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1. Introduction and result

The name “Integral Geometry” was introduced by W. Blaschke in his book “Vorlesungen
tiber Integralgeometrie” and later elaborated by him and his colleagues in their subsequent
papers in the 30’s. Integral geometry treats integrations of geometric invariants of geometric
objects such as points, lines, submanifolds and elements of transformation groups.

Let G be a Lie group and K a closed subgroup of G. If M and N are submanifolds of
the Riemannian homogeneous space G/K. Then one of main topics in the present work will
compute the following integral

/ vol(M N gN)du(g) .
G

The Poincaré formula means equalities which represent the above integral by some geometric
invariants of submanifolds M and N of G/K. For example, in the case that G is the group
of isometries of Euclidean space R", and M and N are submanifolds of R"; then the results
of above integral lead to remarkable integral formulas by Poincaré, Crofton and other integral
geometers. When G is the unitary group U (n + 1) acting on complex projective space CP",
M and N are complex submanifolds of CP"; then the evaluation of above integral leads to
the results obtained by L. A. Santal6 [8] and R. Howard [4]. In the same case, if M is a
totally real submanifold and N a complex one, and M, N are totally real submanifolds, then
the evaluation of above integral gives the results of R. Howard [4]. The present author and
H. Tasaki [5], [6] gave the Poincaré formulas of real surfaces and complex hypersurfaces of
CP", and of two real surfaces of CP? using the Kihler angle.

Recently, H. Tasaki [10] generalized the notion of the Kéhler angle. Using this general-
ized Kéhler angle, he obtained the Poincaré formula (see Section 3) of general submanifolds,
which are neither complex nor totally real submanifolds of CP”. Although this formula holds
under the general situation, it is difficult to give an explicit description through the concrete

Received June 25, 2003; revised September 19, 2003



382 HONG JAE KANG

computation using the generalized Kihler angle of submanifolds, which is said to be multiple
Kihler angle. In the present paper, we attempt to explicitly describe this formula.

Most of the fundamental definitions, theorems and properties, which will be necessary
later, are listed in Sections 2 and 3. We shall review the multiple Kéhler angle of a real vector
subspace of a complex vector space and its properties in Section 2, and the Poincaré formulas
obtained by R. Howard and H. Tasaki in Section 3.

In section 4 we give the Poincaré formula for any real 4-dimensional real submanifold
and any complex 2-dimensional complex submanifold of CP*. More specifically,

THEOREM 1.1. Let M be a real 4-dimensional submanifold and N a complex 2-dimen-
sional submanifold of CP*. Then we have

vol(U (5))vol(N) .

/U(S) HM N gN)dulg) = vol(CP2)?2

1 2 2 1 -2 -2
/ <Z(1 =+ cos”(01)x) (1 + cos™(62)x) + g sin (01)x sin (92)x) du(x),
M

where (01)x, (02) is the multiple Kdhler angle of M at x.
On the other hand, L& Hong Van proved the following:
THEOREM 1.2 ([7]). For a real 4-dimensional submanifold M 0fCP4, we have

vol(U (5))

WVOI(M) .

/ 4(M N gCPY)du(g) <
U(s)

Moreover, the inequality becomes an equality if and only if M is a complex submanifold.

This inequality immediately follows from our theorem.

2. The multiple Kiihler angle

In this section, we shall study the multiple Kihler angle generalized by H. Tasaki [10]
and its properties.

Let C" be an n-dimensional complex vector space with the standard real inner product
(-, -) and almost complex structure J. The natural action of the unitary group U (n) on C"
induces its action on the Grassmann manifold ng (C™) that consists of real 2k-dimensional
subspaces in C". We defined the multiple Kihler angle using the standard Kihler form w on
C" defined by w(u, v) = (Ju, v) for u, v in C".

Let V be a real 2k-dimensional vector subspace in C" with 2k < n. Then we take a
canonical form of w|y as an alternating 2-form, that is, we can take an orthonormal basis

al, -, a2 of the dual space V* which satisfies

k
wly =Y cosbi® A, 0<O < <O <7/2.

i=1
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We set
Oy = (O1---,6k).

We call 8y the multiple Kiihler angle of V. We here remark that the action of U (n) preserves
the multiple Kihler angle of V. If k = 1 then the multiple Kéhler angle is nothing but the

Kihler angle (See [5] for definition). In the case where ) = --- = 6; = constant = 0, the
multiple Kihler angle was introduced as the slant angle by B.-Y. Chen and Y. Tazawa [1], [2].
In particular, V is a complex k-dimensional vector subspace if and only if 8y = (0, ---,0),

that is, the slant angle & = 0. And V is 2k-dimensional totally real vector subspace if and
only if the slant angle 8 = /2.

