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Abstract. The paper deals with the following nonlinear partial differential equation  (19/01)"u =
F(t, x, {(tB/Bt)j(8/3x)°‘u}j+a5m_,j<m) with (£, x) € CZ in the complex domain. Under the assumption that
the equation is of totally characteristic type, the uniqueness of the solution was first proved in [4]. The present paper
gives a sharp form of this uniqueness theorem.

1. Introduction and main result

Notations: (z,x) € C; x Cx, N=1{0,1,2,...},and N* = {1,2,...}. Let m € N*, set
N =#{(j,a) e NxN; j+a <m,j < m} (thatis, N = m(m + 3)/2), and denote the
complex variables z € CN by z = {zj,a}j+a5m’j<m.

In this paper we will consider the following nonlinear singular partial differential equa-
tion:

(a)m ( {(a)j(a)a} )

(1.1) t—) u=Flt,x,{|t— — | ugp . ,

ot ot ox jHa<m
j<m

where F(t, x, z) is a function of the variables (¢, x, z) defined in a neighborhood A of the
origin of C; x Cy x Cév, and u = u(t, x) is the unknown function. Set Ag = AN {t =
0,z =0},andsetalso I, = {(j,a) e NxN; j+a <m, j<m}and I,(+) = {(j, @)
€l ; a>0}.

We impose the following conditions on F(z, x, z):

A1) F(t,x,z) is a holomorphic function on A;
Ay) F(0,x,0)=0 on Ag;
oF

Ajz) (0,x,0) = O(x%) (asx —> 0) forall (j,a) € L,(+).
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Then, the equation (1.1) is called a nonlinear totally characteristic type partial differential
equation. By the condition A3) we have (3 F /92 )(0, x, 0) = x%c; o (x) for some holomor-
phic functions ¢ o (x) ((J, &) € In).

We set
(1.2) LO.p) ="~ 3" cja®iplp—1)-(p—a+1),
Jjtasm
j<m
(1.3) Lp(X)=X"— Y ¢ja(0) X/,
j{a:m
j<m
and denote by ¢y, .. ., ¢, the roots of the equation L,,(X) = 0 in X. If we factorize L(X, )
into the form
(1.4) Lo, D=Q—=-2) - A —=2an), [€N,
by renumbering the subscript i of X; (/) suitably we have
Al
lim i@ =¢ fori=1,...,m.
[—o0
If Rec; < Oholdsforalli =1, ..., m, we have ReA; (I) —> —oo (as ! —> 00); in this case
we can define
(1.5) B =max | 0, max RexX;(/)
1<i<m
>0

Let us recall the result in [4]. We denote:
- R(C\ {0}) the universal covering space of C \ {0},

-So ={t €e R(C\ {0}); |argt| < 6} asectorin R(C\ {0}),
-So(r)={teSe; 0<|t| <r},
-Drp={xeC; |[x| <R}.

We also denote by §+ the set of all u(z, x) satisfying the following i) and ii): 1) u(z, x)

is a holomorphic function on Sg(r) x Dg for some & > 0,r > 0 and R > 0; and ii)
lu(t, x)] = O(|t]°) uniformly on Dg (as t —> 0 in Sy (r)) for some o > 0.

THEOREM 1 ([4], Theorem 2). Assume the conditions A1), Aj), A3) and
(1.6) Rec; <0 fori=1,...,m.
Ifuy(t, x) and uy(t, x) are solutions of (1.1) belonging in the class §+ and if they satisfy

(1.7) mzll)x [(ur —u2)(t, x)| = O(|t]*) (ast —> 0in Sp(r))
XEDR

for some a > B, we have uy = uy in S;.
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The following theorem is the main result of this paper, in which the assumption (1.7) is
weakened into the form (1.8).

THEOREM 2. Assume the conditions A1), Az), Az) and (1.6). If ui(t, x) and uy(t, x)
are solutions of (1.1) belonging in the class §+ and if they satisfy

9\!
(1.8) ((5) (uy — m))(r, 0) = O(|t|]%) (ast —> 0in Sp(r))

foranyl e N

for some a > B, we have uy = uy in S;.

REMARK 1. Ifu; e §+ and up € §+ hold, by the definition we have

rnzll)x [(u1 —u2)(t,x)| = O(|t]®) (ast —> 0in Sy(r))
XEDR

for some s > 0. If s > B we can use Theorem 1; but, if s < B we need some additional
condition like (1.7) or (1.8).

In the study of solutions of nonlinear totally characteristic type partial differential equa-
tions, the following situation often occurs: we can check the condition (1.8), but it is very
difficult to check the condition (1.7). This is the reason why the author needs to publish this
paper. The application of Theorem 2 will be given in the forthcoming paper.

See also [1], [2] and [3], in which the uniqueness of the solution is obtained for other
types of nonlinear partial differential equations.

