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1. Introduction

In this paper, we construct singular triangulations [1] of all orientable Seifert manifolds
[2]. Especially, we consider singular triangulations with only one vertex, called one-vertex
triangulation. Our construction is useful to calculate the state sum type invariant, for exam-
ple, Turaev-Viro invariant, Turaev-Viro-Ocneanu invariant or Dijkgraaf-Witten invariant; this
subject will be seen in forthcoming paper [3]. Also our work is made use of the introduction
of a new complexity invariant of closed 3-manifold, see [4].

Let M be a Seifert manifold and P be a special spine [5] of M. Considering a dual
complex for M relative to P, we obtain a one-vertex triangulation of M. Now, how to
construct a special spine P of M? Our construction is based on the fact that any orientable
Seifert manifold is obtained by gluing M,, J and V), ,, which are homeomorphic to (s —

117, D?) x S', (S' x S' — D?) x S! and (p, g)-type fibered solid torus respectively.

The first step is to make special spines Py, , Py, Pvp’ p of three compact manifolds M,,,
J and V), , satisfying the following conditions: each connected component of d M,, N Py,
dJNPyandadV,, N Py,, is the theta-curve shown in Figure 1 and the loop y« is a fiber,

where o means the reverse direction of the edge labeled «v. As an example, the solid torus V7

FIGURE 1. A theta-curve 6.
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and a special spine Py, is shown in Figure 5. The second step is to define fiber preserving
homeomorphisms ¢; : {0 J,0 V), 4} — 0 M,, see §5.4. Then, we construct any orientable
Seifert manifold M by gluing J, V, 4 and M,,. Furthermore, we show that the polyhedron
P obtained by gluing P;, Py,, and Py, by {¢; } is a special spine of M. Thus, the dual
complex for M concerning P is a one-vertex triangulation of M.

2. Word diagram of a solid torus

Let w = X1X3--- X, be a sequence of elements X; € {L, R, L, R}, i=1,2,---,n.
We call such a sequence w = w(L, R) as a word on the letters {L, R}. In this section, for a
word w(L, R), we will define a word diagram, denoted by w(L, R)-diagram. Then, we show
that w(L, R)-diagram induces an identification map fy,(z,g) on 9 B3 such that B3/fw(L,R) is
homeomorphic to a solid torus.

In § 2.1, we consider the case when the word w(L, R) is the empty word. We use the
notation ¢ for the empty word. The ¢-diagram plays a role of a pit of w(L, R)-diagram of a
solid torus. In § 2.2, we consider the case when the word w(L, R) is not the empty word.

2.1. The case w(L, R) = ¢. Let Dy be the 2-disc with labels P, A, Q, o, B, v, u,
v, w shown in Figure 2. We call Dy the ¢ - disc. It may become clear for the role of labels in
Dy, see Remark 2.1.

Suppose the ¢ - disc is embedded in S2, see Figure 3. Then, the 2-sphere S? is separated
into two discs by the circle afyapy (= 0Dy), where X means the reverse direction of the
edge labeled X. We denote by Ey the closed dics 52 \ Int(Dg).

The ¢ - disc gives a natural pasting information fj on S%(= 9B3) to obtain a compact
3-manifold B3/f¢. The ¢ - disc consists of Zy, Z1 and Z;, where Zo, Z1 and Z, are sets of
0-cells, oriented 1-cells and oriented 2-cells respectively. Now, we will explain Z, Z; and
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FIGURE 2. ¢ -disc Dy. FIGURE 3. Ejg.
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Z> and define a pasting information f; on S2. Although it is only an example, but it must
give a suggestion of a general method to obtain a pasting information.

In the ¢-disc, there are some O-cells with the labels u, v, w. We call a O-cell a vertex.
Thus, the set Z( consists of ten vertices {u(i), v® ) |li =1,2,3and j =1, 2, 3, 4}, where
X® is the vertex with the label X. Then, the map Jolz, is defined by satisfying the following
conditions:

1. Forany X € {u, v}andi € {1, 2, 3}, fp(X?) = X;

2. Forany j € {1, 2, 3, 4}, fp(w)) = w,

Now, we observe Z;. In the ¢ - disc, there are some 1-cells with the labels A, P, Q, «,
B, v, where we mean that a 1-cell is an open arcs. We call a 1-cell an edge. We denote the
edges in the ¢ - disc with the labels A, P, O, «, 8, y by AD pW) Q(i),a(-j),ﬁ(-j), y(j) re-
spectively. Thus, the set Z; consists of fifteen edges {AV), P Q0® oW gW W) ;=
1,2,3and j = 1, 2}. Then, the map fy|z, is extended continuously on Zo U Z; satisfying
the following conditions.

1. Forany X € {A, P, Q}andi € {1, 2, 3}, f5(X®D) = X;

2. Forany X € {a, B, y}and j € {1, 2}, fp(XV)) = X;

3. fy is a homeomorphism on each cell in Zo U Z;.

