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Abstract. We prove Cauchy’s integral formula for complex regular functions in complex Clifford
analysis. We claim that our formula is valid in any dimension. Furthermore, we study some properties
of manifolds where the integration in the formula is defined and relax the conditions imposed on the
manifolds.

1. Introduction.

The aim of this paper is to present Cauchy’s integral formula in complex Clifford
analysis, which is different from that in [7].

In [2] Delanghe et al. gave Cauchy’s integral formula for regular (monogenic in
their terminology) functions in real Clifford analysis. Ryan [4, 5, 6], Bures and Soucek
[3, 8] complexified this result and gave Cauchy’s integral formula for complex regular
functions in complex Clifford analysis. However, they restricted the arguments only to
even dimension. More recently the author [7] gave a homological version of Cauchy’s
integral formula for complex regular functions, which is valid in any dimension; this
generalizes SoucCek and Bures’ results.

On the other hand, there has been no generalization of Ryan’s results. In this paper
we prove the following Cauchy integral formula; this generalizes Ryan’s results.

THEOREM. Let p, geN with p<gq, C, be the universal Clifford algebra for C?; then
CP*1cC, (see [2, §1]). Let f be a complex right regular function in a domain Q of C?* 1
with values in C,. Let ac Q and M be a real (p + 1)-dimensional piecewise smooth compact
connected oriented submanifold of Q with boundary such that ae M°, M is smooth at a,
M~ A,={a} and T,M ~ Ay={0}. Further, suppose that {w—a)? "' is single-valued with
respect to w in M. Then
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where | S?| is the area of the p-dimensional unit sphere, {w—z)>=(35_ (W =z,
1/(w— z) is the inverse element of a Clifford number w—ze C?* '« C,, do,, is the C,-valued
surface-element (see [4, p. 137]), A,={weCP*!|(w—2z>=0} and Dy(0M, a) is the
component of @\ ) zeom A, which contains a.

According to this result we no longer need Ryan’s concept of manifolds of type
two and others (see [6, pp. 38-39]).

To obtain these results we study R-linear subspaces of C?*!. In §2 we fix the
notation and define complex regular functions. In §3 we study the complex vector space
CP*! with the complex inner product z-w=y*_,z;w;. In §4 we investigate oriented
R-linear subspaces of CP**~R2P*2 in the real Grassmannians. Finally, in §5 we prove
Cauchy’s integral formula for complex regular functions in every dimension (Theorems
4, 5).

2. Preliminaries.

Let peN and R, be the universal Clifford algebra constructed from the space R”
with orthonormal basis {e,, - - -, e,}. Furthermore, let ¢,=1 be the unity of R,; then
€0, €1, ', €, €€, ***, € ‘€, are basis elements of R, such that

ejek+eke‘,='—26j,k fOl' ls.,kép.

By C, we denote the universal complex Clifford algebra R, ®g C. Furthermore, we set
R,=R and C,=C. For any aeC, we write

a= f . Z X Aty €is” " "€
k=0 j1<-<jx

where j;, - -, jxe{l, -- -, p}, qj,, ... ;;€C and ag=a, We define a norm on C, as
lal?=)7_ OZ PP I TR b then we have the topological 1somorphlsms R, ~R2
and C,~C?’. The clements x=(xg, "+, X,)ERP"! and z= (zo, . ,,)eC”’r1 w1ll be
1dent1ﬁed respectively with the Clifford numbers x= 0xleJ and z=)"_oZ€;
Moreover, we set Z=2z,— 7_, z;e;, then we have 1/z=z/(il 0Z}

Let Q be a domain of CP™!, f:Q->C, (p=q) be holomorphic and
D, =Z;’=0 e;(0/0z;) stand for the complex Cauchy-Riemann operator. Then f is said to
be complex left (resp. right) regular in Q if D,f =0 (resp. fD,=0) in Q (cf. [2, §8]).

We define the C,-valued surface-clement as

do,= i (—We;dzoA -+ - AdE;A -~ Adz

ji=0

p?

where dz; means that dz; has to be omitted. For z, weCP*! we set z-w=[zW],=
J 0Zjw; and write Q(z)=zZ=z-z and {z)= JO(2), where [zw], is the coefficient of
e, in zw. Furthermore, we write A,={weCP*!| Q(w—2z)=0} and A(K)=|J,_, 4, for
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a set KcCP*1 By [z, w] we denote the line-segment joining z to w.

By %,(C", R), or simply by %,(C") we denote the real Grassmannian consisting of
all oriented real k-dimensional linear subspaces of C". For Ue 4(C"), — U stands for
the oppositely oriented linear subspace. For a smooth manifold A we denote by TM
the tangent bundle of M.

Let Mat(m, n, C) be the set of all (m, n)-matrices over C, I be the unit matrix and
| S?| be the area of the p-dimensional unit sphere S?. We set No=Nu {0} and
R, ={xeR | x20}. In the sequel, we assume that the vertex of a cone L in C is the
origin 0.

Set G={weC?*! | Q(w)>0} and consider the disjoint union GC'=|),_,.,.Ge",
where C! is the unit circle in Ce, (=C); put V5*'=GC!' U A, and V2*'=z4+ VE*+L
Then V2*1is a (p+ 1)-dimensional complex manifold on which {(w—z) is single-valued
with respect to w (cf. [7]); note that R?*1 = V3*!. By S? we denote the unit p-sphere
in R?*1; note that (w) | s»=|w|. Furthermore, by n, we denote the map which associates
to each point we V?*! the point we C?*!. Since {w—z) is double-valued in C?*1\4,,
each point we CP*1\ A, is associated to two points we V2*!\A,. For a domain Q of
Cr*1 we write Q,=n_ Q) (cVE*Y).

