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Let N={0, 1,2, - - -}. Every element aeN can be expressed as

n
a= Y o2"  for some n
i=0

where a;€{0, 1} for all i’s.

We can identify a with (e, oy, a5, =+, 2, 0,0, - -)e {0, 1}N. We also identify
{0, 1}V in the usual way with Z,, the completion of Z in the 2-adic valuation norm.

Thus N is imbedded in Z, as the 0-1-sequences with only finitely many 1’s, while
the negative integers are imbedded as those with finitely many 0’s. For example, if a is
a positive integer corresponding to the 0-1-sequence as above with a; =0 for any i>n,

then —a is identified with (0, -+, 0, 1, a,,, 1, O+ 2, - *), Where m is the smallest i with
m+1
a;=1 and we denote 0=1, T=0.

We denote by E the closure of a subset E of Z,.
Let us denote

A={Zsi22"“ ; €€{0, 1} and ¢;=1 for finitely many i’s}.

For w=(w,, w,, - *)e{—1, 1} with w;= —1 for infinitely many times, denote

Bw={28iwi22i ; £€{0, 1} and ¢ =1 for finitely many i’s} .

Let us denote
¢(A)={CcZ;0eCand A®C=Z},

where A @ C=Z implies that any element in Z can be written uniquely as a sum of
elements in 4 and C.
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THEOREM 1 (Y. Ito [1]). Let C be a subset of Z containing 0. Then, Ce 6(A) if
and only if all of the following conditions are satisfied:

(i) For y and & in C, either y=0 or the maximal number i such that 2° divides
y—0 is even,

(i1) if a subset C' of Z satisfies the condition (i) and C' > C then C'=C,

(ili) there exists an w=(wq, ®,, - )€{—1, 1}N with w;= —1 for infinitely many
times such that A® CoB,,

Y. Ito [1] conjectured that B, in the above condition (iii) can be replaced by any
D e ¥(A). The aim of this paper is to generalize the above result a little bit toward the
conjecture.

LEMMA 1. Let C be a subset of Z with 0e C. Then C satisfies the conditions (i) and
(ii) in Theorem 1, if and only if C=C N Z and

(*) there exists a unique set of ¢,: {0,1}"—{0,1} (n=1,2, - - ) such that for
any n=1,2, --- and £E=(&,, &y, -, &, 1) €{0, 1}", there exists an element c=(c,, ¢,
---)e C such that c,;=¢&;, (0<i<n—1) and that for any c with this property, it holds
that ¢;; 1 =¢(Co, &1, 75 &imy) (1 <i<n).

PrOOF. Assume that C satisfies the conditions (i) and (ii). Suppose that every
element in C takes O (resp. 1) at Oth coordinate. Let neZ be any odd (resp. even)
number. Then n—c is odd for any ce C and so Cu {n} satisfies the condition (i). It
contradicts the condition (ii). Thus for any a€ {0, 1} there is an element ce C whose
Oth component is a.

If two elements in C have the same Oth coordinate and different values as the 1st
coordinates, then the difference is divisible by 2! and is not divisible by 22. It contradicts
the condition (i). Thus, ¢, in the condition (*) is determined as the mapping from the
value in the Oth coordinate to the value in the 1st coordinate of the elements in C.

For n=1, 2, - - -, we define a condition

(P,): . there exists a unique ¢, such that for any (&,, &,, - - -, &,_,)€{0, 1}", there
exists a c=(cg, ¢;, - - )€ C such that c,;=¢&; (i=0, 1, - - -, n—1) and that for any ¢ with

this property, it holds that ¢,,_; =¢,(&s, &, -, € 1)
Assuming (Pl)’ Y (Pn)5 we prove (Pn+1)' Take any (607 619 T 6")6{0, 1}n+1- If
there does not exist c=(cy, ¢4, " )€ C such that c¢,;=&; (0<i<n), then for z=

(o> 2151523, ***, 8p, 0,0, - - )€ Z with z;  =di(0, &1, -7 75 &i- ) (1<i<n), CU {z}
satisfies the condition (1) by (P,), - - -, (P,), contradicting the condition (ii). Thus there
is an element c=(c,, ¢,, - - -)€ C such that c,;=¢&; (0<i<n). Take any c like this. Then
by the condition (i) and (P,), - - -, (P,), Can+ is determined by (&, &,, - - -, &,). Thus,
we determine ¢, ., (o, &4, -, €)=Cans1- Then, (P, ) is satisfied with this ¢, .

