Tokyo J. MATH.
VoL. 21, No. 1, 1998

On the Multiple Gamma-Functions

Koji KATAYAMA and Makoto OHTSUKI
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In his paper [5], Shintani obtained a certain type of infinite product representations
of double gamma-function I', and Stirling’s modular form p, in the sense of Barnes.
On the basis of them, he derived the relations of theta-function and I', and of #-
function and p,. This is one of the points of his new proof for classical Kronecker’s
limit formulas.

The main purpose of the present paper is to settle the Shintani type infinite product
representations of r-ple gamma-function I' (w; @) and r-ple Stirling’s modular form p (&)
in the sense of Barnes.

In §2, we prove Lemma 1, which is powerful to establish the asymptotic expansions
of functions defined by some types of contour 'integrals. In §2.2, we introduce the
function LG,(z), which is a generalization of LG(z), first introduced and investigated
by Shintani [4]. In §2.3 and §2.4, we derive the asymptotic expansions of LG,,(z +a)
and logl(w + a; @).

On the basis of them, we construct LG,,, ;(z) in Theorem 1, §3.2, and the function
log P, , ;(w; ®) in §3.3, the latter of which is a generalization of log P(w; z) of [2] and is
essentially equal to logrl,, ;(w; @), up to an easier factor. Then the easier factor is
determined by the difference equations (1.2.6) satisfied by I', . ;(w; &) and thus we arrive
at the Shintani type infinite product representations of I', . ; and also of p, ;.

§3.4 is a by-product and gives a ‘simple proof’ of inversion formulas of theta-
function and of Dedekind n-function.

1. The multiple Bernoulli polynomials and the multiple gamma-functions in the sense
of Barnes.

1.1. The multiple n-th Bernoulli polynomials. The r-ple n-th Bernoulli poly-
nomial

rSn(W; wO, wb Tt wr—l)

of w with parameters w,, w,, - - -, ,_, is defined by
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(—1yte™ o (Z1fSEmd) & (—1FLSiw ap”
l_[:____é (1—e™ %) - k;I tk-1 Z n!

for |t|<|2m/wyl, -, |2n/w,_ |, where ,S,(w;®) is the abridged notation of
WSuW; 0o, @4, -+, 0,_ ) With @ =(w,, w,, * - -, ®,_,)and ,S¥(w; @) is the k-th derivative
of .S,(w; @) with respect to w.

Let B,(w) be the k-th Bernoulli polynomial defined by

(1.1.1)

te” _ v Bk(W)
e kZO
B, = B,(0) is the k-th Bernoulli number.

Then
B,w)=(B+w)

where in the binomial expansion of the right hand side, B=B" and B’=B; is the j-th
Bernoulli number.
Further, we have

(=tyre _ [lisg(=wit) _,, 1 (=1y
[Ti2i—e @t [lZate @ =1) A | MY

=exp(—(°Bwo+'Bw;+ - - +""'Bw,_, +w)t)

1 (=1y

r—1 r—1
t Hi=0wl

Hence, comparing this to (1.1.1), we have
(°Bwo+'Bw,+ -+ +""'Bw,_+w)"*" " n!
[Ti2s @i (n+r—1)!

where in the multinomial expansion of the numerator,

(1.1.2) ,Si(w; @)=

IB":BJ i=0, "',r_l
but
iBj'i,Bk¢Bj+k fOI' i, i’=0, "',r_l N

1.2. The r-ple gamma-function. Let w, ®,, - - -, w,_; be complex numbers with
positive real parts. We define r-ple Riemann zeta function {, by

(1.2.1) C,-(s; w, (Z))=Cr(s’ w, Cl)(), wl’ o "wr—l)
= Z~ w+mowo+mw,+---+m,_0,_;)"° (Res>r)
=0

where 0=(0, - - -, 0) and m=(mgy, m,, - -, m,_,), myeZ, m;>0. Here
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w*=exp(slogw)
and
logw=log|w|+iargw, —n<argw<m.

¢, can be continued analytically to a meromorphic function in the whole complex plane
via the integral representation

_I(i—s)e™" e "5 4t

B fl(l,oo) H:;é (1—e™*9)

where 0 <A <ming_; ., (|27n/w;|) and I(4, oo) is the path consisting of the infinite line

from oo to 4, the circle of radius 4 around 0 in the positive sense and the infinite line
from A to oo as shown below:

(1.2.2) Ls; w, @)

27

FIGURE 1. I(4, o©0)

¢, is holomorphic except for simple poles at s=1,2, -, r.
Put

. 0
—logpr(wOa wla T, Wy 1)= _logpr(d))= llm I:{ a C,,(S; W, (I))} +10gw:l .
w—0 A

s=0

p (@) is called the Stirling modular form (in the sense of Barnes). Then the r-ple

gamma-function I' (w; ®) =TI (w; ®,, @4, " * *, ®,_,) in the sense of Barnes [1] is defined
by

0 I'(w; &
(123 [— s aﬁ)} ~log L9

as 0@
Then
(1.2.4) lim wl(w; @)=1 .

w—0

From (1.2.3) and the integral representation of {,, it follows
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I —wt
(125)  log rwo) 1 .[ e "“logt dt
I