3. The complex quadratic form Q(z).

In this section we study some properties of the complex quadratic form Q(z).
Moreover, we give Schmidt’s orthonormalization of a finite set of complex vectors with
respect to the complex inner product z-w.

DEerFINITION 1. Let peN, and ueCP*!. If Q(u)#0 or u=0, then u is said to be
non-degenerate with respect to Q.

REMARK. If p=0, then all ue C are non-degenerate with respect to Q.

DEerFINITION 2. Let peN, and u,, - -+, u,e CP*1. If Q(x u;+ - +x,u,)=0 for
xy, *, x,€ Rimplies x, = - - - =x,=0, then {u, - - -, u,} is said to be linearly independent
over R with respect to Q.

REMARK. If we replace Q(z) by | z|? in Definition 2, then {u,, - - -, u,} is linearly
independent over R in ordinary sense.

By Definitions 1 and 2 we immediately obtain the following.

PROPOSITION 1. Let peN, and {u,, - - -, u,} =C?*! be linearly independent over R
with respect to Q; set U=Ru;+---+Ru,. If {vy, -, v,)cU (m=n) is linearly
independent over R, then it is linearly independent over R with respect to Q.

PROPOSITION 2. Let peNy; then {u, - -, u,} =CP?*' is linearly independent over
R with respect to Q if and only if it is linearly independent over R and x ui+ - - - +x,u,
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is non-degenerate with respect to Q for any x4, - - -, x,€R.

REMARK. Let p=0; then {u,, ---,u,} =C is linearly independent over R with
respect to Q if and only if it is linearly independent over R.

DEeFINITION 3. Let peNg and {u,, u,} =C?*?! be linearly independent over R with
respect to Q; set F: [0, 21] 30+ Q(u, cos0+ u, sinf) e C\{0}. Then we define the sign
of the vectors {u,, u,} with respect to Q as sgn(u,, u;)=1%4, where 4 is the winding
number of F with respect to 0, that is, A=0, +2.

ProPOSITION 3. Let peN, 3<n and {u,, - - -, u,} =CP*?! be linearly independent
over R with respect to Q; set U=Ru; + - - - +Ru,. If {v,, v,} < U is linearly independent
over R, then sgn(v,, v,)=0.

ProOF. There are vectors v,, ---,v,eU such that {v,, ---,v,} is linearly
independent over R. Since {u,, - - -, u,} is linearly independent over R with respect to
0, from Proposition 1 it follows that {v,, - - -, v,} is linearly independent over R with
respect to Q. Set

S={x0,+ - +x0,| |X|=1, x4, - -, x,€R}

and C: [0,27]3 0+ v, cosf+v, sinf € S; then we obtain SN Ay=F. Since n=3, C is
homotopic to zero in S; therefore, Q(C) is also homotopic to zero in C\{0}, that is,
sgn(v,, v,)=0. Q.E.D.

PROPOSITION 4. Let peNg and {u,, - - -, u,} =CP*! be linearly independent over R
with respect to Q; set U=Ru; + - - - +Ru,,.

(i) Ifn#2,then L=Q(U)isa closed convex conein C such that L n (— L)={0}.

(ii) Ifn=2 and if sgn(u,, u,)=0, then L=Q(U) is a closed convex cone in C such
that L n(—L)={0}.

(iii) If n=2 and if sgn(u,, u,)#0, then Q(U)=C.

PRrROOF. (i): We have only to show that the assertion is true for n=3. It is clear
that L is a closed cone in C; therefore, we show that L is convex and that L n(— L)={0}.
Let w,, w, € L\{0}; then if L=R . w,, the assertion is clearly true. Suppose that w, ¢ R ,w,
and let v,, v, € U satisfy Q(v;)=w; for j=1, 2; then {v,, v,} is linearly independent over
R. Therefore, by Proposition 3, we obtain sgn(v,, v,)=0. Set

C: [0, 2n]30+> v, cosf+v,sinfe U\{0} ;

then w,, w, € @(C)< L and the winding number of the ellipse Q(C) with respect to 0 is
0. Thus, we conclude that w, # —w,, that is, L n(— L)={0}. Furthermore, since L is
a cone with Q(C)c L, we find that [w;, w,] <= L, that is, L is convex. ‘

(ii): We use the same notation as above. We have only to show that sgn(v,,v,)=0
without using Proposition 3. Set
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C,:[0,27]360+> u, cosf+u,sinfe U\{0} ;

then since U n A,={0} and since C is homotopic to C; or to the oppositely oriented
loop —C, in U\{0}, Q(C) is also homotopic to + Q(C,) in C\{0}. Thus, the assumption
implies sgn(v,, v,)= +sgn(u,, u,)=0.

@iii)): From Definition 3 the assertion immediately follows. Q.E.D.

PROPOSITION 5. Let peNg and {u,, - - -, u,} =C?*?! be linearly independent over R
with respect to Q. '
" (1) Ifn#2, then {uy, - - -, u,} is linearly independent over C.
(i) Ifn=2 and if sgn(u,, u,)=0, then {u,, u,} is linearly independent over C.

ProoF. Set U=Ru, + ---+Ru, and z;=x;+1iy;, where x;, y;eR for j=1, ---, n.
Suppose z,uy + - - - +z,u,=0; then we have

xlul_g_...+xnun+i(y1u1+---+y,,u,,)=0. (1)

Setv=x,u; + - - - + x,u,; then by (1) we obtain iv e U and therefore, — Q(v)=Q(iv)e Q(U ).
Moreover, according to the assumption and Proposition 4 (i) or (ii), we obtain

QW)=0(x us + - - - +x,u,)=0.

Hence, from the assumption and (1) we conclude that x;=---=x,=y;=---=y,=0,
that is, z, = - . - =z,=0; this indicates that {u,, - - -, u,} is linearly independent over
C. Q.E.D.

