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On the Parametric Decomposition of Powers of Parameter Ideals in a
Noetherian Local Ring
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Abstract. There is given a characterization of Noetherian local rings A with d = dim A > 2, in which the

equality (¢; | 1 <i <d)" = ﬂ(a‘l)” s agz, s agd) holds true for all systems ay, ap, - - -, ag of parameters and
o

integers n > 1, where the suffix o runs over « = (a1, a2, -+, ) € 74 such that aj > 1forall 1 <i <dand
Z?:]O‘i =d+n—1

1. Introduction

Let A be a commutative ring and let @ = aj, az,---,aq (d > 1) be a sequence of ele-
ments in A. We denote by (@) = (a1, a2, - - -, ag) the ideal in A generated by ay, az, - - -, aq4.
For each integer n > 1 let

d
Ad,nz{(al,az,---,ad)ezd a; > 1foralll <i <dand Zai=d+n—1}.
i=1

Let (a; a) = (a}', ay?, -+, ay") foreach o = (a1, a2, - -+, &tq) € Ag,pn. In this paper we are

interested in the question of when the equality (a)" = () (a; @) (n > 1) holds true for

ey
a given system a = aj, az, -+, aq (d = dim A) of parameters in a Noetherian local ring A,

and our main result partially answers the question in the following way.

THEOREM 1.1. Let A be a Noetherian local ring with the maximal ideal m and d =
dimA > 2. Let H (A) = (J,[(0) :a m"] denote the 0'" local cohomology module of A.
Then the following two conditions are equivalent.

(1) A/HY(A) is a Cohen-Macaulay ring and mHY, (A) = (0).

(2) The equality

@"= () @

O(EAdy,,
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holds true for all systems a = ay, aa, - - -, ag of parameters and integersn > 1.
When this is the case, A is a very special kind of Buchsbaum ring, so that every system
of parameters in A forms a d-sequence.

We note here that condition (2) in Theorem 1.1 is always satisfied if d = 1, which shows
the assumption that d = dim A > 2 is crucial in Theorem 1.1.
In general, one has the inclusion (a@)" C maeAd . (a; o) for all integers n > 1, and W.

Heinzer, L. J. Ratliff Jr., and K. Shah [HRS, Theorem 2.4] proved that the equality

@"= ) @

a€Ng

holds true for all n > 1, if the sequence a = ay,az,---,aq is A-regular. The converse
is also true, if A is a Noetherian local ring, (@) € A, and each g; is a non-zerodivisor in
A ([GS, Theorem (1.1)]). A Noetherian local ring A with d = dimA > 1 is, therefore,
necessarily a Cohen-Macaulay ring, if dimA/p = d forall p € Ass A and if A contains
a system @ = aj, ap,---,aq of parameters for which the equality (@)" = ﬂaeAd,,, (a; o)
holds true for all integers n > 1 ([GS, Corollary 3.7]). Our Theorem 1.1 gives an answer
also to the question of whether the converse of [HRS, Theorem 2.4] holds true, showing that
the assumption in [GS, Corollary 3.7] that dimA/p = d for all p € Ass A and the one in
[GS,Theorem (1.1)] that each a; is a non-zerodivisor are not superfluous.

We now briefly explain how this paper is organized. The proof of Theorem 1.1 will
be given in Section 3. A Noetherian local ring with d = dimA > 1 is not necessarily
Cohen-Macaulay, even if depth A > d — 1 and A contains a system a = aj, az, - - -, aq of
parameters such that (a)" = (),cx @) forall n > 1. We will give an example in Section
2 (Corollary (2.3)). In Section 4 we shall explore generalized Cohen-Macaulay local rings A
with dim A = 2 in order to show that the ring A /H%(A) is Cohen-Macaulay, once A contains

a standard system a1, a; of parameters such that (a1, a2)" = () (a1, ap; a) for somen >

e,
2. The authors do not know whether the assertion is true or not also for higher-dimensional
generalized Cohen-Macaulay local rings. A Noetherian local ring A with d = dimA > 1
may contain two systems a = ay, az, - -+, aq and b = by, by, - - -, by of parameters such that
O=(@ =B)inA, Q" = ﬂaeAd,n (a;a) foralln > 1, but Q" # ﬂaeAd,,, (b; ) for any

n > 2. Thus the parametric decomposition Q" = () (a; o) of powers of the parameter

aE€Ag
ideal Q = (a) heavily depends on the choice of systems ¢ = ay, az, - - -, ag of generators.
We will explore in Section 5 such an example of dimension two.