If n < 2k < 2n— 1 then we shall define the multiple Kihler angle of real 2k-dimensional
vector subspace in C” as that of its orthogonal complement V. Namely 8y = 6,..

The linear isotropy action of the complex projective space

CP"=Umn+1)/(U1) x U(n))
on the tangent space at the origin is equivalent to the action of U (1) x U (n) on C" defined by
(z, A)v = zvA*
for (z, A) e U(1) x U(n) and v € C".

LEMMA 2.1 ([10]). Let Gak g be the set of real 2k-dimensional vector subspaces with
multiple Kdihler angle @ = (01, - - -, 0r) of C". Then, U (n) acts transitively on Gy g. More-
over, we put

k
V92k = Z spangf{e;i—1, cos6;+/—lez;_1 4 sin6;ey;},

i=1
where ey, - - -, ey, is the standard unitary basis of C". Then, we have Gap = U (n) - V02k.

The assumption, even dimensional, of the definition of multiple Kéhler angle in this
section is not necessary. However, in the general case the definition becomes cluttered with
factors involving the symbol [ ], where [x] means the greatest integer [x] not greater than x.
In fact, H. Tasaki [10] defined it without assuming the dimension.

3. The Poincaré formula

In this section, we shall review the Poincaré formula on Riemannian homogeneous
spaces given by R. Howard [4], and on complex projective spaces given by H. Tasaki [10].

Let E be a finite dimensional real vector space with an inner product. For two vector
subspaces V and W of dimension p and ¢ in E, take orthonormal bases vy, ---, v, and
wi, -+, wy of V and W, respectively, and define

o(V,W)=[vi A---Avp Awp A=+ Awgl.
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This definition is independent of the choice of orthonormal bases. Furthermore, if p + g =
dim E, then

o(V,W)=0o(Vt, wh.

Let G be a Lie group and K a closed subgroup of G. We assume that G has a left
invariant Riemannian metric that is also invariant under the right actions of elements of K.
This metric induces a G-invariant Riemannian metric on G/K. We denote by o the origin of
G/K. For x and y in G/K and vector subspaces V and W in T,(G/K) and T\,(G/K), we
define ok (V, W) by

ox(V, W) = /K o((dg), 'V, dk; (dgy), ' W)d (k)

where g, and g, are elements of G such that gro = x and gy0 = y. This definition is
independent of the choice of g, and gy in G such that g,0 = x and gy0 = y. With these facts,
the Poincaré formula for homogeneous spaces can be stated.

THEOREM 3.1 ([4]). Let M and N be submanifolds of G/K. Assume that dim M +
dim N = dim(G/K) and that G is unimodular. Then

f E(M N gN)du(g) = / o (T M, Ty Nydp(x, y)
G M xN

where 4(X) denotes the number of points in X.

In general the actions of K on the Grassmann manifolds are not transitive. The function
0k (+,-) is defined on the product of the Grassmann manifolds consisting of subspaces in
the tangent space at the origin. By the invariance of o (-, -) under the action of K, we can
consider o (-, -) as a function defined on the product of the orbit spaces of the actions of K on
the Grassmann manifolds. We can apply this and the argument on the multiple Kéhler angle
to the complex projective spaces. The following theorem is a special case of the Poincaré
formula of Theorem 8 in [10].

THEOREM 3.2 ([10]). For two even numbers p, q with p + q = 2n, we define
oy g0, 7) = / o (Vg k™t Vihdu k)
U(1)xU(n)

where 6 = (01, ---,0p2) and © = (11, -+ -, 74/2). Let M and N be any real p-dimensional
and real q-dimensional submanifolds of CP". Then we have

/ 4(M O gN)dpu(g) = / o O s 1A Y)
U(n+1) MxN

n
p.q

in Theorem 3.2 are not in concrete enough forms to be easily used. Moreover, there are few

Theorems 3.1 and 3.2 hold in a general situation. However, o in Theorem 3.1 and o

results of the concrete calculation for o or o, .. We now list the examples on CP*. We may

rewrite them in the sense of U; g
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THEOREM 3.3 ([4], [8]). Let M and N be complex 2-dimensional submanifolds of
CP*. Then we have
vol(U (5))

4
0,0,0,0) = 270N
94.4(0.0.0.00= 75 e pay

THEOREM 3.4 ([4]). Let M and N be complex 2-dimensional and totally real 4-dimen-
sional submanifolds of CP*. Then we have

4 T vol(U (5))
G44<0701_1_): 2 1N
’ 2°2 vol(CP~)vol(RP%)
where RP* is the 4-dimensional real projective space.
For CP2, we have the following:
THEOREM 3.5 ([6]). For any real surfaces M and N of C P%, we have

vol(U (3)) . .
022,2(97 T) = W(Z + 2 cos? Oy cos? Ty + sin? Oy sin? Ty).