Hence we have (P,) for any n. Thus the condition (*) holds.

Assume that E=(&,, &,, - - )€ Cn Z. Then, it satisfies that &,,_; =@, &2, 7,
Ean-2) for all n=1, 2, - - - by the condition (*). Then for any ce C, either £=c or the
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first nonzero component of ¢ — & occurs at an even coordinate. This shows that Cu {¢}
satisfies the condition (i). By the condition (ii), £ C. Thus C=Cn Z.

Conversely, assume that C satisfies the condition (*) together with C=C N Z. Then,
(1) follows since for any c € C, its odd coordinates are determined by its even coordinates
before it.

To prove (ii), suppose that it is not satisfied. Then there exists ze Z\ C satisfying
that the maximum k such that 2* divides z —c is even for any ceC. Letz=(&,, &, - ).
Then, for any neN, there exists an element c=(cy, ¢y, - )€ C such that c¢,;=¢&,;
(0<i<n—1). Since the first k with &, #¢, is even, we have k>2n—2 for this k. Hence,
ze Cn Z=C, which is a contradiction.

The following lemma follows immediately from Lemma 1:

LeMMA 2. Let C be a subset of Z with 0 € C satisfying the conditions (1) and (ii) in
Theorem 1. Let ¢,’s be as in the condition (*). Then it holds that

(**) 6"'—‘(60’ 513 T )E(_j if‘and Only l.'f£2n—1=¢n(505 529 o ',éZn—Z)for any n=
1,2,

LemMA 3. Let C satisfy the condition (#*) in Lemma 2 for some set of ¢,’s. Then
A®C=2,
holds.
PrROOF. Let ¢,’s satisfy that for any £=(&,, &, - *)€Z,, £E€ C if and only if
Can-1=0u&0, &1s "7, C2p-2) (n=1,2,--").

For a given z=(zq, z,, " ')€Z,, we construct a=(xy, &, --*)€A and y=(y,,

+-)e C with z=a+7 as follows. ,

Since a5 =0, yo=2zy. By (**), y, is determined by y, =¢(yo). So «, is determined
by oy +7, =z, (mod 2), and the carrier c, is determined by c, =(ot; + 7y, —2,)/2.

For n>2 we can determine v,, «, and ¢, ; inductively by

Yat+cCn=z,(mod2), a,=0, and c,;;=0,+c,—2,)/2
if n is even, and
}’n=¢(n+ 1205 V25 * 7, Yu-1) >
%, +y,+¢c,=z, (mod2), and
Cnt 1= (% + V0t Cp—2,)/2

if n is odd.

Thus, we obtain « and y in Z, with z=a+y. It is clear that ae 4.

The uniqueness of the decomposition is proved as follows. If x +y =a’+ 7" happens,
then o —a’=9"—7y. By (**), y'—y is either 0 or the first coordinate with different values
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in y and y’ is even. However the first coordinate with different values in « and a’ is odd
if a#a’. Thus we have that a’=a and y'=7y.

THEOREM 2. Let CcZ with 0e C. Then, Ce 6(A) if and only if there exists a set
of ¢,: {0,1}">{0, 1} (n=1, 2, - - -) satisfying the condition (x*) in Lemma 2 such that

(¥) for any n>1 and for any (&, &y, - - -, &,—1)€{0, 1}", there exists an 1, >0 such
that

¢n+l(€0’ 615 Y én—l, 19 l’ ° 91)=1

1

Jor all 1>1,.

PrROOF. Assume that Ce %(A4). Then by Theorem 1, Lemmas 1 and 2, there exists
asetof ¢,: {0,1}"—{0, 1} (n=1, 2, - - -) satisfying (**) together with (*). Suppose that
(#) does not hold for it. Then there exists an n and (&, &;, - - -, &,_,) € {0, 1}" such that
Gnsios &1, 7, En1, 1, 1, - -+, 1)=0 for infinitely many /’s.

Define z=(z,, zy, " * ')ézz so that z,;=¢;, 2514 1 =i+ 1(80, &1, ~ -5 &) (0<i<n—1)
and z;=1 (i>2n). Then, z is a negative integer.

Define y=(yo, 71, **-)€C by y;=¢& (0<i<n—1), y;=1 _(iZ") and y,_,=
@:(Yo, V25 * * 5 V2i—2) for any i=1,2, - - -. Define a=(og, &;, - - -)€A by a;=1 for i>2n
with y;=0, and a;=0 otherwise.