COROLLARY 1. LetpeNy, {u,, - -, u,} =C?*! be linearly independent over R with
respect to Q. Then

(i) p=0=n=1,2.

(i) p=2l=1=n=p+1.

ProoF. (i): From the remark after Proposition 2 the assertion follows.

(ii): By Proposition 2 we have n<2p+2; if p+2<n, then Proposition 5 (i) implies
that {u,, - - -, u,} is linearly independent over C. However, this is impossible because
{uy, -, u,} =CP*1; thus, we conclude that n<p+1. Q.E.D.

PROPOSITION 6 (Schmidt’s orthonormalization). Let peNq, and {uy, -, u,}c
CP*1pe linearly independent over R with respect to Q. When n=2, suppose further that

sgn(u,, u,) =0. Then an orthonormal system {v,, - - -, b,,} < Cuy + - - - +Cu, with respect to
the complex inner product z+w is constructed in the following way.
vy=uy[{uy) .

v, =05/{v%), vy=uy—(uy vy, .

vn=v;l/<v:1> s U:l=un_(un.ul)vl— e —'(un.vn—l)vn—l .
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Moreover, {v,, - -+, v,} is linearly independent over C.
ReMARK. Each v} is determined independent of the choice of the value of {v}).

Proor. If {v,, ---,v,} is orthonormal with respect to z-w, then it is linearly
independent over C. Thus, it is sufficient to show that Q(#,)#0 and Q(v})#0 for any
j=2, - - -, n; by the assumption we have Q(u,)#0.

When j=2, suppose that Q(v3)=0; then since v,-u;=v%°v;,=0 and u,=
(u, - v,)v, + 0%, we obtain

O(x uy + xu) = Q(x 45 +Xx5(u5 < v4)vy) for any x,, x,€R.

Therefore, according to the assumption, {u,, (u,-v;)v,} is linearly independent over
R with respect to Q with sgn(u,, u,)=sgn(u,, (4, * v,)v,). If n=2, then by the assumption
we have sgn(u,, ,)=0; if n=3, then by the assumption and Proposition 3 we obtain
sgn(u,, u,)=0. Hence, Proposition 5 (ii) implies that {u,,(u,-v,)v,} is linearly
independent over C; however, this is impossible. Thus, we infer that Q(v’)#0.

When j=3,-:-,n, suppose that Q(v;)=0 and set w=(u;°v,)v;+--- + ("
vj_1)0j—y. Since v u=05-v,=0 for any k=1, ---,j—1 and since u;=w+v;, we
obtain

Q(xquy+ -+ - +xu) =Q(xyuy + - - - + XU +X;W)

for any x,, - - -, x;€R. Therefore, according to the assumption, {uy, -, ¥;—;, w} is
linearly independent over R with respect to Q. Moreover, Proposition 5 (i) implies that

{uy, - -+, uj_y, w} is linearly independent over C; however, this is impossible because
{uy, -+, uj_y, wp<=Cvy + - - - + Cv;_,. Thus, we infer that Q(vj)#0foranyj=3, ---,n.

Q.E.D.

COROLLARY 2. Let peN, n=1,---,p and {uy, - -,u,}<CP*' be linearly

independent over R with respect to Q. When n=2, further suppose sgn(u,, u;)=0. Then
there exists vectorsu, 1, = * *» U, 4+, € C?* 1 such that {u,, - - -, u, |} is linearly independent
over R with respect to Q. When p=1, it further follows that sgn(u,, u,)=0. Moreover, if
{uy, - -+, u,} is orthonormal with respect to z-w, then {u,, - - -, u, .} can be taken to be
orthonormal.

REMARK. When p=0, set u, =iu, for u, #0; then {u,, u,} is linearly independent
over R with respect to Q with sgn(u,, u,;)#0.

Proor. According to Proposition 6, there is an orthonormal system {v;, - -,

v,y =Cuy; + - - - +Cu, with respect to z-w. If {uy, -- -, u,} is orthonormal, set v;=u;
for any j=1, - - -, n. Then there exists a matrix 4eSO(p+ 1, C) such that Av;=e; for
j=1, ---,n. Set vj=A‘1ej for j=n+1, ---, p+1; then {vy, - - -, Up+1} is orthonormal

with u;-v,=0 for j=1, ---,n,k=n+1, - - -, p+1. Further, set U=Ru; + - - - + Ry, and
u;=Av;for j=n+1, - - -, p+1, where 1€ C satisfies | 1| =1 and 22eQU). If {uy, - -, u,}
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is orthonormal, we may set A=1; then {u,, - - -, U, 1} is orthonormal.
If we set, for xe RP™ !, F(x)=Q(x,u; + - - - +x,, 4, ,); then we obtain

Fx)=0Q(xu + - - - +xXu,)+ A2 (X2 +x§+1),

Therefore, according to the assumption and Proposition 4 (1) or (ii), we find that
Fix)e Q(U)\{0} for x+0. Thus, {u,, -, u,+,} is linearly independent over R with
respect to Q; if p=1, then we obtain sgn(u;,, u,)=0. Q.E.D.

4. Spaces of non-degenerate linear spaces.

In this section we investigate non-degenerate oriented R-linear subspaces of C?*1
in the real Grassmannians ¥,(CP*1).

DEFINITION 4. Let peNy, n=1, ---,p+1 and U be an n-dimensional R-linear
subspace of CP*!. If U A,={0}, then U is said to be non-degenerate with respect to
Q, or, shortly, non-degenerate.

By 4,(CP"'"\4,), n=1, -+, p+1, we denote the set of all n-dimensional non-
degenerate oriented R-linear subspaces of CP*!; then %,(C?**\4,) is open in g (CrtY,
From Definitions 2 and 4 we find the following.

