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Counting Points of the Curve y> = x!? 4+ a over a Finite Field

Yasuhiro NIITSUMA

Chuo University

(Communicated by S. Miyoshi)

Abstract. We give explicit formulas of the number of rational points and those of the congruence zeta functions
for the hyperelliptic curves over a finite field defined by affine equations y2 =x0+a, y2 =x2 44 and y2 =
x(x() + a).

Introduction

It is an interesting problem to count rational points of a non-singular projective curve
over a finite field and those of the Jacobian variety. In [3], Buhler and Koblitz proposed a
method to give explicit formulas for the number of rational points on the Jacobian variety of
the hyperelliptic curve over a finite field defined by an affine equation ay?> 4+ y = Bx" for
an odd prime number n, considering applications to cryptography. It is a key to their method
to express the congruence zeta function in terms of Jacobi sums. In [5] and [6], Kawazoe
and Takahashi gave explicit formulas for the congruence zeta function of the hyperelliptic
curve over a finite field defined by an affine equation y> = x” + ax in the cases where
n =15,7,9. Recently, Ozaki [8] gave explicit formulas for the number of rational points and
for the congruence zeta function of the non-singular projective curve over a finite field defined
by an affine equation y* = x3 + a.

In this article, we give explicit formulas of the number of rational points and those of
the congruence zeta functions for the hyperelliptic curves over a finite field defined by affine
equations

y2=x%+4a (Proposition 2.1 and Corollary 2.8)
y2 =x244 (Proposition 3.1 and Theorem 4.2)
y2 = )c()c6 +a) (Proposition 5.1)

by determining Jacobi sums.
The point in the argument is to consider the coverings of hyperelliptic curves as follows:
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\X:y2:z\6+a~)~(:y2:z7+ax
Fooo? =gt \E 2_ .3
Yyt =z*+a Yyt =x"+a
Q:1y2=2*+a

Now we explain in a typical case the argument of obtaining the formulas.

Let p be a prime number such that p = 1 mod 12. Then there exist uniquely a prime
element 7 = A + B+/—3 in the ring of Eisenstein integers and a prime element p = C +
D+/—1 in the ring of Gauss integers, where A = 1 mod 3, B > 0, C = 1 mod 4 and
D > 0. Let x denote the multiplicative character of the finite field F), of order 12 defined by
o (nf"—p)u. Then, by applying a theorem of Davenport-Hasse to the curves listed above,

we obtain:
H#E(F,) — (p + 1) = Troeniny o @ (x*. x%) .
H#E(F)) — (p+ 1) = Tro =)0 (=D x @ (. x%),
#X (F ) — #E(F ) = Tronis),0(x* @) J (X%, x°)
and

#Y (Fp) — #X (Fp) = Troenise) o (x (=D @) J (x. x))
+ Tro=n,0X (DX’ @J (. x®) .
(For the notations, see the section 1.) Hence it remains to determine the Jacobi sums

Tt xS, 63 S, TR KO, T xS

It is crucial to restrict the possibilities of Jacobi sums in our cases, up to the multiplication
by a power root of unity, with help of Stickelberger’s theorem for Jacobi sums. At last we
arrive at the main result, analyzing the trace of Jacobi sums.

Hereafter we explain the plan of the article in the typical case stated above.

In the section 1, after reviewing the definition of power residue symbols and Jacobi sums,
we mention a theorem due to Stickelberger for Jacobi sums and a result due to Davenport-
Hasse [4] on the congruence zeta function of the non-singular projective curve defined by an
affine equation ax™ + by" = c over a finite field. We conclude the section by recalling the
results on the Jacobi sums:

T(x* x® = —(A + BV=3)
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and
x(=DJG3, 18 = —(C + DV=1).

In the section 2, we determine the Jacobi sum J (X2’ x6). By considering the double
covering X — E defined by (x, y) — (x2, y), we prove an important congruence

Troemiy (X (= DI (X% x®) = -2 mod 6,
from which we obtain
x(=DJ(2 x% = —(A+ BV=3).

The congruence zeta function of the hyperelliptic curve X over the finite field F, is deduced
from the result.

In the section 3, we determine the Jacobi sum J(yx, XG). By considering the double
covering ¥ — X defined by (x, y) — (x2, y), we prove an important congruecnce

Troa)/Q(x (—=1J (6 x9) + Troy=n,0(x (=DJ (x*, x®) = =6 mod 24,
from which we obtain

—p if C#0 mod3,

J— 6 =
x(=DJ(x, x) {p if C=0 mod3.

In the section 4, we determine the congruence zeta function of the hyperelliptic curve
defined by the affine equation y?> = x'2 + a. In the case where p # 1 mod 12, it is crucial
to determine Jacobi sums over a quadratic extension field.

In the section 5, as a corollary of the theorem in the section 4, we obtain explicit formulas
for the congruence zeta function of the hyperelliptic curve over a finite field defined by the
affine equation y2 = x(x6 + a).

It should be mentioned that some of our results can be deduced from the assertions men-
tioned in Berndt, Evans and Williams [2, Chapter 3]. We adopt here a method emphasizing
relations between the Jacobi sums and the hyperelliptic curves.

ACKNOWLEDGMENT. The author expresses his sincere thanks to Professor Noriyuki
Suwa for his advice and suggestion. He has learned much from his lecture in the winter
semester 2004, getting materials of the section 1. Furthermore he is very grateful to the
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NOTATION

Throughout the article, p denotes a prime number and g a power of p.
F,: the finite field of order ¢

F;: the multiplicative group F, — {0} of F,

X (Fy) the set of F-rational points of an algebraic variety X

#S the cardinal of a finite set S

1. Recall: a result of Davenport-Hasse

In this section, we mention classical results due to Stickelberger and due to Davenport
and Hasse, recalling the definition of power residue symbols and Jacobi sums.

1.1. LetF, denote the finite field of order ¢. A multiplicative character of F, is nothing
but a homomorphism of multiplicative groups x : F7 — C*. The trivial character ¢ is

defined by e(¢) = 1 forall @ € F; By convention, we set

1 if yx is trivial,
0 if x is non-trivial.

x(0) = {
Then we have

if x is trivial ,
Z xy =19 X .
0 if x is non-trivial.
acF,
EXAMPLE 1.2. Letn be aninteger > 2, and let K be a number field containing all the
n-th roots of unity. Take a prime ideal p of K not dividing n. For any integer o of K, prime

to p, there exists uniquely an 7n-th root of unity (%)n such that

Np—1 o
o = <—> mod p,
P/

where Np denotes the order of the residue field at p. We call (%)n the n-th power residue

symbol. Putg = Np. Then o — ( %)n induces a multiplicative character of F,; of order n.
Whenn =2, K = Q and p is a prime number # 2, the power residue symbol is nothing

but the Legendre symbol (%)

1.3.  Let x and  be multiplicative characters of the finite field F,. Then the Jacobi sum
J(x, n) is defined by

Joem =) x@nd —a).

acF,

It is well known that
M JOGm =J0, x5
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(2) J(e,e)=gq;

3) J(x,e) = J(e, x) = 0if x is non-trivial;

@) J(x, x~ Y = —x(=1) if x is non-trivial;

(5 [J(x,m| = ./qif x,n and xn are non-trivial.