= —— —+(y —ni){(0; w, ®)
oy [ lico(1—e™9) ¢

where logt is real valued on the upper segment of /(4, o) and y is the Euler’s con-
stant, namely

p®)  2mi

1 1
L4 +——log(n+1)=y+0(n™").
n

For & =(wy, y, * - -, ®,_), we write @* =(wy, w;, * * *, ®,_ 1, ®,). It is known (or, easily
shown from (1.2.5)) that the following difference equations hold:

Fr+ 1(w7 Ca*) _ rr(w; (I)i*)

r,,(w+ow;o%) - pADTF)

(1.2.6)
for every i=0, 1, - - -, r, where @ means the r-tuple obtained by omitting w; from @*.
In particular,

(1.2.7) I, (o;®*)=pl(d}).

It is reasonable to define po( )=1.

PROPOSITION 1.
(1) 0, w, @)=(—1),Si(w; ®) .

ProoOF. By (1.1.1),

e—wtt—l
0; w, ®)=Res - =(—1),Siw; ®),
040w, D) =Res s =17, S 0
~ e—th_z 1 +1 ’ ~
Cr(- la w, (D)=RCS = (_ l)r rSZ(W; U)) . D

=0 [[ica(l—e@% 2
PROPOSITION 2. Let t be positive.

I (tw; td)

2 r'(w; @)

r—1 :
=exp[(—(— 1), Siw; @)+ kZO(— 1y ™, iSilwg @, -, wr~1))10gt] :

(i) P,(t(f)) =exP|:( '2_:1 (=1 7% St @, -, wr—l)) 10gt:| .
p (D) k=0

Proor. Differentiating {,(s; tw, t@d)=1t"°((s; w, @) with respect to s and putting
s=0, we have
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I,(tw; 1@ I'\(w; @
(1.2.8) tog LD _ ¢ (0; w, @) logi +log TR
pr(tﬂ)) pr(w)

Put w=w,. Then by (1.2.7) and Proposition 1, (i),
p,(tcT)) = pr—l(twl’ T twr—l)
pr((b) pr—l(wb T, Wy

Continuing this process we have (ii) of the Proposition. Then put (ii) into (1.2.8). We
have (). [

exp(— 1), S1(wo; @)log?) .

2. Asymptotic formulas.

2.1. Key lemma. We put

mo1
A,= Y —  for an integer m>0 and 4,=0.
k=1

LEMMA 1. For Rez>0 and an integer m=0,

1 —zt __\m
¢ logtdt= (=2)

m+1 m'

27 Jyw) ¢

(4,,—logz—y+mi)

where logt is real valued on the upper segment (A, + o) of I(4, ).
PrOOF. We write
1 e
I,=—— ——— logtdt,
27ti I(A,0) tm +1 g

1 —zt
Jm= - j € 1 logtdt 5
2ni Jya

[«¢} e*zt

A

where U(A) is the circle of radius A around the origin. Then I,,=J, + K,,. To compute
J..» consider the integral

L= 1,[ 10%11 dt
2ni Jyay

which is equal to

1 2“1 A 1 2n . : 1 2% ]
j 0gAtif L4y 1 j log4 e""””d0+l~-j fe=mdg .
2ni J,  Ame'™d 2n Jo A" 2n A" Jo '

Then we have



164 KOJI KATAYAMA AND MAKOTO OHTSUKI

2n . 2n
L= 1084 f d0+Lf 0d0=logA+mi
2 2n J,

Y 0

and for m>0,

2n ; 2n
- J - f be~mdo= —
2™ Jo 2nA™ Jo mA™
Hence
1 0 Y 4
J=— O ograr
21‘Cl U(l)k=0 tm k!

"ot (=2f (=) (—2)" .
=k;0 0 (m—k)l’""‘+ — (logA+ni)+€A),

where () denotes a function approaching 0 when A goes to 0.
Now, for the integral K,,, m=1, we have

1 0 z ® e—zt e—-z). z
K,=| — e # | —— dt= ——K,_,
mt™ 2 o m J, mi™ m

because of Rez>0. Hence,

_f1 (—2) (—2)? (—z)’”“}_d
K"'—{mzm m(m—l)/l""l+m(m—1)(m—2)l""2+ Ry
= K, .
m!

Here K, is computed as follows:

[* o0 —zt ) —zt -t © -t
e e —e e
Ky= dt=f ——t——dt+f — di

Ja t i

foo ,—zt__ ,—t s 1 1 e —~t
= £ dt—f { - ———}e"‘dt+f S
Ja t s Ll—e t 2 l—e

oo ,—zt__ ,—t © 1 1 © -t
= ﬁ_____e_dt—f { - —T}e_'dt+s(l)+f le —-dt

Jo t o L1—e a 1—e

(e o] —t

= —logz—y+s(l)+f

— dt=—logz—logi—y+e(d),
2 1—e

since, with u=e ™', the last integral is equal to
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° —du
J ~1—~—[log|u—l 1%-2= —log(l—e~ %)
= —log(M1+---)=—logi+e(4).
Summing up, we see that the integral /,,=J,,+ K,, is of the form

am am— 1

im lm—l

4+ +%+blogl+ao+8(l)-

But the integral 7, is independent of A. Hence I,, must be equal to a, which is the sum
of the constant terms of J,, and K,,. The constant term of J,, is (—z)"ni/m! and that of
K, is