At last, we consider Z;. Let p4,04, 74 be oriented 2-cells (open 2-discs) in the up-
per half disc of Dy with the boundary 9 (cl(o4)) = A, 9 (cl(o4)) = PQu, 3 (cl(t4)) =
AQYPAP B Q respectively, see Figure 2, where cl(X) means the closure of X. Similarly,
let p_,0_,7_ be oriented 2-cells in the under half disc in Dy such that 9 (cl(p-)) = A,
d (cl(c-)) = PQu, d (cl(z-)) = AQ?PAF B 0 respectively. We call a 2-cell a face. Then,
the set Z, consists of the faces {o+, p—, o4, 0, T4, 7—, Int(Ey)}. Then, the map fs|z,uz,
is extended continuously on Zo U Z1 U Z; (= SZ) satisfying the following conditions:

I. Forany X € {p, o, T}, fp(X1) = fp(X_) = X;

2. fs is a homeomorphism on each cell in Zo U Z1 U Z;. Thereby, f : 5?2 - Sz/f¢,
is determined by the ¢ - disc up to isotopy. We call the pasting information an identification
map fy of the ¢ - disc.

REMARK 2.1. Note that the label X of each cell in ¢ - disc is the name of the cell in
5%/ fp.

Let G be the connected 3-regular graph with labels on § 2 associated with the underling
space of Zg U Z. Note that each of §2 \ G¢ is an open 2-disc. Thus, Dy, Ey, Dy/fs and
Ey/fe have cell structure. We call the triple ($2, Gy, fo) as ¢-diagram.

Since f is a map on S2(= dB?3), the quotient space Vo = B3/f¢ is defined. We can
confirm that the quotient space V4 is a compact 3-manifold by examining a neighborhood
of each point of B3. Note that the boundary of the 3-manifold Vg is Eg/fp, and the image

Jo(0Dy) = fo (8 E¢) is the theta-curve 6 (Figure 1) embedded in 9 V4 such that 0 V4 \ 6 =
Int(Eyp).
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FIGURE 4. D;&. FIGURE 5. The solid torus V.

THEOREM 2.2. The manifold Vy is homeomorphic to a solid torus.

PROOF. By the definition of fj, E4/fy is the boundary of the manifold Vs, which is
a free face of V. Thus, the manifold Vj collapses to the cell complex Dy /fs. And the cell
complex Dy / fs collapses to the cell complex D(; /fs, where D(; is shown in Figure 4.

The cell complex D;s /fe collapses to the loop C/fs, where C is the edge shown in

Figure 4. Thus, the manifold V,, collapses to S'.

Thereby, Vj is homeomorphic to either a solid torus or a solid Klein bottle. By the
definition of the map fy, the manifold Vj is orientable. Thus, it must be homeomorphic to a
solid torus. ]

The solid torus Vj is shown in Figure 5. The bold lines o, 8 and y are embedded in 0 Vy,
and the others are embedded in Int(Vy). And shaded faces are Dy /f; embedded in Int(Vy).

2.2. The case w(L, R) # ¢. In the previous subsection, we observed the case when
w(L, R) is the empty word. In this subsection, we consider the case when w(L, R) is not the
empty word. For a word w, we will define w-disc D,,, and show that B3/f,, is homeomorphic
to a solid torus, where f,, is an identification map on 3 B> induced by D,,.

Now, we define the two discs D,, and Dj; for a word w. Denote by H,, Hj, Hr, Hz
the annuli shown in Figure 6, 7, 8, 9 respectively. At first, we consider the case that the length
of the word w is 1, thatis, w = X, where X € {L, R, L, R}.

DEFINITION 2.3. The disc D% is defined by the following steps.
Step 1. Rename the label p of the vertices and the edges in Dy into g, where p =
u,v,w,A, P, Q,a B, vy.
Step 2. Rename the label p of the vertices and the edges in Hy into puy, where u =
u,v,w,A, P, B, Q,a B, y.
Step 3. Rename the label o', 8" and y’ of the edges in Hy into o, By and yy respectively.
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Step 4. Glue the ¢ -disc Dy and the annulus Hx by identifying the corresponding circle
o B Yo% By V-
See, for example, Figure 10 for Dt.

DEFINITION 2.4. The disc Dy is obtained by the more two steps in addition to Defi-
nition 2.3.

Step 5. Delete the edges a4, By and y.

Step 6. Change the label gvx (or vy e) into vy. For example, in the case when X = L,
there are arcs with label Qg By, see Figure 10. Then, rename it into By. Similarly,
change the label Ay Py into Ap.

FIGURE 8. Hg. FIGURE 9. Hp.
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See, for example, Figure 11 for Dy .
Now, we define two discs D}, and D,, in the case when the length of the word w is
greater than 1. Our definition is given by the induction with respect to the length of the word

w.

Suppose that two discs D} and D,, are already defined for w = X{X»---X,, where
X; € {L,R, I:, Ié}. Then, let wX be the word X X, --- X, X, where X € {L, R, L, R}.

DEFINITION 2.5. The disc D} y is defined by the following steps.

Step 1.

Step 2.
Step 3.

Rename the label v of the vertices and the edges in Hy into p,x, where u =
u,v,w,A, P,B,Q,a B, y.

Rename the label o/, B’ and y’ of the edges in Hy into ay,, By and yy, respectively.
Glue the disc D}, and the annulus Hy by identifying the corresponding circle

oy Bu Yw a_wﬁ_wﬁ

DEFINITION 2.6. The disc Dy is defined by the following steps.

Step 1.
Step 2.
Step 3.

Step 4.
Step 5.

The same with Step 1 in Definition 2.5.

The same with Step 2 in Definition 2.5.

Glue the disc Dy, and the annulus Hy by identifying the corresponding circle
oty B Vuw a_wﬁ_wﬁ

Delete the edges oy, By and yy,.

Change the label 1y, vyyx (OF Vyx [Ly) INLO Vy x .