PROPOSITION 7. Let peNy, n=1, -, p+1. If Uec%,(CP**\A,), then a basis
{uy, -+, u,} for U is linearly independent over R with respect to Q. Conversely, if

{us, -+, u,} =CP*! is linearly independent over R with respect to Q, then U=
Ru,_ + A +Run (S5 gn(clﬂ- 1 \Ao).

By this proposition and Definition 3 we obtain the following.

PROPOSITION 8. Let peNy; then 9,(CP*1\A,) is divided into three disjoint open
subsets such that

GACPT I\ Ao)=FYCP* "\ o) U FF¥(CP 1\ A,) U FZ(CP* '\ 4,),
where, for a basis {u;, u,} for Ue %,(C** 1\ A,), we have
| UeFIHCP* 1\ Ao) <> sgnluy, uy)=1.

The set {e;, ie;} is chosen for a basis for Ce;, j=0, - - -, p; then Ce;e %} *(C”**\A,) and
—Ce;e %7 (CP* 1\ 4,).

The following is equivalent to Proposition 4.

PROPOSITION 9. Let peNg, n=1, -+, p+1.

(1) IfUe%,(C?*'\A,) withn+#2, then L= Q(U) is a closed convex cone in C such
that L n(—L)={0}.

(i) If Ue%(CP**\A,), then L=Q(U) is a closed convex cone in C such that
Ln(—L)={0}.
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(i) If Ue%2*(CP*1\Ao) U %7 (CP*1\A), then Q(U)=C.

If Ue%,(CP*1\A,) with n#2, or if Ue%)(CP**\A,), then, by Proposition 9 (i)
or (ii), ¢z)> has two single-valued branches on U. When n=1, {z) has four branches
on U such that <(xud=|x|{u) and <{xu)=x{u) for ueU\{0} and xeR. If
Ue%2*(C?*1\A,) U %2 (CP* 1\ A,), then, by Definition 3 and Proposition 9 (ii1), {z)
has two single-valued branches on U.

By 4,(V3*1\4,), n=1, ---,p+1, we denote the set of all n-dimensional non-
degenerate oriented R-linear subspaces of ¥3**. By Definition 3 &,(V5*'\A4,) is also
divided into three disjoint open subsets like %,(C?*!\A4,) such that

G(VE  N\A)=F2(VE " \Ao) L F3 (VT \ o) v %7~ (VBT 1\ 4)
where, for a basis {u;, u,} for Ue %,(V3*1\A4,), we have
PROPOSITION 10. Let peNg, n=1, -+, p+1 and Ue 9, (V5" \A,) for n#2 (resp.
Ue%(VB*1\A,)); then there exist an orthonormal system {v, - -, v,} cCP*! with

respect to z+w and 0 R with e® e {U) such that U is joined to Re*v; + - - - + Re®v, in
G (VBT 1\A,) for n#2 (resp. 93(VE* ' \Ao)) by an arc.

PrOOF. Let {u,, - - -, u,} be a basis for Uwith | {u;>|=-- - =|{u,)|=1. According
to the assumption and Propositions 6, 7, 8, we construct an orthonormal system
{vy, -, v,} from {u,, - - -, u,}. Then we have {v)=u;-v; for j=1, ---, n, and

Up*U; " U, Uy
(ul- : 'un)=(vl' : 'U,,)( . . >.
0 Uu,°v

We define an arc 4,: [0, 1] — Mat(n, n, C) as
Up*Uy " Uy_1°Vy  U,*VycOS(m/2)t

A,= : :
Up—1°Up—q Uy Uy COS(R/Z)t

0 0 g.(t)

where g,(f)=1/Q(u,) sin®(n/2)t + (u, - v,)* cos’*(n/2)t with g,(1)=<u,>. For xeR" we set
w=xu+ - +x,_ 14—, and u,(t)=(u,"v,)cos(n/2tv, + - - - +(u,* v,_,)coS(n/2)tv,_, +
g.(t)v,; then we obtain

F(x)=0((v1" " - v)Au1)x) = Q" + X, 4,(1))
= Q)+ 2x,(u" - u (1)) + x2Q(u(t))
= Q(u) + 2 cos(m/2)tx,(u’ - up) + x2 O(u,)
=cos(nt/2)tFy(x) + (1 — cos(m/2))F(x) .
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The assumption and Proposition 9 (i), (i) imply that Q(U) is a convex cone with its
vertex at 0; therefore, we have F(x)e Q(U)\{0} for any x#0 and [0, 1].

By Proposition 7 we infer that {u,, - - -, u,_, u,(¢)} is linearly independent over R
with respect to Q; further, by Propositon 5 it is also linearly independent over C. Hence,
we find that 4,(tf)e GL(n, C) and g¢,(¢)#0 for any ¢€[0, 1]. Since (u,v,)*>=Q(v), the
value of {v,> and v, are uniquely determined as g,(1)=<u,> by g,; thus, we obtain

ul.vl o s . un—l.vl 0

A, ()= . .
" Up-1°Up—y 0
0 0 up

On the same line of argument we construct the arc 4 jforj=2, --- n—1byreplacing
the j-th column of 4;, ,(1) with

t(uj ° vl COS(TL’/z)t, T, uj. vj— 1 COS(n/z)t, g](t)5 0’ Ty 0) ’

where g;(t) =/ Q(u;) sin?(n/2)t + (u; - v;)? cos®(n/2)t; then each v, is uniquely determined
by g;. Thus, set A=4, U - -+ U 4,; then U and R{u, v, + - - - + R{u,)v, are joined by
(v -v,)AR". From the assumption it follows that (u;>=e" for j=1, - -, n, where
|6;— 0| <m/2. We define V: [0, 1] > %, (V5*1\A4,) as

V(t)=Re*p, + Re® HiO -0y +Re01+i@a=001 —0),
then ¥(1)=Re®'v; + - - - +Re®'p,. Q.E.D.

