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1. Introduction.

Let $E$ be an elliptic curve defined over a number field $k$ . Then the set $E(k)$ of all
k-rational points of $E$ is a finitely generated abelian group. By the rank of $E/k$ we mean
the rank of the free part of $E(k)$ . The rank is deeply connected with the order of the
Selmer group. In this paper, we give an upper bound of the order of the p-Selmer group
of $E/k$ for a prime number $p$ in terms of the ideal class group of certain finite extension
of $k$ . There are various results about the order of the Selmer groups. Brumer-Kramer
[2], Washington [11], and Kawachi-Nakano [3] studied the case for $p=2$ . For a cyclic
isogeny $\phi$ of prime degree $p$ , Aoki [1] estimated the order of the $\phi$-Selmer group by
using the genus formula.

We here follow Aoki’s method in order to estimate the order of the Selmer group
for the multiplication-by-p map.

In Section 2, we recall the general facts about the Selmer group and define some
maps which will be needed later. In Section 3, we embed the p-Selmer group for an
odd prime $p$ in some Galois cohomology groups and estimate the order of the Selmer
group by making use of the genus formula under some assumptions. For $p=2$ , we
discuss in Section 4. In Section 5, we show that the assumptions in Section 3 hold for
an elliptic curve without complex multiplication whenever we choose a suitable prime
number $p$ and replace the base field $k$ by some finite extension of $k$ .

2. Preliminaries.

Let $k$ be an algebraic number field of finite degree and $E$ be an elliptic curve defined
over $k$ . For any integer $m\geq 2,$ $E[m]$ denotes the kernel of the multiplication-by-m map
$[m]$ . Let $S$ be a finite set of places of $k$ consisting of the infinite places, those which
divide $m$ and those at which $E$ has bad reductions, and $k_{S}$ be the maximal Galois
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extension of $k$ which is unramified outside $S$. Then it is known that there is an exact
sequence

$0\rightarrow H^{1}(k_{S}/k, E[m])\rightarrow H^{1}(k, E[m])\rightarrow\bigoplus_{v\in M_{k}\backslash S}H^{1}(k_{v}, E)$
,

where $M_{k}$ means the set of all (finite, infinite) places of $k$ and $k_{v}$ denotes the completion
of $k$ at $v\in M_{k}[5]$ . From the above sequence, the Selmer group $S^{\langle m)}(E/k)$ of $E/k$ for $[m]$

is given by

$S^{\langle m)}(E/k)=Ker\{H^{1}(k, E[m])\rightarrow\prod_{v\in M_{k}}H^{1}(k_{v}, E)\}$

$=Ker\{H^{1}(k, E[m])\rightarrow\prod_{v\in S}H^{1}(k_{v}, E)\}\cap Ker\{H^{1}(k, E[m])\rightarrow\prod_{vfS}H^{1}(k_{v}, E)\}$

$=Ker\{H^{1}(k_{S}/k, E[m])\rightarrow\prod_{v\in S}H^{1}(k_{v}, E)\}$ .

The following diagram is commutative:
$\delta$

$ 0\rightarrow$

$ E(k)/mE(k)\downarrow$

$\rightarrow$

$H^{1}(k,E[m])\downarrow\prod res_{v}$

$\rightarrow$

$H^{1}(k, E)[m]\downarrow\prod res_{v}$

$\rightarrow 0$

$0\rightarrow\prod_{v\in S}E(k_{v})/mE(k_{v})\rightarrow^{\prod\delta_{v}}\prod_{v\in S}H^{1}(k_{v}, E[m])\rightarrow\prod_{v\in S}H^{1}(k_{v}, E)[m]\rightarrow 0$ ,

where $res_{v}$ means the restriction map of cohomology groups. Then, from the above
discussion, the Selmer group is given by

$S^{(m)}(E/k)=$ { $\xi\in H^{1}(k_{s}/k,$ $E[m])|res_{v}(\xi)\in{\rm Im}\delta_{v}$ for any $v\in S$}.

Next suppose that $E[m]=\langle P\rangle\times\langle P^{\prime}\rangle\subset E(k)$ , where $P,$ $P^{\prime}$ are some generators over
$Z/m$Z. Let $\mu_{m}\subset k^{x}$ be the group of m-th roots of unity and $e_{m}$ be the Weil pairing

$e_{m}$ : $E[m]\times E[m]\rightarrow\mu_{m}$ .
For fixed generators $P,$ $P^{\prime}$ of $E[m]$ over $Z/mZ$ , it is easily seen that $e_{m}$ gives an
isomorphism

$i:H^{1}(k, E[m])\rightarrow^{\sim}H^{1}(k, \mu_{m})\times H^{1}(k, \mu_{m})$ ,

$\xi-\rightarrow([\sigma\mapsto e_{m}(\xi(\sigma), P^{\prime})], [\tau\mapsto e_{m}(P, \xi(\tau))])$ .
Let $\kappa$ be the isomorphism given by the Kummer sequence for the field $k$ :

$\kappa:H^{1}(k, \mu_{m})\rightarrow^{\sim}k^{x}/k^{xm}$

Then using the isomorphisms $\kappa$ and $i$, we define an isomorphism
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$j:H^{1}(k, E[m])\rightarrow^{\sim}(k^{x}/k^{\times m})^{2}$ ,

$j=(\kappa\times\kappa)\circ i$ .