1.4. Now we mention Stickelberger’s theorem after a description by Weil [10], which
will be used often later. Let n be an integer > 2, and put ¢ = 2*/". Take a prime ideal
p of the cyclotomic field Q(¢) which is prime to n, and put ¢ = Np. Let x denote the
multiplicative character of the finite field F, induced by o (%)n. Moreover we define
o € Gal(Q(¢)/Q) by 0, (¢) = ¢'.

For integers i, j > 0, we define

o ti tj t@+j) _
wi. )=y [<—> + <i> - <—]>}o} € ZIGal(Q(0)/Q)].
n n n
O<t<n
(t.m)=1
where (A) denote the fractional part of a real number A.
Then we have a prime factorization in Q(¢)

' a0 =p" D
for integers 0 < i, j < n.

1.5.  We can now introduce a result due to Davenport and Hasse [4]. Let p be a prime
number and g a power of p. Let m and n be positive integers dividing ¢ — 1. Let C denote
the non-singular projective curve over F, defined by the affine equation ax™ 4+ by" = ¢
(a,b,c € F;). Take multiplicative characters x and n of F, of order m and n, respectively.
Then we have

Z(C/Fe. = [] (1+x"(§>nf(§)f<x'}nf)r>/(1 ~n(—qn).

O<i<m
O<j<n

x'nl#e

In particular, we obtain

#CE) =q+1+ Y x"(g)n/(%)f(x'} n).

O<i<m
O<j<n

x'nl #e

EXAMPLE 1.6. Let p be a prime number > 5, and let E denote the elliptic curve
defined by the affine equation y*> = x3 + a over the finite field F p- Itis well known that:
(1) Suppose p =1 mod 6. Then there exists uniquely a pair of integers (A, B) with

A’+3B>=p, A=1 mod3, B=>0.
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Put 7 = A + B+/—3, and let x and 5 denote the multiplicative characters of the finite field
F induced by @ — (£), and by o — (%), respectively. Moreover put w = (—1 4 +/=3)/2.

Then we have

J(x,m) =-m

and therefore, applying the theorem of Davenport-Hasse to the curve E and putting ¢ = +1,
we have:

(a) #E(F,) =p+1—¢€2Aif x(a) =1and n(a) =¢;

(b)y #EFp) =p+1+e(A+3B)if x(a) =wandn(a) =¢;

(c) #EF,)=p+1+¢e(A—-3B)if x(a) = »* and n(a) = ¢.

(2) Suppose p =2 mod 3. Then we have #E(F,) = p + 1.

This result ascends to Gauss’ work in Disquisitiones Arithmeticae. For a proof, for
example, see [8, 1.6].

REMARK 1.7. Let P(E;t) denote the characteristic polynomial of the Frobenius on
E over F,. The assertion of Example 1.6 is restated as follows:

(1) Suppose p =1 mod 6. There exists uniquely a pair of integers (A, B) with

A’+3B>=p, A=1 mod3, B>0.

Put 7 = A + B+/=3, and let x and 5 denote the multiplicative character of F,, defined by
a+> (4);ando — (%), respectively. Moreover put w = (—14+/—3)/2and ¢ = 1. Then
we have:

(@) P(E;t) =1—g2At + pt?if x(a) = l and n(a) = &;

(b) P(E;t) =1+e(A+3B)t+ pt?if x(a) = w and n(a) = &;

(©) P(E;t)=1+e(A—3B)t+ pt?if x(a) = »* and n(a) = «.

(2) Suppose p =5 mod 6. Then we have P(E; 1) =1+ ptz.

REMARK 1.8. Let p be a prime number such that p = 1 mod 6, and let E denote the
elliptic curve over F, defined by the affine equation y2 = x3 + 1. Then we have

#E(F,) =0 mod 12

as is remarked in [8, Corollary 1.8].

EXAMPLE 1.9. Let p be a prime number > 3, and let E denote the elliptic curve over

the finite field F, defined by the affine equation y? = x* 4 a . It is known that:
(1) Suppose p =1 mod 4. Then there exists uniquely a pair of integers (C, D) with

C’+D*=p, C=1 modd, D>0.
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Put p = C + D+/—1, and let x denote the multiplicative character of the finite field F,

o

induced by « — (;) 4 Moreover puti = v/—1. Then we have

x(=DJ(x, xD = —p,

and therefore, applying the theorem of Davenport-Hasse to the curve E and putting ¢ = +£1,
we have:

(a) #E(F,) =p+1—e2Cif x(a) =e;

(b) #E(F,) = p+1—e2Dif x(a) = ei.

(2) Suppose p =3 mod 4. Then we have #E(Fp) =p+1.

We give a proof of the statement for the reader’s convenience. Let Q denote the conic
over the finite field F;, defined by the affine equation y? = x2 4+ a. Then a double covering
f: E — Qis defined by f(x,y) = (x2, y). Moreover we have

#E(F,) = #O(F,) + Y (%)
(@.B)eF5,

B2=a’+a
Here #Q(F),) = p + 1 since the curve Q is a conic over the finite field F .
Suppose p = 3 mod 4. Then we have (%") = —(%) for each o € F); since p = 3
mod 4. Hence we obtain
o o —a
> (5)- 2 1G)-G)l-
@perz P/ @perxr, NP P
f=a+a B>=a*+a

where H = {1,2,---, %4}. Hence we obtain that #E(Fp) =#0F,) =p+ 1
Suppose p = 1 mod 4. Then, applying the theorem of Davenport and Hasse to the

curve E, we have

H#E(F,)) =p+ 1+ x(=Dx>@J(x, xH) + x(=Dx@J (3, 1

and therefore,

> (%) = X(=Dx@J G )+ x(=Dx@JI 3, X -
(@,B)eF5,
B2=a’+a

In particular, we have
o
> (;) =TI K.

(e, B)eF?,
B2=a’—1
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It follows immediately from the definition that the Jacobi sum J (x, x?) is a Gauss inte-
ger, that is, J (x, xz) € Z[+/—1]. Moreover we can verify

J 12 = (p),

applying Stickelberger’s theoremton = 4,i = 1, j = 2, p = (p) and noting that

o )t [ -l -

We have also

oG XD =P, lol=p

as remarked in 1.3. These imply, together with the prime factorization theorem for the ring of
Gauss integers, that

J(x, x?) € {£p, ip}.

