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Introduction

The purpose of this paper is to determine the structure of strictly complete discrete valu-
ation rings of finite dimension with equal characteristic, and moreover study the finite exten-
sions of these rings. First, we begin with recalling the definition of linear topologies associated
with valuation rings and complete valuation rings (see [7]).

For a valuation ring A, we consider the linear topology on Q A with fundamental system
of neighborhoods of O :

T4 ={am(A) |a € A, a £0).

This topology is said to be the A-topology on QA. Here QA is the quotient field of A and
m(A) is the unique maximal ideal of A.
For a valuation ring A, the completion

A =proj.limA/a (ae€ Xy)

with respect to the A-topology is also a valuation ring (see [7, Theorem 1]). If A = A holds
naturally, then the valuation ring A is said to be complete. Here we introduce the notion of
strictly complete valuation rings as follows:

DEFINITION. A valuation ring A is said to be strictly complete, if the valuation rings
A /p are complete for any p € Spec A.

For valuation rings of dimension one, the strictly completeness is equivalent to the com-
pleteness. However, for n 2 2, there exists a complete valuation ring of dimension n, which
is not strictly complete. See Example 2. The main results are stated as follows:

THEOREM 1. Let A be an equal characteristic strictly complete discrete valuation
ring of dimension n and K = QA.
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(i) Then there exist a subfield k of A and ty, - - -, t, € A such that

A=k @ Lik(@) - - - (e DI4]], K =k(@)--- (1),

i=1

and t; is transcendental over k(t,)) - - - (ti+1)) foranyi € {1, --- ,n}.
(ii) There exists an additive valuation ordy : K* — Z" of K corresponding to A
which satisfies ordA(t;n1 cee ™y = (my, -, my) forany (my, - -+ ,my) € Z".

(iii)  If the residue field A/m(A) is a perfect field of characteristic p (p # 0), then the
coefficient field k of A is determined uniquely.

THEOREM 2. Suppose that A is an equal characteristic strictly complete discrete val-
uation ring of dimension n and K = QA. For a finite extension K'/K of fields, let A" denote
the integral closure of A in K'. Then

(1) A’ is also an equal characteristic strictly complete discrete valuation ring of di-
mension n and K' = QA’. Moreover we obtain A = K N A'.

(ii) Let e be the ramification index of A’/ A and f the relative degree of A’/ A, in other
words

e=e(A'JA) = (K'" /A" : K*/A®),
f=f(A"JA) =[A /m(A)) : A/m(A)].

If we put
orda(t1)
M = e M(n,Z)
ord g/ (1)
forty, - - -, t, determined in Theorem 1, (i), then

e=detM, ef=[K:K].

(iii) A’ is a free A-module of rank [K' : K].
(iv)  If the extension A/m(A) — A’/m(A’) is separable, then for any coefficient field
k of A, the algebraic closure k' of k in K’ is a coefficient field of A’.

The author wishes to express his thanks to Professor Shigeru litaka for his advices and
warm encouragement.

1. Here we shall prove Theorem 1.

First we consider the case that dim A = 1. The following results are well-known (see [4,
Theorem 28.3]).

LEMMA 1. (i) Let A be an equal characteristic complete discrete valuation ring of
dimension one. Then there exist a subfield k of A andt € A such that A = k[[t]].
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(i) For a field k and an indeterminate t, we put A = k[[t]], K = k(). For a finite
extension K'/K of fields, let A’ denote the integral closure of A in K'. Then there exist a
subfield k' of A’ andt' € A" suchthat A’ = k'[[t']], K’ = k'(t"). If the extension A/m(A) —
A’ Jm(A") is separable, then we can take k C k'.

LEMMA 2. If a valuation ring A is strictly complete, then both the valuation rings
A/p and Ay are also strictly complete for any p € Spec A.

The proof is easy from the definition of strictly complete valuation rings and [7, Corollary
to Lemma 5].