For any place $v$ of $k$, let $i_{v},$ $\kappa_{v},j_{v}$ denote the maps which are defined over $k_{v}$ in a similar
way as $i,$

$\kappa,$ $j$ respectively. Moreover, $e_{m}$ defines a cup product

$\langle$ , $\rangle_{v}$ : $ H^{1}(k_{v}, E[m])\times H^{1}(k_{v}, E[m])\rightarrow H^{2}(k_{v}, \mu_{m})\bigcup_{e_{m}}\rightarrow\frac{1}{m}Z/Zinv_{v}\sim$

where $inv_{v}$ denotes the invariant map.
Finally, let $( , )_{v}$ : $k_{v}^{x}/k_{v}^{xm}\times k_{v}^{x}/k_{v}^{\times m}\rightarrow\mu_{m}$ be the Hilbert norm residue symbol. Then

we dePne a bilinear map $\Phi$ as follows:

$\Phi:(k_{v}^{x}/k_{v}^{\times m})^{2}\times(k_{v}^{x}/k_{v}^{\times m})^{2}\rightarrow\mu_{m}$ ,

$((a, b),$ $(c, d))-\rightarrow(a, d)_{v}(b, c)_{v}^{-1}$

LEMMA 1. The following diagram is commutative:

$H^{1}(k_{v}, E[m])\times H^{1}(k_{v}, E[m])\downarrow j_{v}xj_{v}\rightarrow^{\langle,,\rangle_{v}\Phi}\frac{1}{m}Z/Z\downarrow i$

$(k_{v}^{x}/k_{v}^{xm})^{2}\times(k_{v}^{x}/k_{\nu}^{\times m})^{2}$ $\rightarrow$ $\mu_{m}$ ,

where $\iota(n/m)=e_{m}(P, P^{\prime})^{n}$ .
PROOF. If we define a pairing

$f:H^{1}(k_{v}, \mu_{m})^{2}\times H^{1}(k_{v}, \mu_{m})^{2}\rightarrow H^{2}(k_{v}, \mu_{m})$ ,

$((\xi, \eta),$ $(\phi, \psi))-\rightarrow[(\sigma, \tau)-\rangle(\xi\cup\psi)(\sigma, \tau)((\eta\cup\phi)(\sigma, \tau))^{-1}]$ ,

then by the definition, it is easily checked that the following diagram is commutative:

$H^{1}(k_{v}, E[m])\times H^{1}(k_{v}, E[m])\rightarrow^{\bigcup_{e_{m}}}H^{2}(k_{v}, \mu_{m})$

$H^{1}(k_{v}, \mu_{m})^{2}\times H^{1}(k_{\nu}, \mu_{m})^{2}\downarrow i_{v}xi_{v}$ $\rightarrow^{f}H^{2}(k_{v},\mu_{m})\downarrow id$

.

On the other hand, by [7] Ch. XIV Proposition 5, we have a commutative diagram

$ H^{1}(k_{v}, \mu_{m})\times H^{1}(k_{v}, \mu_{m})-H^{2}(k_{v_{\mathcal{V}}},\mu_{m})I^{\kappa_{v}\times\kappa_{v}}\downarrow\cup$

$k_{v}^{x}/k_{v}^{\times m}\times k_{v}^{x}/k_{v}^{xm}$

$\underline{(,)_{v}}$

$\mu_{m}$ ,
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where $v$ stands for the composition of $inv_{v}$ and $\iota:\frac{1}{m}Z/Z\rightarrow\mu_{m}\sim$ . Hence for $((\xi, \eta)$,
$(\phi, \psi))\in H^{1}(k_{v}, \mu_{m})^{2}\times H^{1}(k_{v}, \mu_{m})^{2}$ , we have

$v\circ f((\xi, \eta),$ $(\phi, \psi))=v((\xi\cup\psi X\eta\cup\emptyset)^{-1})=v(\xi\cup\psi)v(\eta\cup\emptyset)^{-1}$

$=(\kappa_{v}\xi, \kappa_{v}\psi)_{v}(\kappa_{v}\eta, \kappa_{v}\phi)_{v}^{-1}=\Phi((\kappa_{v}\xi, \kappa_{v}\eta),$ $(\kappa_{v}\phi, \kappa_{v}\psi))=\Phi\circ\kappa_{v}^{4}((\xi, \eta),$ $(\phi, \psi))$ .

Therefore the diagram

$H^{1}(k_{v}, \mu_{m})^{2}\times H^{1}(k_{v}, \mu_{m})^{2}\rightarrow^{f}H^{2}(k_{v}, \mu_{m})$

$\downarrow\kappa_{v}^{4}$

$\Phi$

$\downarrow v$

$(k_{v}^{x}/k_{v}^{xm})^{2}\times(k_{v}^{x}/k_{v}^{xm})^{m}\rightarrow$ $\mu_{m}$

is commutative.
Moreover, the composite map 1 $Z/Z\rightarrow H^{2}(k_{v}, \mu_{m})inv_{v}^{-1}\rightarrow^{v}\mu_{m}$ coincides with $\iota$ by

the definition of $v$ . This gives the desired result.

Taking account of Lemma 1, let ${\rm Im}\delta_{v}^{\perp}$ be the annihilator of ${\rm Im}\delta_{v}$ with respect to
$\langle$ , $\rangle_{v}$ , namely

${\rm Im}\delta_{v}^{\perp}=$ { $\xi\in H^{1}(k_{v},$ $E[m])|\langle\eta,$ $\xi\rangle_{v}=0$ for any $v\in{\rm Im}\delta_{v}$}.