We prove now

# x(=DJx, x> =-p.

At first put
R={(.p) eF; B2=a®—1, <%)=1},
S=l@p eF: gt=a®—1, <5)=—1},
P
T=(p) eF: g2=a®—1, <%)=0}
and

r=#R, s=#S, t=4#T.
Then we have
OF,) —{ooy, 00} =RUSUT
and
p—l=r+s+t,
where Q is the conic over F, defined by the affine equation y2 = x% — 1. This implies that

o
Z (—):r—s=2r+t—p+1.

(@.p)eF; b
Br=a’—1
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Furthermore we have a partition

R= {(a,m e(Fp); p7=a’—1, (%) = 1}U{(i1,0>},

and the group p, x p, acts faithfully on R — {(£1,0)} by (&, 0)(e, B) = (Ea, 68) since

(%") = (%) for each a € F,. It follows that » = 2 mod 4. On the other hand, we have

t = 2, that is, there exist exactly two elements 8 € F; such that 82 = —1 since p = 1
mod 4. Summing up, we have gotten

Z o 3 p42r= —2 mod8 if p=1 mod8§,
)T T PTY =12 mod8 if p=5 mod 8,
(e.B)<F},
Bl=a?—1
which implies
—2 mod8 if p=1 mod8§,

2

Here Tr denote the trace for the quadratic extension Q(+/—1)/Q.
Note now that

Tr(p) =2C, Tr(ip) =-2D,
which implies
Tr(p) =2 mod 8, Tr(+ip) =0 mod4
and
Tr(—p) =—2 mod 8

sinceC=1 mod4, D=0 mod 2.
Hence we obtain

—p if p=1 modS8,

2y _
J(X’X)_{p if p=5 mod§.

It follows that x (—1)J (x, x%) = —p, and therefore we have
(a) #E(F,) =p+ 1+ Tr(—ep) = p+ 1 — e2C if x(a) = &;
(b) #E(F,) = p+1+Tr(eip) = p+ 1 — 2D if x(a) = &i.

REMARK 1.10. Let P(E; ) denote the characteristic polynomial of the Frobenius on
E over F p. The assertion of Example 1.9 is restated as follows:
(1) Suppose p =1 mod 4. There exists uniquely a pair of integers (C, D) with

C 4+ Dp*=p, C=1 modd4, D>O0.
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Put p = C+D+/—1, and let x denote the multiplicative character of F, defined by o — (%)

Moreover puti = +/—1. Then we have:
(a) P(E; t)=1-—282Ct + pt2 if x(a) = ¢;
(¢) P(E;1)=1—¢e2Dt + pt?if x(a) = i.
(2) Suppose p =3 mod 4. Then we have P(E; 1) = 1 + pt.

4

2. Congruence zeta function of the curve y2 = x% 4+ ¢

Throughout the section, we put ¢ = ¢™'/3.

PROPOSITION 2.1. Let p be a prime number > 5, and let X denote the hyperelliptic
curve over the finite field ¥, defined by the affine equation y2=x+a.
(1) Suppose p =1 mod 6. Then there exists uniquely a pair of integers (A, B) with

A>+3B>=p, A=1 mod3, B=>0.

Put 1 = A + Bs/=3 and let x denote the multiplicative characters of the finite field F,
induced by o +— (%)3. Put w = (—1 4+ «/=3)/2. Moreover let E denote the elliptic curve
over the finite field F , defined by the affine equation y? = x3 + a. Then we have:

(@) #X(Fp) —#EF,) = —2Aif x(a) = 1;

(b) #X(Fy,) —#EF,) = A—3Bif x(a) = o}

() #X(Fp) —#EF,) =A+3Bifx(a) = w?.

(2) Suppose p =5 mod 6. Then we have #X (F,) = p + 1.

PROOF. Suppose p =5 mod 6. Let O denote the conic over the finite field F, defined
by the affine equation y> = x% + a. Then a triple covering f : X — Q is defined by
f(x,y) = (x3, y). The curves X and Q have two infinity points, and o o is bijective on
F, since p =2 mod 3. Hence we obtain #X (F,) = #Q(F,) = p + 1.

Suppose p = 1 mod 6. Let x denote the multiplicative character of the finite field F),
induced by « ( %) ¢- Then, applying the theorem of Davenport-Hasse to the curves X and
E, we have

#X (Fy) —#E(F ) = Tromin) (X (—Di* @) (X, 7)) .
Hence the result is a direct consequence of the following Theorem 2.2.

THEOREM 2.2 Let p be a prime number with p = 1 mod 6. Then there exists
uniquely a pair of integers (A, B) with

A’+3B’=p, A=1 mod3, B>0.

Putm = A4 B+/—3 and let X denote the multiplicative character of the finite field F , induced
by a — (%)6. Then we have

ADIG 3 = -7
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2.3. We start to prove Theorem 2.2 by the following observation. Let E denote the
curve over the finite field F, defined by the affine equation y? = x3 4+ a. Then a double
covering f : X — E is defined by f(x, y) = (x2, y). Moreover we have

o
#X(F,) = #E(F,) + 1 + Z <—)
(e.B)<F}, g

ﬁ2=a3+a

since X has two infinity points while £ has one infinity point.
We present Lemma 2.4 and Corollary 2.5, which are available to prove Theorem 2.2.

LEMMA 2.4. Let p be a prime number such that p = 1 mod 6. Then there exists
uniquely a pair of integers (A, B) such that A> +3B> = p, A=1 mod 3 and B > 0. Put
7 = A+ Bs/=3. Let X denote the multiplicative character of the finite field ¥, induced by

o — (%)6' Then we have:

Tr(Z (DRt @I G PN =1+ Y (3> ,
(@,B)eF5,
B2=a’+a

where Tr denotes the trace for the extension Q(¢)/Q.

PROOF. Let X denote the hyperelliptic curve over F), defined by the affine equation
2

y? = x% 4 a and let E denote the elliptic curve over F p defined by the affine equation
y% = x3 4 a. Applying the theorem of Davenport-Hasse to the curves X and E, we obtain
#XFp) = p+ 1+ @I G0 + 2@ G 1)
+ XD @I G ) + 1D @I (1 1)
and
#E(Fp) = p+ 1+ @I 3D + 1@ G 1)

It follows that

#X(Fp) = #EF,) + Tr(x (— D @) (%, %))
since the orbit of ¥ (—1)%*(a)J (%, ¥°) under the action by Gal(Q(¢)/Q) is given by

X D@ G 1) R DR @I G 7Y
On the other hand, we have
#X(F)) = #EF) + 1+ Y (%) .

(e, B)eF?
B2=a3+a
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COROLLARY 2.5. Under the notations of 2.4, we have

Tr (R (=DJ (%, £2) =—2 mod 6.

