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Abstract. Let py/qr = lag; ay,ap, -- -, ag] be the k-th convergent of the continued fraction expansion of
a real number «. We shall show several interesting arithmetic properties concerning every third convergent of the

continued fraction expansion of el/s (s >1).

1. Introduction

Let « be real. pr/qx = lao; a1, - -+, ar] denotes the k-th convergent of the continued
fraction expansion of «, @ = [ag; ay, az, - - - ]. Namely,
a=ap+ (1/ay), ap = la] ,

an =an + (1/apt1), an=lon] (=1).
It is well-known that pi’s and g’s satisfy the recurrence relation:
Pk =akpk—1 + pk—2 (k=0), p_1=1, po=0,
gk = arqk—1 +qr—2  (k=0), g-1=0, go=1.
They also satisfy
Pkdk—1 — Pr—1qx = (—=1)*!
Prdk—2 — pk—2qk = (—Day

and so on (See [2], e.g.).

The number ¢!/ (s = 1,2,---) has many significant arithmetical properties. For
example, every third convergent also has the similar characteristic relations to the origi-
nal convergent’s. Elsner [1] investigated on the case s = 1, namely on Euler number
e=1[21,2,1,1,4,1,---1=1[2; 1,2k 112°,. Put

Py =pint1, QOn=qamsr1 @n=>0)
Pi=Pr=01=1, Qor=-1,
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Pp=PFP-3, Qpn=—-0p3 (=3).
Then for any integer n
Py =CpProi+ P2, QOn=0Cy0On-1+ On-2
with C, = 2(2n + 1),

Py Qn - Pnanl = 2(_1)n71 s

Pu2Qn — PyQn2=4Q2n+ H(=1)"
and some congruent properties.
The similar phenomenon does not necessarily hold concerning the convergents of every
real number «. In this paper we shall show some interesting facts on e!/* (s > 2).

2. Continued fraction of ¢!/*

The continued fraction expansion of ¢!/* (s > 2) is given by

S =[1;5Qk— 1) — 1,1, 1152,
(See [3], §31, p. 134, e.g.). Put P, = p3, and Q, = g3, (n > 0) with
Pp=P—1 and Q_n=—-0u-1 (n=1).
Put also A, = 2s(2n — 1). Then a series of following properties holds.

THEOREM 1. (i) For any integer n

P,=A Py 1+ P2, Qn =Ananl + Qn72-

(ii) Pi1Qn — PQn1 =2(=1)" (n=0,£1,%£2,---).

(iii) P, 20, — P,0n2=4s2n — 1)(_1);171 n=0,£1,£2,---).
0 h 1 el/s —1

i ;AL A, Az, =t —_— =

(iv) [0: A1, Az, A3, -+ ] = tanh — 1

(v)  The n-th convergent of the continued fraction

el/S=1+
2s — 1+

6s +

10s + ———
St s

is exactly equal to P,/ Q, (n =0,1,2,---).
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THEOREM 2.

r

Z P Qr— = (4s) .

pars t'(r —1)!

REMARK. Forevery prime r > 2

r

P, _
ZAE% mod 7.

1(r — )
t:Ot'(r 1)!

THEOREM 3. For every integer t > 1 the sequence {(P,, Qn) mod t}, is periodic,
whose period is some divisor of t if t is even; 2t if t is odd.

REMARK. In special, forn =0, 1,2, -
(Pat, Qnt) = (1, (=D"),  (Pyr—1, Que—1) = (1, (=™ mod 7.

THEOREM 4. Let a andt be arbitrary positive integers. Then

liminf ¢llge'/*|| =0,
q=

g=a mod t

where || - || denotes the distance from the nearest integer.