PROOF OF THEOREM 1. (i) We shall prove by induction onn = dim A. Forn =1,
it is easy from Lemma 1, (i). Let A be an equal characteristic strictly complete discrete
valuation ring of dimension n. Then we can write Spec A = {po, p1, -+ , Pn}, Where p;_1 C
pi (1 =i < n). By Lemma 2, Ap | is an equal characteristic strictly complete discrete
valuation ring of dimension n — 1. Thus, by the assumption of induction, there exist a subfield
kiof Ap, ,andty,---,t;,—1 € Ap, , suchthat Ay, | = kl@@?;ltikl((tn—l)) SR CESDIILAIE
Then by

n—1
pu1 =m(Ap, ) = @Ptiki(ta1) - - (s )11,
i=1
we have 71, - -+, t,—1 € A. Since A/p,—1 is an equal characteristic complete discrete valu-
ation ring of dimension one, we can write A/p,_1 = k[[#,]], by Lemma 1, (i). Noting that
Q(A/pn-1) = Ap,_/m(Ay,_,) = ki, we obtain A = k @ P[_1;k(%)) - - - (G 1))[[5:]].
(ii) is easy from [7, Example 3].
(iii) is proved by the similar method to the case that dim A = 1.
COROLLARY TO THEOREM 1. Any equal characteristic strictly complete discrete val-
uation ring of finite dimension has a coefficient field.

REMARK. There exists an equal characteristic strictly complete discrete valuation ring
of finite dimension which has at least two coefficient fields. See Example 1. On the other
hand, if n = 2, then there exists an equal characteristic complete discrete valuation ring of
dimension n which has no coefficient field. See Example 2, (ii).

EXAMPLE 1. Let k be a field and ¢;, #; indeterminates. Then the coefficient field of

the equal characteristic complete discrete valuation ring A = k[t1, #2](;,) of dimension one is
not determined uniquely, even if we assume that the coefficient field contains k.

EXAMPLE 2. Letkbeafieldandz, --,t, (n = 2) indeterminates.
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(i) Then both the valuation rings

n
A =tik(ty, -+, )11 & @ik @, -+ tig )il Dk,
i=2

n—1
B = @tik(tn)((tnfl)) < (@51 @ Kl e,

i=1

are equal characteristic complete discrete of dimension n, but these are not strictly complete.
Note that k is a coefficient field of A and B.

(i) Suppose that k is not algebraically closed. Take an irreducible polynomial p €
k[t,], deg p = 2, and put

n—1

A =tk(ty, -, )nll @ @tik(tn, oL i D @ Kl p)
i=2
n—1

B = @tik(tn)((tnfl)) c )] @ K[ty -

i=1

Then both A and B are equal characteristic complete discrete valuation rings of dimension 7,
but these are not strictly complete. Moreover both A and B have no coefficient field.

2. Here we shall prove that any equal characteristic strictly complete discrete valuation
ring of finite dimension is a Henselian ring.

For a field K, let Zar K denote the set of valuation rings of K. Then the set Zar K has
a structure of local ringed spaces. For an extension K C L of fields, the mapping

Zar L — Zar K
Zarp|k : w w
B — KNB

is a morphism of local ringed spaces (see [5]).

LEMMA 3. Let A be a valuation ring and K = QA. For a finite extension L/K of
fields, we put B = NL7}( (A). Here Ny j : L — K is the norm mapping.
(i) The following two conditions are equivalent:
(1) B is avaluation ring of L and satisfies A = K N B, that is, B € Zar[ul((A).
2) xeB = 1+xeB.
i) A#K< B#L.

The proof is easy.
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LEMMA 4. The valuation ring A = k @ @f’:ltik((tn)) -« (ti+)I[#]] is a Henselian
ring. In other words, for an indeterminate t over A and for any f € Alt], the following
statement holds; if there exist g, ho € A[t] such that

(ao) f — goho € m(A)[1]

(bo)  gg is monic and deg g = 1

(co) agog+bho—1em(A)[t] for somea, b € Alt],
then there exist g, h € A[t] such that

(@) f=gh

(b) g is monic and deg g = degg,

() 9g—9go.h—hoem(A)r].