Now, we consider an identification map f,,. Assume that the disc D,, is embedded in 52 (=
dB3) as the case w = ¢. Denote by E,, the disc $?\ Int(D,,). As the case of ¢ -disc, we
can define an identification map f,, : S> — $2/f, and a 3 -manifold V,, = B3/f,. Then,

FIGURE 10. Dj. FIGURE 11. Dy.
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the image f,,(0Dy) = fu(dEy) is the theta-curve 0 (Figure 1) embedded in 9 V,, such that
0 Vy\0 = Int(Ey).

THEOREM 2.7. The manifold Vy, is a homeomorphic to a solid torus.

PROOF. At first, we prove that the manifold V,, collapses to S' inductively. Since the
manifold Vj collapses to § ! by the proof of Theorem?2.2, it is enough to show that if V,,
collapses to S! then Vy,x collapses to S! foreach X € {L,R, L, R}.

We consider the case X = L. Then, the manifold V,,; collapses to the cell complex
Dy /fuwr (Figure 12).

It collapses to the cell complex D, /f,r (Figure 13). Furthermore, the cell complex
D'y /fwL collapses to the cell complex D”1/fur, (Figure 14). At last, the cell complex
D" 1/ fwr collapses to the cell complex D" 1 /fwr (Figure 15). By the definition of f,,
the cell complex D!, /fu1 coincides with the cell complex D,/ f,. By the assumption of
induction, the cell complex D;, /fy, collapses to S ! So, V1 collapses to S'. Thus, for any
word w, the 3-manifold V,, collapses to S ! In the case X = R , L, R, we can prove similar to
the case X = L. Since the manifold V,, is orientable, we conclude that V,, is homeomorphic
to a solid torus. O

P [ weR > Bu Qu
Ay . -diagmram /

/

BWL

/
FIGURE 12. Dz. FIGURE 13. D ;.
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FIGURE 14. Dw(L‘R)L. FIGURE 15. Dw(L‘R)L.

3. Meridian, longitude and fiber structure of V(1 r)

In this section, we consider a meridian-longitude system (m,,, [,,) of the solid torus
Vw, where a meridian-longitude system (m,,, [,,) is a pair of loops m,, and [,, satisfying the
following conditions:

1. my and [, are essential loops embedded in 9 V,,

2. my and [, intersect at a point.

3. LKmy >=1land K[, ># 1 in 71(Vy,), where <> is a homotopy class.
In § 3.1, we give a presentation of loops embedded in 9 V,,, that is, we define two generators
K Xy > and K yy, > of 71(d V) for each word w. Then, any loop embedded in 9 V,,
is presented by an element ay,[xy] + by[yw] in Hi(d Vy,) uniquely, where a,, and b,, are
coprime integers and [ ] is the homology class. In § 3.2 and § 3.3, we consider the coefficients
ay, and by, of the meridian and a longitude of V.

3.1. Loops embedded in d V,,1 r). In §2, we showed that E,/f is the boundary

of the solid torus V,,. Thus, three loops o, B, YwBw and yy, o, are embedded in 9 V,,. We
denote them by xy,, y,, and z,, respectively.

PROPOSITION 3.1. For any word w, the two elements << xy > and K yy > forms
a basis of the fundamental group w1(0 Vy,), where < xyy, > and <K yy, > are the homotopy
classes of the loops x,, and y,, respectively.

PROOF. Consider the loop A, embedded in 9 V,,, where the loop A,, is shown in Fig-
ure 16.

Two loops A, and y,, B, are homotopic in d V,,. By the method of cut and paste, we
know two loops A,, and a, B, are essential loops and intersect at one point in 9 V. O

By Proposition 3.1, any loop embedded in d V,, is presented by an element a,,[ x,, ] +
byl yw 1in H1(d V) uniquely, where a,, and b,, is coprime integers.

3.2. The case w(L, R) = ¢. In this subsection, we consider a meridian-longitude
system of the solid torus V.
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ABW

FIGURE 16. Ey.

THEOREM 3.2. A pair ofthe loops (v, X¢) is a meridian-longitude system of the solid
torus V.

PROOF. According to the proof of Proposition 3.1, loops x4 and y4 are essential loops in
0 V. Furthermore, we can regard x4 and y4 as loops intersecting at a point with the argument
of general position. Thus, all we have to do is to show that < x4 ># 1 and < yy >=1
in 71 (V). We consider the fundamental group 71(Vy). Since Vi collapses to Dy /fy, the
fundamental group 71 (V) is isomorphic to 71 (Dg/fs). So, we consider 1 (Dy/fy). We
choose a base point of Dy /fs as the vertex u = fy (u®), see Figure 2.

The fundamental group 71 (Dy/fy) is obtained by the following two steps. First, we
consider a maximal tree Qf of Gy, where Gy = |Zo U Z1| and Zy and Z; was defined

in §2.1. Then, any loop embedded in Dy/fy is homotopic to some loop which is a finite
product of the loops af, yB, PQB and B QAQB. That is, m1(Dg/fp) is generated by the
homotopy classes of the loops B, y8, PQpB and B QA QB.We denote them by &, 7, P, A
respectively. And, any relator of 71 (Dy/fy) is a sequence of (P&, Ap~!, A} which are
homotopy classes of the loops each of which bounds a face of Dy /fy. Thus, we get

11(Vy) = m1(Dg [ fp, 1)

And the generator of 71 (Vy) is &. Since & is the homotopy class of the loop x4 = ag By, we

get K xp ># 1. And 7~ lis a relator of 7 (V). Since y is the homotopy class of a loop

Yo = V¢Byp, we have L yg >=1. 0
Now, we consider the loop z¢ = yp0g in 0 V.