Then, a+y=z and ae A\A4. This is a contradiction by Lemma 3, since by our
assumption, we have another decomposition of z into elements in 4 and C.

Conversely, assume that there exist ¢,’s satisfying the conditions (*x) and (#). By
Lemma 3, we have A@® C=2Z,. Therefore, for any z=(z,, z;, - - *)eZ there is an
a=(tg, &y, - " -)€Aand ay=(yo, ¥;, * - )€ Csuch that a4y =z. There are two cases for z.

Case 1. z>0. There exists an ny such that z,=0 for all n>n,.

Assume that there exists an even n with n>n, such that there is a carrier to the
n-th coordinate in the addition «+ y. Since z,=0 and «,=0, y,=1 and there is a carrier
to the (n+1)-th coordinate. So y,,, must be 1—«,,, since z,,,=0, and there is a
carrier to the (n+ 2)-th coordinate. Thus n+ 2 satisfies the assumption again. Therefore
ym=1 for all even m>n. By the condition (#), there exists an /,>0 such that y,;_, =1
for all i>n/2+1,. This shows that y is a negative integer.

Now assume that there is no carrier to the n-th coordinate for all even n
with n>n,. Then, y,=0 and there is no carrier to the (n+ 1)-th coordinate for all even
n with n>n,, since z,=0 and a«,=0. Thus the fact z,,,=0 implies a,,;=7,+,. If
®,+1=7Ys+1=1, there must be a carrier to the (n+ 2)-th coordinate. Hence we have
%, +1=",+1=0. Therefore y,=0 for all n>n,. This shows that y is a nonnegative integer.

Case 2. z<0. There exists an n, such that z,=1 for all n>n,,.

Let n>n, be even.

Assume that there is no carrier to the n-th coordinate in the addition a+7y. Since
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z,=1, y,=1 and there is no carrier to the (n+ 1)-th coordinate. So y,, ; mustbe 1 —a,, , ,
and there is no carrier to the (n+ 2)-th coordinate. Therefore, in this case, y,,=1 for all
even m>n. By the condition (#), y,;_;=1 for all i>n/2+1,. This shows that y is a
negative integer.

When there is a carrier to the n-th coordinate, n + 2 satisfies the above assumption.
Indeed, y,=0 since «,=0 and there is no carrier to the (n+ 1)-th coordinate. Since
Zy+1=1, yp+1=1—0a,,, and there is no carrier to the (n+ 2)-th coordinate.

DeFINITION.  Let Yy ={y,},>o beaset of maps y,: {—1,0, 1}" > { —1, 1} such that
for any (e, &1, -~ )€{—1,0, 1}, ¥ (0, &1, " *, &, 1)= — 1 for infinitely many n’s.
For a Y ={{,},-0 as above, let B, Z be the set of

ﬂ= 208n22n=(B03 ﬂls ﬁZa ©e )

such that e,e {—1, 0, 1} satisfies that either ¢,=0 or ¢,=V (¢, &;, * * *,&,—1) Where the
constant ¥, can be +1. '

THEOREM 3. Suppose that C is an infinite set of Z containing 0. Then, Ce €(A) if
and only if all of the following conditions are satisfied.

(i) For y and 6 in C, either y=35 or the maximal number k such that 2% divides
y—0 is even,

(i1) if a subset C' of Z satisfies the condition (i) and C'> C then C'=C,

(i)’ there is a B, as in Definition such that A® C> B,

LemMA 4. Let B, be as in Definition and B=(Bo, By, B2, =+ *)=2.&2%* €B,,. Then,
for any n=0,1,2, ---,

(1) B2n=PBon-1 if and only if &,=0, while &,=0 implies B, = Ban,

(i) PanF#Bon—1 if and only if ,#0, while ¢,#0 implies B,,, ,=(1—¢,)/2,
where we put B_,=0.

Proor. Since =0, 1, 3 (mod 4) according to ¢,=0, 1, — 1, respectively, we have
(1) and (ii) for n=0. Let n>1. Denote by s(n), the maximal number i with 0<i<n—1
such that ¢;#0. Put s(n)= —1 if ¢;=0 for all 0<i<n—1. Then B,,_, =1 if and only
if s(n)>0 and &, = —1. For, B,,_, =1 is equivalent to the fact that f is congruent to
a negative integer not less than —22"~! modulo 22", and that f8,,_,; =0 otherwise.