PROOF. Put
R={(pB) eF; p>=a®+1, <5):1},
p
S= (aaIB)EF27ﬁ2=(X3+1, <g)=—l}’
p
p
and

r=#R, s=#S, t=4#T.
Then we have
EF,) —{c0c}=RUSUT
and
#HEF,) —1=r+s+1,
where E is the elliptic curve over F, defined by the affine equation y? = x3+ 1. This implies
that

o

1+ > <—>=1+r—s=2r+t—#E(Fp)+2.
IR P
/32:&3_,’_1

3 mod6 if p=1 mod 12,

: _ 9
0 mod6 if p=7 mod 12 ; (b) ¢ ; ()

Hence we obtain the result from (a) r = {

#E(F,) =0 mod 12.
In order to verify (a), we consider an action of w3 x ,. If p =1 mod 12, then we have

(%) = 1. Hence we obtain

R= {(mﬁ) e(Fp)’; p7=a+1, (%) = 1} U{(=1,0), (¢, 0), ¢, 0.

Moreover the group 3 x f, acts faithfully on R — {(—1, 0), (¢, 0), (¢>, 0)} by (£, 0) (€, B) =

(Ea, OB) since (%) = (%) for each o € F),. Hence (a) follows. If p =7 mod 12, then we

have (%) = —1. This implies that

o

R:{(a,ﬁ)e(F;)z, ﬁ2:a3+1, (;):1}
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Therefore we obtain (a) as above.
It is easy to verify (b). In fact, there exist exactly two elements 1, —1 € F such that

,32 = 1. The assertion (c) follows from Remark 1.8.
2.6.  Proof of Theorem 2.2. We have a prime factorization
(p) = (m)(7)

in Q(¢). Let x denote the multiplicative character of the finite field F, induced by o +— (%) 6

It follows immediately from the definition that the Jacobi sum J (¥, ¥°) is an Eisenstein
integer, that is, J (¥, ¥°) € Z[¢]. Moreover we can verify

G ) =),

applying Stickelberger’s theorem ton = 6,i = 1, j = 3, p = (;r) and noting that

w0 ) G-l [ )=
We have also
17 3D =P, Ixl=/p

as is remarked in 1.3. These imply, together with the prime factorization theorem for the ring
of Eisenstein integers, that

J(%, %) e {£m, £em, £¢%7) .
By Corollary 2.5, we have
Tr(x(-DJ (X, 7)) =-2 mod6.
On the other hand, we have
Tr(w) =2A, Tr(¢w)=A—3B, Tr(’n)=—A—3B,
which implies
Tr(r) =2 mod 6, Tr(¢w)= Tr(—gzrr) =1 mod®6
and
Tr(—7) =—2 mod 6, Tr(—¢xw)=Tr(¢*7)=-1 mod6.

since A=1 mod 3 and B=0 mod 2.
Hence we obtain

ADIG 3 = -7

2.7. Let p be a prime number which is prime to 6. Let X denote the hyperelliptic curve
over F,, defined by the affine equation y2 = x5+ a over F »» and let E denote the elliptic
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curve defined by the affine equation y> = x3 4 a. Let J(X) denote the Jacobian variety of X.
Then the double covering X — E defined by (x, y) (x2, y) induces a homomorphism of
abelian varieties E — J(X). Put § = Coker[E — J(X)]. Then S is an elliptic curve over
F,, and J(X) is isogenous to the product £ x S.

Let P(J(X)/Fp;t), P(E/Fp;t) and P(S/Fp; t) denote the characteristic polynomials
of the Frobenius on J(X), E and S over F, respectively. Then we have

A=A = pHZ(X/Fp;1) = P(J(X)/F): 1)
and
PJ(X)/Fp;1) = P(E/Fp; ) P(S/Fp:1).
COROLLARY 2.8. Under the notation of 2.7, we put P(t) = P(S/F; t). Then:
(1) Suppose p =1 mod 6. There exists uniquely a pair of integers (A, B) with
A24+3B>=p, A=1 mod3, B>0.

Put m = A + B+/=3, and let x denote the multiplicative character of F, defined by a
(%)3 Moreover put = (—1 + «/=3)/2. Then we have:

(@) P@t)=1-2Ar+pt®ifxa) =1;

b) PO =1+(A=3B)+pr* if x(a) = w;

() P({t) =1+ (A+3B)t+ pt?if x(a) = .

(2) Suppose p =75 mod 6. Then we have P(t) = 1 + pt>.

PROOF. Proof of (1). Let x denote the multiplicative characters of the finite field F),

induced by o — (%) ¢- Then, by the theorem of Davenport-Hasse and 2.7, we have

Pty =1+ (=D @I )00+ Z(=DF @I 7. 7)1
Furthermore we have
X(=DJ(%. %) = —(A+ BV=3)
and therefore
X(=DJFE. 7P =—(A - BJ-3)

as is proved in Theorem 2.2. Hence we obtain the result, expanding the right hand side in
each case.

Proof of (2). Let a1, oy denote the eigenvalues of the Frobenius on the elliptic curve
§ = Coker[E — J(X)] over F,. Then we have

o1 +ap =0

since #X (F,) = p + 1 as is shown in Proposition 2.1. It follows that

ar, a2 € {y/=p, —/—p}.
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Hence we obtain

P(t) =1+ pi*.

COROLLARY 2.9. Let p be a prime number such that p = 1 mod 12, and let X
denote the hyperelliptic curve over ¥, defined by the affine equation y? = x% — 1. Then we
have:

(1) #X({F,)=-2 mod24ifp=1 mod 24;

(2) #X(F,) =10 mod 24 if p = 13 mod 24.

PROOF. Take A, B € Z such that A> +3B? = pand A = 1 mod 3. Then we have
#XFp) = p+ 1 —4Assince x(—1) = 1, as is shown in Proposition 2.1 and Example 1.6.
Now, assume that A = 4 mod 6, then we would have B2 = —1 mod 4. Therefore, we
obtain A =1 mod 6.

COROLLARY 2.10. Let p be a prime number which is prime to 6, and let X denote
the hyperelliptic curve over ¥, defined by the affine equation y2 = x% — 1. Then we have:

#X(F,2) = —2 mod 24.

PROOF. Inthecase p =7 mod 12,take A, B € Z such that A24+3B% = pand A =1
mod 3, B > 0. Then we have #X (F 2) = p* + 1 — 2{(A + Bv/=3)? + (A — BJ/=3)}} =
p? 4+ 1 —8A2 +4psince x(—1) = —1, as is shown in Corollary 2.8 and Remark 1.7.

In the case p = 5or 11 mod 12, we have #X (F ,2) = pPP+14+4p=(p+ 12 +2pas
is shown in Corollary 2.8 and Remark 1.7.

REMARK 2.11. Let p be a prime number which is prime to 6. Let X denote the
hyperelliptic curve over F, defined by the affine equation y2 =x®+aover F p, and let E
denote the elliptic curve defined by the affine equation y> = x> + a. Put § = Coker[E —
J(X)1.