DEFINITION 3.3. Let V be a solid torus with the meridian-longitude system (m, [).
Then, a loop A in 9 V is the (p,g) - type if the condition [A] = p [I/] + g [m] holds in H{(3 V).
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Then, we consider the type of the loop z¢ for a solid torus V; with the meridian-longitude
system (yg, x¢) given in Theorem 3.2.

THEOREM 3.4. The loop zy is the (1, 1)-type.

PROOF. By the definition, the homotopy class of the loops x4, ys and x, satisfy the
following condition in 71 (9 V).

K 2¢ > =<K Yplg >
=< YpPo By >
=L Yoy > apfp > .
Thus, the loop z¢ satisfies the condition [z4] = [x¢] + [yl in H1 (0 Vy). O
3.3. The case w(L, R) is not the empty. In this subsection, we consider a meridian-
longitude system of the solid torus V,, is the case when the word w is not the empty word.

In §3.3.1, we give two theorems about meridian-longitude systems of the solid torus Vy,. In
§3.3.2, we prepare lemmas. In §3.3.3, we give the proofs of the theorems.

3.3.1. Theorems. Forawordw = X1X»>...X,,where X; € {L, R, L, R},we define

1 1 1
the matrix M,, = Ux, Uy, --- Ux,, where U = (O 1), Ur = (1 ?) Uj = UL*1 and
Up=Ugr™ L

THEOREM 3.5. There is a meridian-longitude system (my, L) of Vy, satisfying the
following equations in Hy(d Vy) :

[my] = _Ml,Z[xw] + Ml,l [ywl;
[lw] = M2,2[xw] - MZ,I[)’w] ,
where M, j is the (i, j)-element of the matrix M,.

Now, we will see another theorem. We use the following notation for the expansion into
continued fraction:

[alv az, -+ ,dp—1, al’l] =
aip +
1
a +
. 1

An
For a pair of natural numbers p, ¢ such that p > ¢, we define an alternative word A(p, q) as
follows:

L% R4 143 .. [ An-2 RAn—1 [ Gn (n : Odd)

A(p’ q) = {Lal RaZ La3 e Ranf2Lanfl Ran (n : eVen)
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where the natural numbers a; are defined by g/p = [a1, a2, -, a,, 1].

THEOREM 3.6. For the solid torus Vapq) with the meridian-longitude system
(M A(p.q)> La(p,q)) given by Theorem 3.5, the loop za(p.q) is the (p, q)-type.

NOTATION 3.7. We call Vo(p. o) as (p,q)-type solid torus and denote it by V), ,.

3.3.2. Lemmas. In this subsection, we show two lemmas. The first one is concerned
with the fundamental group of the solid torus V,,. The second one is the calculation of the
matrices Uy, Ug, Uy and Up.

Now, we see the first one. At first, we consider the solid torus Vi, where Vy is the
solid torus V,, in the case w = L. Since the solid torus V7 collapses to Dy /fr, the funda-
mental group (V) is isomorphic to 771 (D /fr). By the definition, the fundamental group
m1(Dy/f1) is isomorphic to 71 (D] /f1). Thereby, the fundamental group 7y (V) is isomor-
phic to (D5 /fL)-

Thus, we consider 71 (D} /f1). We take a base point u;, of D} /f; and a maximal tree
BLPLALBy Py of D /fL, see Figure 10, where 81, P, Ay By Py means the union of the edges
BL, PL, AL, By and Pg. And we consider the generators and relators similar to the case
w = ¢. Also we use the same notations X in § 3.2. For convenience, we denote X and X
by X and X’ respectively. Then, we have

(VL)
=m (D} /fr, ur)
=<a,y, Q, A, B, 0,4 7

P | A—]1 ~ ~ N N A A A A
| Q' ', Q' AQYy A, A, B, 0a'B7', 0, yBOy' >

A

lg/ = 1and );’02/7 77! = lin 7 (Vy). Since, the homology

And we get the two relations &~

A=l A, ~ . .
class of the loops x4, y¢, X, and y; area’ ¥/, &~ and y respectively, we get the following
relations in H{(Vy):

[xL] = [x¢] t<[xL])_ t<[x¢])U
{[yL]=[x¢]+[y¢] = o)™ a7
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where /() means the transposition and [ ] means the homology class and Uy, is defined in
§ 3.3.1. Since the generator of 71 (Vy) is o;/, we get [xg] # 0in H1(Vy). And by the relation
of w1 (Vy), we have [ys] = 0in H{(VL).

In the case X = L, R, R, we take a base point ux of m (D;‘(/fx) and a maximal tree
Bi Pi A; By Py, BRORARBy Py and B QA By Py respectively. Then, we get the relations

t t
([[););]]) = <3z}>Ux , [x¢] # 0 and [yy] = 0in H;(Vx), where the matrix U;, Ug

and Uy are defined in § 3.3.1.
At last, for any word w = X1 X7 - - - X,,, where X; € {L, R, L, R}, we consider H; (V).
We take a base point u,, of D}, /f,, and a maximal tree (B4 Dg) U (] [7_, m;), where m; =

Px,Ax. (X;=1L,L); ' 1 t
PxiPxi Ay, (Xi _) Then, we get the equation ( [xwx] ) = ([x“’]>UX for
Bx;Ox;Ax; (Xi =R, R). [ Ywx] [ ywl

any X = L, R, L, R. Thus, we have the following lemma.