Throughout this paper, let A denote a Noetherian local ring with the maximal ideal m
andd = dimA > 1. Let an(*) (i € Z) be the local cohomology functors of A with respect
to the maximal ideal m. Let £ 4 (%) and w4 () denote, respectively, the length and the number
of generators. For a given system a = ay, ap, - - -, ag of parameters in A let e(()a)(A) denote

the multiplicity of A with respect to the ideal (a).
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2. Non-Cohen-Macaulay local rings with high depth containing parameter ideals
whose powers all possess parametric decompositions

In this section we shall show that for a given integer d > 2, there exists a Noetherian local
ring A withd = dim A and depth A = d—1, containing at least one systema = ay, az, -- -, aq
of parameters such that (a)” = ﬂaeAd‘n (a; a) foralln > 1.

Let us begin with the following, which is a direct consequence of [HRS, Theorem 2.4]

via the principle of idealization. We shall note a brief proof for the sake of completeness.

LEMMA 2.1. Let R be a commutative ring and let M be an R-module. Let a =
ay,az,---,aq (d > 1) be a sequence of elements in R and assume that a is M-regular.
Then

@"M = [ [(aa)M]

a€Ng
foralln > 1.

PROOF. We may assume that the sequence a is also R-regular (replace R by the poly-
nomial ring Z[ X1, Xo,---, Xgl and a by X = X1, X2,---, Xg). Let S = R x M be the
idealization of M over R. Hence S = R @ M as additive groups and the multiplication in S is
defined by (a, x) - (b, y) = (ab, ay + bx). We put f; = (a;,0) (1 <i < d). Then, since the
sequence i = f1, fa, -+, fa is S-regular, for all n > 1 we have by [HRS, Theorem 2.4] that

Or= ) Lo
a€Ng
in the ring S. Hence (a)"M = ﬂaeAd’”[(g; a)M], because (f)" = (@)" x (@)"M and
(i; a)=(a;a) x [(@g;a)M]foralln > 1ando € Ag p. O

The local rings A cited in the following are exactly approximately Cohen-Macaulay rings
in the sense of [G, Theorem (1.1)].

PROPOSITION 2.2. Let A be a Noetherian local ring with the maximal ideal m and
d =dimA > 2. Let I ((0) # I C A) be an ideal in A, and assume that A/l is a Cohen-
Macaulay ring with dim A/I = d and that I is a Cohen-Macaulay A-module with dimy I =

d—1. Leta =ay,ay, - -,aq be asystem of parameters in A such that ail = (0). Then
@"= () @
a€Ng
foralln > 1.
PROOF. Leta = (a1, 02, -+, 0tq) € Ag.n. Then

@a)Nl = (@) =y, ag"l,
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since a‘lxl I = (0) and the sequence a‘fl, agz, . ag" is A/I-regular. Let x € maeAd,n (a; o)

and let * denote the reduction mod /. Then

fe m (mvﬁs"'sﬁ;a)2(57@1”'1@)'1
a€Ad 0
by [HRS, Theorem 2.4], because the sequence ai, az, - --,aq is A/I-regular. Hence x €

(@)™ + I so that we have

) @) ="+ [( N (@ a)) ﬂl}

a€Ad 0 a€Ad

=@"+ () lae)ni]

a€Agn
=(Q)"+[ N <a§'2,~.,a;’;">1].
(ay,02,,0q)EAG »

Notice that the sequence ay, - - -, aq4 is I-regular, because as, - - - , ag4 is a system of parameters
for the Cohen-Macaulay A-module /. By Lemma 2.1 we then have

ﬂ (agz’...’agd)[ C ﬂ [((152,-“,615’1)1]

(a1,00,,04)€EAg (B2, Bd)EAd—1n
= (a2, -, aq)"l
c (@",
since (1, B2, -+, Ba) € Ag,n forevery B = (B2, -, Ba) € Ag—1,n. Thus
@"= () @a
a€Ad
as is claimed. O

The reader may consult [G] for characterizations and examples of approximately Cohen-
Macaulay rings. Here let us note the simplest one for which, as an immediate consequence of
Proposition 2.2, we have the following.