(1) If B,,=B.,_1, then B is congruent to an integer whose absolute value is
not greater than 22"~ ! modulo 22"*!. Hence we have ¢,=0. The converse is also true.
If ¢,=0, then B,,.,=p,, since s(n+1)=s(n).

(ii1) By (1), Bo.#P2n—1 if and only if ¢,#0. Moreover ¢,#0 implies s(n+1)=n,
and so B,,,,=0if¢,=1, and B,,.,=1if g,= — 1.

LEMMA 5. Let B, be as in Definition. Then, B, satisfies the condition (**).

ProOF. Let {¥,},»0o be as in Definition. Let B=Y % &,22"=(Bo, f1, ")
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(e.€{—1,0, 1}) be a number in B,

If Bo=0, then ¢,=0 and so ¢,(0)=p,=0. If B,=1, then ¢,=1 or gg=—1
according to the constant value ¥,. Hence ¢,(1)=0if g,=1 and ¢,(1)=1 if g,= —1.

Assume that ¢, ¢,, ' - -, ¢, are already defined.

If B2n=Bsn-1, then By, =P, by Lemma 4. If B,,# B, 1, then B,,,,=(1—¢,)/2
and ¢,#0. In this case, &,=V,(go, &1, " * *, &,-1) by the definition of B,. We define ¢, ,
by @,+1(Bos Bas ="+ B2n)=B2n if B2n=0,(Bo, B2, " "5 B2n—2) and ¢, ((Bo, B2, * -, B2s)
=(1—y,(€0 &1, " * 5 €4—1))/2 Otherwise.

Thus we have a set of maps ¢, : {0,1}"—>{0,1} (n=1,2, ---).

By the construction of ¢,’s, it is obvious that any g=(f,, Bi, --')EF,,, satisfies
Ban-1=0uBos B1> * 7> Ban-2) (n=1).

Conversely assume that B=(B,, B,, - ' *)€Z, satisfies that B,,_,=¢.(Bo, B2, " ">
B.,_,) for any n=1,2, - --. We define ¢, (n=0, 1,2, ---) by

={0 (B2n="PB2s-1)
1_2ﬂ2n+1 (ﬂ2n¢ﬂ2n—l)-

Then, by the definition of ¢,’s, ¢,7#0 implies that &,=y (g, €1, " " *» €n—1):
Moreover, it is not difficult to prove that

€n

n 2n
Y g2%= ) B2°  (mod23"
i=0 i=0
for any n=1,2, - - -. o

Hence we have f=) " &2%€B,.

LEMMA 6. For any B, as in Definition, we have B, e €(A).

Proor. By Lemma 5, we can take ¢,’s satisfying the condition (**) for this B,.
By Theorem 2, it is sufficient to prove the condition (#) for this ¢,’s.

Take any n and &=(&,, &,, - - -, &,-1)€{0, 1}". Then by the definition for ¢,’s, it
holds that if there exists />0 such that

¢n+lo(505 éls T, én—la 1’ 1’ o .91)——‘-1 >
\—.—ﬂ_-—l

lo

then ¢, (&0, &1, -, &1, 1, 1, -+ -,1)=1 for any />, by Lemma 4 (i). In this case,
the condition (#) holds. Sull)pose to the contrary that ¢, (&, &1, -, &nm s
1,1, ---,1)=0 for any />0. This implies the existence of (g,, &;, - - ) such that
lﬁ,,+,(lso, €, ", & +1-1)=1 for any />0, which contradicts the condition stated in

Definition. Hence, we have the condition (#).
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Proof of Theorem 3.

Assume that C < Z satisfies the conditions (i), (ii) and (iii)’. By Lemmas 2 and 3,
there exist ¢,’s such that C satisfies the condition (**) as wellas 4 @ C=Z,. By Theorem
2, it remains only to show that ¢,’s satisfy the condition (#).

Suppose that ¢,’s do not satisfy the condition (#). Then there exist an m and
(€0, &15 -7y E—1)€{0, 1}™ such that ¢, (g, €5, -+ Em—15 1, 1, - - -,1)=0 for infinite-

l
ly many /’s.

Let y=(y¢, Y1, 72" - ) € C be the element defined by
v20=¢; ((=0,1, ---,m—1) and y,=1 (i=m).

