions in D satisfying condition () in theorem 2} .
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Let K be a number field of degree d=[K:Q]=r+2s. K? (1<i<r) and K"*)=
KC*s*) (1<j<s) are its conjugate fields. Ox and O denote the rings of albebraic
integers on K and K9 respectively. If ae 0@, a?e 0y are conjugates of a. For
Sw)=Y a.w"e K[w], we denote fO(w)=Y aP’w"e KV[w]. Weput 5=dif K< R, §=d|2
if K&R. For algebraic integer a, | a|=max{|a,|, ‘-, |a,|} where a,, - - ,q; are
conjugates of a over Q.

3. Fourier-Borel transform of analytic functionals with unbounded carrier.

In what follows, L denotes closed convex set bounded in imaginary direction in
C". We put

QL :k")=limind Q, (L,:k’+¢’)
e>0,e'>0

where Q,(L,:k'+&)={feC(L)NH(L,):sup, L f@exp((k’ +¢)z) | < o}, L, is &
neighbourhood of L and L, is closure of L,. C(L,)) and H(L,) denote the space of
continuous functions on L, and holomorphic functions in L, respectively. Q'(L k")
denotes the dual space of Q(L : k’). An element of Q’(L : k') is called an analytic functional
with carrier in L and of type k’. Te Q'(L:k’) can be represented by measure. Namely,
we have

ProposSITION 1 ([7]). Let Te Q'(L:k"). For all >0, £’ >0, there exists a measure
pon L, such that {T, h) = [ h(t) exp(k't+¢'| t |/2)du(t), for he Q, (L, k' +¢’).

Fourier-Borel transform 7(z) of Te Q'(L:k’) is defined as follows:
T(2)= <T, exp({t, 2))) .
Following Paley-Wiener type theorem characterizes Fourier-Borel transform of
Q'(L:k").

THEOREM 2 ([7]). Suppose that Te Q'(L:k’). Then T(z2) is holomorphic function
in D=[];.,{zie C:Rez;< —k'} and satisfies following estimate: For any £¢>0 and
¢'>0, there exists C,,. such that

™) | T)|<C.oexp(H D) +elz])  (Rez,<—k' —¢', 1<i<n).
Conversely, if holomorphic function F(z) in D satisfies above estimate (), then there exists

TeQ'(L:k’) such that T(z)=F(2).

4. Transformation G.

In this section we put following assumptions (i) and (ii).
(i) 0<k’'<l and
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(ii) For some positive constants g; and b;, L, is contained in
Un{{eC:Re{=>a; |Im{|<b;<n} for i=1,- - ,n.
We put

G (T)(w)= <Tn 1_2[1(1 —w;t; exp(t))” 1>
for w=(wy, - -, w)e[[i. ,(C/B(L)). G.(T)(w) has following properties.

PROPOSITION 3. (1) G (T)(w) is holomorphic in IT?-, (C|P(L,)) and vanishes at
the infinity.
(2) Following expansion holds:

GUTYW)=(=1)" Y, D™"F(=mw™  (w|»1).

meN"
(3) For any ¢>0 and &' >0, there exists C... >0 such that
| GU(TYW)<C, |w|™¥~* (b+e<|argw|<m).
(4) (Inversion formula)

1
2niy"

where I'=I'y x - -+ xT', and I'; is a contour surrounding ®(L)).

T(z)= SrGU(T)(W)exp(z'¥ (w))dw/w

PrROOF. (1) can be proved by proposition 1, Morera’s theorem and Fubini’s
theorem. ‘

2) (1 —wtexp()) 1= — i w™ ™t "exp(—mi),
t""exp(—nt)= fw exp(—ta+n))a" " da.
(n—1)J,

From these equalities we obtain

GUT)W)=(=1)" ¥, D~ "T(—mw™™,

meN®

for sufficiently large w.
(3) Our proof is almost similar to that of proposition 3 in [5]. By the definition

of toplogy of Q(L:k’), we have
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| GuTY0) 5 Ceu| oxplGe'+¢)0 T (1 — witiexp(a) ™

« lexp((k’ +&))(1 —wte*) 1|

=|tetl—1+k’+s’| tl—k’-—s’lw__t—le—t|—k'-—a’|w_t—le—t|—1+k'+e'

‘lw—t"le”!|>|w|sine,
|tet|—1—k’+z’| w_t—le—t|—1+k’+a’s(sin 8)—-1+k’+z’

for w such that b+¢<|arg w|<n. From these estimate, we obtain our desired estimate
(cf. [6]).

(4) By virture of (3) in this proposition and proposition 1, we can change the
order of integration. After change of variable = ¥(w), we obtain inversion formula by
residue theorem.

ReEMARK. If L is a compact convex set satisfying assumption (ii) in this section,
then inversion formula (4) is equals to Supper’s formula. By Lagrange-Bruman formula
for inverse function ([6]), we have

P(w)= i —(l"nl;——w—" (wl>e).