2. Pseudo-differential operators of Euler type

In the proof of Theorem 2, we will use the same notations as in [4]; in particular, we
recall here the notations Xz, CO([O, T, XRr), S and Sk ([0, T'], XR).
For a formal power series f(x) = leo fi x! e C[[x]], we set

2.1) 1Flc)y =D 1Alx" and [f1, = 1f1(p) =Y 1fil o'

>0 >0

Let R > 0. Using this norm, we define X r by
Xgr={f(x) € Cllx]]; |flr < o0}.

It is easy to see that X g is a Banach space with the norm | - |g. We denote by CO([O, T], XR)
the space of all continuous functions f (¢, x) on [0, T] with values in X, which is also
a Banach space with the norm | f|| = max,ejo,7]|f()|[r. For m € N* we denote by
C™ ([0, T'], XR) the space of all C" functions f (¢, x) on [0, T'] with values in Xg.
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For a sequence A(/) (I =0, 1,2, ...) of complex numbers, we define the operator A(6) :
C[[x]] — C[[x]] by the following:

2.2) Clixll> f =) fix ¥ a0 f =) fir)x" € Clix].
>0 =0
If A(p) is a mapping from N into C, we can define an operator A(6) : C[[x]] — C[[x]].
In particular, if A(p) is a function defined on Ry = {p € R; p > 0}, we have an operator
A@0) : C[[x]] — CI[x]]. If L(p) is a polynomial in p, we easily see that A(0) = A(x(d/dx))
holds as an operator from C[[x]] into C[[x]]. Thus, our operator A(f) can be regarded as a
generalization of a differential operator of Euler type. From now, we will call this operator
A(0) as a pseudo-differential operator of Euler type.
If a pseudo-differential operator A(0) : C[[x]] —> C[[x]] satisfies

(2.3) D <ca+nhF (=0,1,2,..)

for some C > 0 and k > 0, we say that A(0) is a pseudo-differential operator of order k. We
denote by S the set of all such pseudo-differential operators of order k as above.

Similarly, for a sequence a(¢, x; 1) € CO([O, T],Xr) (I = 0,1,2,...) we define the
operator a(t, x; 6) by the following:

(2.4) fa.x) =" fix" — a(t,x:0)f(t,x) =Y _a(t.x: D) fi()x'.
>0 >0

We often write a(t; 0) f(¢) instead of a(t, x; ) f (¢, x). By the definition we have:

LEMMA 1. Forany f(t,x) =Y -0 fi()x" € C°([0, T, Xg) we have

la(t: ) f(1)r < Y la(t: DIr|fi()] R
>0

where |a(t; 1)|g is the norm of a(t, x; 1) € C[[x]] for fixed (¢, ).

In view of Lemma 1, we say that a(t, x; 0) is a pseudo-differential operator of order k
(= 0) with symbol in CO([O, T1, Xg), if it satisfies
(2.5) lat:DIg <CA+DX, 0<t<T and [=0,1,2,...

for some C > 0. We denote by Si ([0, T], Xr) the set of all the pseudo-differential operators
of order k£ with symbol in CO([O, T1, XR).

3. Proof of Theorem 2

As is seen in [4], Theorem 1 is reduced to a uniqueness result in some linear pseudo-
differential equations. Let us recall its reduced linear case.

Let7T > 0, R > 0, and let

) 2@ eSS G=1,....,m),
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2) ajt,x;0) € Su—;([0,T], Xr) (j <m),
3) by jt,x;0) € Su—g—;j(0,T],XR) (q+j=<m,qg>0),
and set

D = (% _ Xm(G))(t% — xm,](e)) . (t% _ x](e)) .

Let 1 € R, and let us consider the following linear pseudo-differential equation:

d\4
3.1 Ot = Zaj(t,x;e)@jwr Z bq,j(t,x;e)(tﬂa) Ou.
j<m q+j<m
q>0

Suppose:

c1) there are b > 0 and ¢ > 0 such that b — ReA;(I) > ¢!/ holds for all [ € N and

i=1,...,m,
cy) foranyi =0,1,...,m — 1 we have
i(t; 1
la; (@ Dl —o(1) (as Ty —> Oand Ry —> 0),
0<i<1, (1 +D™M7
>0
c3) wu>0.

Then, the proof of Theorem 1 was reduced to proving
PROPOSITION 1 ([4], Theorem 3*). Assume the conditions cy), ¢2) and c3). If u(t, x)
is a solution of (3.1) belonging in the class C™((0, T, Xr) and if it satisfies
0\J
3.2) ‘(%) u(t)‘R — 04 (ast —0) for j=0,1,....,m—1

for some a > b, we have u(t,x) = 0 on (0, €] X D, for some ¢ > 0andr > 0.

Thus, by the same reduction as in [4] we see that to prove Theorem 2 it is sufficient to
show the following result.

PROPOSITION 2. Assume the conditions c1), ¢2) and c3). If u(t, x) is a solution of
(3.1) belonging in the class C™ ((0, T, Xg) and if there are s > 0 and a > b such that

(3.3) ‘(t%)ju(t)‘R — 0() (ast —> 0) for j=0,1,....,m 1, and

(3.4) ((t%)j(%>lu)(t, 0) = 0(t%) (ast —> 0)
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foranyl e Nand j =0,1,...,.m—1,

we have u(t, x) = 0 on (0, e] x D, for some ¢ > 0 andr > 0.
First we note the following two lemmas.