PROOF. Put p, = @/_1ik(t) --- (ti+))ls]] for r € (0, ,n}). Then p,_1 C p;

(1 £ r £ n)and Spec A = {po,p1,---,bn}. By the repeated use of the fact that any
complete valuation ring of dimension one is Henselian, there exist g,., h, € A[¢] such that

(@) f—g:hr €pnrlt]

(by) g, is monic and deg g, = deg g

(er) 9, — 9o, hr —ho € m(A)[z],
forany r € {0, --- ,n}. Then ¢ = g,, and h = h,, satisfy the conditions (a), (b) and (c).

COROLLARY 1. Let f = aot" + a1t ' + -+ an_1t +a, € Altl. Ifap € m(A),
ao # 0 and there exists i € {1,--- ,n — 1} such that a; € A, then f is reducible in A[t].

COROLLARY 2. PutK =k(t,)---(t1)). Then

fO)eAd = f@) € Alr]

for any irreducible polynomial f(t) in K[t].

COROLLARY 3. Put K = k((t,)) --- (t1)). Then for any finite extension L/ K of fields,
the integral closure B of A in L is a valuation ring of L and B = NL7}{ (A). Therefore B is
the unique valuation ring of L that satisfies A = K N B, that is, ZarL_lll( (A) = {B}.

3. Here we shall prove Theorem 2, (i).

First we consider the relationship between the completion with respect to the linear
topologies and the Cauchy’s completion.

LEMMA 5. Suppose that a separable linear topology of a ring A has a fundamental
system of neighborhoods X of 0 consisting of ideals in A. Let C(A) denote the set of Cauchy
sequences in A, C1(A) the set of convergent sequences in A and Cy(A) the set of all sequences

which converge to 0. Moreover we put A= proj. lim A/a (a € X) and define a ring
homomorphism ¢ : C(A) — A as follows: Take (a;);2, € C(A). Then for any a € X, there
exists an integer ng such thati, j 2 nq = a; — a; € a. Here we put

9((@)2g) = (anymod a)gex € A.
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Then
(i) the diagram

0 — Co(A) — CA) — A (exact)

I ) T
0 - Co(A) - Ci(A) - A — 0 (splitexact)

commutes.

) IfA= A, then @ is surjective and C1(A) = C(A).

(iii)  If A satisfies the first countability axiom, in other words if A is metrizable, then ¢
is surjective. Therefore C(A)/Co(A) = A and

A=A < Ci(A) =C(A).

The proof is easy.
COROLLARY. If A is metrizable, then A is the completion of A as metric spaces.

LEMMA 6. Let A be a valuation ring, K = QA, L/K an extension of fields and
B € ZarLTlé (A). We introduce the following three conditions for the family X1 = {K N
bm(B) |be B,b#0}and Xy ={am(B) |a € A,a # 0}:
(3)  The linear topology on K defined by X coincides with the A-topology.
(4)  The linear topology on L defined by X5 is separable.
(5)  The linear topology on L defined by X» coincides with the B-topology.
Then
H B)<=M@ 0O
(i) IfA#K, then 3) & (4) & (5).
(iii) IfA = K and B # L, then (3) holds but (4) and (5) do not hold.
The proof is easy.

LEMMA 7. Let A be a valuation ring, K = QA and L/K an extension of fields.
(i) IfBe Zar[ul( (A) and the extension A C B is integral, then (3), (4) and (5) hold.

(ii) If the extension L/K is finite and B = NL711< (A) satisfies the condition (1), then
3), (4) and (5) hold.

The proof is easy.

EXAMPLE 3. Let A be a valuation ring and K = QA. For an indeterminate ¢ over K,
we put L = K (¢).
(1) If B = Altlm(a)[s)> then (3), (4) and (5) hold.
(ii)) If A # K and B = A @ tK[t](), then (3), (4) and (5) do not hold.
(i) If A= K and B = K[t](), then (3) holds but (4) and (5) do not hold.