EXAMPLE 2.3 ([G, Example (3.5) (5)]). Let R be Cohen-Macaulay local ring withd =
dim R > 2 and let M be a Cohen-Macaulay R-module withdimg M = d—1.Let A = Rx M.
Thendim A = d,depth A = d—1, and A contains asystem ay, az, - - -, ag of parameters such

that ay, a3, - - -, ag forms an A-regular sequence and (@)" = (e, , (@ @) foralln > 1.

3. Proof of Theorem 1.1

Let A be a Noetherian local ring with the maximal ideal m and d = dim A > 1. Let
W = H% (A). We then have the following.
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LEMMA 3.1. The following conditions are equivalent.
(1) A/W isa Cohen-Macaulay ring.
(2) There exists an integer £ >> 0 such that for every system a = ay,as,---,aq of

parameters contained in m®, the equality (a)" = N (a; ) holds true for alln > 1.

ey,

PROOF. Choose an integer N > 0 so that W N mY = (0).

(1)= (2). Leta = aj,a,---,aq be any system of parameters in A. Then, since the
sequence ai, ap, - -+, aq is A/ W-regular, it follows for the same reason as in the proof of
Proposition (2.2) that

N (g;a)=@"+[< N (g;oz))ﬂWi|

DlEAd,n DlEAd,n
=@"+ () [aaoWw].
a€Ad 0
Thus (a)" = ﬂaeAd . (a; &) forall n > 1,if (@) € m", or more generally, if (&)W = (0).
(2) = (1). Choose a systema = ay, az, - - -, aq of parameters in m!*N 5o that each a;

is A/ W-regular. We denote by * the reduction mod W. Let ¢ € ﬂaeAd Jai,az, -, aq; )
and write ¢ = X withx € (a). Leto = (a1, 02, -+, o0q) € Ag.n. Then

x €(aa)+WlN(a) = (a;a) +[WN(@)]=(a ),

since W N (@) € W Nm" = (0). Therefore x € ﬂaeAd (@ o) = ()", because (a) © m¢.
Hence ¢ = X € (a1, @, ---,aq)". Thus (a1, az, -, @)" = (yea,, @, a@, -, aq; a) for
all n > 1, whence by [GS, Theorem (1.1)] A/ W is a Cohen-Macaulay ring. O

Thanks to Lemma 3.1 and the proof of the implication (1) = (2), we have the following.

COROLLARY 3.2. Let A be a Noetherian local ring with the maximal ideal m and
d =dim A > 1. Then A/H%(A) is a Cohen-Macaulay ring, if the equality

@"= [ @a
ac€Agn
holds true for all systems a = ay, az, - - -, aq of parameter in A and n > 1. The converse is

0
also true, when mHy, (A) = (0).
We are now ready to prove Theorem 1.1.
PROOF OF THEOREM 1.1 Weput W = Hom(A). By Corollary 3.2 it suffices to show
that mW = (0), when condition (2) is satisfied. Let a € m such that dimA/aA = d — 1

and extend it to a system a, x2, - - -, x4 of parameter in A such that (x2,---,x9)W = (0).
Let n > 1 be an integer and put a; = a + xi" for 2 < i < d. We look at the system
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a=ay,a,---,aq of parameters in A. Then ;W = aW forall 1 <i <d, so that

aW C (@ Naz,-,a0) S (] @) =@

a€Ag 2
Hence aW C (a,x§,~o,xg)2 C (@ + (x5, -+, x)) € (@*) + m" forall n > 1. Thus
aW C (a?). Let x € W and write ax = a’y with y € A. Then x — ay € (0) : a. Hence
W C (a)+[(0) : a],sothat W = aW + [(0) : a], because (a) "W =aWand (0) :a C W
(recall that a is A/ W-regular, since A/ W is by Corollary 3.2 a Cohen-Macaulay ring). Thus

W = (0) : a, whence mW = (0), because the maximal ideal m is generated by the elements
a withdimA/aA =d — 1. O

4. Generalized Cohen-Macaulay local rings with dim A = 2

In this section we shall explore standard systems of parameters in generalized Cohen-
Macaulay local rings with dim A = 2.

To begin with let R be a commutative ring and @, b € R. Let M be an R-module. Then
we have the following.