Then by the definition of $e_{m}$, it can be shown that ${\rm Im}\delta_{v}\subset{\rm Im}\delta_{v}^{\perp}[4]$ .
On the other hand, the Tate pairing $E(k_{v})\times H^{1}(k_{v}, E)\rightarrow Q/Z[10],$ $[12]$ induces a

perfect pairing
$E(k_{v})/mE(k_{v})\times H^{1}(k_{v}, E)[m]\rightarrow\frac{1}{m}Z/Z$ ,

and this pairing is commutative with $\langle$ , $\rangle_{v}$ , namely the diagram

$E(k_{v})/mE(k_{v})\times H^{1}(k_{v}, E)[m]\rightarrow\frac{1}{m}Z/Z$

$\downarrow\delta_{v}x$ lift $\downarrow id$

$H^{1}(k_{v}, E[m])\times H^{1}(k_{v}, E[m])\rightarrow\frac{1}{m}Z/Z$

is commutative.
Hence, for any $\xi\in{\rm Im}\delta_{v}^{\perp}\subset H^{1}(k_{v}, E[m])$ , the image $\overline{\xi}$ in $H^{1}(k_{v}, E)[m]$ is an

annihilator for $E(k_{v})/mE(k_{v})$ . But the pairing is perfect, hence we have $\overline{\xi}=0$ . Therefore
$\xi$ is in the kernel of $H^{1}(k_{v}, E[m])\rightarrow H^{1}(k_{v}, E)[m]$ which is equal to ${\rm Im}\delta_{v}$ , hence
${\rm Im}\delta_{v}^{\perp}\subset{\rm Im}\delta_{v}$ , consequently we have

(1) ${\rm Im}\delta_{v}={\rm Im}\delta_{v}^{\perp}$ .
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3. The cases for odd primes.

In this section, we will embed the Selmer group $S^{\langle p)}(E/k)$ for an odd prime number
$p$ in some Galois cohomology group under some assumptions, and estimate the order
of $S^{\langle p)}(E/k)$ by making use of the genus formula.

Let assume that $E(k)$ contains the p-torsion subgroup $E[p]$ . Moreover we assume
that the following condition (A) holds.

(A) There are such generators $P_{1},$ $P_{2}$ of $p^{2}$-torsion subgroup $E[p^{2}]$ over $Z/p^{2}Z$

that the definition fields $K_{1}=k(P_{1}),$ $K_{2}=k(P_{2})$ of $P_{1},$ $P_{2}$ over $k$ are both cyclic extensions
of degreep over k, and if we put

$ G_{i}=Ga1(K_{i}/k)=\langle\tau_{i}\rangle$ $(i=1,2)$ ,

then

$P=P_{1}^{\tau_{1}}-P_{1}$ , $P^{\prime}=P_{2^{2}}^{\tau}-P_{2}$

generate $E[p]$ over $Z/p$Z.

We take the above generators $P,$ $P^{\prime}$ of $E[p]$ in order to define the map $j$ in Section
2 and consider the following maps

$E(k)/pE(k)\rightarrow^{\delta}H^{1}(k, E[p])\sim\underline{j}(k^{x}/k^{\times p})^{2}$

Then by the definition of $\delta$ and the condition (A), for any $\sigma\in Ga1(k/k)$

$\delta([p]P_{1})(\sigma)=P_{1}^{\sigma}-P_{1}\in\langle P\rangle$ .
Hence, the second component of the image $i\circ\delta([p]P_{1})$ becomes always trivial:

$(i\circ\delta([p]P_{1}))_{2}(\sigma)=e_{p}(P, P_{1}^{\sigma}-P_{1})=1$ for any $\sigma\in Ga1(F/k)$ .
Therefore the image $j\circ\delta([p]P_{1})$ is always in the form

$j\circ\delta([p]P_{1})=(a_{1},1)\in(k^{x}/k^{\times p})^{2}$

for some $a_{1}\in k^{x}/k^{\times p}$ . Similarly, the image of $[p]P_{2}$ is in the form

$j\circ\delta([p]P_{2})=(1, a_{2})\in(k^{x}/k^{\times p})^{2}$

for some $a_{2}\in k^{x}/k^{\times p}$ . For any $v\in M_{k}$ , the images $ofj_{v}\circ\delta_{v}$ are also given by

$\left\{\begin{array}{l}j_{v}\circ\delta_{v}([p]P_{1})=(a_{1},1)\in(k_{v}^{x}/k_{v}^{x_{p}})^{2}\\j_{v}\circ\delta_{v}([p]P_{2})=(1,a_{2})\in(k_{v}^{x}/k_{v}^{\times p})^{2}\end{array}\right.$

On the other hand, let $L/K$ be an arbitrary field extension. Then for an elliptic
curve $E/K$, the following diagram is commutative:
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$\delta$

$E(K)/pE(K)\rightarrow H^{1}(K, E[p])\rightarrow^{\sim}(K^{x}/K^{xp})^{2}$

$ E(L)/pE(L)\downarrow\rightarrow^{\delta_{L}}H^{1}(L,E[p])\downarrow res\rightarrow^{\sim}(L^{x}/L^{xp})^{2}\downarrow$

$ForanyP\in E(K),$ $K([p]^{-1}P)$ is contained inLifand only ifP is contained in pE(L),

and it is equivalent to that $\delta(P)$ is an element of the kernel of the map
$(K^{x}/K^{xp})^{2}\rightarrow(L^{x}/L^{xp})^{2}$ . Since the kernel is $((K^{x}\cap L^{xp})/K^{xp})^{2}$ , if we put $\delta(P)=(\delta(P)_{1}$ ,
$\delta(P)_{2})$ , it is equivalent to that $K(\sqrt[p]{\delta(P)_{1}},\sqrt[p]{\delta(P)_{2}})$ is contained in $L$ . Therefore we have

$K([p]^{-1}P)=K(\sqrt[p]{\delta(P)_{1}},\sqrt[P]{\delta(P)_{2}}$ for any $P\in E(K)$ .

Consequently, we have
$K_{1}=k(P_{1})=k(\sqrt[p]{a_{1}})$ , $K_{2}=k(P_{2})=k(\sqrt[P]{a_{2}})$ .

Moreover, it is clear that the subgroups of $(k_{v}^{x}/k_{v}^{xp})^{2}$ generated by $(a_{1},1),$ $(1, a_{2})$ , denoted
by $\langle(a_{1},1)\rangle_{v},$ $\langle(1, a_{2})\rangle_{v}$ respectively, are contained in ${\rm Im}\delta_{v}$ . Hence, taking the annihilators
with respect to the bilinear map $\Phi:(k_{v}^{x}/k_{v}^{xp})^{2}\times(k_{v}^{x}/k_{v}^{xp})^{2}\rightarrow\mu_{p}$ and by (1), we have

${\rm Im}\delta_{v}={\rm Im}\delta_{v}^{\perp}\subset\langle(a_{1},1)\rangle_{v}^{\perp}$ , ${\rm Im}\delta_{v}={\rm Im}\delta_{v}^{\perp}\subset\langle(1, a_{2})\rangle_{v}^{\perp}$ .