LEMMA 8. Let A be a complete valuation ring, K = QA, L/K an extension of fields
and B € Zar[u]( (A). Assume that the linear topology on L defined by X5 is separable.
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Take linearly independent elements w1, ---, w, € L over K, and put b, = Zleam-w,- for
sequences (an)72, (1 <i <r)in K.
6))] (bn)flozo is a Cauchy sequence in L, if and only if(am-)zozo are Cauchy sequences
inK foralli € {1,---,r}.
(i) (b,,)gio converges to 0, if and only if(an,')gozo converge to O foralli € {1,---,r}.
The proof is easy.
LEMMA 9. Let A be a valuation ring, K = QA, L/K a finite extension of fields and
B e ZarLTII{(A).
(1) If the linear topology on L defined by X, is metrizable, then
A is complete =—> B is complete .
(i) Ifdim A < 400 and the extension A C B is integral, then

A is strictly complete —> B is strictly complete .

PROOF. (i) is induced from Lemma 5 and Lemma 8.

(i) Take any q € Spec B and putp = AN q € Spec A. Then the extension A/p —
B/q is integral and the extension Q(A/p) — Q(B/q) is finite. By Lemma 6 and Lemma 7,
the linear topology on Q(B/q) defined by

Y, ={amodp-m(B/q) |ac A, at¢p}
is metrizable. Therefore B/q is complete by (i), and hence B is strictly complete.

Then the proof of Theorem 2, (i) is complete from Theorem 1, (i), Corollary 3 to Lemma
4 and Lemma 9, (ii).

4. Here we shall prove Theorem 2, (ii), (iii), (iv).

LEMMA 10. Fora field k and indeterminates ty, - - -, t,, we put

A=ke @tik((tn))"'((ti+l))[[ti]]v K =k(®)--- (1) .

i=1

For a finite extension K' /K of fields, let A’ denote the integral closure of A in K'. Moreover,
following Theorem 1, (i) and Theorem 2, (i), we write

n
A=k &Pk @) - (DI, K =K)--- (@)
i=1
ord (11)
i M= € M(n, Z) is an upper triangular matrix and all the diago-

ord /()
nal elements are positive.
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(i) Letey, ---, e, denote the diagonal elements of M. Then
ei = e(k' (1)) - - - (¢ L D/ k(80 - - - (Gipr)[[1:1])
foranyi € {l,--- , n}.

PROOF. Putp, = @i_ 1:k(t,) - - - (tix1)[[1:]] forr € {0, -, n}.

(1) Since t;k(#,) - - - (41511 € pi € m(A’) forany i € {(1,---,n}, we have
ordy (t;) > Z';:HlmjordA/(tj) forany m;41, - -+, my, € Z. This implies (i).

(ii) is induced from (A/p;i—1) @, /p;_p = k(&) - - - G [ ]].

PROOF OF THEOREM 2, (ii). By Lemma 10, (i), we have detM = e;---¢,. By
ordg(K*) =Z"M, we have e = (Z" : Z"M) = card(Z" /Z"M) = e| - - - e,. Therefore we
obtain e = det M. Moreover, by the theory of formal power series in one variable and Lemma
10, (ii), we get

[K': Kl=ellk' () - (1) : k(@) - ()] = - =e1--eulk k] = ef .

LEMMA 11. Suppose that A is an equal characteristic strictly complete discrete val-
uation ring of dimension n and K = QA. For a finite extension K' /K of fields, let A’ denote
the integral closure of A in K'. Moreover, following Theorem 1, (i) and Theorem 2, (i), we
write

A=k & @K @) (I, K =K (@) (@) -

i=1
Take ay, - -+, ay € A’ that satisfy

f
A'/m(A") = @D A/m(A) a; mod m(A).
s=1

Then

e1—1 ep—1 |

f
=D DDt 1)

r1=0 rpn=0 s=1

e;—1 en—1

KPP anr i

r1=0 rp=0 s=1

Here e1, - - -, e, are the diagonal elements of the matrix M defined in Theorem 2, (ii) and f
is the relative degree of A’/ A.