By Tate’s conjecture for Abelian varieties over a finite fields, we can conclude that:

(@ If p=1 mod®6, S is isogenous to the ordinary elliptic curve over the finite field
F, defined by y2 =x3+a%

(b) If p =5 mod 6, S is isogenous to the supersingular elliptic curve over the finite
field F, defined by yi=x3 41,
comparing the congruence zeta functions of E and S (Remark 1.7 and Corollary 2.8).

3. Counting points of the curve y> = x!2 4 ¢4

Throughout the section, we put ¢ = ™'/

PROPOSITION 3.1. LetY denote the hyperelliptic curve over the finite field F , defined
by the affine equation y* = x'? + a.
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(1) Suppose p = 1 mod 12. There exist unique pairs of integers (A, B) and (C, D)
with

A>+3B>=p, A=1 mod3, B>0
and
C’+D*=p, C=1 mod4, D>0.

Putm = A+ B3 and p = C + D/—1, and let x denote the multiplicative character
of ¥, defined by o — (;‘7)12. Moreover let X denote the hyperelliptic curve over the finite
field ¥, defined by the affine equation y2 = x% + a and put ¢ = +1.

If C #£0 mod 3, then we have:

(a) #Y(F,) —#XF)) = —e6C if x(a) = ¢;

(b) #Y(F,) —#X(Fy) = —e2D if x(a) = e°;

() #Y(F,) —#X¥)) = —e4Dif x(a) =€ or ec>;

(d) #Y(F,) =#X(F,) if x(a) = e¢* or e¢>.

IfC =0 mod 3, then we have:

(a) #Y(F,) —#XF)p) =e2Cif x(a) =¢;

(b) #Y(F,) —#X(F,) = 6D if x(a) = &¢%;

(c) #Y(F,) =#X(F),) if x(a) = &g oreg”;

(d) #YF,) —#X[F),) = —e4Cif x(a) = et or —eg?.

(2) Suppose p =5 mod 12. Let E denote the elliptic curve over the finite field F),
defined by the affine equation y* = x* 4+ a. Then we have

#Y (F,) = #E(F,).

(3) Suppose p =7 mod 12. Let X denote the hyperelliptic curve over the finite field
F, defined by the affine equation y% = x% + a. Then we have

#Y(F,) =#X(F)).
(4) Suppose p =11 mod 12. Then we have #Y (F,) = p + 1.

3.2. Proof of (2) and (4). Let E denote the elliptic curve over the finite field F, defined
by the affine equation y> = x* + 4. Then a triple covering f : ¥ — E is defined by
3

f(x,y) = (x3,y). The curves X and E have two infinity points, and the map ¢ — «” is

bijective on F, since p =2 mod 3. Hence we obtain #Y (F),) = #E(Fp).

3.3, Proof of (3). Let X denote the hyperelliptic curve over the finite field F, defined
by the affine equation y> = x® 4+ a. Then a double covering f : ¥ — X is defined by
f(x,y) = (x2, y). Moreover put

R={(a,ﬁ)er; B> =a° +a, (%):1}
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2 2 6 o
S={(a,/3>eF p =S ta <_>:_1}
p

and
r=#R, s=#S,

then we have

#Y(Fp) =#X(Fp)+ > <3>=#X(Fp)+r—s.

(er.B)<F},
B2=a’+a

Now, denote by ¢ a primitive 6th root of unity in F,, then we have ( %D‘) = —(%) for each

o€ F; since p = 7 mod 12. Hence, a bijective map R — S is defined by « + &gx. This
implies that r = s. Hence we obtain that #Y (F,) = #X (F)).

3.4. Proof of (1). Applying the theorem of Davenport-Hasse to the curves Y and X,
we have

#Y(Fp) — #X(Fp) = TrQ(e”i/(’)/Q(X(_1))(7(@)]()(, XG))
+ Trgy =1 (=Dx°@J (%, x9) .

Hence the result is a direct consequence of the following Theorem 3.5 and Example 1.9.

THEOREM 3.5. Let p be a prime number with p = 1 mod 12. Then there exist
unique pairs of integers (A, B) and (C, D) with

A’+3B*=p, A=1 mod3, B>0
and
C 4+ Dp*=p, C=1 mod4, D>O0.

Putm = A+ BV —3and p = C + D+/—1, and let x denote the multiplicative character of
F, defined by a0 — (n‘"—p)lz. Then we have

_ if C#0 mod3
-1 6={ " ! 7
x(=DJ(x, x) {p if C=0 mod3.

We present Lemma 3.6 and Corollary 3.7, which are available to verify Theorem 3.5 and
to prove the theorem stated in the next section.

LEMMA 3.6. Let p be a prime ideal of Q(¢). Assume that p is prime to 6, and put
q = Np. Let x denote the multiplicative character of ¥, defined by a — (%)12. Then we
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have:
o
Troe)Q(x (= D17 (@7 (. x) + T, /0(X (DX’ @I 3. x) = > —>.
(o, B) €F2 2
B2=al+a

PROOF. Let Y and X denote the hyperelliptic curves over the finite field F, defined

by the affine equation y> = x!2 4 @ and by the affine equation y> = x° + a, respectively.
Applying the theorem of Davenport-Hasse to the curves Y and X, we obtain

#Y(Fy) = q + 1+ x* @I P x® + x @I L x) + x> @) T (P, %)
+x @I A + x (DX @I G x® + x (DM@ 4 x©)
+ X (=Dx @I 7 X0 + x (=D @I (M x®)
+xDX°@IGC X + x (=Dx @I (. x%)
and
#XF) =g+ 1+ x @I 1O + 1@ (x* x%
+ 2 @I P x® + 3 @I (' x0).
It follows that
#Y (Fy) = #X (Fy) + Troe)/0(x (=Dx"(@)J (x. x®)
+ Tro 10X DX @7 (¢, x°)
since the orbit of x(—1)x”(a)J (x, x°) under the action by Gal(Q(¢)/Q) is given by
X=Dx (@I G x, x(=DxM @I (x°, x),
x(=Dx@J (7. x». x (=D’ @7 (x". x%)
and the orbit of x (—1)x°(a)J (x>, x®) under the action by Gal(Q(+/—1)/Q) is given by
XEDXC@IGC X0, x (D@ x%)}
On the other hand, we have
BY(F) =#X(F) + Y (%)2.

(a, B)F>
B2=ab+a

Hence the required result.

COROLLARY 3.7. Under the notations of 3.6, we have

—6 mod24 if g=1 mod 24
6 364 — q ,
Tro)/Q(J (x> ™) + Tro(/m1)0(4 (X7, X)) = {6 mod 24 if ¢ =13 mod 24.
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PROOF. Put

R={(p) eF2; p2=a—1, <E) :1},
)

S =1 2. 02 _ 6 _ @y

= Ot,,B)EFq,,B =« 1, =11,
)

T ={( 2. @2 _ 6 _ ay

= (o, B)eF ; p-=a’ -1, =0
P/a

and

r=#R, s=#S, t=4#T.
Then we have
X(Fy) —{ooy,00_} =RUSUT
and
#XFy) —2=r+s+t,

where X is the hyperelliptic curve over F; defined by the affine equation y? = x% — 1. This
implies that

Z <ﬁ) =r—s=2r+t—#XFy) +2.
2

(e, B)F> P
ﬁ2=0(6*1

Hence we obtain the result from (a) r = 6 mod 12; (b) t = 2 and

—2 mod24 if g=1 mod 24,

(C)#X(Fq)z{lo mod 24 if g =13 mod 24.