Up to this point, we unrestrainedly used the notation vol (M), the volume of the manifold
M. These values are, for example,

1
vol(RP") = EVOI(S”),
1
vol(CP") = —vol(§>"T1),
2

vol(U(n + 1)) = %vol(U(n)) -vol(s2 1y |

4. Proof of the main theorem

Let CP" be an n-dimensional complex projective space with almost complex structure
J, and let M areal 4-dimensional submanifold of CP". For x in M, let 6, = ((61)x, (62)x) be
the multiple Kéhler angle of 7, M in T, CP". We call 6, = ((61)x, (62)x) the multiple Kéhler
angle of M at x.

Take a complex submanifold N of complex dimension 2. By Theorem 3.2, we have

f E(M N gN)du(g) = f 4 4Oy Try ) A (X, Y)
U(s) MxN

We can simply write

o ((01)x, (02)x) = 04 4O, p1s Tr, \)
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by Corollary 2.1. We shall identify the tangent space of CP* with C* and that of N with C2.
By the action of U (1) x U (4), we can identify T, M with V94 which is spanned by
e; =(1,0,0,0), e1(81) = (/—1cosby,sinby,0,0),
e3=1(0,0,1,0), e3(62) =(0,0,~/—1cos0y,sinby).

Then, we have

& ((01)x, (62)x) = / o (VA k' CO)du(k)
U(l)xU4)

= vol(U(1)) o (Vi kb CPduk) .
U4)

Letey, - - -, e4 be the standard unitary basis of C*. Then, we have
(Vg k™' CH =(er Aer(@) Aes Aes(0)) Ak - (er AV—Ter Aey AV —Tey)
= [(E1(01) A E3@) Ak - Ena]
where, to simplify notation, we have set
Ei(61) :=e1 Aei(61),
E3(62) :=e3 A e3(62),

Eip:=e A —1lep Aex A/ —1er.

In order to integrate this over U (4), we shall use the compact symmetric pair (U (4), U(2) x
U (2)). See Section 3 in [11] for the statement of this compact symmetric pair.

0 X

u@) = (u(2) +u(2)) + m, m=”_x* 0

} ‘ X e Mz(C)}

is the canonical orthogonal direct sum decomposition of u(4) associated with the compact
symmetric pair (U (4), U(2) x U(2)). We here define the maximal abelian subspace a of m
by

0 0 ¢ 0
B 0 0 0 ¢
a= 6 0 0 0 $1.¢2 €R
0 —¢» 0 0

Then we have the following set of positive restricted roots with respect to a

{1 — @2, 1 + @2, 201, 2¢02}

for a suitable ordering. Multiplicities of these roots are as follows:

dr—2:2, Ppr4+¢2:2, 2¢1:1, 2¢2:1.
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Hence the fundamental cell in a is defined by 7/2 > ¢; > ¢» > 0. Let C be the image of the
fundamental cell by exponential mapping, and put B = U(2) x U(2). We define a mapping
p:BxCxB—U(4)by

p(s,a,t) =sat.
To apply the coarea formula to this mapping p, we give the following:

LEMMA 4.1 ([11]). Under the above situation, we have
vol(p~ ! (sat)) = 4vol(U(1))?,
Jdp(s.a,n = 2sin* (1 — ¢2) sin* (1 + ¢2) sin 21 sin 22 .

By Lemma 4.1 and the coarea formula we obtain

/ |E1(61) N E3(62) A Erasat| Jdpd (s, a,t)
BxCxB

= 4vol(U(1))2/ oV k™t ChHdu(k) .
Uu4)
We first integrate on B x B; then we get

/ [E161) A E3(62) A (Erp)satldu(s. 1)
BxB

= V01(U(2))2/B [(E1 (1) A E3(02))t ™" A (Erp)aldp(t)
since (E12)s = Ep foralls e UQ2) x U(2). Fromt = (11, 1p) € U(2) x U(2), it follows
|E1001 ™" A E3@)17" A (Eal = (E1OD1 ' +(E302)t; ' A (Ea)l
where * is Hodge star operator from /\%(CA') to A%(C“). We here set

= *(E3(62) ()" A (En)a).