1 (=2)" (—2) (—2m71 (—2" 1 (-2 (= )m
moom T mme1) m=nr T a1 (logz+7)
_ (=2 (Ap—logz—7),

m

which proves our lemma. [J

In general, we use the following notation: for a given integer m=0,

Q0 m o0 0
|: > a,,x"] = Y ax", { > a,,x"} = ) ax".
n=0 m n=0 n=0 m+1 n=m+1

For brevity, put

tre—at

[Tizo—

o, (a w)t"

g

Then by (1.1.1),

(2.1.1) (=1)"nl, S+ 1 -a; @)

(n—r+1)!

2 =

(—1ynl Sy "*Ya; @), O0£nsr—1
n(aa (,l))— {

The following lemma is easily obtained from Lemma 1.

LemMA 2. For Rea=0, Rez>0 and Rew;>0, i=0,1, ---,r—1,

1 ! [ rre” ™ - j| e “logtdt
210 Jrge) 1™ LTTZo (01— | 8
& Tl @) (=2

=2

S n! (m—n)!

(App_,—logz—y+mi).
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LemMma 3.

¢)) i ( )Tk(a =2 *=,T(z+a, D),
k=0

2

2 (,:),Tk(a; AN —2) T =(=1)r,Siz+a; @)
k=0
PrOOF. By definition,

tre—(z+a)t

_ i T (z+a; D"
[Tiso(l—e % #=o n! '
On the other hand, it is equal to

tre—at e8]

o T,(a; co)t" & —z)"t"
l—[le(l—e_“’") €= n;() n! ;
-y 3 Tk"('“) (= 'z)l =y { : y (n),Tk(a;a”))(—z)""‘}t".
n=0k+I=n ! I n=0 ( n! k=0 \ k

Comparing the right hand sides, we get (1). (2) follows easily from (1) and the formula
just before Lemma 2. [

LEmMMmA 4. For Rez>0, Rea=0,

. te” ™ e
lim { —:} — 1 logtdt=0.
=0 Jyy L1 —e7" Jpey 8

Proor. It is sufficient to show

lim J t"logtdt=0 for m=0,
A0 U(l)
since the integrand of the lemma is the sum of the terms of type ™ log?, m=0. We have

2n
J t™logtdt =j Amtletm* Dibj(og ) +i0)d0
U

0
and get the lemma. [J

LEMMA 5. For Reaz=0, Rez>0 and Rew; >0, i=0, -

- r_l,
o0 1 { te™ ™ } —zt
_ — e dt
J, e drtaeee e
a0 T . D
_ r n(a w) - (asymptotically for large IZ I) .
n=m+1 n(n_l)'..(n_m)zn "

Proor. The left hand side is asymptotically equal to
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i @ D) T an-mor gy
n! 0

n=m+1
Then the Lemma follows from the fact that the integral equals I'(n—m)/z""™. [O

2.2. The function LG, (z). For every integer m =0, we define the function LG,,(z)
by

(2.2.1)

1 —zt —1)"
LG, (2)=—— ! emﬂ logtdt+ (=1

B, (z)y —mi), Rez>0.
27‘Ei I(A,) 1_‘8

-t

In his paper [4], Shintani first introduced and investigated LG,(z) (=LG(z) in his
notation). The following Proposition generalizes Lemma 2 of [4].

PROPOSITION 3.

(1) LG,(2)= (=" i (m)Bkzm_k(Am—k—logz)+Jw{ t_ }‘ —e_:—i-itl_dt’
m! l—e™ Jpyy 1™

k=0 k 0
P PG _ _1G, ), (mz1),
dz
3) LG, (2)=logI(z)— + log2n) ,
@ 9LCo@ _ _ 12, 2,
dz

where ((s, z) is the Hurwitz zetafunction

o0

{(s, 2)= Z (z+m)~ s, Res>1,
0

m=

ra— —-smi -—ztts—l
=,_(Lj e___t_dt=gl(s; 2 1).
I(A,0) :

27i 1—e
5) LG,,,(z+1)—LG,,,(z)=—(——Z)m_i(Am_l—logz) mz=1),
- (m=1)!
—1yn—1 _1\m
©) LG )= 1y Ty mz2)
(m—1)! m!
and

LG,(1)={'(0)= — 7 log2m),

where ((s) is the Riemann zetafunction defined by
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{(s)= i ! R Res>1

n=1 n°

and has an expression

(2.2.2) {(s)=

ra— —sni —tts—l
—————( s)'e J er dt
I(A,0)

2mi l—e™
valid for any s.