3. Proof of Theorems

PROOF OF THEOREM 1. (i) Itis sufficient to prove concerning P,. Since az,—2 =
s@2n—1)—1landaz,—1 =az;, =1(n > 1), wehaven > 2

P3n = P3n—1 + P3n—2 = 2p3n—2 + p3n-3
=2(s2n — 1) = 1) p3n—3 + 2p3n—4 + p3n—3
=252n — D) p3n—3 + pP3n—4 — P3n—s
=2s(2n — 1)p3n—3 + P3n—6

with
p3=2(s—Dpo+2p—1+po=2spo+1.
Hence, forn > 1 we have P, = 2s(2n — 1) P,_1 + P,_».
Py =2s5(2n—1D)P__1+ P2 (n=0)
is equivalent to
Py =2s(=2n—=DPy+ Ppy1 (n=0).
(ii) Forn > 1

Py10n — Py Qu—1 = P3n—393n — P3nq3n—3
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= p3n-3Cq3n—2 + q3n—3) — 2p3n—2 + P3u—3)q3n-3
= 2(P3n-3q3n—2 — Pin—2q3n—3) = 2(—=1)"72 = 2(=1)".

Forn =0wehave P_1Qyp— P0Q_1=1-1—-1-(—1)=2.
For n > 2 by definition

Py 10— PnQ-p-1=—Pr20n-3+ Pr-30n—2
=2(=D)" 2 =2(=1)".
(iii)) By (ii), for any integer n we have
Py20n — PyOn—2 = Pr2(An0n—1+ On—2) — (AnPp—1+ Pr—2) On—2
= An(Pp—20n-1 — Pn—10n-2)
=A, 2(=1)""'=4s@n - (="'

(iv) Itis known that

[0; (4k — 3)u, (4k — DHv]X \/?tanh L
5 - u, - =1 = -
k=1 u Juv
(See [4], (8), e.g.). Thus, setting u = v = 2s yields the result.
(v) By (iv) we have
el/s —1
2

=[0; A1 — 1, Az, A3, - - - ].

The n-th convergent of (e'/* —1)/2,
/7
Q—Z:[O;Al—l,Az,---,An],
is given by the recurrence relations
Pj=0, P =1, Py=A.P,_ +P_, (n=2),
Qy=1, Q1=A1—1, 0,=A,0, +0Q,, (1=2).

Since P, = (P, — Qn)/2and 0, = 0, (n=0,1,--),

P P,
L =142 = 14200, A1 — 1, Ay, -, Ayl
n Qn

PROOF OF THEOREM 2. Put

J(x):Z%x" and K(x)zzﬂx".

! n!
n=0 n=0
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Since
Ony2 =4snQnt1 +650n41+ On
and
Poyo =4snPyiq +65Pyp1 + Py,

y = J(x) and y = K (x) satisfy the differential equation —(1 — 4sx)y” + 65y’ + y = 0.
Together with the facts

JO)=00=1, J'(0)=Q1=25—1,
KO =P =1, K’(O):P1:25+1’
we get
1 1 i 1 1
J(x) = —e72_s(17 1—4sx) and K((x) = — eﬁ(lfm) .
0 V1 —4sx ) V1 —4sx
Therefore, we have
o r 00
Pth—t ro__ _ 1 N r
Z (Z 1(r — f)!>x = /oK = 1 —4sx Z(4sx) ‘
r=0 "1r=0 r=0

To prove Theorem 3 we need the following Proposition.
PROPOSITION. (i) For any integern > 1 andk > 0
Pi=Pot, Qn=(D"""0ky modn+k.
(i) Foranyintegern > land1 <k <n
Po=P, O0,=(-1D)"% 0, modn—k.

REMARK. (i) In special,

P_1=1, mod n ;
P,={ Ph=1, modn+1;
P=2s+1, mod n + 2
and
(D)o = (=", mod n;
On=43 (=D"Qo= (1", mod n + 1;

(=)o = (=D 2s—1), modn+2.

Proof of Proposition shall be stated in the next section.

PROOF OF THEOREM 3. By Proposition (i) forn = 1,2, -- -, t we have
PlEpffzv P2EPZ‘737”'7 PnEPtfnflv"‘v
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P1=P=1, P =P_1=1 modr.

By Proposition (ii) forn =1+ 1,1 + 2, - - - we have

Pyy=P, Pypr=hP, -, Py=P=1,--- modt.
Thus, the sequence { P, }, is periodic, whose period is some devisor of ¢.
By Proposition (i) forn = 1,2, ---, t we have
01=-D""00, Q=)0 Q=D

Q1= =", 0=E=D""0 =1 mod:.
By Proposition (ii) forn =t + 1,1 + 2, --- we have
Orv1=(=D'01, Qra=(=D"02,-++, Ou=(-D'0/=1,---,
0211=D'0is1=01, Qupz=(=1)'0Qry2=02,---,
03 =(-1)'0y=0/=(-1),--- modzt.