LEMMA 4.1 (K. Nishida). Letn > 2. Then there exists an exact sequence

n—1

n n
0— M/ﬂ(a”“—", byM = P M/ @ bm Y, P m/@ " bHm — 0

i=1 i=1 i=1
of R-modules, where the homomorphism ¢ and r are defined by

n
(p(x mod ﬂ(a”Jrl*i, bi)M> = {x mod (a" ™17, B YM} <<, and

i=1

¥ ({x; mod (@' b YMY1<i<n) = {x;i — xi41 mod (@" 7, BYM}1<j<p—i -

PROOF (K. Kurano). We certainly have ¢ is a monomorphism and ¥¢ = 0. Itis
standard to show that v is an epimorphism. Let us check that Ker¢» C Im¢. Let o € Ker ¢
and write

a = {x; mod (a" ', B YM}1<i<n
with x; € M. Then x; — x; 41 € (@, b))M forall 1 <i <n — 1. We write
(4.2) Xi=xi1 +a" fi+bg
with f;, g € M. Letx = x| — Z::]l b’ g;. We then have the following.

CLAIM. x =ux; + Z;;l] a7l fj — Z'};} blgjforalll <i <n.
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PROOF OF CLAIM. We may assume that 1 < i < n and our equality holds true for i.
Then

i—1 n—1
x = (x; —bigi)+2a"_jfj — Z bjgj

j=1 j=i+l

i—1 n—1
=i +d" )+ Y d" = Y blg; (by (42)

j=l1 j=i+l
i n—1
=xip+y a" = > bly;
j=I j=i+l

as is claimed. O

Consequently, x — x; € (@™~ b)M forall 1 <i < n, so that

a = ¢({x mod (a1, bi)M}lsiSn) .

Thus a € Im ¢. a

The following is an immediate consequence of Lemma 4.1.

PROPOSITION 4.3. Let A be a Noetherian local ring with dimA = 2 and let a =
ai, ar be a system of parameters in A. Then

n n—1
la (A / N @ a)) =Y a(A/@' T a) =) ta(A/ @l b))
i=1 i=1

aey,
foralln > 2.

Now let A be a two-dimensional generalized Cohen-Macaulay local ring with the
Stiickrad-Vogel invariant I(A). Hence the A-module HII“(A) is finitely generated and I(A) =
hO(A)+h'(A), where hi (A) = €4 (H (A)) (cf. [SV, Appendix, Theorem and Definition 17]).
Let a1, as be a standard system of parameters in A, that is ay, a is a system of parameters in
A and the equalities

(4.4) I(A) = £4(A/(a1,a2)) — €, o) (A)
=Ca(A/(@@]',ab)) — e?aTn,ag)(A)
= LA(A/(@]' d3)) — mnel,, ) (A)
hold true for all integers m, n > 1. (We note here that there exists an integer £ >> 0 such that

every system of parameters contained in mé is standard.) Let Q = (a1, a2). Then there exist
integers eiQ(A) (i =0,1,2) such that

n—+1

2
4.5) La(A/Q"h = eOQ(A)(" ; ) - elQ(A)< |

>+%m)
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for all n > 0 ([S]). We furthermore have that e]Q(A) = —h!(A) and e2Q(A) = h9(A), whence
1(A) = €} (A) — e (A) (IS).

With this notation we have the following.

COROLLARY 4.6. Letn > 1 be an integer. Then

(1) La(A/ Nyen,, (@ @) = (1)) (A) +1(A) and

@) £alNyen,, @ D1/0" =en(A)(1 —n).
Hence Q" = ﬂaeA“ (a; ) foralln > 1 ifand only if Q" = maeAz,,(Q; a) for somen > 2,
or equivalently Q> =

weds, (@ @)

PROOF. Lete; = eiQ(A) (i =0, 1,2). Then by Proposition 4.3 and (4.4) we get

n n—1
A (A/ M @ a)) =Y [+ 1—i)ieg+1(A)] =D [(n—i)ieg +1(A)]

a€Ny , i=1 i=1

— Meo—i—l(A)

- e0<"J2“ 1) +1(A).

Hence by (4.5)
o[ o/ @) (o) eme] ot ) v
achy,
| =ei(l—n),
because I[(A) = e; — e]. O

We now come to the main result of this section. The authors do not know whether similar
characterizations still hold true for higher-dimensional generalized Cohen-Macaulay rings.