For the assertion of (a), we denote by ¢ a primitive 6th root of unity in F;;. Then we

have (%)2 = 1 since ¢ =1 mod 12. This implies that
_ x\2 . g2 _ 6 ol 2
R=\(a,p) e ¥F)"; pr=a —1, v). = L U{(£1,0), (6. 0), (££5, 0)} .
2
Moreover the group ftg X p, acts faithfully on R — {(£1,0), (+Z, 0), (:l:§62,0)} by
(€, 6)(a, B) = (Ea, BB) since (4%), = (&), foreach € Fy.
It is easy to verify (b). In fact, there exist exactly two elements « € Fj such that

B% = —1since ¢ = 1 mod 4. The assertion (c) follows from Corollary 2.9 and 2.10.

3.8. Proof of Theorem 3.5. We have a prime factorization

(p) = (7, p) (7, p)(, ) (7T, P)
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inQ(¢) =Q(W—1,v/-3).
By the definition, the Jacobi sum J (x, n) is an integer in Q(¢). Furthermore we have a
prime factorization

T m) = (7, p)(m, p),

applying Stickelberger’s theorem ton = 12,i = 1, j = 6, p = (71, p) and noting that
(1.6) 1 n 6 7 -1, 5 n 30 35\] _
w(l,0)=|{—= —)—{-=)lo — —)—{=)lo
12 12 /]! 12 12 12/]°3
n 7 n 42 49\1 _4 n 11 n 66 T\1 _;
12/ T\12) " \12/]77 12/ T\12) " \12/[7n

=05+ 0]
and o5(w) = 7, 05(p) = p. This implies that
(J(x.m) = (p).
Hence we can conclude that
T, m) € {£p, £¢p, £¢%p, 07 p, £¢%p, £87p)

since |/ (x, )| = /p and |p| = \/p.
In the case p = 1 mod 24, by Corollary 3.7, we have

Trou)/Q( (X x®) + Troy=n)0(J (X7 x%) = =6 mod 24.
Furthermore we have
Tro =1 (J (X7, x%) = —2C

since J (x>, x®) = —p as is shown in Example 1.9. Hence we obtain

Troe)Q(J (x> x%) —2C = -6 mod 24.

On the other hand, we have
Tro/Q(p) =4C.  Tro)/Q(¢p) = —2D,  TroeQ(¢?p) =2C,
Tre)/@(6°p) = =4D,  Trquy(6*p) = =2C,  Tre)/(¢’p) = —2D,

and therefore

Tro)/Q(p) —2C =2C,  Trqu)Q¢p) + —2C =-2C -12D,
Tro)/Q(¢%p) —2C =0, TroeQ(¢ p) —2C = —2C — 4D,
Troa)/Q(¢*p) —2C = —4C,  Troe)Q(¢’p) —2C = —2C —2D

and

Tro()/Q(=p) —2C = —6C,  Trou)/Q(—=¢p) —2C = -2C+2D,
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Tro()/Q(—¢p) — 2C = —4C,  Trou)/Q(—¢7p) — 2C = —2C + 4D,
Troe)/Q(—¢*p) —=2C =0, Troe/Q(=¢p) —2C = —2C +2D.
Hence we obtain
Troy/Q(p) —2C =2 mod 8,  Tro)/Q(¢p) —2C =-2 modS8,
Tro)/Q(¢°p) —2C =0, Trou)Q(¢’p) —2C =—2 mod 8,
Tro()/Q(¢*p) —2C =4 mod 8, Trgu)Q(’p) —2C =—2 mod8
and
Troe)/Q(—p) —2C =—6 mod 24, Tro)/Q(—¢p) —2C =—2 mod 8,
Troe)/Q(—¢2p) —2C =4 mod 8, Troe)Q(—¢°p) —2C =—2 mod 8,
Trou)Q(—¢*0) —2C =0, Tru)e(—¢’p) —2C = -2 mod 8

sinceC=1 mod4, D=0 mod 4.
Then we can conclude

J(x. x®=por —p.
If C £ 0 mod 3, then we obtain
T x% =—-p.
since we have
TrQe)/Q(p) —2C #0 mod 6, Troe)/Q(—p) —2C =0 mod 6.
If C =0 mod 3, which implies D # 0 mod 3, then we obtain
T xH=p

from the observation below.
Take a € F), such that x (a) = ¢3 and put

R={(a,/3)eF2; p*=a+a, <3)
p

Il
—_
_

S={(a,/3>eF2; B =al+a, (%):—1},

T={(a,/3)eF2; p*=a’+a, <3)
p

Il
=
N, e/

and

r=#R, s=#S, t=4#T.
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Then we have
X(Fp) —{oog,00_} =RUSUT
and
#XFp) —2=r+s+t,

where X is the hyperelliptic curve over F, defined by the affine equation y? = x% + a. This
implies that

Z (a ) =r—s=2r+t—#XF,) +2.
2

T,
(@,p)eF;, P
B>=ad+a

Hence we obtain the result from (a) r = 0 mod 12; (b) t = 0; (c) #X (F,) = 2 mod 24.
For the assertion of (a), note that

R= {(mﬁ) e (F5)*: pP=a’+a, (%) - 1}

since x2(—a) = —1. Hence the group fLg X fLo acts faithfully on R by (&, 0)(«, B) = (o, 68)
since (£2), = (%)2 for each o € F, where {6 denotes a primitive 6th root of unity in Fy.

T.p
It is easy to verify (b). In fact, there exists no element & € F); such that g = -1
since x®(a) = —1. The assertion (c) follows from #X (Fp) = p + 1, which we obtain since

x*(@) =1and x°a) = —1 as is shown Proposition 2.1 and Example 1.6.
Hence we obtain

Trou) /(=227 (6. X)) + Tro = 0@ T (x>, %) =0 mod 24
as is shown in the proof of Lemma 3.6 and Corollary 3.7. Furthermore we have
Tro=n0& /(X7 x%) =2D
since J (x>, x®) = —p as is shown in Example 1.9. Hence we obtain
Troe)Q(—¢3J (x, ) +2D =0 mod 24
On the other hand, we have

Tro)/Q(=¢°p) = 4D, Troe/Q(=¢(—p)) = —4D,
and therefore
Trqu)/Q(—¢°p) +2D = 6D, Trquy/Q(—¢ (=p)) +2D = —2D.
Hence we obtain

Troe)/Q(—¢30) +2D =0 mod 6, Tro)Q(—¢>(—p)) +2D #0 mod 6.
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Therefore we obtain
T x=p.
In the case p = 13 mod 24, by Corollary 3.7, we have
Tro()/0(J (- X)) + Tro=1,0(0 (x> x®) =6 mod 24.