Proor. (1) The integral of the defining formula (2.2.1) for LG,(z) is divided into
two parts:

1 t —2zt
(2.2.3) { _ } € __logtdr
1 t met 1 tm+l

2mi I(A,) —e

1 t —2zt
+— [ - :] ¢ — logedr .
21 Jraeyl 1—e7 " |, ™

The second integral is evaluated by Lemma 2 with r=1, a=0 and w,=1. The first
integral is divided to

1 t e ®© t e
_ —— logtdt + —dt.
2mi U(A){l-e—‘}m+1 il & L {1—9_t}m+1 1

Then (1) follows easily from Lemma 4.
(2) Note that

d
e B,(z2)=mB,,_4(2) .

Then (2) is straightforward.
(3) By (1), we have

a0 t —zt
LG, (z2)= —Byz(1 —logz)—B,(—logz)+j { T } ¢ drt .
2

(]

The integral of the right hand side is equal to

[e o] 1 1 l —zt
[t a
o 2 t e'—1 t

Then Binet’s first formula for logI'(z) (Whittaker-Watson [6], p. 249) shows (3).
(4)

dz 2ni —e ! logzdt

- _r e di=—102,2).

0 l—e_

dLGo(z)___ 1 '[ te”
I(A,©)
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&)

—zt __1ym.,m—1
LG, (24 1)~ LG (z)= — ¢ rogrdr+ =
m !

Tl I(A.,oo) t (m—].).

(y —mi)

because of B,(z+1)— B, (z)=mz™"'. Then the integral is nothing but

_ (_Z)m—l

In=1= =000

(4,,——1ogz—y+mi)
and (5) is obtained.
(6) It is known that
{Q1—m)=-B,/m for m>1, {0)=-1/2.
We have, differentiating (2.2.2) and putting s=1—m,

{'(1 —m)=(—1y"(I""(m)+ =il (m)) ZL j A
I

7Tl (l,oo) 1—-8_1 tm

)= D" LG 1)+ B (1))

-1, .
Sy (I'(m)+mi L (m)){(1—m)

(=1 Ym— 1)!LG,,,(1)+71n— B, (1)y—ni) .

Note that B,(1)=(—1)"B,,. Then LG,(1)={'(0)= —3log(2n) and we get

(=t _ (— 1)"B,(I''(m) + =i I (m))
(2.2.4) LG ()= 5 {1 =m)+ oty
+(—1)MM for m>1.
m!

It is easily seen that I'(m)(4,,_, —7)=1I"(m). Then the second term plus the third term
of (2.2.4) becomes (—1)"B,A4,,-/m!. O

2.3. Asymptotic formula for LG,,(z + a).

PROPOSITION 4. For Rez>0 and Rea=0, we have asymptotically for large |z |

LG, (z+a)= (—ml’)”' i (r]'z)Bk(a)z"’""Am_k— (=1 B, (z+a)logz

k=0 m!

< (—1)"B,(a)
n=m+1 Hn—1) - -(n—m)z" ™" '

+
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Proor. By Lemmas 2 and 4,

T tm+ 1

1 I: te—at :I e—zt
=— logtdt
271:1 I(A.,(X)) l—e—t m tm+1

1 te™* e * (-n"
+— ——— logtdt + B, (z+a)y—mi
2ni Jia w){l_e_t}m+1 g & m! ( )(V )

1 t e-(z+a)t (__ )m )
LG, (z+a)=—- — logtdt + B, (z + a)(y — ri)
o) 1 m!

_ ¢ (=1)'Bya) (2"

+fw{ te_ait} mt1 d (=nm B, (z+ a)y —mi)+&(4) .
+1 ! m!

A 1—‘e

(A, -x—logz—7y+mi)

Here the terms including y —zi vanish, since the terms including y — =i in the first sum
are gathered to

B, (z+a)(y —mi) .

(=N~
m!
We let A tend to 0. Note that
1T4(a; 1)=(—=1)"B,(a), n21, 1To(a; 1)=1.

Then Lemma 5 proves our Proposition. [J

2.4. Asymptotic formula for logl'(w+a; @). In [1], Barnes gave the asymptotic
expansion for logI'(w+ a; @) in the most general setting but his proof was very much
complicated. Here we present an easy proof which is based on Lemma 1.

PROPOSITION 5. For Rew>0, Reaz=0 and for d=(wy @, ", w,_,) with

Rew; >0, i=0, - - -, r—1, we have asymptotically for large |w|
_ln (r—n+1) ; ~Y r—n
log (W+a w) Z ( )rSl (a w)( W) (A,._,,—‘logw)
PAD) n= (r—n)!
+ i (=184 1(a; &)
n=1 n(n+ 1)w"

PrOOF. Our proof goes on the same way as for Proposition 4. We have by (1.2.5)
T (w+a; ®) "
(o)

1 T@rwiiogt  dt
=5 e,_l o_gm —+(y—ni),(0; w+a, ®)
27‘” I(l.oo) nlzo(l—e l) t

(2.4.1) log
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1 t'e” ™ e Mlogt
=5 r—1 —w;t r+1 dt
21 Sy LI Tico1—e7 20 1, 1

1 t'e™® e "logt
P r—1 — it r+1 dt
27 Jpgoy [ ioo(1—€79) )iy 2

+(@y—ni),,(0; w+a, D) .

The first integral of (2.4.1) is equal to

c rTn(a; (I)) ( - w)r -
n;O n! (r—mn)!