Since the action of B is C? invariant,

/ [(E (1) A E3(62))t™" A (Erp)aldpu(t)
B
=/ HE1@D " P)ldp(tr. 1)
U@)xU(2)

where P : C* — C? is orthogonal projection. Let  be the Kihler angle of P(1). Needless
to say, ¥ is a function with respect to 6, f, and a. By Theorem 3.5 we obtain

vol(U (1)) WE (@)1, P ldu(n, 12)
UQ)xU(2)

vol(U(3))

= P()|(2 4 2 cos? §; cos® ¢ + sin® 6y sin” ¥)d (1) .
VOIRPDE [y 1P D12 +2c05” 6y cos™ yr sin 6y sin® ¥)d (1)
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In the sequel, we have to compute the following:
/ [P(n)]|(2+ 2 cos? 01 cos? v+ sin? 01 sin? Y)du(t)
UuQ)

Now in order to evaluate this we shall examine U (2) - (e; A e1(7)) in some detail. We take
an orientation on C? such that e[, ~/—1e[, €, ~/—1€> is a positive basis of C? and the inner
product on /\f{(Cz) induced by that on C2. Let  be the Hodge star operator on /\%(C2). Put

AL =6 enp@)IxE =5}, AL =15 € ARCH] %8 = —§).
Then we have an orthogonal direct sum decomposition
AR(C) =A@ A%,

We define orthonormal bases A; and B; of Ai and A2 by

1
Al = —(e1 AV —lep+ex A/ —ley),

2

Ay = %(el ney —/—leg AV —1ey),
Az = \%(el AV —ley ++/—lej Aed),
B = %(el A —lel —ex A/ —1e),
By = %(el Aey+ v/ —lep AV —ler),
B; = %(el A —ley —/—lej Aer).

Then we obtain
AL = Spang{A1, A2, A3}, A2 = Spang{Bi, Bz, B3} .

By a simple calculation we have

UQR)-(e1 Aei(t)) = <°°”A Lt <ﬁ>> o« §2 (L)
e Vol NG 2)°

where S!(sint/+/2) is the circle of radius sin 7/+/2 in Spang{A;, A3} and $2(1/+/2) is the
2-dimensional sphere of radius 1/+/2 in AZ.
Now we define a mapping p : U(2) — (e3 A e3(62))U (2) by

p(k) = (e3 A e3(02))k .



ON INTEGRAL GEOMETRY 389

As shown in [6], we have Jdp = 2+/2 sin 6s. By the coarea formula we have

24/2 sin 6,

_— [P(n)|(2+2 cos? 01 cos? v+ sin? 01 sin? Y)d ()
VOI(SO (2)) UQ®)

= / [P(x(& A E12a))| (2 + 2cos” 6; cos” ¢ + sin” 6; sin® Y)du(§) .
(E3(62)U(2)

The variable £ € (E3(62))U (2) of above integral is represented by

costr , , / / / /
= 7A1 + X245 +x3A3 + y1B) + y2B; + y3B3
-2
sin” 6 1
<(x2)2 + ()P = ==, 007+ (02 + (03) = 5) :

Here A/ and B] take e; 2, v/—1le;, instead of e;, »/—1le; in above notation A; and B;. We
set

cos ¢ 0 sin ¢ 0
_ 0 cos ¢ 0 sin ¢
4= — sin ¢ 0 cos ¢y 0 €C.
0 —sin ¢y 0 cos ¢
Then we obtain
A — B A B
P(>1<(A/1 AN (E1p)a)) = cos? b1 sin? b - % + sin? b1 cos? ¢ - %

1 2 .2 .2 2 1 2 2
= E(COS ¢1sin” ¢y + sin” ¢p1 cos” ¢) A1 +§(cos ¢ — cos” ¢1) B

A —B . A1+ B
! L _ sin2 b1 cos? ¢ - ara

P(#(B] A (E1)a)) = cos® ¢ sin® ¢, - — 5

= %(cos2 ¢1 — cos? $2)A1 — %(0052 b1 sin’ b2 + sin? b1 cos? ¢2) B
Similarly we get
P(x(A A (E12)a)) = — cos ¢y cos¢p sing) singr Az,
P(x(A5 A (E12)a)) = cos ¢j cos ¢ sin ¢ sin A3,
P(x(Bj A (E12)a)) = cos ¢| cos ¢ sin ¢y singo By ,
P(x(B5 A (E12)a)) = — cos ¢ cos ¢ sin ¢y sin g B3 .