Furthermore we have
Tro=1),0¢ (X7, x®) = 2C
since J (x3, x® = p as is shown in Example 1.9. Hence we obtain

Troe)Q(J (X, x%) +2C =6 mod 24.
On the other hand, we have
Trqe)/Q(p) +2C =6C, Troe)Qp)+2C =2C —-2D,
Tr()/Q(¢*p) +2C =4C,  Trou)Q(¢’p) +2C =2C —4D,
Troe)/Q(¢*p) +2C =0,  Trou)o’p) +2C =2C —2D
and
TrQ)/Q(—=p) +2C = -2C,  Troe)/Q(—¢p) +2C =2C +2D,
Tro()/Q(—¢°p) +2C =0,  Troe)Q(—¢°p) +2C =2C +4D,
Troe)/Q(—¢*p) +2C =4C,  Trge)(=¢°p) +2C =2C +2D.
Hence we obtain
TrQt)/Q(p) +2C =6 mod 24, Tro)/Q(¢p) +2C =—-2 mod 8,
Trou)/Q(¢°p) +2C =4 mod8. Trge)Q(¢*p) +2C =2 mod8,
Tro)/Q(¢*p) +2C =0,  Trou)Q(¢’p) +2C =—2 mod 8
and
TrQt)/Q(=p) +2C = -2 mod 8, Trqu)/Q(—¢p)+2C=—-2 mod8,
Troe)/Q(—¢°0) +2C =0,  Trou)/Q(—¢°p) +2C =2 mod 8,
Tro)/Q(¢*p) +2C =4 mod 8, Troe)Q¢’p) +2C=—-2 mod 8

sinceC =1 mod4and D =2 mod 4.
These imply that

J(x, x% e {£p, £¢p, £¢5p) .

81
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Furthermore we have

Troa)/Q(¢p) +2C #0 mod 6, Troe)c’p) +2C #0 mod 6
and
Troee)/Q(—¢p) +2C £0 mod 6, Troe) Q¢ p) +2C #0 mod 6

sinceC+ D #0 mod3and C — D # 0 mod 3.
Then we can conclude that

J(x, x® e {£p}.
If C # 0 mod 3, then we obtain
T, xH=p.
since we have
Troiy/Q(p) +2C =0 mod 6, Trge)/Q(—p) +2C #0 mod 6.
If C =0 mod 3, which implies D % 0 mod 3, then we obtain
T, x% =—p.

from the observation below.
Take a € F), such that x (a) = —;3. Put

R=1(p) eF; p*=a’+a, (3)21},
p

S=1(p) eFi; g2=al+a, (%)=_1},

T=1(p) eFr; g2=ab+a, (%):0}

and
r=#R, s=#S, t=4#T.
Then we have
X(Fp) —{oog,00_} =RUSUT
and
#XFp) —2=r+s+1t,
where X is the hyperelliptic curve over F), defined by the affine equation y? = x% + 4. This
implies that

2 (_“ ) =r—s=2r+1t—#X(F,) +2.
@per NP2

’ 14

B2=ab+a
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Hence we obtain the result from (a) r = 0 mod 12; (b) t = 0; (c) #X (F,) = 14 mod 24.
For the assertion of (a), note that

RZ{((X,,B)E(F;)2, ,32:a6+a, (%):1}

since xz(—a) = —1. Hence the group 4 X i, acts faithfully on R by (&, 0)(«, B) = (£, 66)
since (“—”‘) , = (%)2 for each o € F),, where ¢ denotes a primitive 6th root of unity in F ;.

7,p

It is easy to verify (b). In fact, there exists no element o € F; such that g2 = —1
since x%(a) = —1. The assertion (c) follows from #X (F ») = p + 1, which we obtain since
x*(@) =1and x%a) = —1 as is shown in Proposition 2.1.

Hence we obtain
Trow)/@(—¢ 7 Ot x®) + Trgi=n 0@ 7 G, x%) = 12 mod 24
as is shown in the proof of Lemma 3.6 and Corollary 3.7. Furthermore we have
Trow—1,0¢ T (X7, x%) = —2D
since we have J (x3, x®) = p as is shown in Example 1.9. Hence we obtain
Tro(/Q(—¢ I (X, x%) —2D =12 mod 24
On the other hand, we obtain
Tro)/Q(—5°p) = 4D, Tro)/Q(—¢(—p)) = —4D
and therefore
Trou)/Q(—¢°p) —2D = 2D Trou)/Q(—¢>(—p)) —2D = —6D.
Hence we have
Trqo)/Q(—¢7p) —2D #0 mod 6, Trou)/Q(—¢ (=) =2D =0 mod 6.

These imply that

T, x% =—p.

4. Congruence zeta function of the curve y2 = x'2 + 4

Throughout the section, we put ¢ = ™/,

4.1. Let p be a prime number which is prime to 6. Let ¥ and X denote the hyperelliptic
curves defined by the affine equation y? = x'24a and by the affine equation y?> = x®+a over
F,, respectively. Moreover let E denote the elliptic curve defined by the affine equation y? =
x*+aover F p. Let J(Y) and J(X) denote the Jacobian varieties of ¥ and X, respectively.
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Then the double covering Y — X defined by (x, y) — (x2, y) and the triple covering ¥ — E
defined by (x, y) — (x3, y) induce a homomorphism of abelian varieties J (X) x E — J(Y).
Put § = Coker[J(X) x E — J(Y)]. Then § is an abelian surface over F,, and J(Y) is
isogenous to the product J (X) X E x S.

Let P(J(Y)/Fp;t), P(J(X)/Fp; 1), P(E/Fp; t) and P(S/F; t) denote the character-
istic polynomials of the Frobenius on J(Y), J(X), E and S over F p» Tespectively. Then we
have

(I=0A=p)Z(Y/Fp;t) = P(J(Y)/Fp; 1)
and
PUJY)/Fpit) = P(J(X)/Fp; ) P(E/Fp; )P(S/F 1)

THEOREM 4.2.  Under the notations of 4.1, we put P(t) = P(S/Fp, t). Then:
(1) Suppose p =1 mod 12. There exist uniquely pairs of integers (A, B) and (C, D)
with

A>+3B>=p, A=1 mod3, B>0
and
C’+D*>=p, C=1 mod4, D>0.