(A,-,—logw—y+mi).

- Since

1 r T AV r—n !
1o @O =Wy gt g 3)=£40; wota, @)
r! »=o n!(r_n)!

holds by Lemma 3 and Proposition 1, (i), y—ni disappears from (2.4.1). By Lemma 4,
the second integral of (2.4.1) equals

© 1 { tre—at } ot
— — e vidt
J‘o it H:=3(1"e R 1 I

which is equal to, by Lemma 5 and by (2.1.1),
S rTola; @)
n=r+1 Hn—1) - -(n—rw"" "
& (=) Sidad) & (=184 @)

T —r D= S nmn+ Dw”

Summing up, we get our Proposition. [

3. Multiple gamma-function and Stirling’s modular form.

3.1. The double gamma-function. Shintani, in his paper [5], gave the infinite
product expansions of the double gamma-function I'y(w; (1, z)), for w,z>0, and the
Stirling’s modular form p,((1, z)), z>0, as his Proposition 1. Then I',(w;(1, z)) and
p,((1, 2)) are continued analytically to holomorphic functions in the domains

{w,z); zeC—(—00,0], w# —(m+nz),m,n=0,1, - - -}

and {z; ze C—(— oo, 0]}, respectively. Also, he proved the following formulas (cf. [2],
[5]), for Imz>0,

(G.1D) pa(1, —2Dpalll, ) =22z 2n(2) exp{ni(i+—1—)} ,
4 12z



172 KOJI KATAYAMA AND MAKOTO OHTSUKI

Lw;(1,2) T(1—w;(, —=2) Ty(l+z—w;(1,2) Tw—z(1, ~2))

(3.1.2)
p2((1, 2)) p2((1, —2)) p2((1, 2)) p2((1, —2))
1@ (1  w—w?
" 9,w, 2) e"p{"’( 6 = )} ’
where

n(z)____eZuiz/24 ].—.[ (1 __e2m'nz) ,
n=1

91(W, Z)= 2e2niz/12 sin(nw)n(z) l"[ (1 _ezm'(w+nz))(1 _e2m‘(—w+nz)) .

n=1
In this case, the difference equations (1.2.6) become

ryw+1;(1, 2))=Ty(w; (1, 2))27) 2T (w/z) " ' exp{(1/2 —w/z) logz} ,

| (313) {FZ(W—I—Z; (1, Z))=r2(W; (1, z))(zn)I/ZF(W)_ 1

We constructed logI', in [2], going the converse way to Shintani’s, by the Weierstrass
principle from the asymptotic expansion of logI". More precisely, we first defined the
function log P(w, z) by

-y {logl"(w +nz)— (w +nz— %) log(nz)+nz— % log(27)
n=1

2—
L _w W}, (W, 2>0).

B 12nz 2nz

Here the inside of { } except for the first term gives the asymptotic expansion of
logI'(w+nz) up to n~ !-term. Thus { } is O(n~2) and the series converges. We call such
an obvious principle of construction the Weierstrass principle. P(w, z) can be continued
analytically to the domain of (w, z) aforementioned. Then we constructed I',(w; (1, z))
by attaching easier factors to P(w, z).

3.2. LG,(w)by the Weierstrass principle. - First, by the Weierstrass principle based

on the asymptotic expansion of LG,,(w +a) of Proposition 4, we define

(3.2.1) PG, (w)= — i {LG,,,(-w+n+l)—LG,,,(w+n)
n=1

=" % (”’)(Bk(w+1)—Bk(w»nm-'°(Am-k-logn)
m! =1\ k

(=" (B (w+ 1)—Bm+1(w))}
(m+1)n '
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For m=2, we have

n=1

PG,(w)= i {—(w+n)+(w+n)log(w+n)+n—(w+n)logn-%n_} ,

which was introduced and denoted by PG,(w, 1) in [3]. Also, there, the formula
(3.2.2) LG,(w)=wlog./2n +wlogw —w++yw? + LG,(1) + PG,(w)

with LG,(1)=1/12—{'(—1) has been given.
The right hand side of (3.2.1) is computed as

= — i {LGm(w+n+ 1)-LG,(w+n)
n=1

m'n

_ = ‘Z " kw"‘ln"'“"(Am_k—logn)——————(—l)mﬂwm
m! =1\ k

=— i {LGm(w-i—n-i-l)—LGm(W‘*'”)
n=1

_ =" mil (m_ 1 )Wk'ln'”'k(Am—k"log")

(m—1)! =1 \k—1
(__1)m e 1 _ (_1)m+1wm}
T " logn mn
= — i {LGm(w+n+1)—LGm(w+n)
n=1
m—2 (__1)k,,,k
-y SO G, 4 LG, )
k=0 k!

w ogn
(m—1)! m!n

(__l)m m—11 —(_1)m+1wm}‘

Here Propositon 3, (5) is used for LG,,_,(n+1)—LG,,_(n).

THEOREM 1.

(="

(_w)m—l m—2 .
(A —logw)+ 3, W*LG,, (1)
K=o k!

(m—1)!

LG, (w)=
-1y —1 m+ 1
+—(f7—1—_—%‘— wm‘llog./2n—L—n—$'— yw™+PG,,(w)
holds for m=1.