Hence we have

2P(x(EN(E12)a))

cos 6 . .
= < 2 (cos? ¢y sin ¢y + sin® ¢ cos? ¢y) + (cos ¢ — cos cbz)yl)Al

/2
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— 2.c0s ¢ cos ¢ sin ¢ sin pax2 A + 2 COS ¢y COS o Sin 1 Sin Prx3 A3

cos b 2, 2 _ 2 .2 .2 2
+ G (cos” ¢ — cos”™ @) — (cos™ @y sin” ¢y + sin” ¢y cos” ¢2)y1 | By

+ 2cos ¢ cos ¢y sin g sinpry2 By — 2 cos 1 cos ¢ sin ¢ sin o y3B3 .
To simplify notation, we put

Cco

) 1
FO) = 222 (cos? ¢y sin? ¢ + sin? ¢y cos? ) + E(cosz ¢1 — cos® o)y

2
then

|P((E A (Er)a))|*> = f(1)? + cos® b1 cos dy sin® ¢y sin® g sin” s .
Furthermore, from the expression of P(x(§ A (E12)a)), we have

SO
[P(x(§ A (Er2)a))|

Hence the integrand of the above integral over (e3 A e3(62))U(2) is

cosy =

|P(x(& A (E12)a))|(2 + 2 cos? 0 cos® ¥ + sin? 6; sin® )
= 2(1 +cos? 01)| P (x(§ A (E1n)a))|

cos? b1 cos? b sin? b1 sin? b sin? 6>
[P(x(5 A (E12)a))l

Therefore it is sufficient to compute the following:

— (3005291 -1

sin 6>

Ja)du(x,y) =2 -
a(fO),a)du(x,y) =2 7 Jeas

v/:?l(siHGZ/ﬁ)sz(l/\fZ) a(f(yn),a)du(y)

1/v2
=272 sin 92/ a(f (1), a)dt,
—1/72

where
a(f (1), a) = 2(1 4 cos> 6;) |P(x(€ A (Erp)a))]
cos? b1 cos? [0)) sin? b1 sin? [0)) sin? 6>
|P(x(§ A (E12)a))]

Then, long but simple calculation with some elementary integrals yields

1/3/2
/ a(f@),a)dt
~1/V2

V2
T2

— (Bcos?H — 1)

cos* ¢ sin® ¢y — sin® @1 cos* ¢

cosZ ¢ — cos? ¢y

(1 + cos? 61)(1 + cos? )
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sin? ¢ sin? ¢ cos? ¢ cos? ¢ cos? ¢y sin? ¢

+ 2+/2sin? 01 sin? 6> 5 > — .
COS* 1 — COS= ¢ sin® ¢ cos? ¢

It is known that
Jdp = 2sin (¢ — ¢2) sin®(p1 + ¢2) sin 2y sin 2¢,
= 2(cos® b1 — cos? ¢2)2 sin 2¢1 sin2¢ .
Hence by routine computations we have

/ cos* ¢ sin* ¢y — sin® ¢y cos* ¢
c

cosZ ¢; — cos2 ¢

1
Jdpdprden = 5

and

L2 D 2 2 2 2
sin 1
/ sin” ¢y s11; ¢ cos f] cos” ¢n 1o C.OS2 o1 10%) Jdpdrdey = — .
c cos2 ¢ — cos? ¢ sin® ¢ cos? ¢ 72

Summarizing, we obtain
72vol(U (2))2vol(U (3))vol(SO (2))

01), (62)) =
o ((61), (62)) 44/2vol(U (1))2vol (R P2)2

1 2o (1 26,) 1 1
X (1+ cos”61)(1 + cos 2)o——{—2sin26?1sin26?2'— .
2 9 72
Here
72vol(U (2))2vol(U (3))vol(S O (2)) . 2 vol(U(5))
4vol(U (1))2vol(RP2)2 T2 vol(CP2)?’
so we have

(U5
o (1), 02)) = X ())[

= l(1 +cos?6 )1 + cos? 6r) + lsin29 sin’ &
vol(C P2)2 : 273 : 2]

4
This completes the proof.
COROLLARY 4.2. Under the hypothesis of our Theorem, if M is a slant submanifold
of CP* then
/ #(M N gN)du(g)
U(s)

_ vol(U(5))

1 1
= olCP)? <Z(1 + cos?6)? + S sin* 9) vol(M)vol(N)

where 0 is the slant angle of M.

REMARK 4.3. Complex and totally real submanifolds have constant multiple Kéhler
angles 0 and /2, respectively. Thus the formulas in Theorems 3.3 and 3.4 are special cases
of our theorem.
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REMARK 4.4. By the transfer principle in integral geometry (see [4] paragraph 3.5 on
pages 14-15), it is clear that our theorem holds for all complex space forms with isotropy
subgroup U(1) x U (4).
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