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1. Introduction.

This is a continuation of the preceding paper [3] with the same title. We shall treat
the series with “fractional powers” (see (1.1) below), which is a generalization of the series

oy ie‘“"’""' (t>0).
n=1m=1 N
Let K be a totally real number field of degree n and K@ (g=1, - - -, n) be the
conjugates of K. Let u be a number of X. We denote by u9 the conjugates of u in K@
(g=1, - - -, n) and define n-dimensional vector u=(u?, - - -, u™) correspondingly. More
generally, we consider n-dimensional complex vectors £ =(£,, - - -, £,). For such & we put

S(E)= il &, NE)= ﬁl £, .
q= q=

Let U be the unit group of K and U*={¢*|ee U} the subgroup of U consisting
of the k-th powers of units. Let «, B be the numbers of K. If «/f is an element of U*,
we say that o and B are associated with respect to U*. Let k and / be coprime positive
integers and 7,, - - -, 7, be non-zero complex numbers such that

14
Iarg‘cq|<i (q=1, - -, n).

Let a and b be non-zero fractional ideals of K.
Forsuchnumbersz,, - - -, 1,, k, land ideals a, b, we shall define the series as follows:

(1.1) M(t;a,b; k, )=M(ty, -, 1,50, b; k, 1)

1 2. exp{=2nS(lv || ulzh)},

wUx | N(u)| o#veb
O#uea
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where the outer sum is taken over all non-zero numbers of a, not associated to each
other with respect to U*, and the inner sum is taken over all non-zero numbers of b.
This sum is well-defined. If u, € a is associated to u, with respect to U*, then pu;, =¢*u,,
where ¢ is a suitable unit of K. Hence

I N(p1) | =| N(u)|

and the inner sum of (1.1) for u=yu, is equal to that for u=u,; in fact, we see that

Y exp{—2nS(|v[*|pi It} = Y exp{—2mS(|ve'|"|u, 12"}

0#veb O0#veb

= Y exp{—2aS(|v[*|p, 1t} ,

0#veb

which shows that (1.1) is well-defined.
We put

W ()=e 0TI (=0, - 1 1)

and define the sum, for 7,’s such that |argz,|<n/2kl (¢=1, - - -, n),

-1 1-1
(12) T(T; a, b; k9 I)= Z Tt M(lek.l(jl)s Y ank,l(jn); qa, b; ka l) .

j1=0  jn=0
Further we introduce the series
1

C(S, a)=o¢;“)caw (s=0'+it,0'>1),

where the sum is taken over all non-zero principal ideals contained in a. (See [3, p. 50]
or Lemma 2.1 below.)

Let d be the different ideal of K, D= N(d) be the absolute value of the discriminant
of K and R be the regulator of K. For any non-zero ideal a we denote by a* the ideal
(ad)~ 1. ‘

The purpose of this paper is to prove the following

THEOREM. Suppose that

T
< — =1, Tty .
largzy|<—+ @ n)

If we put
(1.3) &(t;a,b;k,1)=dT(7; a, b; k, 1)

CRTEAYA+KLBY (sin@k2) Y
N b/ D (sin(n/zl) >( ™
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njn nln
ﬂfj_ log(ty - 1,)+2"d,d, _L__
N(a)/ D kn!N(a)./ D
where di,=(2, k) and d;=(2, 1), then we have
N(ab)!2d(z; a, b; k, [)= N(a*b*)'/2d(t ™ 1; b*, a*; |, k) .

—2""2d,d, £™(0, a*),

The method of the proof is similar to that of [3]. First, in §2, we shall summarize
some properties of the zeta functions with Grossencharacters. Then, applying the
transformation formula of Hecke-Rademacher, we shall be able to represent
T(t; a, b; k, 1) as a series of complex integrals:

1

T(r;a,b;k 1)=)
7 2mi

f H,(s,7;a,b; k,l)ds . -
(i+1/2)

(See (3.13)). In §4, we obtain the functional equation satisfied by H,(s, 7; a, b; k, I) and
after that, we calculate the residues of H,(s, ; a, b; k, I) and prove our Theorem. In the
last section, we observe the case where K is the rational number field. In this case, we
can get a functional équation in the form of an infinite product.