PrOOF. The partial sum of —PG,(w),
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(3.2.3) Y {LG,,,(w+n+ 1)— LG, (w+n)

—l)k k

-y
k=0
LGV — (—1)'"“w"'},

— (LG, _(n+1)—LG,,_4(n)

w ogn—
(m—1)! g min

is equal to
m-—2 (_ )k
=LG,(w+N)-LG,(w+1)— Z
k=0 k!

+_(__1_)T_ wm—1 logr(N)_w Nil i
(m—1)! m! n=1 N

Replace LG,,(w+ N), LG,(N), logI'(N), Y'¥ ! 1/n by
o i (Z)B"(W)Nm_k(f‘m—k—logN)+ O(N~1Y),

m! K=o

LG, n=0 ('Z )BkN'""‘(Am_k—logNHO(N*‘),

m! K=o

WHXLG,, - (N)—LG,,_ (1))

LG, (w+N)=

logI'(N)=(N—1/2)logN—N++log(2n)+ O(N~ 1),

N-— li 1
Zl 7=y+1ogN+ ON™Y).
Then terms going to infinity for N — oo, appearing in the formula so obtained, are of
the types N? (p=1), logN and N?logN (g=1) and (3.2.3) converges when N — 0.
Hence, diverging terms are canceled with each other. Finally we replace LG, (w+ 1) by

—uym—1
LG, w4+ 1)=LG, ) — " (4._,—logw). O
(m—1)!
3.3. The functions I'(w; @) and P (w; @). Recall that ®=(w,, w,, ' -, w,_) and
D* =(wy, 0y, ", ®,_ 1, ®,). Assume throughout that w, w;, i=0, 1, - - -, r, are all real

positive. By the Weierstrass principle, we define P, (w; @*) by

logP, . (w; 3*)=— ), {logf AW+ nw,; @)—logp,(d)

n=1

Lo (=D)"STTTTM(w; o) (—naw) "

— mzo

(Ar -m log(nwn))

(r—m)!

_(=D)LS5(ws 65)}

2nw,
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based on the asymptotic expanison of logI",(w; @) given in Proposition 5 (w, a are taken
as nw,, w here, respectively). P,(w; (1, z)) is denoted by P(w; z) in [2].
We have, by the difference equation (1.2.6) for I', 4,
Fr+1(w;(b*) o Fr+1(w+wr;a~)*) —l F,.(W,CZ))
Pr+1(@F) Pre+1(@%) ()
Therefore, for NeZ, N>0,

log

og Lreawi8%) | Lot Nowd®) N o Lwtno,; 0)
Pri1(@%) pr+1(@%) n=0 PAD)
We consider
Mk - Ak . N
(3.3.2) 10g Fl’+ l(w:w ) ___10 rl‘+ 1(W+Azwr’ w ) F,.(w,~CO)
Pr+1(@F) Pr+1(@F) pAD)
N—-1 F .
+ Z |:10g r(W+nfur’ (,l))
n=1 pr(w)
Lo(=DmSETETM(w; @) —nw,) "

(Ar -m log(nwr))

- X
m=0
(= LSy ca)]

2now

(r—m)!

r

(Ar -m~ log(na),))

N—-1 r (_ l)mrs(r-i-l—m)(w; d-))(__nwr)r—m
PR

(r—m)!

n=

PG AR AT } |

2nw,

Note that the first sum tends to —logP,, {(w; ®*) when N — 0.
The second sum is transformed to, by Proposition 3, (5),

N-1 r—1
) [ (= D)"Y "(w; @)y ™ ™(LG, - s 1() — LG, s 1(n+1))
0o

n=1 m=

L (=D)"SYT T (W @) (—nw,)

—(—1),Si(w; ®)logn— Y, logw,
m=0 (r'—m)'
4 (= 1" 185w 5’)]
2nw,
r—1
= Zo(—l)mr5§'+l_m)(w; ®)w; " ™LG, - m+1(1) = LG, - +1(N))

—(—1),S1(w; @)1ogI'(N) +(—1),Si(w; @) logw, — N(—1),S}(w; &) logw,
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N-1r—1 _lmS(r+1—m) ; ~N r—m
-y 'y (=D"Sy (w; @)(—nw,) logw,
n=1 m=0 (r—m)'

_1r+1S/ ;~ N—11
G ARE TR

2w, n=1 N

Now we know that
I, ,(w+No,; &*)
Pr+1(@%)
(=1 ST T @* =Ny T

— _ -1
-m;o o l—m) (A;+1-m—log(Nw,))+ ON™")

log

= ¥ (=)™, SEE2TMw @Ml LG, - e 2(N)— LG, _ s 2(N+1))
m=0

—(= 1)r+1r+ 151 (w; @*)logN

& (=D ST ¥ Noo) T

-2

log(w,)+O(N™),

m=0 (r+1—m)!
' (_l)k ‘ k k—1 -1
LG(N)= X Z IBIN (Ax-,—logN)+O(N™"),
' 1=o

(_l)k—l
LGk(N)—LGk(N+1)=Tka_l(Ak_1—logN),
N-1
Y n l=y+logN+ON"1),
n=1

log'(N)=(N—1/2)logN— N +log(2m)!? + O(N 1) .