LEMMA 3.8. The following two relations 1 and 2 hold in H\(Vy,), where the loops x,
and y,, are embedded in 8 V,, and the loops xy and y4 are embedded in Int (V).

t t
( L] ) = ([x¢,] )Mw, where the matrix My, is defined in Theorem3.5 and [ |
[ yw] [yg]

means a homology class.
2. [x¢] #0and[ys] =0.

Now, we observe another lemma. For n natural numbers a; (1 < i < n), two matrices A
and B are defined as follows:

UNNURUP - U PUR UP (n: odd)
U URUP - UgU Uy (n o even)

_ {U,@ UPUS - UgUP U (n: odd)

U UPUR - U U U (n: even)
We denote by A; ; and B; ; the (i, j)-element of the matrix .4 and B respectively.

LEMMA 3.9. Two matrices A and B satisfy the following conditions:
A1+ A2  Bii+ Bip
A1+ A2 Boi+Bao
into continued fraction defined in §3.3.1;

2. (a) Two natural numbers A11 and A1, are coprime, and two non-negative integers

Az 1 and A3 are coprime.
(b) Two natural numbers A1 1 + A1,2 and Az | + Az 2 are coprime;

= la1, az, -+, an, 1], where [ | means the expansion

PROOF.
1. Let us consider a proof by induction on the length of the matrix .4 and BB, where the
length is the natural number n in the matrix Uy Uy? Uy’ -+ Uy" .
1 2 3 n



@

SYSTEMATIC SINGULAR TRIANGULATIONS 551

A A
Ifn =1, then A = La and B = bo . So, we have —21 22 tA22 _
0 1 ar 1 A+ A2

Bii+ B 1

By1+By aj+1
n — 1. Then, we will consider the case n.

= [ay, 1]. Now, assume that the statement holds in the case

In the case n is odd
A=U'UgUpP - U"=U['B
_ I a Bi,1 B2
0 1 By 1By
_ <Bl,1 +a1By1Bip+aiByp )

By B> '
where B is the matrix with respect to n — 1 natural numbers ay, a3, - - -, a,, that is,
B=UgU;?---U;". Then, we obtain

Axy+Azn By 1+ Bao
Aii+A2 Bii+aiBag+ (Bl,z +a132,2)
_ 1
- Bii1+ B2
ay+————=
By 1+ B

By the assumption of the induction, we have the following equation about the matrix
B.

Bi1+ B
——— =az, a3, -, ay, 1].
By1+ By
Thus, we have
! = 1]
o Bl,l +Bl,2 = lai, az, y Up, .
By1+ By

Also, we have that
B=UY UUS .. UY = UY A

(o D22
a; 1 Axy Az

:( A1 A1 )
atA1q1+ A1 atAia+ A

and
Bii+Biy A1+ A

Byi+Bay  aiAny+ Ay + (a1A12 + Azo)
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1
A2,] +A2,2 [a]v a, ’ any ]

A1+ A

(ii) In the case n is even
We can prove similar to the case (i).
2.(a) WehavedetUyx = 1forall X € {L, R, L, R} by the definition of the matrix Uy.
Since the property of the determinant: detAB = detA detB, we get det A=1. It

completes the proof.
. A A A
2.(b) By the property of the determinant, we have det A = det ( L1+ AL 1.2 >
Ax1+ Az Azp
Since Aj 1+A1.2, A12, A2,1+A22 and A3 > are natural numbers and det 4 = 1,

we get A; 1+ A12and A1 + Az 2 are coprime. O

3.3.3. Proof of main theorems.

PROOF OF THEOREM 3.5. There is a representative y of homology class [y,,] such
that y is an essential loop on a solid torus V,, and y intersect with x,, at one point each other,
where x,, and y,, are defined in § 3.1. Since detM,, = | and two non-negative integers M; |
and M, » are coprime for i = 1, 2, there are two essential loops m,, and [, on 9 V,, with one
common point such that

[my] = _Ml,Z[xw] + Ml,l[.Vw]? [lw] = M2,2[xw] - M2,1[,Yw] .

Thus, the rest of the proof is to show [[,,] # 0 and [ m ] = 0 in H; (V). By Lemma 3.8, we
get the following equation in H;(Vy,):

(INER
[yuwl [)’¢>]
( xw])( M —M1,2> _ t([xq&])
[yw] —Myy My [ el

{ [xp] = Mool xw] — Mo 1| ywl
[y¢] = _Ml,Z[xw] + Ml,l[yw]

And we have [xg] # 0 and [yg] = 0in H{(V},) by Lemma3.8. Also we get [m,,] = [yy] and
[lw] = [x¢] in H{(Vy,). It completes the proof. O

PROOF OF THEOREM 3.6. Recall that g; is defined by the equation g/p =
[ai, aa, -+ -, an, 1]. Then, we define the matrix A9 as follows:

a Aap— Ap— n .
AP0 {UZI U1ae2 up - U/ 2ug! UZ (n : odd)

U/ URUP - Ug?U UR (n s even)
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For convenience, we denote the word A(p, ¢) by A. By Theorem 3.5, we have the following
relations in H{(0 Ta):

[mal = —Ar20xal + Av1lyals  [lal = Az plxal — Az 1lyal,

where A; ; is the (i, j)-element of the matrix A9 Thus, we have
[xal = A11lla]l + Az 1[mal; [yal = A1 2[lal + Az a[mal.
Then, the following equation holds in H1(d T4):
[zal = [xal + [yal
= A1 1lla]l + Az 1lmal + A1 olla] + Az p[mal
= (A1 + A12) Ual + (A21 + A22) [mal .