2. Zeta functions with Grassencharacters.

Let A be a Grossencharacter and {(s, A; a) the series as follows;

A
(s, @)= ) ——(f)—— (s=o+it,a>1),
oxmea | N(u)|
where
A= ] |p@| 7,
q=1
and the v, are linear forms of the rational integers m,, - -, m,_,;
n—1
2.1 v,=2m ) e’m; (g=1, - -,n).
j=1

We assume that the coefficients {e{’} are determined by the fundamental units
€1, ", &,—1 Of K, that is, e (g=1, - -+, n;j=1, - - -, n—1) are the numbers satisfying
the following conditions:

Lef=0  (j=1-n=1),

L 1 if j=k
G) | (9) | — i k=1, -, n—1).
L e log| e {0 i ek U )
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(See [3, p. 51]). Here we note that

2 0=

q=1

LemMma 2.1. (1) (s, 4; a) has an analytic continuation over the s-plane and satisfies
the functional equation as follows;

2.2) I(s; 2)(s, 45 ) = ;\/’_’ 1—s D(L—s, T a¥),
where
2.3) rs =11 r(s’;i”q )

(2) If A#1, then
I'(s; A)(s, 4; a)
is an entire function.
(3) If A=1, then {(s, 1; a)={(s, a) and
I'(s/2)"L(s, a)

is a meromorphic function with only two simple poles at s=0 and 1.
(4) (s, a) is regular in the whole s-plane except at s=1, where {(s, a) has a simple
pole with the residue 2"~ ' R/N(a)\/D.

Proor. ([3, Lemma 2.2].) [

LemMMmA 2.2. (1) (s, a) has a zero point of order n—1 at s=0 and we have
{00, Q)= —(n— 1)1 -
(2) If we expand {(1 + s, a) for small |s| as follows;
{(1+s,a)= 2R 1

; "7 N@VD s

then

—+da)+0(s)),

! c(a)= N()J_

where vy is Euler’s constant.
Proor. ([3, Lemma 2.3].) O
! LEMMA 2.3. In the strip —1/2<0<3/2+max(l/k, k/l), we have

{ (log(2n)+v)+ C‘"’(O a*)}

o
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(2.4) {(s, 4 a)s— )P <1+ 2",
where
e(,1)={1 if A=1,
0 if A#1
and the constants implied in this estimation (2.4) depend on A and a.

Proor. If —1/2<06<3/2, then (2.4) holds ([4, Hilfssatz 15] or [3]). If
3/2<0<3/2+max(l/k, k/l), then {(s, 4; a)=O(1). Thus the lemma is proved. [

3. Representation by integrals.

Let &, - - -, &, be the fundamental units of K stated above. The elements & of U’
are of the form

e=(—1"ei* eny),

where b=0or 1 and a,, - - -, a,_, are rational integers. Hence the group index [U: U']
is 4"~ 1 and we can write the inner sum of (1.1) as follows;

(3.1) Y exp{—2nS(vPul®y= ¥ Y exp{—2nS(ve | ulrh)
0#veb v/Ul  geU!
O0#veb
2

= Y exp{—2nS(Iv I peter el 1)
dl vU' ay,,@n-1=—

0#veb

where the outer sum is taken over all non-zero numbers of b not associated to each

other with respect to U’ and a4, ‘- -, a,_, run through all rational integers.

Now we quote the transformation formula of Hecke-Rademacher [4]:

LemmA 3.1. Let W,, ---, W,_, be complex numbers with positive real parts. Then
we have
(3.2) Y exp{ —2nS(W|ek* - - -gkan1|)}
r ( S+iv, )
1 & 1 n k
- 2 : I1 +ivgk &
kR my,**yMu—1~ — O 27[1 (l+l/2)q=1 (anq) q
where my, - - -, m,_, run through all rational integers, the v, are the values in (2.1) and

the integrals in (3.2) are the complex integrals taken along the vertical line c=1+1/2.

Proor. ([4, Hilfssatz 14].) [
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Applying this Lemma with W, =|v@ | @ |7k (g=1, -+, n) to the sum in the
right-hand side of (3.1) and putting the result into (1.1), we have
2 1 &, 1

(3) M(abkl)=——"— ¥ ) > —
dk"R uux [IN(W)| vO' my-mney=-o0 27 Jg412)
O+#uea O#veb

I"( s+ivq>
k n n
l‘I |v(q)l—ivq/l l_[ | u(q)|—"vq/k

n
]-_:-[ 27“ k)(s +ivg)/k 4= a=1

x| N NG |~**ds .