Let $(c, d)\in(k_{v}^{x}/k_{v}^{xp})^{2}$ be an annihilator of $(a_{1},1)$ . Then by the definition we see

$1=\Phi((a_{1},1),$ $(c, d))=(a_{1}, d)_{v}(1, c)_{v}^{-1}=(a_{1}, d)_{v}$ .

Hence $d$ must be an annihilator of $a_{1}$ with respect to the Hilbert norm residue symbol
and $c$ is arbitrary. In $k_{v}^{x}/k_{v}^{xp}$ the Kummer group for $K_{1,\omega}=k_{v}(\sqrt[P]{a_{1}})$ is the subgroup
generated by $a_{1}$ , denoted by $\langle a_{1}\rangle_{v}$ , and its annihilator with respect to the Hilbert norm
residue symbols is the norm of $K_{1,\omega}^{x}$ , namely $NK_{1,\omega}^{x}k_{v}^{xp}/k_{v}^{\times p}$ . Therefore we have

$\langle(a_{1},1)\rangle_{v}^{\perp}=k_{v}^{x}/k_{v}^{xp}\times NK_{1,\omega}^{x}k_{v}^{xp}/k_{v}^{xp}$ .

Similarly
$\langle(1, a_{2})\rangle_{v}^{\perp}=NK_{2,\omega^{\prime}}^{x}k_{v}^{xp}/k_{v}^{x_{P}}\times k_{v}^{x}/k_{v}^{xp}$ ,

where $K_{2.\omega},$ $=k_{v}(\sqrt[p]{a_{2}})$ . Hence we have an inclusion

(2) ${\rm Im}\delta_{v}\subseteq\langle(a_{1},1)\rangle_{v}^{\perp}\cap\langle(1, a_{2})\rangle_{v}^{\perp}$

$=NK_{2,\omega}^{x},k_{v}^{\times p}/k_{v}^{xp}\times NK_{1,\omega}^{x}k_{v}^{xp}/k_{v}^{xp}$ .

Let $\mathscr{O}_{1.\omega}$ denote the ring of integers of $K_{1,\omega}$ . Then if $K_{1.\omega}/k_{v}$ is unramified, we have

(3) $NK_{1,\omega}^{x}\equiv N\mathscr{O}_{1,\omega}^{x}$ $(mod k_{v}^{xp})$ .

Similarly, if $K_{2,\omega}^{x},/k_{v}$ is unramified, then

(4) $NK_{2,\omega}^{x},\equiv N\mathscr{O}_{2,\omega}^{x}$ , $(mod k_{v}^{xp})$ .
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Let $R_{i}$ be the set of places of $k$ which are ramified in $K_{i}(i=1,2)$ . Moreover we put
$T_{i}=R_{i}\cap S(i=1,2)$ , where $S$ means the same set as in Section 2. Let $T_{i}^{\prime}$ be the set of
places of $K_{i}$ lying above places of $T_{i}$ . Then $T_{i}^{\prime}$ -id\‘ele group $J_{K_{i},T_{i}^{\prime}}$ of $K_{i}$ is defined by

$J_{K_{i},T_{i}^{\prime}}:=\prod_{\omega\in M_{K_{i}}\backslash r_{i}^{\prime}}\mathscr{O}_{i,\omega}^{x}\times\prod_{\omega\in T_{i}^{\prime}}K_{i,\omega}^{x}$
,

where for an infinite place $\omega,$ $\mathscr{O}_{i,\omega}^{x}$ denotes $C^{x}$ . Note that by the assumption, $k$ contains
$\mu_{p}$ , hence $k$ and $K_{i}$ are totally imaginary.

For each placesv of k, we choose and fixaplace $\omega ofK_{i}$ lying abovev once for
all. Then by the semi-local theory, there exists an isomorphism

$\hat{H}^{0}(K_{i}/k, J_{\kappa_{i},r_{:}^{\prime}})\cong\bigoplus_{v\not\in r_{i}}\hat{H}^{0}(K_{i,\omega}/k_{v}, \mathscr{O}_{i.\omega}^{x})\oplus\bigoplus_{v\in r_{:}}\hat{H}^{0}(K_{i.\omega}/k_{v}, K_{i,\omega}^{x})$ ,

where $\hat{H}$ means the Tate cohomology.
Let $f$ be the composition of the following maps.

$\prod_{i=12},H^{1}(k_{T_{i}}/k, \mu_{p})\prod_{i=1,2}\underline{\prod t\prod_{v\epsilon T_{i^{tes_{\nu}}}})}(\sum_{v\in T_{i}}H^{1}(k_{T_{i},v}/k_{v}, \mu_{p}))$

$\rightarrow\prod_{i=12},(\prod_{v\in T_{i}}\hat{H}^{0}(K_{i,\omega}/k_{v}, K_{i,\omega}^{x}))$

$\subset_{\rightarrow}\prod_{i=12},(\hat{H}^{0}(K_{i}/k, J_{K_{I},T_{i}^{\prime}}))$ .

Then we have

LEMMA 2. There is an inclusion

$S^{\{p)}(E/k)=,$
$Ker\{ \prod_{t=12}.H^{1}(k_{T_{i}}/k, \mu_{p})\rightarrow^{f}\prod_{i=12},\hat{H}^{0}(K_{i}/k, J_{K_{i},T_{i}^{\prime}})\}$ .