PrOPOSITION 11. Let peN,, n=1, ---,p+1, Ue%,(VE*\A,) for n#2 (resp.
UeG}(VE* '\ Ay)) and (z)|rpn=|z| for n=2 while (2D|sr=|z| or {2)|1r=2 for n=1;
then U is joined to +R?*! in 4(VE*'\A,) for n#2 (resp. 93(V5*1\A,)) by an arc. If
n=p, then U is joined to R" by an arc.

PrOOF.  According to Proposition 10, there are an orthonormal system {v,, - - -, v}
and 0eR with ¢ e (U} such that U is joined to Re®v, + - - - + Re®p, in Z,(V5*1\A,)
for n#2 (resp. 97(V5"1\A4,)) by an arc. We set V(t)=Re® "9, + ... +Re®1-0y
then the arc V: [0, 11— %,(V5* '\ 4,) for n#2 (resp. V: [0, 1] Z(V5* 1\ A,)) satisfies
V(1)=Rv; + - - - +Ruv,. Since the (p+ 1, n)-matrix (v, - -v,) is joined to (e, - -e,-,) for
n=p and to (e, - +e,) for n=p+1 by an arc 4: [0, 1]- Mat(p+1, n, C) such that
the columns of A4(¢) are orthonormal, we obtain the result. Q.E.D.

PROPOSITION 12. Let peN,, Ue@;*(VE*1\Ay) (resp. Uec %2~ (VE*1\A,)) and
2| +ceo=2; then U is joined to Ce, in G2+(VE*1\A,) (resp. —Ceq in 93~ (VE*1\Ay))
by an arc.

PROOF. We may suppose that Ue%Z*(V5*!\4,). Since we have (<U>=C by
Definition 3 and Proposition 9 (iii), there are u,, u, € U such that <u,>=1 and {uy)y =i,
then {u,, u,} is linearly independent over R. From Proposition 7 it follows that {uy, uy}
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is linearly independent over R with respect to Q. Therefore, since sgn(uy, u,)=1, {u,, u,}
is a basis for U. Furthermore, we obtain
O(u, cosf + u, sinf) =cos26 + (u, * u,)sin26 ;

then since Ue %2*(V5*1\4,), we have Im(u, - u,)>0. Set v=u,—(u, *u)u,; then we

have u, *v=0, Q(v)= — 1 —(u, * u,)*> and moreover,
1 u,- uz)
=(u, v i
(uy uz)=(u, )(0 1

We define an arc 4: [0, 1]— Mat(2, 2, C) as

A(t)=(1 g(t) )

cos(m/2)t
where g(t)=/(u; - u)? cos’(n/2)t —sin>(m/2)t. Since Im(u, - u;)>0, we have (u,-u,)’e
C\R, and g¢(t)’eC\R,; therefore, the value of g(t) is uniquely determined as

g(0)=u, -u,. Then we obtain Img(t)>0 with g(1)=i and furthermore, A(1)=((l) ;)

Thus, we find for any 0 €[0, 2n]

F(6)= Q((ul v)A(z)(“.’s"))
sinf

=cos20+2g(t) cosOsinf + (g(t)2 +cos?(m/2)t Q(v)) sin?0

=c0s20+9g(t)sin26 .

Since Img(t)>0, we infer that sgn((x, v)A4(¢))=1; therefore, U is joined to Cu, in
@2*(VB*1\A,) by an arc. Moreover, since u, is joined to e, by an arc w: [0, 1]—
VE+1\ A, such that {w(f)) =1, we obtain an arc joining U and Ce, in 43 *(V§" ' \A).

. Q.E.D.

THEOREM 1. Let peNy; then %,,(C?**\A,) and 4, (V5" 1 \Ao,) are divided into
such domains as follows.

(i) If p (Z0) is even, then %, (C?*'\A,) is connected.
(ii) If p=1, then

G,(C2\Ao)=%3*(C*\ o) L %5 (C*\A,) L ¥; (C*\Ag) U 977 (C*\Ay) ,

where G9(C*\Ao)=%; (C*\Ao) U ¥F; (C2\A,) with +R?*e%#(C*\A4,) and +Ceqe
G3E(C*\A). '

(i) If p (Z3) is odd, then
gp+ J(CPY 1\Ao) = gp++ 1 crrl \ o) U gp—+ 1((:'J+ ! \4o) ,
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where +RPT1e@f, (CPH1\Ay).
Gv) If p=0, then

gl(Vcl) \Ao)=g12+(V(1) \ o) L g1+(V(1) \ o) U .‘f{(Vé \ o) U {ﬁf‘(V}) \4,) ,

where +Re % (Vi\A) for {z)|:x=|z| and £Re G2 (V§\A,) for {z)|ig=2z.
(v) Ifp=1, then

G, (VE\A) =91 (V5\Ao) U % (V3\Ao) U %, (VE\Ao) L 3~ (V§\ o) »

where +R?*e€GF(V3\A,) for {z)|rpe=|z| and +Ceoe %3 *(V3\Ay) for {z)|1+ceo=2
(vi) If p=2, then

Gy 1 (VB "\ ) =%, 1(VE" '\ o) V%, (VBT \40) ,
where +RP*1e@E (VB 1\A,) for {z)|ipp+1=|z|.