In these integrands, we have, by the well-known estimation of the gamma function,

F(s+ivq)
k

(271:1.:)(3 +ivg)/k

(3.9 <(1+|t+v, ) 12 exp(—20|t+v,]),

where

260 = min (%—l argt, I) .

1<g<n

Hence we have the estimation of the right-hand side of (3.3);

1 1
M(t;a, bk, D< Y, Y Y
N /k+1/2k 1+1/21
e 0o |V INO)]

x §1=-wr exp( 0 Z 1+, |)dt

my, -, Mp - — q=1

Since this last sum over m,, - - -, m,_, is convergent ([2, p. 206]), we see that the series
in the right-hand side of (3.3) is absolutely convergent. Therefore we can change, in
(3.3), the order of the summation over {v}, {u} and m,, - - -, m,_, and, moreover, we
can invert the order of the summation over {v}, {u} and the integration. Thus we have

F(s+ivq>
2 x 1 n k

dlknR my, " yMp— 1= — 0O 27'ti (l+l/2)‘1=1 (2”1;)(s+ivq)/k

3.5) M(t;a,b; k, )=

2,

n
(q) | —ivg/k
" e IN(u)I‘“”‘ I
0#u

y 1

% l—[ | v@ | ~ivalldy |
o INOIT 4
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Now we consider the last series over v in this integrand;

h

n y@ |—ivq/l

(3.6)

n n
H | (q)|—ivq/lz l—[ Is(q)l—ivq/l ,
= £ g=1

0¢;v)cb IN( ) g

where ¢ runs through the complete system of the representatives of U/U'. Further we
see that

-1

n
3.7 Y 1—[1 | @ | vall = g, Z H | @ - - - @1 | Tiva/l
£ qg= ai

an-1=0g=

| From (2.1) and the definition of {ey’}, it follows that
‘ ﬁ |e@*1 - g @1 |~ivall
q=1

i n—1 n @ 2ni n—1
=exp| — Y Y au,logle®]| |=exp - Y am; ).

j=14g=1 ji=1

Hence

-1

n
(X Y Tl le@m e~

ag,an-1=04q=1

= 1_21 exp(—-ﬂl_"zl m) {ln_l if I{my, -0 my_y,

a1, an-1=0 0 otherwise .

Consequently we have, by (3.6), (3.7), (3.8) and the definition of the zeta functions,

n
H | (9) |— ivg/l

39
( ) o;/z[:ﬂ IN(V) Is/l

_{d,l”_IC(s/l, AL b)) if l| my, -l my_y,
0 otherwise ,

where A(v)=]]7_,|v®?|"*« and A' becomes a Grossencharacter.
Similarly we have

(3.10) 3

n
e w1 (T
T IN(#)I‘””‘ =

_{dkk"”C(l +s/k, At%; a) if k| my, o k| m,_y,
0 otherwise
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and A'* is also a Grossencharacter.
Since (k, [)=1, (3.9) and (3.10) show that

(3.11) > l—I p@ | ik I_[ V@ |~ ivall

ke 1+s/k a=1 T s/ 4=
g IN(u)I T |N(v)|

_{d,l"_ldkk"_lf(s/l, AL D)1 +s/k, AR ) if ki | my, -, kl | m,_,,
0 otherwise .

Putting (3.11) into (3.5) and replacing m,, ---,m,_, by kim,, - -+, kim,_,, we have
finally

3.12) M(t;a,b; k,1)

n—1 © 1 n F<s+iklvq)
— I1

kR my, -, Mp-1=—© 2mi a+1/2)4=1 (2nt:)(s+iklvq)/k

x {(s/1, A% B)L(1 +s/k, A a)ds ,

= 2dk

where the A are the Grossencharacters. The sum of the right-hand side of (3.12) over
rational integers m,, - - -, m, _, can be regarded as the sum X, over all Grossencharacters

A, SO we write
n I'(z,/k
z L f I‘I (Zq/ )
(

kyzq/k
27 Jgy1j2ya=1 Rmrgy

n—1
M(t; a, b; k, l)=2d,, !