PROOF. Looking at the following diagram
$\delta$

$E(k)/pE(k)$ $\rightarrow$ $H^{1}(k_{S}/k, E[p])$ $\simeq$ $H^{1}(k_{S}/k, \mu_{p})\times H^{1}(k_{S}/k, \mu_{p})$

$\prod_{v\in S}E(k_{v})/pE(k_{v})\downarrow\rightarrow\prod_{v\in S}H^{1}(k_{v},E[p])\downarrow resoinf\rightarrow^{\sim}\prod_{v\in S}\{H^{1}(k_{v}, \mu_{p})\times H^{1}(k_{v}, \mu_{p})\}\downarrow$

,

the Selmer group $S^{\langle p)}(E/k)$ can be expressed as
$S^{\langle p)}(E/k)=$ { $(\xi_{1},$ $\xi_{2})\in H^{1}(k_{S}/k,$ $\mu_{p})^{2}|res_{v}(\xi_{1},$ $\xi_{2})\in{\rm Im}(i_{v}\circ\delta_{v})$ for any $v\in S$ }.

Since the map $i_{v}$ is an isomorphism, we identify ${\rm Im}\delta_{v}$ with ${\rm Im}(i_{v}\circ\delta_{v})$ . Then, by (2), (3)
and (4), we have for each $(\xi_{1}, \xi_{2})\in S^{(p)}(E/k)$

$res_{v}\xi_{1}\in N\mathscr{O}_{2,\omega’}^{x}k_{v}^{\times p}/k_{v}^{xp}$ $(v\in S\backslash T_{2})$ ,

$res_{v}\xi_{2}\in N\mathscr{O}_{1^{\times},\omega}k_{v}^{\times p}/k_{v}^{\times p}$ $(v\in S\backslash T_{1})$ .
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On the other hand, by Kummer theory, there is an isomorphism

$ H^{1}(k_{S}/k, \mu_{p})\cong$ {$x\in k^{x}/k^{xp}|ord_{v}(x)\equiv 0(modp)$ for any $v\not\in S$ }.

Hence we have

$\left\{\begin{array}{ll}ord_{v}(res_{v}\xi_{1})\equiv 0(modp) & for any v\in T_{2} ,\\ord_{v}(res_{v}\xi_{2})\equiv 0(modp) & for any v\not\in T_{1}.\end{array}\right.$

Therefore we have an inclusion
$S^{\langle p)}(E/k)\subseteq\star H^{1}(k_{T_{2}}/k, \mu_{p})\times H^{1}(k_{T_{1}}/k, \mu_{p})$

$\cong$ {$x\in k^{x}/k^{xp}|ord_{v}(x)\equiv 0(modp)$ for any $v\not\in T_{2}$ }
$\times$ {$x\in k^{x}/k^{xp}|ord_{v}(x)\equiv 0(modp)$ for any $v\not\in T_{1}$ }.

Moreover, for $v\in T_{2}$

$res_{v}\xi_{1}\in NK_{2,\omega^{\prime}}^{x}k_{v}^{xp}/k_{v}^{xp}=Ker\{k_{v}^{x}/k_{v}^{\times p}\rightarrow\hat{H}^{0}(K_{2.\omega^{\prime}}/k_{v}, K_{2,\omega^{\prime}}^{x})\}$ .

Similarly, for $v\in T_{1}$

$res_{v}\xi_{2}\in NK_{1,\omega^{\prime}}^{x}k_{v}^{xp}/k_{v}^{xp}=Ker\{k_{v}^{x}/k_{v}^{xp}\rightarrow\hat{H}^{0}(K_{1,\omega}/k_{v}, K_{1,\omega}^{x})\}$ .

This gives the desired inclusion.

In general, let $K/k$ be any finite Galois extension and $G=Ga1(K/k)$ be the Galois
group. Then for a finite subset $T$ of $M_{k}$ , T-unit group $U_{k,T}$ of $k$ is defined by

$U_{k.T}=\{u\in k^{x}|v(u)>0$ for all real $v\in M_{k}^{\infty}\backslash T$ and
$ord_{v}(u)=0$ for all $v\in M_{k}^{0}\backslash T$} ,

where $M_{k}^{\infty}$ (resp. $M_{k}^{0}$) is the set of all infinite (resp. finite) places of $k$ . Let $T^{\prime}$ be the set
of places of $K$ lying above the places of $T$. Then the T’-unit group $U_{K,T^{\prime}}$ is also defined
in asimilar way. Let $J_{K,T}$ , be the T’-id\‘ele group of $K$, and $C_{K,T}$ , be agroup defined by
the following exact sequence

(5) $0\rightarrow U_{K,T^{\prime}}\rightarrow^{\alpha}J_{K,T^{\prime}}\rightarrow^{\beta}C_{K,T^{\prime}}\rightarrow 0$ ,

where $\alpha$ denotes the diagonal embedding.
Taking the Tate cohomology we obtain a long exact sequence

. . . $\rightarrow\hat{H}^{0}(G, U_{K,T^{\prime}})\rightarrow^{\alpha_{0}}\hat{H}^{0}(G, J_{K,T^{\prime}})\rightarrow^{\beta_{0}}\hat{H}^{0}(G, C_{K,T^{\prime}})$

$\alpha_{1}$
$\beta_{1}$

$\rightarrow H^{1}(G, U_{K,T^{\prime}})\rightarrow H^{1}(G, J_{K,T^{\prime}})\rightarrow H^{1}(G, C_{K,T^{\prime}})$

(6)
$\alpha_{2}$

$\beta_{2}$

$\rightarrow H^{2}(G, U_{K,T^{\prime}})\rightarrow H^{2}(G, J_{K,T^{\prime}})\rightarrow H^{2}(G, C_{K,T^{\prime}})$
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Let $Cl_{k,T}$ (resp. $CI_{K,T’}$ ) be the group $J_{k}/k^{x}J_{k,T}$ (resp. $J_{K}/K^{x}J_{K,T},$). Suppose that $T$

contains all the places which ramify in $K/k$ , and that $K/k$ is a cyclic extension, then
Aoki [1] shows the following genus formula:

Suppose that $K/k$ is a cyclic extension. Then it holds that

(7) $|Ker\alpha_{2}|=\frac{[K:k]|\hat{H}^{0}(G,U_{K,T^{\prime}})|}{ef_{T}}\frac{|(Cl_{K,T^{\prime}})^{G}|}{|Cl_{k,T}|}$ ,

where $e=\prod_{v\in M_{k}}e_{v}$ is the product of the relative ramification indeces in $K/k$ and
$f_{T}=\prod_{v\in T}f_{v}$ is the product of the relative degree of $v\in T$ in $K/k[1]$ .