PROOE. Let U: [0, 119, , (V5" !1\A,) for p#1 (resp. U: [0, 11— %2(V2\4,))
be an arc such that U(0)=R?*! and U(1)= +R?*'. Furthermore, let {u(?), - - -, u,(t)}
be a basis for U(f) such that each u;:[0,1]- VE*!'\A, is continuous with
u;(0)=e;, uj(l)=+e; for j=0, ---, p. According to Proposition 10, there exist an
orthonormal system {v,(2), - - -, v,(¢)} and 6(z) € R with €**® e (U(z)) such that U is joined
to V=Re®vo+ - -- +Re®v, in %, , (V5" 1\ 4,) for p#1 (resp. 95(V3\4,)) by an arc. By
the assumption and Proposition 6 we find that «;(0)=1v;(0) and u;(1)=<u;(1))>v;(1) for
Jj=0, - -+, p. On the other hand, since U(1)= +R?*', we have {uy(1)> =" - ={u,(1)) =
+ 1. Therefore, since (vy(2)- - *v,(¢)) € SO(p+1, C), we infer that

det(uo(1)- - *u,(1))=uog(1)> - - - <u (D> =(£ P**.

Then U(1)=R?*! for odd p=0 and U(1)=<u;(1)>R?*! for even p=0. Therefore,
Proposition 11 implies (iii), (iv), (vi). Since, for even p=0, R?*! and —R?*1 are joined
in ¢,,,(C?*"\4,) by an arc U(r)=Re'™e,+ ---+Re'™e,, we have (i). Moreover,
according to Propositions 8, 11, 12, we obtain (ii), (V). Q.E.D.

THEOREM 2. Let peN, n=1, - -, p; then 4,(C?**\A,) and 94, (V5*'\A,) are
divided into such domains as follows.

(i) Ifn#2, then 4,(CP**\Ay) is connected.

(ii)) If n=2, then

GH(CP* 1\ A)=FF*(CP 1\ 4p) LU FP(CPT 1\ 4p) L F;~(CPT 1\ A),

where +Ceye %2E(CP*1\A,) and R2e G(CP* 1\ A,).

(iii)) Ifn=1, then

G(VE "\ Ao)=F2(VE" '\ ) LG (VET 1\ A) ,

where Re 92(VE* 1\ A,) for {z)|g=12| and Re G{°(VE* '\ A,) for {z)|p=1z.

(iv) If n=2, then
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G(VB 1\ o) =93 (V" \ o) U G2(V§* '\ o) L 93~ (VE" '\ o) ,

where +CegeG2E(VE* 1\ Ao) for 2| +ce,=2 and R2e G(VE* 1\ Ay) for {z)|g=]z|.
(v) Ifn#2, then 9,(V5*'\Ay) is connected.

ProoF. Proposition 11 implies (i) and (v) while Propositions 8, 11 and 12 imply
(ii) and (iv). Furthermore, we define a map F as F: V5*1\A,3z+—(—2)/{(z) €C; then
for Ue %,(V5* 1\ 4,) we find F(U\{0})={1}, { —1}. Therefore, according to Proposition
11, we obtain (iii). Q.E.D.

COROLLARY 3. Let peN, n=2, ---,p+1, Ue%,(CP**\A) (resp. Ue%,(V5* '\
Ay)) and V be an m-dimensional R-linear subspace of U, where m=1, - - -, n.
(1) Ifm#2, then Ve%,(CP*1\A,) (resp. Ve %, (V5T 1\A,)).
(ii) If m=2, then Ve %3(CP*'\A,) (resp. Ve Z3(VE* 1 \Ay)).

Proor. From Propositions 1, 3 and 7 the assertion follows immediately.
Q.E.D.

5. Cauchy’s intergral formula on manifolds.

In this section we consider Cauchy’s integral formula for complex regular functions
f in real (p+ 1)-dimensional connected submanifolds M of C? *1 with boundary.

PROPOSITION 13. Let p, geNg with p<q, n=p, p+1, Q be a domain of C**' cC,,
f: Q- C, be holomorphic and M be a real n-dimensional smooth submanifold of Q with
T.Me%(CP*\Ay) (n#2), T,Me%(C?*'\A,) for some ac M.

(i) If n=p+1, then D,f |M=0 (resp. f Dz|M=O) implies that f is complex left
(resp. right) regular.

(ii) Ifn=p and if f is complex regular, then f | u =0 implies f=0.

PrOOF. (i): According to the assumption, there exists an open neighborhood U
of a in M such that T,M e %, , (C***\A,) (p#1), T,M € 93(C*\A,) for any ze U. Since
D,f is holomorphic on Q with D, f | =0, by Propositions 5, 7 and 8 we obtain

0

—D,f|ly=0  forany j=0,---,p.
0z;

J

In the same way it is proved that all the derivatives of D,f are zero in M; thus, since
D, f is holomorphic, we obtain D,f =0. On the same line of argument it is shown that
fD,|,=0 implies fD,=0.

(ii): If p=0, then f is constant on ; therefore, the assertion is clearly true.
According to the assumption, there exists an open neighborhood U of a in M such that
T,Me%,(C?* ' \A,) (p#2), T.Me%)(C>\A,) for any ze U. Let {uo, ", u,_;} be a
basis for T,M; then, from Propositions 7 and 8 and Corollary 2 it follows that there
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exists a vector u,e C?*! such that {u,, - -, u,} is linearly independent over R with
respect to Q. When p=1, it further follows that sgn(u,, u;)=0. If U is sufficiently small,
we can choose a common vector #,€ C?*! for any ze U. By Proposition 6, we construct

an orthonormal system {v,, - -, v,} from {u,, ---,u,}. Since, by Proposition 5,
{uo, ***, u,} and {v,, - - -, v,} are bases for C?**, let (zo, " - -, z,) and (zg, * - -, z,) be
the coordinates of ze CP** for {uo, - * *, u,} and {v,, - - -, v,} respectively. Then, we have

@1z [ ugrve O\ [@F1325XD)