THEOREM 4.7. Suppose A is a generalized Cohen-Macaulay local ring with dim A =
2. Let a = ay, ax be a standard system of parameters in A and put Q = (a1, a2). Then the
following conditions are equivalent.

(hH A/H%(A) is a Cohen-Macaulay ring.

@ sup LaMgen,, (@ 01/Q") < oc.

n>0

3) 0'= ﬂaeA” (a; @) foralln > 1.
@) 0" = Nyen,, (@ @) for some n = 2.
() 0*=aen,, @ @)

6) (a1 N(a2) € (a1, a)>
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PROOF. The ring A/H%(A) is a Cohen-Macaulay ring if and only if 2! (A) = 0. Since
elQ(A) = —hl(A), by Corollary 4.6 (2) the latter condition is equivalent to saying that

sup 2A<[ N @ oz)j|/Q"> = sup ep(A)(1—n) < oo.

n>0 P
We then have by Corollary 4.6 (2) the equivalences (1)< (2)<(3)<(4)<(5). Since
() (@ = (@] .a) N (a1.a3) = (@}, a3) + [(a1) N (@)],
OZEAZ,Z

we get the equivalence (5)<>(6). O

5. An example

Let us explore one example to illustrate our theorems. The example shows also that
the parametric decomposition of powers of an ideal (a) depends on the choice of systems of
generators for the ideal (a).

Let R be a three-dimensional regular local ring with the maximal ideal n and let n =
(X,Y,Z)with X, Y, Z € R. We put

A=R/(X,Y)N(Z).

Let x, y and z denote the reduction of X, Y and Z mod (X, Y) N (Z), respectively. Let
0 = (x + z, y). We then have the following.

EXAMPLE 5.1. (1) Q" = ﬂaeA”(x +2z,y;a) and £4(A/Q") = (n* + 3n)/2 for
alln > 1.
(2) Letby =x+zandby =x + y+z. Then Q = (b1, by) and foreveryn > 1

n?+2n e
— if niseven,
eA(A/ M &; a)) =
(n+ 1)?
acdrn ———  if nisodd.
2
Hence the function £4(A/ ﬂaeAz ,(b; @) is not the polynomial in n, Q" # maeAzn (b; @)
for any n > 2, and
sup eA([ M & a))]/Q") = 00.
n>0 w€Ay,

PROOF. (1) Letting I = (z), the first equality follows from Proposition 2,2, because
I = R/(X,Y)and A/(z) = R/(Z). We puta; = x + z and ap = y and look at the exact
sequence

(5.2) 0— R/(Y,Z) 2> A= R/(Z) = 0
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of R-modules, where the homomorphism ¢ is defined by ¢ (1) = z. Let £, m > 1 be integers.
Then the sequence af, ay' is R/(Z)-regular and so by (5.2), we get the exact sequence
0— R/(X',Y,Z) = AJ(al,a}) — R/(X', Y™, Z) - 0.

Hence ZA(A/(af, ay')) = £(m + 1), so that by Proposition 4.3

243
zA<A/Q">=zA<A/ N @a)):” L

O(EAzyn

foralln > 1.
(2) Letby =x+zandb, =x 4+ y + z. Then Q = (b1, by). Let £, m > 1 be integers.
Then by (5.2) we have the exact sequence

0— R/((Y,Z) + (X5, X™)) — A/(B5, b5 — R/((Z) + (X5, (X +Y)™) — 0,
whence £4(A/(b?, b3)) = €m + min{¢, m}. Consequently by Proposition 4.3 we get
nz +n n n—1
eA<A/ N (g;a)) > +Zmin{n+1—i,i}—Zmin{n—i,i}
OlEAzy,, i=1 i=1
n
n?+n 2
2 n

if n is even,

+1
2

(b; @)]) of n is not the polynomial in n and Q" #

if n is odd.

Thus the function €4(A/[MNyen,,
ﬂaeAz . (b; @) for any n > 2. Letting n = 2¢ with £ > 1, we have

2 2
EA(I: ﬂ (Q;oz)i|/Q”)=n —12—3n_n ;2’1:6

OlEAzy,,

Hence sup £4([(yen, , &5 @)1/Q") = oo. 0

n>0
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