Thus, the sequence {0, }, is periodic, whose period is some devisor of ¢ if ¢ is even; of 2¢ if ¢
is odd.

PROOF OF THEOREM 4. Notice that aQy; = a mod ¢ because Q2; = 1 mod ¢ by
Theorem 3. Since

abPy ol/s 1 = !
a0y aﬁt+2‘]62t+1 (2t + 1)‘]62t+1 7
we obtain
2
0 < aQulaQye'’s —aPy| < T -0 (= 00).
Hence,

liminf gllge'*|| = lim aQxllaQue'’*|| =0.
g>1 11— 00

g=a mod s

4. Proof of Proposition

PROOF OF PROPOSITION (i). We shall prove fork =0,1,2,---, N + 1
(1) Pka = Pk,1 mod N,
) Ov-k=(=D""0r 1 mod N.

Then, setting N = n + k yields the desired results.
This assertion consists of Lemma 1 and Lemma 2.
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LEMMA 1. If N is odd, we have

. . N +1

3) P%H':P%fi mod N l=0,1,-~-,T ,
- . N +1
4) QNT,1+iE(—1)N ‘QNT,I_I. mod N <l=0,1,...,T)‘
LEMMA 2. If N is even, we have
. N

5) P%HEP%ﬂ;] mod N z=0,1,~~,5 ,
6 = (—DHN! dN (i=0,1 N
( ) Q%‘Fl :(_ ) Q%717] mo 1=V, a"'73 .

PROOF OF LEMMA 1. (3)isclearfori =0. Fori =1
P% :25NP¥ +PNT—3 = PNT—3 mod N .
Suppose that (3) holds fori = v — 2, v — 1. Then
P%w =25(N +2v — 2)P¥+V_1 + P%w-z
=2sQv — 2)P%_VJrl + P#_Hz
=2s5Q2v — Z)P%—Hl + 2s(N —2v + Z)P%_W1 + P#_v
= P¥_v mod N .
By induction (3) follows. (4) is similarly proven.
Before proving Lemma 2, we prepare the following Sublemma.
SUBLEMMA. Forl > 2 we have
Py-i_y=Py-1=1 mod?2.
PROOF OF SUBLEMMA. If] =3,

Ps=10sP,+ P =4s>+4s+1=4ss+1)+1=1 mod 8

and
Py=14sP3+ Py =6s-14+2s+1=1 mod38.
Suppose that Py—2_; = Py— =1 mod 2/~!. Then we can show forv =0, 1, - - -
(7) Py2iny_1=Puoi+Pyaq—1 mod?2,

(8) Py 2y, = Psy+ Pyo—1 mod?2.
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(7) and (8) are clear when v = 0. Suppose that they hold for v = v’. Then
Pyaigyiy =25Q7 N 440 + D Pyayyy + Puainy g
=254 + 1) (P + Py2— 1)+ Py + P2 — 1
=Py + Py —1 mod?2!
and
Py2ynyin =257 + 40 +3) Py g + Poagay
=25(4 +3)(Payi1 + P2y — 1)+ Payy + P2 — 1
= Pyy4o+ Py2—1 mod?2.

By induction, (7) and (8) hold for any non-negative integer v.
Now put v = 2!=3 in (7) and (8). By the assumption for /[ — 1 we have

Pyi_=2Pys_—1=1, Pyi1=2Py>—1=1 mod?2 . m
PROOF OF LEMMA 2. We shall show that (5) holds for N = 2N’,22N", ... 2!N"",
where N, N”, ..., N are any odd numbers.

Assume that N = 2N’ (N’: odd). Leti = 0. By (1) for odd N, Py — Py =
P_1 — Pp =0 mod N’'. Since from Theorem 1(i) every P, is odd, Pys = Py/—; mod 2.
Because gcd(N’,2) = 1, we have Pyr = Py/_1 mod 2N’ or P% = Py_, mod N. Let
2
i = 1. Then

Py, —Py_,=2s(N+ 1Py +Py_,— Py +25(N—1)Py_,
2 2 2 2 2 2

=@2s—1)(Py —Py_,)=0 mod N.
2 2

Suppose that (5) holds fori = v — 2, v — 1. Then
P%+v =2s(N +2v — I)P%+u7] + P%+u72

=2sQ2v — 1)P%,v + P%,H]

=2sQuv—DPy_ +2s(N—2v+ )Py _ + Py_
2 2 2

v—1

= P%_v_l mod N .