By Lemma 3.9 and the definition of a;, we have

A1+ Ao

7:[61]76127”'761}17 1]:—,

A1+ A2 p
And, two natural numbers Az 1 + A2 and A;,1 + A2 are coprime by Lemma 3.9. Thus, we
have A1+ Ajp =pand A2 + A22 =4q. O

3.4. b-type solid torus. In this subsection, we define the b-type solid torus for an
integer b. In § 5, it will be appeared that b - type solid torus corresponds to an obstruction
class of Seifert manifold.

For an integer b, the word w(b) is defined as LRYL. Then, we consider a meridian-
longitude system of the solid torus Vy, ().

COROLLARY 3.10. For the solid torus V), there is a meridian-longitude system
(M, lww)) satisfying the following conditions in Hy (0 Vyp)):

[myw)] = b [xwp)] + @+ 1) [ywwl;
[lwp)] = (=b+ D [xup)] =D lywm]-
—b+1 b

—b 1+b
proof. O

PROOF. We have ULUIIQUL = < > Theorem 3.5 completes the

THEOREM 3.11. For the solid torus Vyg) with the meridian-longitude system
(M), lww)) given by Corollary 3.10, the loop zy,p) is the (1, 1)-type.

PROOF. The following relation holds in H1(9 Vy,)):
Zwiy ] = Dwp)] + [xww]
={b+ (=b+ D} xup)] +{(B+ 1) + (=)} [Ywn)]
= blxyp)] + (b + Dlywp)] + (=b + Dlxwn)] + (=D [ywn)]
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= [myw)] + Uww)] -

NOTATION 3.12. We call Vy,() as the b-type solid torus and denote it by Vj j.

4. One-vertex triangulation of Lens spaces

In this section, we construct systematically one-vertex triangulations of lens spaces. In
§ 4.1, we will define a homeomorphism ¢ = ¢(w, w’) : 3 V,, — 9 V,,y for two words w and
w’, and consider the manifold obtained by gluing two solid tori V,, and V,,s by ¢, denoted by
Vw Uy V. In § 4.2, we will show the following fact: for any pair of coprime natural numbers
p and g such that p > g, we can choose two words w and w’ such that the lens space
L(p, q) is homeomorphic to the manifold V,, U, V,,. Then, we will consider a one-vertex
triangulation of the lens space L(p, ¢).

4.1. Gluing map ¢. Fori = 1,2, we denote by U; the boundary tori S' x S!. Let i;
be an embedding such that U; \ h; (0) = Int (D?), where 6 is a theta-curve shown in Figure 1.

LEMMA 4.1. Two embedding hy and hy induces a homeomorphism @12 : Uy — Uz
such that 12 (h1(X)) = ho(X) for any edge X € {a, B, y} of 0.

PROOF. We define the map ¢” : h1(0) — ho(0) by identifying /1 (X) and hy(X),
where X = «, 8, y. Denote by N(h;(#)) a regular neighborhood of /;(0) in U;. Then,
the map ¢” can be extended to a homeomorphism ¢’ : N (h1(0)) — N (h2(9)) such that
@' (h1(X)) = ha(X), where X = «, 8, y. Since U; \ ¢;(0) = Int (D?), the homeomorphism
¢’ can be extended to a homeomorphism ¢ : U; — U, such that ¢ (h1(X)) = ha(X), where
X=ua/p,7y. O

Now, we define a gluing map ¢ of solid torus V,, and V,,. Recall that for any solid torus
Vy, a theta-curve @ (Figure 1) is embedded in 3 V,, such that 3 V,, \ & = Int(D?). Thus, for
two words w and w’, a homeomorphism ¢(w, w’) : 3 V, — 9 Vs is given by Lemma4.1. So,
we define the manifold obtained by gluing V,, and V,y by ¢(w, w’), denoted by V,, Uy, V.
In the following subsection, we consider the manifold Vy, Uy, V.

4.2. The manifold obtained by gluing 0 V,, and V,, by ¢. Let p, g be a pair of
coprime natural numbers such that p > ¢. There are many pairs of two words (w, w’) such
that V,, Uy Vi = L(p, q), where L(p, q) is a lens space. Then, the following theorem

gives us a pair (w, w’), say w = L and w’ = A(p, ¢), where the word A(p, ¢) is defined in
Theorem 3.6.

THEOREM 4.2. The manifold Vi Uy Va(p.q) is homeomorphic to the lens space
L(p, q). In particular, Vi U, Vy = S3 and ViU, Vi = $2 x S
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PROOF. For convenience, we denote the word A(p, g) by A. By Theorem 3.5, there are
meridian-longitude systems (mj,/;) and (m4, [4) of the solid tori V; and V4 satisfying the
following relations in H;(d Vz) and Hi (0 V) respectively:

[mpl =—[xp1+[y;l; (D
[mal = —A120xal + A1 1lyal; (2)
[la]l = Az2[xal — A2 1lyal, (3)

where A; ; is the (i, j)-element of the matrix AP-D | where AP-9 is defined in the proof of
Theorem 3.6. According to the definition of the gluing map ¢ : 0 V; — 0 V4, we obtain

pxp) =xa; @Op)=ya. 4

Let (p# : H1(0 Vy) — H1(0 Vy) be the isomorphism induced from the homeomorphism ¢.
Using the equations (1), (2), (3) and (4), we have the following relation in H1(d V4).

lpmp)] =" (m; ) = "Iy D + ¢ (15D = [e )] + [p(xp)]
= [yal +[xal = A11llal + Az 1lmal + (A12[la] + A2.2[m4l)
= (A1 + A1)l + (A2 1 + A2 2)[mal.
By Lemma 3.9, two natural numbers Ay 1 4+ A2 and Ay | + A3 > are coprime and

Ar1+ Ao q
———== =ay, az, -, ap, 1] = —.