LEMMA 2. Let§ > 0. For a function w(t,x) € Cl((0,T), Xg) we define Jw by
(Jw)(t, x) = w(r, *x). We have:
1) Jwe CY((0,T), Xg,) holds for any 0 < Ry < R/T?;

0 0 0
2) Jo(t—)w = (t— — Sx—)on;
at at 0x

ad a
3) Jo( 8—)w = (x a—)on, more generally, for any pseudo-differential operator
X X

A(O) we have Jod(B)w = A(B)oJ w;
ad 50
4) Jo(—)w = (t —)on.
ax ax
LEMMA 3. Leta(t,x;0) € Si([0,T], Xg) and § > 0. Then for any 0 < R < R/T‘s
we have a(t,t°x; 0) € Si ([0, T, XR,) and |a(t, Ox; DIg, < lat; DIg I =0,1,...).

The proof of these lemmas is easy, and so we may omit the details. Now let us give a
proof of Proposition 2.

PROOF OF PROPOSITION 2. Letu(t,x) € C™((0,T], Xg) be a solution of (3.1) sat-
isfying the conditions (3.3) and (3.4) for some s > 0 and a > b. Take a sufficiently small

8 > 0 and set u*(¢, x) = u(t, 1°x). Take any 0 < Ry < R/T‘S and fix it. Then, by Lemma 2
we see that u*(r, x) € C™((0, T], Xg,) and that u™* satisfies the following equation:

d\4
(3.5) OFu* = Zaj(t,tsx;Q)(*);‘u*—i- Z bq,j(t,t‘sx;H)(tM*Sa_) Oiu*,
j<m q+j=m *
q>0

where

~330)) (t% -3®).

oF — (;% — 3 ©) (t% Q) (r% Q)

and A7(0) =21;(0) +660 (i =1,2,...,m).
It is easy to see by Lemma 3 that Aj(0) € S1 ( = 1,...,m), aj(t,tsx;Q) €
Sm—j ([0, T1, Xg,) (j <m),and by j(t,1°x;0) € Spu_q—; ([0, T1, Xg,) (¢ + j <m,q > 0).
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Since ¢y) is assumed, we have b — ReA*(l) = b — Re);(l) — 8l > cl — 8l = (c — )l
(I =0,1,...); therefore, if 0 < § < ¢ holds we have b — Re)»}"(l) >c*l(1=0,1,...) with

¢* =c¢—38 > 0. By Lemma 3 we have |a;(t, Ox; DR, < laj(t; )| r; therefore we easily see:

la;(t, x%x; DR,

0<r<T, (1 +1nm=J
>0

=o0() (asTpo —> Oand Ry — 0).

Since § > 0 is sufficiently small, we may assume that 4 — § > 0 holds. Thus, the reduced
equation (3.5) satisfies all the assumption except (3.2) in Proposition 1. Hence, if we know
the condition

(3.6) ‘(t%)ju*(t)

R =0@1% (ast—>0)forj=0,1,...,m—1
by applying Proposition 1 to (3.5) we can obtain the conclusion of Proposition 2, and the
proof of Proposition 2 is completed.

Thus, lastly let us prove (3.6). If s > a holds, (3.6) follows from the assumption (3.3).
Therefore, from now we assume the condition 0 < s < a.

Let 8§ > 0 be as above, and take an N € N* sufficiently large so that SN + s > a holds.
We express u(z, x) in the form

N-1

u(t,x) = Z &1 Ox" + w(, x)xV.

=0

Then, by (3.3), (3.4) and 0 < s < a we see that

N
(3.7) (tg)]qbl(t) = 0% (ast —> 0) for0<I<N, and
(3.8) ‘(ti)jw(t)‘ — 0(°) (ast —> 0)
’ ot R
holdfor j =0, 1,...,m — 1; hence, if we take 0 < Ry < R we have
N, NI )
(3.9) ‘(5) (tg) w(t)‘RO — O(") (ast —> 0) forany/ e N

forj=0,1,...,m—1.
Set w*(t, x) = w(t, t°x). By the definition we have

N—1
u(t, x) = Z SO X!+ w* (e, )N xN
1=0

and by Lemma 2 we have

(t%)jw*(t, x) = [(t% + 8x%)jw] (t,1°x).
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Since 0 < Ry < R/T? is assumed, by (3.9) we have

(3.10) ‘(t%)jw*(t)‘m < ‘(r% +8x%)jw(t)

forj =0,1,...,m — 1. Thus, by (3.7) and (3.10) we obtain

()",

=0(") (ast — 0)
TSR,

IA

&=y 0y 51y | R 1! INT N RN
;‘(@) G| R+ |(r-) @ o )\Rl !

IA

N-—1

Yoo+ 0Ny = 01t (ast —> 0)

=0

for j =0,1,...,m — 1. This proves (3.6). O
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