x {(s/l, 2% B){(1 +s/k, A'; a)ds ,

where we put z,=s+iklv, (q=1, - - -, n). Moreover, we have, by the definition (1.2),

n—1 n F
T(z; 0, b; k. )=2d, — ! Z——f LR
2mi (l+1/2)q=1 (2mt )%

X i Z I_I (e~ 1~ 22Kt~z
Jj1=0 jn=0gq=
x {(s/1, A% B)L(1 + s/k, A%; a)ds
=24, ‘z_j [] e
(

k\zalk
2 Jas12a=1 2Ty

n I-
in(l— 1~ 2j)zq/2kl
x I1 Z e™ ’
q=1 j=0

x {(s/l, A% B)L(1 +s/k, AY; a)ds
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Y ‘z__f f k) sintnzy2)

2ni 1+1/2)4=1 (ZﬂT;‘)zq/k Sin(TCZq/2kl)
x {(s/l, 2%; B)C(1 + s/k, A'; a)ds
We write this last series as follows;
(3.13) T(t; a,b; k, 1)= Z——f H,(s,7; a,b; k, l)ds ,
3 27 Jasa2)

where

n—1 n .
(3.14) Hys, % a5 k D)=2d, - [] LCa/k)__sin(nzy/2K)
kR 4=1 (mtky* sin(nz,/2kl)

x {(s/1, A%; B)C(1 +s/k, A%; a) .

In particular we have, for A1=1,

(3.15) Hy(s, 7; a; b; k, [)=24d, "I (s/k)" )s<sin(ns/2k)

kR(2ry"™z, - - -z,p \ sin(ms/2kl) ) {(s/1, D)1 +s/k;, a) .

4. Properties of integrands.

Now we shall prove the following three lemmas on the properties of
H,(s, t; a,b; k, 1).

Lemma 4.1. (1) If A#1, then H,(s, 7; a, b; k, 1) is an entire function.

(2) H,(s,t; a,b; k, 1) is regular in the whole s-plane except at most two simple poles
at s=1 and s= —k and a double pole at s=0.

ProoOF. Using (2.3), we write (3.14) in the following form;
Hy(s,7;a,b; k, 1)

! l—[{ I (z,/k) 1 sin(rz,/2k) }
T kR =1 | @rekye T(z2DI(1/2+2,/2k) sin(rz,/2k])

x T(s/l; 2%{(s/1, 2% B)L (1 + s/k; ANC(1 +s/k, A5 a) .

Since
F(S) _ 2s—1 2s_17'51/2
*—F(I/Z +5/2) sin(7s/2) = ——— I'(s/2) sin(ns/2) = WF(I )

we have
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4.1) H(s,7;a,b; k1)
_ n— n \/_ 1 }
_2d“ 1:[ {2(7:1")%/* I'(z,/2D)[ (1 —z,/2k) sin(nz,,/2kl)
x L(s/l; A)¢(s/1, A% B)L' (1 +s/k; AHC(1 +s/k, 25 a) .

Since the product
I'(z/21)[(1 — z/2k) sin(nz/2kl)

is a meromorphic function of z having no zero points, the right-hand side of (4.1) is
the product of a certain entire function and of

I(s/l; A9¢(s/1, A% B)C(1 +s/k; A1+ s/k, A% a) .
From this fact and Lemma 2.1, the proof follows at once. []
LEMMA 4.2. H,(s, 7; a, b; k, I) satisfies the functional equation as follows;,

H,(s, t; a, b; k, l)=% (DN(ab)) " '*Hz(—s,t~1; b*, a*; |, k).

1
Proor. We apply the functional equation (2.2) to (4.1). Then we have
H(s,t;a,b; k, 1)
2d, "~ gk n { ﬁ 1 }
kRDN(ab) a=1 (2Amty)*e™* I'(z,/2))[(1—z,/2k)sin(rz,/2k])
x I'(1 —s/l; 2% —s/1, 2%, b*)(—s/k; A)(—s/k, 1Y a*) .