PROOF. Since the set {ast;™ -1, |1 S s S f, 0Sr Sei—1(1 =i <n)}is
linearly independent over K, Theorem 2, (ii) implies Lemma 11.

Then the proof of Theorem 2, (iii) is obvious from Lemma 11.
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PROOF OF THEOREM 2, (iv). Using Lemma 1, (ii), we can prove Theorem 2, (iv) by
induction on n = dim A.

REMARK. (i) The converse of Theorem 2, (iv) does not hold. See Example 4.

(i) In Theorem 2, there exists a case that the extension K C K’ is Galois but the
extension A/m(A) < A’/m(A’) is not separable. Moreover, under the notation in Lemma
10, there exists a case that we can not take k(#,)) - - - (ti+1) C K'(#,) --- (/) C K' for
somei € {1, ---,n}. See Example 5.

EXAMPLE 4. Suppose that £ is a field of characteristic p, which is not perfect. Put
A = k[[t]], K = k(t)). Moreover, for ag € k — kP, let K’ denote the splitting field of a
polynomial T? —agy € k[T] C K[T] over K and A’ the integral closure of A in K’. If we put
k' = k(%/ap), then A" = k’[[t]], K’ = k’((#)) and k’ is the algebraic closure of k in K. But
the extension A/m(A) < A’/m(A’) is purely inseparable of degree p.
EXAMPLE 5. Letk be a field of characteristic p (p # 0).
(1) Put A = k[[t]], K = k((t)). Moreover, for ap € k*, let K’ denote the splitting field
of a polynomial 77 — tP=IT —ay € A[T] C K[T] over K and A’ the integral closure of A
in K’. Then K’ is a cyclic extension of degree p over K and k is algebraically closed in K'.
Therefore the following three conditions are equivalent:
(@) ao ¢ kP.
(b) The extension A/m(A) < A’/m(A’) is purely inseparable of degree p.
(¢) The valuation ring A’ has no coefficient field which contains k.
(i) Put A = k[[]] ® t1k(0)[[t1]], K = k(#2))(#1)). Let K’ denote the splitting field
of a polynomial 77 — tf71 T —1 € A[T] C K[T] over K and A’ the integral closure of A in
K'. Then K’ is a cyclic extension of degree p over K and

f=e1=1, ex=p.

Here e and e are the diagonal elements of the matrix M. Therefore k' = k, but we can not
take k((12)) C k' (t5)).

COROLLARY TO THEOREM 2. (i) Suppose that there exist a coefficient field k of A
and a coefficient field k' of A’ such that k C k'. Then k' is the algebraic closure of k in K’
and k' @ K = k'K = k' ((t,)) - - - (t)). Therefore

e=[K': kK], f=[kK:kl=[KK:K].
(i) The diagram

1 - A —> KX — Z' — 0 (splitexact)

! ! !

1 - A — K — Z' — 0 (splitexact)

commutes. Here down arrows are the inclusion mappings and y — yM (y € Z").
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(iii)) The diagram

1 - A — K'* — Z' — 0 (splitexact)

= \ =

I - A —- K* — Z" — 0 (splitexact)

commutes. Here down arrows are the norm mappings and y +— yf M (y € Z"), and M
denotes the adjugate matrix of M.

PROOF. (i) is induced from Theorem 2, (ii).

(ii) is easy from the fact that ord 4/(x) = ord4 (x) M for any x € K *.

(ili) Since both the mappings ord4 and ordg o Ng//k are additive valuations of K’
corresponding to A’, there exists My € M (n, Z) such that ordy/ (x)My = orda (Ngr/k (X))
for any x € K’*. Here we assume x € K*, then by (ii), we have MMy = (K’ : K]E,.
By MM = ¢E, and Theorem 2, (i), we obtain My = f]l71, and hence ordy/ (x)fM =
orda (Ng//k (x)).
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