A1+ Al P
Thereby, the manifold V; U, V4 is homeomorphic to the lens space L(p, q).
At last, we will show V; U, Vp = 83 and V; U, V; = 52 x S!. By theorem 3.5, we get
[p(mj)] = [mg] + [lp] and [¢(m[)] = [m[]. It completes the proof. O

Recall the definition Dy, see § 2.1 and 2.2. Let P be the 2-manifold obtained by gluing
(D;/f1) and (Da(p,q)/fa(p.q)) With . Then, P is a special spine of the lens space L(p, g) =
Vi Uy Va(p,q)» Thus, the dual complex of P in Vi U, Va(p.q) is a one-vertex triangulation of
L(p,q).

5. One-vertex triangulation of Seifert manifolds

In this section, we construct systematically one-vertex triangulations of all orientable
Seifert manifolds with orientable base. Our construction is based on the following fact: any
orientable Seifert manifold is obtained by gluing the compact manifolds M, J and V),
which are homeomorphic to (S> — [ [/_, Int (D?)) x S, (! x S! —Int(D?)) x S and (p, ¢)-
type fibered solid torus.

In §5.2 and 5.3, we consider the manifolds J and M,, respectively. In § 5.4, we define
the manifold M obtained by gluing V), 4, Vp, J and M,,, see Notation3.7 and 3.12 about
Vp:.q: and Vp, and consider a fiber structure and a one-vertex triangulation of M.
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FIGURE 17. K.

FIGURE 18. E:=3B3N{z=0},5S:=dB>N{z= ﬁ}, N:=3B3N{z=—

L}.
2

51. (8% - LI?:] Int(Diz)) x S'. We use the notation K for the labeled 3-regular
graph shown in Figure 17. Suppose that K is embedded in 8 B3. We denote by D; the 2-disc
bounded by the circle «; B; y,'oT,'EW in Sz(z ad B3). Then, by removing D1, D> and D3 from
§%(= 8 B?), we get a 2-sphere with three holes. We denote it by Dx. Analyzing the notion
of an identification map for a word diagram in § 2, we can consider an identification map fx
on 8 B> and a compact 3-manifold K = B3/fx.

PROPOSITION 5.1. The manifold K is homeomorphic to (S — ]_[?:1 Int (Diz)) x St
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PROOF. Without loss of generality, we assume the following three conditions (a),(b),(c)
about the embedding of the graph K in §%(= 8 B):
@ B ={(,y,0eR|FZ+y +2 <1}
(b) B3N{z=0},dB°N{z= fz} and B3 N {z = —%} are the bold circles E, N
and S shown in Figure 18 respectively.
We denote by Ay (a, b), As(a, b) the arcs in 9 B3 defined by

At(a,b) = {(x,y,z) | x = %cos@, y = %sin@, 7= %, a <0 <b}
A_(a,b) = {(x,y,z) | x = Lcos@, y = Lsin@, z:—i, a<?@ <b}.
V2 V2 V2
(c) The edges in the circles S and N satisfy the following conditions:
Y1 =At <0, %n> ; Z3 = Ay <%n, in) ; B3 = At <in, En) ;
9 9 9 9 9
X1 =A1 <§n, §n) ; Yz=A4 <§7l’, Qn) ; Br= A+ <En, En) ;
9 9 9 9 9 9
leAi<£n, E7'[); X3=Ai<En, E7'[); ,31=Ei<En, 271).
9 9 9 9 9

Consider the flow generated by the vector field 8/8z on B>. A point aq in Figure 19 is mapped
by the identification map fijc to aj. And it is moved by the flow 9/0z and arrives at a. After
that, it is mapped to a3 by fxc and it turns back to the same point a by the flow d/dz. Also,
any point in Int(A1) turns back to the same point. Similarly, any point in Int(By), Int(Cy),
Int(D1) and Int(E1) turns back to the same point respectively.

Then, by the method shown in § 4 in [6], we know that D;C /fic is the orbit space obtained
by fic and 9/dz, see Figure 20, and it is embedded in K. Since D;C /fxc is homeomorphic to

52— ]_[?:1 Int(D?), we get the manifold (52— ]_11.3:1 Int (D?)) x I by cutting K along Di/fxc,
Thus, the manifold K is homeomorphic to (S2 — [[7_, Int (D?)) x S'. O
We define a fiber structure of K by the vector field d/9z. Thus, the loop {(x, y,z) |

x =y =0, —1 <z < 1}/fx is a fiber of K. So, the loops yo are homotopic to fibers of
K, where k =1, 2, 3.

52. (S'xS'—Int(D?)) x S'.  We consider the manifold (S! x S' —Int (D?)) x S*.
We use the notation D for the disc shown in Figure21. Assume that D 7 is embedded in
S2(= 9dB>). Then, an identification map f7 on S%(= 9B?) is induced by identifying the
directed labeled edges of the D 7 similar to § 5.1. Then, we consider a compact 3-manifold
J=8Bf7.