: = : . : for any ze U .
(0f [0z ,)(z) Up Vo """ UpUp [ \(3f [0z )2)
Since f|, =0 by the assumption, we find that

of (2)=0 for any j=0,---,p—1 and zeU;
0z;;
therefore, since u;-v;#0 for any j=0, - - -, p—1, we obtain
of (2)=0 for any j=0, ---,p—1 and zeU.
0z}
Furthemore, we have
(0f [0z )2) (0f/0zo)2)
. . af
: =(o" " "Vp) : =va(z) for any ze U,
(0f [0z )2) (0f [0z (2) i

hence, from the assumption D, f =0 (resp. fD,=0) we infer that v,(9f/0z,)z) =0 (resp.
(0f 0z (2)v,=0) for any ze U, where we consider the vector v,eC?*! as a Clifford
number v,eC,. Since ¥,v,=v,5,=0(,)=1, we obtain (0f/0z,(z)=0 for any zeU;
therefore, we conclude that

0f/0z;|y=0  for any j=0, --,p.
In the same way it is proved that all the derivatives of f are zero in U; thus, since f

is holomorphic, we obtain f=0. Q.E.D.

REMARK 1. Let Q be a domain of C, (=C*) and f: 2 > C, (2=<¢) be holomor-
phic; then we obtain analogous results for f.

REMARK 2. LetQbeadomainof RP*! (resp. R, (=R%)), M be a real p-dimensional
(resp. 3-dimensional) smooth submanifold of Q and f: 2 >C,, p<gq (resp. 2=q), be
regular, or monogenic. Then in a way analogous to the proof of (ii) it is proved that
S|x=0implies £ =0.In[2,§10, §28] the same result is obtained by the Painleve theorem.

COROLLARY 4. Let p,qeN, with p<q, Q be a domain of C**', f: Q—>C, be
complex regular and M be a (p+ 1)-dimensional smooth submanifold of Q with
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T,Me%,,,(C°*'\A,) for some ac M. Then f|M=O implies f=0.

Proor. If p=0, then f is constant on Q; therefore, the assertion is clearly true.
According to Corollary 3, a real p-dimensional smooth submanifold N (3a) of M
satisfies T,N € %,(C?**\4,) for p#2 or T,Ne%3(C>\A,). Thus, by Proposition 13 (ii),
f|x=0 implies f=0. Q.E.D.

By Stokes’ theorem we obtain the following Cauchy integral theorem immediately
(cf. [2, §9)).

THEOREM 3 (Cauchy’s Integral Theorem). Let p, geN, with p<gq, Q be a domain
of CP*1, f: Q—C, be complex right regular, g: Q — C, be complex left regular, do, be
the C,-valued surface-element (defined in §2) and M be a real (p + 1)-dimensional piecewise
smooth compact oriented submanifold of Q with boundary. Then

J fdo,g=0.
oM

Let Q be a domain of CP*!, K be compact in Q and L be connected in Q\A(K).
Then by Dy(K, L) we denote the domain of Q\A(K) which includes L. We set
B,={zeCP*'||z|<r}.

To begin with, we show Cauchy’s integral formula for p=1.

THEOREM 4 (Cauchy’s Integral Formula). Let geN, A=+1, Q be a domain of
C2cC,, f: Q- C, be complex right regular, ac Q and M be a real 2-dimensional piecewise

smooth compact connected oriented submanifold of Q with boundary such that ae M°, M
is smooth at a, M ~ A,={a} and T,M € }*(C*\A). Then

for any ze Do(0M, a) ,

A dw
f@)=—= f Sw)
2 Jom w—z
where 1/(w—z) is the inverse element of a Clifford number w—ze C?><C,.

PrOOF. By F,(w) we denote the integrand in the right side of the formula. Since
M is smooth, for any £>0 there exists an open neighborhood U, of a in M° such that
the projection ¢,: U,—>a+ T,M is an into diffeomorphism with

lw—¢w)|=e|pw)—a|  forany wel,. ()
Then there is a number 6 >0 such that a+ B,; < © and further, such that the following
holds. Set C;=B;n T,M; then a+ C;=¢,(U,). Set D;=d¢,; (a+ C;); then, by (2),
D;ca+B,; and [w, ¢, (w)]<=Q\A, for any wedD;. Since M\D; cQ\A, with
d(M\D;)=0M U dD;, by Theorem 3 we obtain {,, Fw)=[,, F/(w). Set M,=

U weop, [W> @.(w)]; then since M, = 2\A, with M, =0D; U (a+dC,), by Theorem 3 we
obtain
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j F(w)= Fa(W)=J Fla+w).
oD a+8Cs 9Cs

Since T,M e %?*(C%\A,), by Theorem 1 (ii) there exists a smooth arc W: [0, 1]—
G24C?\ A,) such that W(0)=T,M and W(1)=ACe,. Set E,(t)=B; N W(t), S;= E,1) and
M, =\ ¢<,<1 OEs(t); then since a+ M, = Q\A, with IM, =03C; L 8S;, by Theorem 3 we

obtain
A
J F(a+w)=— J Jlatw) dw .
oCs 27” 8Ss w

Since S;<= ACe,, from Cauchy’s integral formula of complex analysis we find that the
right side is equal to f(a). On the same line of argument it is proved that Cauchy’s
integral formula holds in a neighborhood of a in M°. Furthermore, since f is complex
right regular in Q and since (,,, F,(w) is complex right regular in Dy(0M, a), Corollary
4 implies the assertion. Q.E.D.

THEOREM 5 (Cauchy’s Integral Formula). Let p, geN, with p<q, A=11, Q be
a domain of C?*'<=C,, f: Q—C, be complex right regular and ac Q.