In the factors of this right-hand side, we use the following substitution
Ir'z20)r(1 —z/2k)= ——% Ir'(1+4z/20)I(—z/2k)

and we obtain
4.2) Hy(s,1;a,b; k,1)
_ 2dkrt { Jr 1 —1 }
IRDN(ab) q=1 { 2(mt;")™% I[(—z,/2k)[(1 +2,/2]) sin(nz,/2kl)
x I'(—s/k; A (—s/k, AT, a¥)C(1 —s/l; 291 —s/l, 7%, b*) .
Comparing (4.2) with (4.1), we see that the right-hand side of (4.2) is equal to

% (DN(ab)) " *Hz(—s,t~Y;b*,a%; L k). O
1
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LemMa 4.3. For —k—1/2<0<[+1/2, we have
Hiy(s, 75 a,b; k, )< exp(—n|t]),

where

_1 min(n lartl)
T2 rsaza\2k BT

The constants implied in this estimate depend on 1,71, a,b, k and l.

Proor. Inview of Lemma 4.2, it is sufficient to prove Lemma under the assumption
0<o<l!+1/2. From (3.4), (3.14) and Lemma 2.3, it follows that

H,(s,7; a,b; k, 1)

<(14|t|)*" ﬁ |:(1+|t+vq|)”2“’/"exp{ (——E—-—largt |)|t+v |}]

q=1 2kl
<exp(—nlt]). O

5. Functional equation and residues.

By Lemma 4.3 we see that
—k—1/2+iT
J H}_(S, 7, q, b$ k7 l)ds_')o (ITl"’CX)),
1+1/2+iT

where the integral is taken along the horizontal line from /+1/2+i7T to —k—1/2+iT.
Therefore by Lemma 4.1 and Cauchy’s formula,

1
(5.1 —_— H,(s,7; a,b; k, 1)ds

Tt Ja+1/2)

H,(s,t;a,b;k, l)ds, if A#1,

21u (—k—1/2)

f H,(s,t; a,b; k, )ds+ R(z; a, b; k, 1) if A=1,
27tl —-k—1/2)
where

R(t;a,b;k, )= ResH1+ResH1+ Res H,

s=—k

is the sum of the residues of H,(s, 7; a, b; k, ). Hence we have, by (5.1) and (3.13),

(5.2 T(t;a,b;k )= Z———f H,(s,7; a,b; k, )ds+ R(z; a, b; k, 1) .
(—k=-1/2)

72 27
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By Lemma 4.2,

Z—l—. H (s, 7; a, b; k, 1)ds
2 21 ) —x—1/2)

~% (DN@b)Y -1 f Hy(~s, 7% 6% a% | K)ds
dl A 27” (—k—1/2)

n
T

=i (DN(ab))™' ). f H,(s,771;b*, a*; I, k)ds .
dz A (k+1/2)

Thus we have, by (5.2),
(5.3) T(z;a,b; k, 1)
d ~1 1 -1
=—%(DN(ab))" ' > — H (s,T~'; b*, a*; I, k)ds
dl A T Jw+ 1/2)
+ R(z; a, b; k, 1)
=% (DN(ab)) " T(z"!; b*, a*; L k)+ R(z; a, b; k, ) .
1

Now we shall calculate R(t; a, b; k, I). First we easily obtain from (3.15)

24Ty (sin(nl/Zk) )

CA R H =y Utk o~ ) Reste/hb)
_ 2Ty <sin(nl/2k) ) VI
KNG/ D @ry™ \ sin(maky ) e e m)

As for Res,_ _, H,, it follows from Lemma 4.2 and (5.4) that

(5.5) Res H, = lim {(s+k)H,(s, t; a, b; k, 1)}
s=—k s~ —k

= _% (DN(ab)) ™' lim {(s—k)H (s, T~ !; b*, a*; I, k)}
1 s—k

2ndkknr(k/l)n ( 51n(7zk/2l) )nC(l +k/l b*)('tl Y 4 )k .