Put these into the right hand side of (3.3.2), which must converges when N — oco. The
terms going to infinity for N — oo are of the types N? (p=1), logN and N?logN (g=1).
Hence diverging terms for N — o0 must be canceled out with each other. Therefore, as
N — 00, we have

Iy wo* - I'(wd)

- —— —logP, . (w; ®*)
Py 1(0%) p(®) “

—(=1)"1,,1Si(w; @*)logw, +(— 1), Si(w; @) logw,

(3.3.3) log

r—1
+ 2 (=S MW @)l T"LG, -t 1(1)
m=0
—1y*L.Sw; @
+ ( ) 2( Yy _

(—1),S1(w; @) log(2m)*/? .
2w,
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Put
D, (w; @*)=((—1y"", 1, Siw; ®*)—(—1),Si(w; @))logw,

(=11, Sy(w; By
20,

r—1
— > (=" ST M (w; B)ol T"LG, oy (1) —
m=0

+(=1),Si(w; @) log(2m)*/2,

=)"SET MW o —w) "

(r—m)‘ (Ar~m_10gwr)

7, 0%)= 3 !

(— 1)y 1,S5(w; @)
2w,

-+

for Cb:(wo, Wy, ", wr—l)s C?)*:((b9 CU,.). Then
10gPr+ I(W; d}*): - Z {logrr(w+nwr; d))—logpr(d))-— Wr+ l(wa dj, nwr)} s
n=1

I wo* I'(w®)

Pri (@) @)

log — P, 1(W; @F)

+ Y {logl'(w+nw,; &)—logp @) — ¥, 1(w; ®, nw,)} .
n=1

Put w=w, in the above. Since (1.2.7) shows

rr+ 1(“’0? (I)*):'pr(wls T, wr) ’ rr(wo; C?))=p,._1((01, Tt COr—l) s
we have
IOg pr(wla ) '~';CO,.) =10g pr—-l(wla ~a (1),..__1) —(Dr+1(a)0; d)*)
pr+1(('0 ) pr(w)

+ Y {logI' (@, +nw,; ®)—10gp(d)— ¥, + (we; &, nw,)} ,
n=1

pr(wls T, Cl),.)p,(d))
pr-1lwy, -, @)

logp, +,(@*)=log + @, 1(wo; B*)

- Z {IOEFr(wo +hnw,; Cb)_-logpr((b)_ q]r+ l(wO; @, nco,)} .
n=1

Then, by (3.3.3), we have

pr(a)la Y (D,.)

pr—l(wla R Cl),,__l)

logl', ;. 1(w; cb*)=log|: r,(w; CT)):I‘*‘ D, 1(wg; B*)— D, 4 1(W; B*)
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+ Z {log'(w+ nw,; @)—logl (w,+ hw,; ®)
n=1

+ ‘Pr+ 1((00; (b’ nwr)_ Tr+ l(w; dj, nwr)} .

Thus we get an infinite product expressions for I, (w; ®*) and p,.,(@*) which
generalize Proposition 1 of Shintani [5]:

THEOREM 2. Let w>0 and 0;>0,i=0,1, ---,r.
(1) Fpasbwo=—PO0 "20) g
pr— 1@y, ", @, _y)

< exXp(D, + 1(wo; D*)— D, . | (W: D))

< I'(w+nw,, ® . .
: l—[ [ ( ~) exp{ ¥, (@o; B, nw,)— ¥, ,(w; @, nw,)}
n=1 L I'(wq+nw,; d)

and this is continued holomorphically to the domain

{w,®*) ; w;eC—(—00,0],i=0,1, ---,r,

r .
w#E =Y _omw, meZ,i=0,1,--,r}.

*)= pr(wla T Q),.)p,.((b)

2 Pri1(@
pr—l(wl’ Tt wr—l)

exp(®, + 1(wo; @*))

° n {rr(wo + nwr; (D) - lpr((b) exp( lI’r+ l(wO; (I)a nwr))}
n=1

and this is continued holomorphically to the domain
{&*; ;eC—(—0,0],i=0,1, ---,r}.

For r=1, take w,=1 and put @, =z. Then

1 z 1
Siw;(,2)=—+—F+—F+—————, Siw; )= ——+w,
2wl ) = T T T, 2 1Siws )= —=—4w

1

1
SPOm D=1, 1S3 )=w2—wt—., LGa(1)=——{(~1),
1 z w2 1w w 1
4 ; (1, = + + " 4+ " Nogz—{——¢(—1
2(w; (1, 2)) (122 12 2z 4 2z 2) gz (12 ¢ )>z
2—
_ W 170) —(—i+w>log(21t)”2 s
2z 2
1 2_
W, (w; (1, 2)) = —2(1 -—logz)+(——2—+w> logz+w—;;+l—/6 ,
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Hence we have

r,w;Q,z))=Q2n)"? exp{( wow? _%> logz+~(w—2—2tlvly—}

2z z

< [(w+nz) w—w? . }
- I'(w )nl;ll T o) XP{ o +(1—w)log(nz) ¢,
_omexpd = ey Aoty ) }
p2((1, 2))=(2m) CXP{ TP z{'( 1)+( 57 12, logz

H 2m)Y2r +nz)~1! exp{igl— +( ; + nz) log(nz)—nz} )

These formulas coincide with the formulas of Proposition 1 in Shintani [5].
3.4. The inversion formula.