In our case, the $T_{i}$-unit group of $k$ is given by

$U_{k,T_{i}}=$ { $u\in k^{x}|ord_{v}(u)=0$ for any $v\in M_{k}^{0}\backslash T_{i}$ } $(i=1,2)$ .

The T’-unit group of $K_{t}$ is also given in a similar form.
We define a map

$\lambda_{i}$ : $U_{k,T_{i}}k^{\times p}/k^{\times p}\rightarrow\hat{H}^{0}(K_{i}/k, J_{K_{i},T_{i}^{\prime}})$

by the composition of the natural surjection
$U_{k,T_{i}}k^{\times p}/k^{\times p}(\cong U_{k,T_{i}}/U_{k,T;}\cap k^{\times p})\rightarrow U_{k,T_{i}}/NU_{K_{i},r_{:}^{\prime}}(\cong\hat{H}^{0}(K_{i}/k, U_{\kappa_{i},r_{:}^{\prime}}))$ ,

where $N$ is the norm map from $K_{i}^{x}$ to $k^{x}$ , and

$\alpha_{0}^{\langle i)}$ : $\hat{H}^{0}(K_{i}/k, U_{K_{i},\tau_{:}^{\prime}})\rightarrow\hat{H}^{0}(K_{i}/k, J_{K_{i},T_{i}^{\prime}})$ ,

where $\alpha_{r}^{\langle i)}’ s$ are the maps obtained from taking cohomology groups for the exact se-
quence

$\alpha^{(i)}$
$\beta^{(i)}$

$0\rightarrow U_{K_{i},T_{i}^{J}}\rightarrow J_{K_{i},T_{i}^{\prime}}\rightarrow C_{K_{i},T^{\prime}}.\rightarrow 0$

as in (5), (6). Note that, since $K_{i}/k$ is a cyclic extension by the condition (A), $\hat{H}^{0}=H^{2}$

and $\alpha_{0}^{\langle i)}=\alpha_{2}^{\langle i)}$ . Using the genus formula (7) in order to estimate the orders of the kernels
of $\lambda_{i}’ s$ , we obtain the following upper bound of the order of the Selmer group.

THEOREM 1. Assume that $E(k)$ contains $E[p]$ and the condition (A) holds. Then

$|S^{\langle p)}(E/k)|\leq p^{2+d-r}\frac{|(Cl_{K_{1},T_{1}^{\prime}})^{G_{1}}|}{|(Cl_{k,T_{1}})^{p}|}\frac{|(Cl_{K_{2},T_{2}^{\prime}})^{G_{2}}|}{|(Cl_{k,T_{2}})^{p}|}$ ,

where $d=[k:Q]$ and $r=|R_{1}\backslash T_{1}|+|R_{2}\backslash T_{2}|$ .
PROOF. By the definition, the order of the kernel of $\lambda_{i}$ can be written as

$|Ker\lambda_{i}|=\frac{|U_{k,\tau_{:}}/U_{k,\tau_{:}^{p}}|}{|\hat{H}^{0}(K_{i}/k,U_{K_{i},T_{i}^{\prime}})|}|Ker\alpha_{2}^{\langle i)}|$ $(i=1,2)$ .
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By the Dirichlet’s unit theorem, we have $|U_{k,T_{i}}/U_{k,T_{i}^{P}}|=p^{i/2+|T_{i}|}$ where $d=[k:Q]$ .
Let $Cl_{k.T_{i}}$ , be the group $J_{k}/k^{x}J_{k,T_{i}}$ as above. Then, there exists an exact sequence

$0\rightarrow U_{k,T_{i}}k^{xp}/k^{xp}\rightarrow H^{1}(k_{T_{i}}/k, \mu_{p})\rightarrow(Cl_{k,T_{t}})_{p}\rightarrow 0$

where $($ $)_{p}$ denotes thep-torsion subgroup. Moreover the next diagram is commutative:

$0\rightarrow\prod_{t=12}.U_{K_{i},T_{t}^{\prime}}k^{xp}/k^{xp}\rightarrow\prod_{i=12},H^{1}(k_{T_{i}}/k, \mu_{p})$ $\rightarrow\prod_{i=12},(Cl_{k.T_{i}})_{p}\rightarrow 0$

$\downarrow\lambda:=\prod\lambda_{i}$ $\downarrow f$ $\downarrow$

$ 0\rightarrow\prod_{i=12},\hat{H}^{0}(K_{i}/k, J_{K_{t}.T_{i}^{\prime}})\rightarrow^{id_{.}}\prod_{i=12},\hat{H}^{O}(K\cdot/k, J_{K_{I}.T_{i}^{\prime}})\rightarrow$
$0$ $\rightarrow 0$

where $f$ is defined in Lemma 2. Then, by the Snake Lemma we see

$|Kerf|=\frac{|Cokerf||(Cl_{k,T_{1}})_{p}||(Cl_{k,T_{2}})_{p}||Ker\lambda|}{|Coker\lambda|}$ .

Since $|Coker\lambda|\geq|$ Coker $f|$ , we obtain

$|S^{\{p)}(E/k)|\leq|Kerf|\leq|(Cl_{k,T_{1}})_{p}||(Cl_{k.T_{2}})_{p}||Ker\lambda|$ .