By induction (5) follows.

Assume that N = 4N’ (N': odd). Leti = 0. Since Py42 = 25Py41 + P, mod 4
and every P, is odd, we get P44 — Py = 25(Ppn+3 + Put+1) = 0 mod 4. Hence, Py —
Pyy'—1 = P, — P =45(3s + 1) =0 mod 4. On the other hand, by (1) for 2N’ (N’: odd),
Pyy: = Pyyr—1 mod 2N’, so mod N'. From gcd(N’,4) = 1 we have P,y = Poyi_y
mod 4N’ or P% = P%71 mod N. By the similar step to the case where N = 2N’ (N': odd),

(5) can be proven for N = 4N’ (N': odd) by induction.
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Suppose that (5) holds in the case where N = 2!~ N’ (N’: odd) with [ > 2.
Then by (1) for N = 2/='N’, Pyi1py = Py1y_; mod 2/"'N’,so mod N'. Thus, if
) Pyi—iyy = Py—iy_; mod 2,
by ged(2/~!, N) we have Pyi—1y, = Py-1y_; mod 2!N’ or P% = P%71 mod N. By the

similar step to the case where N = 2N’ (N’: odd), (5) can be proven for N = 2! N’ (N': odd)
by induction. It follows that (1) holds for any even number N.

Finally, we shall prove (9). By repeating the same step in the proof of Sublemma, we
have for a positive integer M

Pyippy, =Py mod2 (1<pu=<27h.
Hence, by Sublemma we obtain
Pyt =Py1 =1=Py_1py_; = Py-1p_; mod 2.
(6) is similarly proven. Notice that for / > 2
Oy-1_1=—1, Qyu-1=1 mod?2
instead of Sublemma, and for M =1, 2, - - - we have
OQy-1pri,=Qu mod2 (1=p=<27h.

PROOF OF PROPOSITION (ii). By the result of Proposition (i) we have for a non-
negative integer N

Py=P 1=1=Py and Py_1=Pp=1=P_; modN.
Suppose that
Pnig—2= Py and Pyyg—1 =P modN.
Then
Pyyk = 252N + 2k — 1) Pyyi—1 + PNti—2
=252k —1)Pr—1+ Pr—o =P, mod N.

Therefore, by induction we have Py4y = P, mod N.
In a similar manner, by Proposition (i)

on=DNTo 1 ==V =(=D"Qy mod N

and
Onvo1 =DV 100 =DV = (-DY0-1 mod N.

Suppose that

Ontk—2=(=D"0r2 and Onik-1=(-=D"Qk—1 mod N.
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Then
ON+k =25QN +2k — 1) ONtk—1 + ONti—2
=252k — D(=D¥ Q1 + =DV Q2 = (=DV Qx  mod N.

Therefore, by induction we have Qy4x = (=1)Y Q;r mod N.
Setting N = n — k yields the results.

5. Generalization

Let o = [ag; co +dk,cq,---, 021]](?11, where ¢; (i = 0,1, ---,2l) and d are constants
so that all of co +dk (k = 1,2,---)and ¢; ¢ = 1,2,---,2l) are positive integers. Put
Py, = poi+iyn and O = qoi+1)n m = 0,1, ---). Then P,’s and Q,’s satisfy the similar
relations to those in Theorem 1, even though the congruence relations as seen in Theorems 2,
3 and 4 are no longer guaranteed.

Let positive integers p’, g/, p” and q” satisfy

(@ &)=C ) o)-(T o)

¢ ¢ )" \1 oJl1 o 1 o)

Put A, = (p'co+ p’ + q’) + p'dn (n > 2). Therefore, the following properties hold.
THEOREM 5. () P, =A,P,—1+ P2 and Q,=A,0n-1+4+ QOn—2 [n=>2).