PROPOSITION 6. I (w; wg, @4, ***, ®,_,) and p(wy, ®y, * * *, ®,_1) are symmetric
with respect to g, Wy, " * *, W, _ .-

For short, we say that I'(w; @) and p,(®) are symmetric (with respect to @).

ProOF. (1.2.5) shows that log(I'(w; ®)/p,(®)) is symmetric with respect to &. Add
logw to the both hand sides of (1.2.5) and let w tend to 0. Then by (1.2.4), p(®) is
symmetric and the symmetricity of I'(w; @) follows. [

PROPOSITION 7. Assume that zo=1, 2,6 C—(—00,0] for I=1,2, -, r—1, and w
is such that w # -Z:;é m;z;,m;eZ,i=0,1, - -+, r—1.Thenforeveryl=1,2, - -, r—1,
1
. w 1 e
(l) rr(—'_, 19ia R SN ,"Z—l):Fr(W’ 19 21’ o .’Zr—l)
Z 4] 21 Z)

'CXp{((— l)rrsll(wa 13 21 77 Zr—l)

k=0

r—1
- Z (— l)r—kr-kSi(Zk; Zys 0y Zr—1)>logzl} .

1
.. z 1 .
(11) pr<19_i’ T, T, z 1>=pr(l7zb ”.,Zr—l)

Z 4] Z

r—1 '
° exP{—‘(kZ (_ 1)r—kr—ksi(zk; Zk5 T, Zr— 1)> logzl} .
=0

In particular, for r=2 and z, =z,

(iif) r2<1; (1, i)) —I,w; (1, 2)) exp{(l S (1 +i)) logz} ,
z z 2z 2 z
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. 1 3 1
(iv) Pz((ls ;))=pz((1, z)) exP{(Z__l—Z_;_%> lOgZ}-

ProoF. In Proposition 2, (i), (ii), put wo=z,=1, w,=z,, k=1,2, - -+, r—1, and
t=1/z,. (First, apply them to ¢>0. Then make analytic continuation.) Then (i), (ii) in
the present Proposition easily follow from the homogeneity (Proposition 2) and the
symmetricity (Proposition 6). [J

COROLLARY. For Imz>0,

(i) 91(3’ “l)”””z”i.. [Z9,00,2),
Z 4 l 1
(ii) n( —i)= [Z ).
zZ 1

PrROOF. We first derive (ii). Since Im(—1/z)>0, we have, by (3.1.1),

O N )

Then our Proposition shows

1 3 1
p2<(1, —7))=p2«1, —z»exp{<7+—l—2;+%) log(—z)},
1 3 1
pz((l, ‘z‘))=”2«1’ 2) e""{(?“—lzz ——1%) logz} .

Then (ii) is obtained by a straight forward calculation. Here note that log(—z) =logz —mi.
Proof of (i). In (3.1.2), replace w, z by w/z, —1/z, respectively. Then it becomes
(3.4.1)
Fo(25(1, —IDFH(1—25 (1, DYl =L =2 (1, —IYF (2 +15 (1, 1)
p2(1, — NP1, DNpa((1, —D)pa((1, 2))

= n(=1/2) expm’{i—z<—w——w—2)}.
8,w/z, —1/2) 6 z z?

Now, by (3.1.3) (=the difference equations),

(30 -G R (=)

Then by Proposition 7, (iii) and the symetricity (Proposition 6), we have
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1
()
zZ z zZ
Y
—I,(1—w; (1, —2)) exp{(l _d-w 1 (1 —i)(l - w)) log(—z)} :
2z 2 z

rz(lzv—; (1, —§>)=r2(1 —w (1, —2))(2n)" W(%)
. exp{(l —-(-1—%;-‘}2—% (1 —%)(1 —w)) log(—z)} .

In the same way, we have

oo oo (i)
zZ Z Z zZ Z zZ
=1 +z—w; (1, z))(zn)-1/2r(1 W)
zZ
-exp{<1+ (1+Z_W)2

<1+ < )(1+z_w)>10gz}
et (el o pr-2)

=I,(w—z;(1, —z))(27c)1/2F(1 )
z
-exp{(l (w 2)2 < l)w—z))log(—z)},
zZ
r( —)) r(5 () Jeror()
z Z z
w

=TI ,(w; (1, z))(2n)1/2r<—> 1

w2 1 1
* €Xp 1+§—? 1+°Z“‘ w IOgZ .

Put these into (3.4.1). Then a straight forward calculation shows (i).

181

Thus

‘“{5 N|~

N(»—
)—A

1 3

O
It will be worth to note that the inversion formulas for 3;(w, z) and #n(z) are derived

from the homogeneity and the symmetricity of p,(1, z) and I',(w; (1, z)) (only on the
basis of Shintani [5]).
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