On the other hand, by the genus formula, we have

$|Ker\alpha_{2}^{\langle t)}|=\frac{[K:k]|\hat{H}^{0}(K_{i}/k,U_{KT^{\prime}}:.:)|}{e_{i}}\frac{|(Cl_{KT_{i}^{\prime}}:.)^{G_{i}}|}{|Cl_{k.T_{i}}|}$ $(i=1,2)$ ,

where $e_{i}=\prod_{v\in M_{k}}e_{v}$ is the product of relative ramification indices in $K_{i}/k$ . Note that,
sinoe $K_{i}/k$ is a cyclic extension of degree $p$ by condition (A), the residue class degrees
are equal to 1 for any $v\in T_{i}$ . Hence we have

$|Ker\lambda|=|Ker\lambda_{1}||Ker\lambda_{2}|$

$=\frac{p^{2+4+|T_{1}|+|T_{2}|}}{e_{1}e_{2}}\frac{|(Cl_{K_{1},T_{1}^{\prime}})^{G_{1}}|}{|Cl_{k,T_{1}}|}\frac{|(Cl_{K_{2},T_{2}^{\prime}})^{G_{2}}|}{|Cl_{k,T_{2}}|}$ .

Since $|Cl_{k,T_{i}}|/|(Cl_{k,T_{i}})_{p}|=|(Cl_{k,T_{i}})^{p}|$ , and $e_{i}=p^{|R_{i}|}$ , we obtain the desired estimate

$|S^{\langle p)}(E/k)|\leq p^{2+d-r}\frac{|(Cl_{K_{1}.T_{1}^{\prime}})^{G_{1}}|}{|(Cl_{k,T_{1}})^{p}|}\frac{|(Cl_{K_{2}.T_{2}^{\prime}})^{G_{2}}|}{|(Cl_{k,T_{2}})^{p}|}$ .

Let $\dim_{p}$ denote the dimension over $Z/pZ$ . By the assumption, we have
rank $E(k)=\dim_{p}E(k)/pE(k)-2$ , and there is an injection $\delta:E(k)/pE(k)\rightarrow S^{\langle p)}(E/k)$ . Hence
we have the following

$CoROLLARY$ . We have an inequality

rank $E(k)\leq d-r+ord_{p}\frac{|(Cl_{K_{1},T_{1}^{\prime}})^{G_{1}}|}{|(Cl_{k,T_{1}})^{p}|}+ord_{p}\frac{|(Cl_{K_{2}.T_{2}^{\prime}})^{G_{2}}|}{|(Cl_{k,T_{2}})^{p}|}$ .
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4. The case for $p=2$ .
In the case of $p=2$ , the situation on the infinite places of $k$ is slightly different

from the one for odd primes. For an odd prime $p$ , the condition $E[p]\subset E(k)$ implies
that $k$ is a totally imaginary number filed. On the other hand, we deduce nothing about
the infinite places $k$ from the condition $E[2]\subset E(k)$ . However, if we make some
assumption on the infinite places in order to simplify the situation (for example, $k$ is
totally imaginary), then we can estimate the 2-Selmer group for $E/k$ in a similar way
for odd primes. In the case that $k$ is a totally real number field, we also obtain a similar
estimate as follows.

Let $k$ be a totally real number field, $E$ be an elliptic curve defined over $k$ . Let
assume that $E[2]\subset E(k)$ and the following condition (B) holds.

(B) There are such generators $P_{1},$ $P_{2}$ of 4-torsion subgroup $E[4]$ over $Z/4Z$ that
the definition fields $K_{1}=k(P_{1}),$ $K_{2}=k(P_{2})$ of $P_{1},$ $P_{2}$ over $k$ are both cyclic extensions
of degree2over k, and if we put

$ G_{i}=Ga1(K_{i}/k)=\langle\tau_{i}\rangle$ $(i=1,2)$ ,

then

$P=P_{1^{1}}^{\tau}-P_{1}$ , $P^{\prime}=P_{2^{2}}^{\tau}-P_{2}$

generate $E[2]$ over $Z/2Z$ .

This is the same condition as (A) for $p=2$ in Section 3.
Let $R_{i}$ be the set of places of $k$ which ramify in $K_{t}(i=1,2)$ , and put

$T_{i}^{(2)}:=(R_{i}\cap S)u$ {the places lying above $2$ } $\cup M_{k}^{\infty}$

THEOREM 2. Under the above conditions we have

$|S^{\langle 2)}(E/k)|\leq 2^{2+r}\frac{1(\prime}{|(Cl_{k,T\downarrow 2)})^{2}|}\frac{|(Cl_{K_{2},T_{2^{(2)}}^{\prime}})^{G_{2}}|}{|(Cl_{k,T\xi^{2)}})^{2}|}$

where $r:=|T_{1}^{\langle 2)}|+|T_{2}^{\langle 2)}|-|R_{1}|-|R_{2}|$ .

PROOF. Each element of $S\backslash T_{i}^{\langle 2)}(i=1,2)$ is a finite place. Henoe the argument is
completely similar to the one for odd primes. Note that since $T_{i}^{\langle 2)}$ contains all infinite
places of $k$ , for the $T_{i}^{\langle 2)}$-unit group $U_{k,I}i^{\langle 2)}$

’ the order ofthe group $U_{k,T_{l}^{\langle 2)}}/U_{k,T\downarrow 2)}^{2}$ is equal to
2 by Dirichlet’s theorem.