Note that y ¢ Z.

We denote 1, (n=1,2, ---) in the place of ¢, in the condition (**) for B,. We
can define a=(x, &, - - -)€ A and B=(By, By, " ° ')GF,,, such that «+y=p in a similar
way as in the proof of Lemma 3 as follows.

Since aq=0, fo=7,. Let B;=1,(B,) and define «; by a; +y; =, (mod2), and the
carrier ¢, is determined by ¢, =(a, +7, — f,)/2.

For n>2, we can determine f,, «, and ¢, inductively by

yn+cn—ﬂn

yn+cn=ﬁn (mod2), OC,,=0, and Cp+1= 2

if »n is even, and
ﬂn=T(n+ 1)/2(50, Bas s Bu-1) s
%, +y,+¢c,=B, (mod2), and

_ 0‘n-{"’yn'*"cn_'ﬂn
Cht1= 5

if n is odd. We denote also f=) 7  ¢2% where ¢;e{—1,0, 1} satisfying Definition
and determined by f,;_,, B,; and B,;,; by Lemma 4.

We shall show that a+yeZ. Then, « and y must be integers by the fact that
A @ C> B, It contradicts the fact that y¢ Z.

For i>m, we call i of type (b,e,c) if B,;_,=>b, g;=e and if c,;=c. We use the
symbol ‘*’ to define a type which is indifferent to the values in the position of ‘x’.
For example, i is of type (*, 1, 1) if and only if ;=1 and ¢,;=1. '

Case 1. If there exists i (i>m) of type (0, =, 1) or of type (*, 1, 1), then feZ.

Indeed, B,;=0 since there is a carrier to the 2i-th coordinate, a,;=0 and y,;=1.
By Lemma 4, we have that f8,;, ; =0. Since there is a carrier to the (2i+ 1)-th coordinate,
there must be a carrier to the (2i+2)-th coordinate. This shows that i+1 is of type
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(0, %, 1). Therefore we have f,=0 for all k>2i inductively. In this case, f is a non-
negative integer.

Case 2. If there exists i (i=>m) of type (1, *, 0) or of type (*, —1, 0), then feZ.

Indeed, B,;=1 since there is no carrier to the 2i-th coordinate, a,;=0 and y,;=1.
By Lemma 4, we have that §,;, ; = 1. Since there is no carrier to the (2i + 1)-th coordinate,
there must be no carrier to the (2i+2)-th coordinate. This shows that i+ 1 is of type
(1, %, 0). Therefore we have g, =1 for all k£ > 2i inductively. In this case, § is a negative
integer.

It remains to show that Case 1 or Case 2 always happen.

If i i=m) is of type (1, —1, 1), then B,,=0 since there is a carrier to the 2i-th
coordinate, a,;=0 and y,;=1. By Lemma 4, we have that B,;,,=1. Since there is a
carrier to the (2i+ 1)-th coordinate, a,;, +75;+ ;=0 (mod 2). There will be two cases.

If oy;41=75:+1=0, then there is no carrier to the (2i+2)-th coordinate. This
shows that i+ 1 is of type (1, *, 0) in the Case 2.

If y;+1=7,i+1=1, then there is a carrier to the (2i+2)-th coordinate. This
shows that i+1 is of type (%, 1,1) in the Case 1 or of type (1, —1, 1). However, type
(1, —1,1) cannot last indefinitely because of the assumption that y,,,._;=
Gm+i80s €15 " 75 Em-1, 1, 1, - - -,1)=0 for infinitely many /’s.

If i (i=m) is of type (IO, 1, 0), then f,;=1 since there is no carrier to the 2i-th
coordinate. a,;=0 and y,;=1. By Lemma 4, we have that f,;, , =0. Since there is no
carrier to the (2i+ 1)-th coordinate, a,;, ; +72:+ 1 =0 (mod 2). There will be two cases.

If o5, + 1 =7,i+1 =1, then there is a carrier to the (2i+2)-th coordinate. This shows
that i+ 1 is of type (0, *, 1) in the Case 1.

If 5;+ 1 =7,;+1 =0, then there is no carrier to the (2i + 2)-th coordinate. This shows
that i+ 1 is of type (*, —1,0) in the Case 2 or of type (0, 1, 0) again. However, type
(0, 1, 0) cannot last indefinitely because of the assumption that (¢, &1, ** ", &)= —1
for infinitely many i’s.
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