Hencelim,,_,  ¥(w)=0. So our inversion formula is equals to Supper’s one by Cauchy’s
integral theorem.

5. Relations between transformations.

Suppose that L=]]}., L; and L satisfies condition (ii) in sec. 4. For Fe Exp(D: L),
we define M ~1(F)(w) as follows:
©0+)

M 'F)(2)=2)™" (sin(nz)['(z))'lw"’wa(—z—a)f—lda dz .

3 o

Integral signs denote n-fold integrals.

Oo([ I7- ,(C/ D(L;))) denotes the space of all holomorphic functions which satisfies (1),
(2) and (3) in proposition 3. For ge On([ 7 ,(C/ P(L)))), we put M(g)(z) as follows:

M(g)(z)=(2ni)~" f g(w)exp(z¥(w))dw/w ,
r

where I' is the same countour as in (4) in proposition 3.
We have following commutative diagram:
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Exp(D: L)
FBI PN

Q'(L:k) ———*G Oo([T(CIB(LY)))
i=1
where FB denotes the Fourier-Borel transform.

6. Applications.

In this section we will show some applications. In what follows we assume (i) and
(i1) in Sec. 4.

THEOREM 4. Suppose that F(z)e Exp(D:L). If D""F(—m)=0 (meN"), then F
vanishes identically.

PROOF. By theorem 2, there exists T'e Q'(L: k') such that T(z) = F(z). From (2) in
proposition 3 and the assumption D~ ™F(—m)=0, G,(T)(w)=0. By Inversion formula
(4) in proposition 3, F(z)=0.

REMARK. Intheorem 4, condition (ii) in section 4 is crucial. F(z) = exp(sz) —exp(5z)
(Res>0 and sedU) satisfies all conditions in theorem 4. But F(z) does not vanish.

COROLLARY 5. Suppose that Fe Exp(D: L) and satisfies following conditions:
D 'F(—ieZ, (ieN"™).
D " IR(—i—j)=D"'F(—{)D F(—j), (i,jeN™).
If a>¥(1)=0.567- - -, then F vanishes identically.

REMARK. ¥(1) is crucial. F(z)=exp(z¥(1)) satisfies above condition. But it does
not vanish.

THEOREM 6. Suppose that Fe Exp(D: L) satisfies following conditions:
(i) D ™F(—m)e O, (meN").

. . 1 —_—
(iv) lim supl——l— log| D" F(—m)|<c, (c is a positive constant).
m

{m|— o0
If log(d(P(L) )< —(0—1)c for i=1, - - -, n, then F(z) is exponential polynomial.
PROOF. Put a,=D7"F(—n), S;=P(L,) (" denotes the closure),

SP=15, if K=K©
{weC:|w|<P(c)}  othercase,
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fOm)= T ddw.

meN™

Then f@ and S satisfies all conditions in theorem 1 in [2]. So G, (T)(w) is rational
function as follows:

GL(D(W)=P (W15 "5 Wp) / iljl Qi(wy)

where Pe O [w,, - - -, w,], Qi(w)) € O;[w;] and deg, P<degQ; Furthermore Qy(w;) are
monic (i.e. coefficient of highest degree term is unit). By virture of inversion formula
(4) in proposition 3, we have our desired result.

CoROLLARY 7. Put L=]];_.,[a; ). Suppose that F(z)eExp(D:L) and D~™-
F(—m)e Z for me N". r is a real number such that rexp(r)=4"1 (r=0.204---). If a;>r
for i=1, - - - n, then F(2) is exponential polynomial as follows:

F(Z)=ZPJ',---},‘(Z1, © L z)(exp(z, P (by ;) + - +2,P(b,,5,))
where b ;’s are algebraic integers contained in [0, @ (a;)] together with their conjugates.

PrROOF. In this corollary, 6 =1 and d(®(L;)) = (a;exp(a;)) ~ /4 ([6]). By assumption
on a;, d(®(L,)) is less than 1. Hence we can apply theorem 6 with arbitrary positive
number c. '

Now we define real numbers r,’s as follows:
rexp(r)=k~! k=1,2),
r,=0.567---, r,=0.35---,
rsexp(rs)=(++/5)2,  roexp(ra)=(3-/5)/2,
r;=0.9814-- -, ro=0.286--- .

COROLLARY 8. Put same assumptions in corollary 7. If a;>r, for i=1, ---,n,
then F vanishes identically.

COROLLARY 9. Put same assumptions in corollary 6 and n=1. If a>r,, then
F(2) = Py(2) exp(roz) + P,(2) exp(r,z) + P,(2) exp(r,z), where P;’s are polynomials in Q[ z].

Proor. All algebraic integers contained in [0, (3+\/—§_)/2] with their conjugates
are 0,1,2,3, 3++/5)/2, 3—+/ 5)/2 ([3]). So, we obtain corollary 8 and 9.
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