~IN@®)./D@my*" \ sin(m/2])
To calculate Res, ., H,, we expand the functions involved in (3.15) as follows;
k" nk" !
repyr=—--"_1 :
s s

(@myick- - gl k=] —% log(@m)'tk- - -th)+ -+ -,
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L(s/l, b)= _R . +—1— {0, b)s"+ - - -, (Lemma 2.2, (1))
2 2 ln_l n!l" b 9 b b
k2""1R 1
C(l +S/k, a)—-m -S—+C(a)+ Ty, (Lemma 22, (2)) ,

( sin(ms/2k)

n__ n 2
sin(ns/ZkI)) =+ 001,

then we have

lZn—l n 2an—1 n—1p2
(5.6) ResH,=2d, { A S e S P S
s=0 kR (2i""'N(a),/D 21" 'N(a)/D
k" k2"~1R k"R
+ {™(0, b) —c{a) _1}
nll" N(a)/ D 20"
12n—1 { 2n—1kn+1R2
=2 log(ty - " 1,)
“ kR 2" N /D '
nt+1lan-1 kn n—lR
+ KTZTR g, py— K2 £, a*)}.
n!l"N(a)/ D n!l""'N(a)/ D

Collecting the values of residues (5.4), (5.5) and (5.6), we have
2"I"F (k)¢ (1 +1/k, a) (Si.n(nl/Zk))"(Tl_ ceg)!
kN(b),/ D 2n)"* sin(r/2k)
2"k"T(k/1)"¢(1+ k/1, b%) (sin(nk/2l) )"(Tl. )
IN(b) \/’B Q)™ sin(r/21)

2"~k "R
+dy ————— log(t,* " ' 1,)

(5.7 R(z; a, by k, I)=d,

—d,

2"k 2"k

td— (0, b)—d —
* In'N(a)/D 0 D)= kn!N(a)\/ D

(™0, a*).

If we put
®D(t; a,b; k, 1)=d,T(1; a, b, k, ])

KT+ kL, B¥) <sin(nk/2z) ) .
+27d,d, o,
U ING)L/ DRyt \ sin(m/2]) @m)
k"I"R ki
__2"_2dd___—_1 C T, 2" d) ———— (n)O’ * ’
) N@) ) 0g(ty " * *1,)+2"d,d, knING@) D ™0, a*)
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then it follows from (5.3) and (5.7) that
(5.8) &(t; a, b; k, [)=(DN(ab)) " 1d(z~1; b*, a*; L k) .

Since N(ab)=(D*N(a*b*))~!, (5.8) gives (1.3) in Theorem.
Thus the proof of Theorem is completed.

6. A special case.

Suppose that Kis the field of rational numbers. Let a, b be positive rational numbers,
(@)=a and (b)=>b. Then our series M and @ are defined as follows;

6.1) M(t;a,b;k,))=M(z;a,b; k, 1)

=2da™! ) L Y. exp(—2mn(bn)"amt")
1M p=1

=2d,a"'log [ ] (1 —exp(—2n(bn)*'az*)} ~*
n=1

and
(6.2) D(t;a,b; k, )=D(t; a, b; k, 1)

-1
=d; ), M(re'™ 1722 g bk, 1)
o

sin(ntk/21) o+
sin(r/2/)

—2"'d,da"'kllogt+2d,da 1’0, a" ).

+2d,dyb~12m) ~HT( + K/ +k/L, b~ 1)

Further we see that
(s, a)=a"%(s),
where {(s) is the Riemann zeta function. Since

! ©)=——+
(O==7, {0O=——log@n),

we have
1 a
(6.3) £'0, a)=—{(0)loga+{'(0)=—log—.
2 2n
Now our Theorem gives the equation

&(t;a, bk, 1)=(ab) ("7 a L k).
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Hence we have, by (6.1), (6.2) and (6.3),

-1 o |
a”! Z log H {1 —exp(—2n(bn)/'arkei -1~ 202} ~1
Jj=0 n=1
sin(nk/2[) o

+b712m) MR + k1L + K1) Sinn/2)

kllor+llo 1
da B T2 B

k—1 <)
=a-—1 Z log H {1_exp(_zn(n/a)l/kb—1,t~lein(k—1—2h)/2k)}—1
h=0 n=1

sin(7ntl/2k) J

-1 =k, —1-1k
+b™1(2n) " g T(1+ k)L + 1K) Sin(u/20

kllo 1+klo b
4a gt 2a g27t.

Therefore, if we put

P(z; a, by k, [) =7~ **(2na)~"2 exp {a(Zn) ~HIBHL(L 4 k)L + k1) S22 "}

T
sin(z/21)

]
X 1_[ H {1 —-CXp( ——21t(bn)"/’a1:"ei"”_ 1- 2j)/21)} -1 ,

-1 o
j=

(=]

n=1
then
Pt;a, bk, )=Prx" 4 b Y, a Y 1k).
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