(i) Py1Qn—PyQur=p'(=1)" (nz=1).

(iii) Pi2Qn — PyQuoz = pPAy(=D""" (n>2).

(iv) The n-th convergent of the continued fraction

/

p

o =ay+
Al_p//+

Ay +
Az +

1
Ag+ - -

is exactly equalto P,/ Q, (n =0,1,2,---).
PROOF. (i) First, by the relation between continued fractions and matrices,

PQl+1)n

= lao; a1, az, -, a@i+1ynl
q@l+n

yields

(P(21+1)n P(21+1)n—1>=(a0 1) (al 1>m(a(2l+1)n 1>
qei+n  4@i+1)n—-1 1 O 1 0 1 0
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_ <P(2z+1)(n—1) P(21+1)(n—1)—1) <co +dn 1> <c1 1) o <sz 1>
qQi+Dm-1)  9QI+D@n—1)—1 1 0/\1 O 1 0

_ <P(2z+1)(n1) P(21+1)(n1)1) <P/(Co +dn)+q" p’(co+dn)+ ql/>

— s )

1

q4Qi+hH@n-1)  9QI+1)(n—1)-1 p p
Hence,
(10) Pai+n = (P'(co +dn) + ¢ paitiym—1) + P’ Pi+1)(—1)—1 -
Similarly, by

(P(21+1)(n—1) P(21+1)(n—1)—1>
qQi+1)(n—1)  4QI+1)(n—-1)—1

_ (P(21+1>(n—2> p(zz+1)(n—2>—1>
q@D(0-2)  4@+DHn-2-1

/ "

% (P'(Co+d('l— D)+q" p'(co+dn— 1))+¢I”)
p p
and p”q — p'q” = —1, we get

<P(2l+1)(n—2) P(21+1)(n—2)—1)
qdQi+1)(n—=2) 4Ql+1)(n—2)—1

_ <P(2l+1>(n—1> P(21+1)(n—1)—1)
G -1 G@+Dm-1)-1

/ 4

V4 P
_ <P(2z+1)(n—1) P(21+1)(n—1)—1) (—p” p’(co+dn —1)) +61")

x (P/(Co +dn—1)+q' pco+dn—1)+ q”)”

qQi+D(n-1) G+ n—1)—1 p —pcotdin—1)—q
Hence,
(11) P+ (-2 = =P PR+ (-1 + P PQi+1)(n-1)—1 -
(10) and (11) entail that
PQi+Dn — PRi+Dn—2) = (p'(co +dn) +q" + p") pisiy(-1) -

(i1) Since

pas1 pu\ _ (a0 1\ (co+d 1\ (et 1Y fen 1
gu+1 qu) \1 0 1 0/\1 O 1 0o/’
we get Py = poj+1 = aop’(co+d)+apg’+p' and Q1 = qai+1 = p'(co+d) +¢q’. Therefore,

by (i), forn > 1
Py Qn - P anl = P—1(An anl + Qn72) —(Ap Py + Pn72)Qn7]
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= —(Pr—20n-1— Prm10Qn-2) =+~
= (=1D""'(PQ1 = P1Qo)
= (1" (ao(p(co +d) +q') = (aop'(co + d) + aog’ + p'))
=(=D"p'.
(iii)) By using (ii), forn > 2
Pr20n — PyQn—2 = Pr2(AnQn-1+ Qn-2) — (AnPu—1 + Pr2)On—2
= Ap(Pn—2Qn—1 — Pr—10Qn-2)
= A, (=) 1p'.
(iv) The 0-th convergent is ag = Py/Qo. The first convergent is

P _ap'cotd) taog' +p P
AL —p’ plleco+d)+q' 01

ap +

For n > 2 the n-th convergent is equal to P,/ Q,, because of the relation

P, P11\ _ (a0 1 Ar—p’ 1 Ay 1 A, 1
On Ou1) \1 0 P 0J\1 0 1 o)
The property corresponding to Theorem 1(iv) does not exist because there is no way to
find a concrete real number S satisfying 8 = [0; A1, A2, A3, -- -] in this general case.

Notice that the recurrence relations above are only one-sided. They do not hold for
negative n. The properties like Theorems 2, 3 and 4 also do not hold in the general case.
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