(i) For odd p let M be a real (p+ 1)-dimensional piecewise smooth compact
connected oriented submanifold of Q with boundary such that ae M°, M is smooth at a,
MnA,={a} and TMe%,, ,(C°*1\A,).

(ii) For even p let M be a real (p+ 1)-dimensional piecewise smooth compact
connected oriented submanifold of Q, with boundary such that ae M°, M is smooth at a,
MnA,={a} and TMe %}, (V5 \4,).

Then

4 1
|57 faMf(W)daw (w—2z)Kw—z)?~! for any ze Dg(0M, a),

f2)=

where 1/(w—z) is the inverse element of a Clifford number w—zeCP*'cC,.

PrOOF. By F,(w) we denote the integrand in the right side of the formula. We use
the same notation as used in the proof of Theorem 4; then by argument analogous to
the proof of Theorem 4 we obtain

f F(w)= f Fw)= F(w)= J Fa+w).
oM D a+6Cs oCs

Since T,Me%;,,(C"*'\A,) for odd p, by Theorem 1 (iii) there exists a smooth arc
W:[0,1]-> %, (C**'\4,) such that W(0)=T,M and W(1)=AR?*'. Since T,Me
Gy, (V81 \A,) for even p, by Theorem 1 (vi) there exists a smooth arc W:
[0, 11— %}, (V5" 1\ 4,) such that W(0)=T,M and W(1)=ARP*'. Then by Theorem 3
we obtain
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y) 1
F(a+w)= fla+w)de, ———.
J‘ac‘, ( ) | SP| .Ls., wiw|? !

Since S;= ARP*1, from Cauchy’s integral formula of real Clifford analysis (see [2, §91)
we find that the right side is equal to f(a). On the same line of argument it is proved
that Cauchy’s integral formula holds in a neighborhood of a in M°. Furthermore, since
f is complex right regular in Q and since § oa¢ F=(w) is complex right regular in Do(0M, a),
Corollary 4 implies the assertion. Q.E.D.

ReEMARK 1. Theorems 4 and 5 are generalizations of Ryan’s results in [5].

REMARK 2. Let geN with 2<g, © be a domain of C; (xC*) and f: 2—C, be
complex right regular, that is, Z; 0€i(0f/0z;)=0, where e;=e e,. Then Cauchy’s
integral formula also holds for this function f.

PROPOSITION 14. Let peN be even, geN with p<q, Q be a domain of C**'<=C,
f: Q- C, be complex right regular with f #0, aeQ and M be a real (p+ 1)-dimensional
piecewise smooth compact connected oriented submanifold of Q, with boundary such that
ae M°, M is smooth at a, M " A,={a} and T, M €%}, (V5* '\ Ay,). Then there is a closed
submanifold L of M such that {w—z) is single-valued in L x Do(L, a). Furthermore,

A 1

f(2)= 57| fo(w)daw Do Jor any ze Dg(L, a) .

PROOF. Since M is a compact submanifold of C?*! with boundary, M has at
most finite number of components. By F,(w) we denote the integrand in the right side
of the formula. Let I' be the set of all the loops y: [0, 1]— Dg(0M, a) such that
(0)=y(1)=a. For w, w’' € dM we define an equivalence relation as

' w=y(1)> _ <w'—A1))
wW~Ww < =
w—0)>  {w'—¥0)>

If w and w’ belong to the same component of M, then w~w’. Let N,, N,, ---, N, be
the equivalence classes; then we obtain oM =N,; +N,+ - - - +N,. For any yeT there is
a submanifold N’ of M such that {w—y(0)> =<{w—7y(1)) for any we N’ and such that
{w—7(0)> = —<{w—y(1)> for any we IM\N'. From Theorem 5 it follows that

for any loop yerl .

fl@)= j F(w)= f Fy0w)+ f Fy0)(w)
oM N’ OM\N’

=J ’Fym(w)+J F,;)(w).

OM\N’

Therefore, we find that
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fla)= f Fw), f F.(w)=0.
N’ OM\N’

By the definition of {N;} we obtain loops y,, ¥, * - *, Y€ I and unions N!, N2, --- N™
of N; such that

OM>SNISN25---oN™, NIgN*TL,

f(a)=J Fa(W)=J Fa(W)="'=j F,(w),
oM N1 Nm

f Fa(w)_—’ Fa(w)==J\ Fa(w)=0
OM\N! NI\N2 Nm-—1\Nm

The above equations also holds in a neighborhood of a in M °; furthermore, by Corollary
4 they hold in Dy(0M, a). If N™"= ¥, then f=0; however, this is contrary to our
assumption f'#0. Thus, we obtain N™= (¥; then N"= N; for some j, j=1, - - -, m. For
simplicity, we set j= 1. Then for any we N, and y e I' we find that {<w —9(0)> =<{w—y(1));
therefore, {(w—z) is single-valued in N, x Dy(0M, a). Moreover, we infer that

f@=| Fw)),

N,

f Fw)=0 (j=2,:-'-,n) for any ze Dy(0M, a) .
N;

Next, we consider loops in D(N,, a) and repeat the same argument; further, repeat
this. Then we finally obtain a closed submanifold L of 0M which satisfies the
conditions. Q.E.D.

REMARK 1. If p=0 or if M is connected, then {(w—z) is single-valued in
OM x Dy(0M, a).

REMARK 2. Let Q=C?*! and M be included in an affine space X in C?*!; then
L includes the boundary of the only unbounded domain of X\ M.

REMARK 3. Let peN, be even, 2 be a domain of C**! and ae Q. If f is complex
regular in Q\A4,, then f is complex regular at a. If f is not complex regular at a, then
f is multiple-valued; for example, Cauchy’s kernel 1/z{z)?~' is double-valued in
CP*1\ A, (see [7, Corollary 3]).
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