PROPOSITION 5.2. The manifold J is homeomorphic to (S1 x SU— Int (D?)) x SL.
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Y3 X
ed{

7, W 2 g
«d) A \\@\2 2(1

Xi
7 <y,
szg\'))zjz
2

FIGURE 19. A,B,C,DandE. FIGURE 20. Dje.

FIGURE 21. D..

PROOF. The proof is similar to Proposition5.1. Suppose that the D 7 is embedded in
the boundary of the unit ball. We consider the orbit space generated by the flow d/dz. Then,
we have ij /f7 is homeomorphic to S x §' — Int(D?). Thus, J is homeomorphic to

(S! x §1 — Int(D?)) x S!. O

53. ($2— 117, Int( Dl.2 ))x S'.  Foranatural number n > 3, we define the manifold
M,,. We prepare (n — 2)-copies K®, K@ ... K@ of K, where K is homeomorphic to
(82 — [[2, Int(D?)) x §' defined in §5.1. For j = 3,4,---,n, (C”,6)), (C’, 6) and
(C;j ), 03) are pairs of a boundary component C,.(j ) of KU) and the theta-curve 0; (Figure 22)
embedded in C,.(j ), where Cl.(j ) is homeomorphic to S! x S Since the theta-curve 0; is
embedded in Ci(j ) such that Ci(j ) \6; = Int(D?), we can define homeomorphisms ¢/) :
Céj) — C1(j+1) by Lemma4.1 for j = 3,4,---,n — 1. By using <p(-j), M, is defined as
K® me K® Uw(‘” ... Uw(n—l) K®.
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o

FIGURE 23. Gluing maps {¢;}.

Note that the homeomorphisms ¢/ satisfy the conditions /) (a3) = a1, /) (B3) = B1
and ¢ (y3) = yi, where §; = o; U B; U y;. Thus, the homeomorphism ¢/ is a fiber
preserving, and the manifold M,, is homeomorphic to (5> — 117, Int (Diz)) x St

5.4. The manifold obtained by gluing J, V;,, V, , and M,. Let g and n be integers
such that g > O and n > 3. Then, we consider the manifold M, 4. As shownin § 5.3, a theta-
curve 6; (Figure 22) is embedded in each boundary component C; of M, 4 such that C; \ 6; =

Int (Dz), wherei = 1,2, -+, n+g. Recall the manifold J, V;, and V), , definedin § 5.2, § 3.4
and § 3.3 respectively. The boundary of each manifolds J, V;, and V), 4 is homeomorphic to

S! x S! and the theta-curve 0 (Figure 1) is embedded in such that X \ 0 = Int(Dl.2), where

X =J,Vp, Vp 4. Thus, by Lemma4.1 there are n + g homeomorphisms { ¢; }7:19
OVpg > C (=i=n),
Yi =
’ 3J — C; m+l<i<n+g),

see Figure 23. Thus, we define the manifold obtained by gluing [ [7_; V), 4. ]_[:’:ng 41/ and
M, 4, denoted by M (Fg, (p1,q1), -, (P, gn))- Then, we consider fiber structure of it.

1. Inthecasel <i <n

(@ pi#l
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2.

1.

(b)
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Recall V), 4, see Notation3.7. By the definition of the gluing map ¢;, we

get (pf] (via;) = ya. Since the loop y;@; is a fiber of the manifold M, g,
we regard the loop yo in a4V, 4 as a fiber of the solid torus V), 4. That is,
we decide a fiber structure of V), 4, by the loop y@. By Theorem 3.6, we have
[yal = pillil+qilm;]1in H1(3Vp, 4,). S0, Vp, 4: is (pi, gi) - type fibered solid
torus. Thus, the core of the solid torus V), 4. is the (p;, ¢;)-type singular fiber.
pi=1

Recall Vi, see Notation3.12. We get the following equation in H;(C;) by
Corollary 3.10, where C; is a boundary component of the manifold K, .

(@i (Muwe))] = @} (mwe))
= ¢f (b [xup)] + B+ 1) [ywm))
= b (xup))) + B+ 1) o* [ yum))
=bo* (@B + b+ D o* (v B
=bo* (Byyal) + b+ D" (ly B)
=o' (ly BD + b " (ly @)
=y Bil +Dlyia].

Recall the following fact shown in the proof of Proposition 5.1: the loop y; 8;
is the intersection of C; and a cross section of M, 4. Since the loop y;a; is a
fiber of M), 4, the core of Vj, is a regular fiber corresponding to the obstruction
class b.

Inthecasen+1<i<n+g

The intersection of cross sections of J and M, 4 and 9J and 9 M, 4 are the loops
By and B;y; respectively. Since the conditions ¢; (yB) = y; B holds, the genus of
base space of M (Fg, (p1,41), -+, (Pn, qn)) is equal to g.

A one-vertex triangulation of M := M(Fy, (p1,q1), -+, (Pn, gn)) is constructed similar to
the lens space in §4.2. That is, a one-vertex triangulation of M is the dual complex of the

2-manifold obtained by gluing [['_; Dup;.a0/fuwpi.qns LIi—y D7/ f7 and [T/ DY/ fic.
EXAMPLE.

Quaternionic space

S(S2, —1; 2,1, (2, 1), 2, 1) = M(Fy, (2,1),(2,1), (2, 1))

2. Brieskorn manifold X'(2, 3, 5)

3.

S(S?2, —1; 2, 1), (3, 1), (5, 1) = M(Fo, (2,1), (3, 1), (5, 1))

S(S%, —2; (2,1),(5,3),(7,5) = M(Fy, (2,1),(5,2),(7,3))
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