5. Elliptic curves without complex multiplication.

In this section, we show that if an elliptic curve has no complex multiplication,
then choosing some prime number $p$ and replacing $k$ by its finite extension if necessary,
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we can make the condition (A) in Section 3 to be valid.
Let $E/k$ be an elliptic curve defined over a number field of finite degree. For any

integerm $\geq 2,$ $E[m]$ isafree $(Z/mZ)$-module of rank2, and G$(m)=Ga1(k(m)/k)$ acts on
$E[m]$ where $k(m)=k(E[m])$ . Hence by taking some generators of $E[m]$ over $Z/mZ$ ,
there exists a homomorphism $G(m)\rightarrow GL_{2}(Z/mZ)$ . Let us assume that $E$ has no complex
multiplication. Then by Serre [6], [8], we know that for all but finitely many prime
numbers $p$ , the above homomorphisms are isomorphisms:

(8) $G(p^{n})\rightarrow^{\sim}GL_{2}(Z/p^{n}Z)$ for any $n\geq 1$ .

From an elementary fact, $theordersofGL_{2}(Z/pZ)andGL_{2}(Z/p^{2}Z)$ can be given by

$|GL_{2}(Z/pZ)|=p(p^{2}-1)(p-1)$ , $|GL_{2}(Z/p^{2}Z)|=p^{5}(p^{2}-1)(p-1)$ .
Hence, for any prime $p$ which satisfies (8), $[k(p^{2}):k(p)]=p^{4}$ . Let $P_{1},$ $P_{2}\in E[p^{2}]$ be
any generators of $E[p^{2}]$ over $Z/p^{2}Z$ . Then it is easily seen that for $\sigma\in G(p^{2}),$ $\sigma$ fixes
$E[p]$ and $\mu_{p^{2}}$ if and only if $([p]P_{1})^{\sigma}=[p]P_{1},$ $([p]P_{2})^{\sigma}=[p]P_{2}$ and $\sigma\in SL_{2}(Z/p^{2}Z)$ ,
because $[p]P_{1}$ and $[p]P_{2}$ generate $E[p]$ over $Z/pZ$ . We rewrite this condition in terms

ofmatrices. First, since $\sigma fixes[p]P_{1}$ and $[p]P_{2}$ , putting $\sigma=\left(\begin{array}{ll}a & b\\c & d\end{array}\right),a,b,c,d\in Z/p^{2}Z$ ,

$\left(\begin{array}{l}p\\0\end{array}\right)=\left(\begin{array}{ll}a & b\\c & d\end{array}\right)\left(\begin{array}{l}p\\0\end{array}\right)=\left(\begin{array}{l}ap\\cp\end{array}\right)$ , $\left(\begin{array}{l}0\\p\end{array}\right)=\left(\begin{array}{ll}a & b\\c & d\end{array}\right)\left(\begin{array}{l}0\\p\end{array}\right)=\left(\begin{array}{l}bp\\dp\end{array}\right)$ .

Hence we have $a\equiv d\equiv 1(modp)$ and $b\equiv c\equiv 0(modp)$ . Then if we put $\sigma=\left(\begin{array}{ll}1+p\alpha & p\beta\\ p\gamma & 1+p\eta\end{array}\right)$

for some $\alpha,$
$\beta,$

$\gamma,$
$\eta\in Z/p^{2}Z$ , since $\sigma$ is in $SL_{2}(Z/p^{2}Z),$

$\eta$ must be equal to $-\alpha$ . Therefore
$\sigma\in H:=Ga1(k(p^{2})/(k(p)X\mu_{p^{2}}))$ if and only if it is in the form

$\sigma=\left(\begin{array}{ll}1+p\alpha & p\beta\\ p\gamma & 1-p\alpha\end{array}\right)$ for some $\alpha,$
$\beta,$ $\gamma\in Z/p^{2}Z$ .

The number of such $\sigma’ sisp^{3}$ , namely $|H|=p^{3}$ , hence $[(k(p)K\mu_{p^{2}}):k(p)]=p$ . Moreover,
the subgroup of $H$ consisting of the elements which fix $P_{1}$ is a group generated by

$\sigma_{1}=\left(\begin{array}{ll}1 & p\\0 & 1\end{array}\right)$ . Similarly the subgroup which fixes $P_{2}$ is generated by $\sigma_{2}=\left(\begin{array}{ll}1 & 0\\p & 1\end{array}\right)$ and their

orders are both $p$ . Hence if we put

$K=(k(p)X\mu_{p^{2}}, P_{1})\cap(k(p))(\mu_{p^{2}}, P_{2})$ ,

then $K(P_{1})$ and $K(P_{2})$ are both cyclic extensions of $K$ whose Galois Groups are generated
by $\sigma_{2}$ and $\sigma_{1}$ respectively:

$ G_{1}=Ga1(K(P_{1})/K)=\langle\sigma_{2}\rangle=\langle\sigma_{2}|_{K\langle P_{1})}\rangle$ ,

$ G_{2}=Ga1(K(P_{2})/K)=\langle\sigma_{1}\rangle=\langle\sigma_{1}|_{K\langle P_{2})}\rangle$ ,
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Moreover,

$P_{1}^{\sigma_{2}}=\left(\begin{array}{ll}1 & 0\\p & 1\end{array}\right)\left(\begin{array}{l}1\\0\end{array}\right)=\left(\begin{array}{l}1\\p\end{array}\right)=P_{1}+[p]P_{2}$ ,

$P_{2}^{\sigma_{1}}=\left(\begin{array}{ll}1 & p\\0 & 1\end{array}\right)\left(\begin{array}{l}0\\1\end{array}\right)=\left(\begin{array}{l}p\\1\end{array}\right)=[p]P_{1}+P_{2}$ .

Hence $P_{1}^{\sigma_{2}}-P_{1}=[p]P_{2}$ and $P_{2}^{\sigma_{1}}-P_{2}=[p]P_{1}$ generate $E[p]$ over $Z/pZ$ . Therefore we
obtain the following.

PROPOSITION. Let $E/k$ be an elliptic curve without complex multiplication, and $p$ be
a prime number which satisfies the condition (8). Then there exists a finite extension field
$K$ of $k$ such that the condition (A) holds for $E/K$ and $p$ .
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