Putm = A+ B3 and p = C + D/—1, and let x denote the multiplicative character of
F, defined by o — (710‘7)12. Furthermore we put e = %1.
Suppose C # 0 mod 3. Then we have:
@@ P@)=(—-82Ct+p)?ifx) =s¢;
(b) P(1)=(1—e2Dt + pr*)*if x(a) = ¢
() P(t) =1—e2Dt + (—C?+3D?*)1? — e2Dpt> + p?t* if x(a) = e¢;
(d) P(t) =14 ¢€2Ct+ (3C? — DH)2 + 2Cpt3 + p*t* if x(a) = ¢ or —el?;
(e) P(t) =1—e2Dt + (—C? 4+ 3D*)1? — e2Dpt> + pt* if x(a) = 2°.
Suppose C =0 mod 3. Then we have:
(@ P@)=(14e2Ct+ pt>?if x(a) = &;
(b) P(1) = (142Dt + pr*)* if x(a) = e¢%;
() P(t) =1+ 2Dt + (—C? 4+ 3D>)1? + e2Dpt> + p?t* if x(a) = e¢;
(d) P(t)=1—¢2Ct+ (3C? — D}t — e2Cpt3 + p*t* if x(a) = ¢* or —el?;
(e) P(t) =1+ 2Dt + (—C? 4+ 3D>)1*> + e2Dpt> + pt* if x(a) = €2°.
(2) Suppose p =5 mod 12. There exists uniquely a pair of integers (C, D) with

C’+D*=p, C=1 modd, D>0.

Then we have:
@ P@) =(1+2Dt+ pt*)(1 =2Dt + pr*) if (5) = 1;
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() P@t) = (1+42Ct + pr®>)(1 —2Ct + pt?) if (%) =—1.
(3) Suppose p =7 mod 12. There exists uniquely a pair of integers (A, B) with
A>4+3B>=p, A=1 mod3, B=>0.
Put m = A+ B+/=3, and let x denote the multiplicative character of F, defined by o
(%)3. Then we have:
@ PM=1+p)ifx@ =1

() P@0)=1—pr* + p*r*ifx(a) # 1.
(4) Suppose p =11 mod 12. Then we have P(t) = (1 + pt?)>.
4.3. Proof of (1). By the theorem of Davenport-Hasse and 4.1, we have
Piy= ] A+x(=Dx" @', x®0).
O<i<l12
(i,12)=1

Furthermore, if C # 0 mod 3, then we have

x(=DJ 1% = x(=DJI (X, % = —(C + DV/-1),

x(=DJI, x® = x(=DIM", x% = —(C - DV=1)

and, if C =0 mod 3, then we have

x(=DJ0G xS = x(=DJI P, x® = C + DV-T,

X(=DIGT X% = x (DI X% =€ - DV-1
as is proved in Theorem 3.5. Hence we obtain the result, expanding the right hand side in
each case.
4.4. Proof of (3). First note that the prime ideals (;r) and () of Q(+/—3) inert in the
extension Q(¢)/Q(+/—3), and we have a prime factorization (p) = (7)(7) in Q(¢). Let x

denote the multiplicative character of F > defined by o — (%) 12°

By the definition, the Jacobi sum J (¥, 79 is an integer in Q(¢). We have a prime
factorization

(X 2% = @),
applying Stickelberger’s theorem ton = 12,i = 1, j = 6, p = (7r) and noting that
w(l, 6) =05 + 0

and o5(;t) = 7 as is shown in 3.8.
This implies that

JFE 1) = ().
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Hence we can conclude that
J(7. %% € {£p. £Lp. £ p. £ p. £ p. 07 p)

since |/ (X, X°)| = p-
By Corollary 3.7, we have

TrQ(e)/Q(J (- X)) + Trg(y=1) /0 (X*. %) = =6 mod 24,
and furthermore we have
Troy—n,0 (i X)) =2p
since J (%, %) = p by Remark 1.10. Hence we obtain
Troe)Q(J (X, %) =4 mod 24.
On the other hand, we have

Tr(p) =4p, Trp) =Tr(@’p) =Te(¢’p) =0, Tr(’p) =2p. Te(¢*p)=-2p
and therefore
Tr(p) =4 mod 24, Tr(—p)=—4 mod 16, Tr(¢*p) =Tr(~¢*p) =14 mod 24,

Tr(—¢%p) = Tr(¢*p) = —14 mod 24
since p =7 mod 12. These imply that
JG 2 =I@. 3 =I& 2 =7 30 = p.

Let now a1, a2, a3, a4 and By, B2 denote the eigenvalues of the Frobenius on the abelian
varieties S = Coker[J(X) x E — J(Y)] and E over F,, respectively. Then we have
{B1, B2} = {/—p.—+/—p} as is shown in Remark 1.10 since p = 3 mod 4. For any
a € F,, wehave x(a) = Xz(a) since p + 1 =8 mod 12. Hence, if x (a) = 1, we have

fof, 3,03, 03} = (=T (1. 20, =, 10, =T (X 70, =7 G x0)
={=p.—p.—p.—p},
and therefore
{or, @2, @3, 04} = {/=p, —/=p. V/=p, —v/~p}.
Hence we obtain
P(S/Fp;1) = (1+ pi*)*.
If x (a) = ¢4, then we obtain

{of, 03,03, a3} = (=801, 9, =41 G2, 19, =30 G7L 78, = a Gt 76
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={=¢8p, —¢*p, —3p, =t p).

We have o + o2 + a3+ a4 = 0 since #Y (F,) = #X (F) asis shownin 3.3, and 81 + B> = 0.
Therefore we obtain

{ar, 02, @3, 04} = (2P, /P, =2/, =0/} -
This implies that
P(S/F,; 1) =1— pt? + p*r*.
If x(a) = ¢8, then we obtain
{of, 03,03, 03} = (= (%, 10, =12, 1%, = G719, =BT 10
={-¢*p. =¥ p.—¢*p. —¢%p}.
Hence we obtain
P(S/Fp;t) =1 — pt* + p*r*
as above.

4.5. Proof of (4). We have a prime factorization (p) = qq’ in Q(W?3) (9 # q) since

p =11 mod 12. Moreover the prime ideals ¢ and g’ inert in the extension Q(¢)/ Q(v/3), and
we have a prime factorization (p) = qq’ in Q(¢). Let x denote the multiplicative character of

F > defined by o (%)12.

By the definition, the Jacobi sum J(y, x©) is an integer in Q(¢). We obtain a prime
factorization

. x*) =44,
applying Stickelberger’s theorem ton = 12,i = 1, j = 6, p = q and noting that
w(l, 6) =05 + 01

and o5(q) = ¢’
This implies that

) = ().

Hence we can conclude that
6 2 3 4 5
J(x, x7) € {£p, £Lp, ££7p, £ p, £ p, ££7 p}

since | (x. x)| = p.
By Corollary 3.7, we have

Trou) /0 (6 x0) + Trogymn 0 (xF x%) = =6 mod 24,
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and furthermore we have
TrQ(ﬁ)/Q(J(X37 Xﬁ)) =2p
since J(x3, x®) = p by Remark 1.10. Hence we obtain

Troe)/Q(J (X, x%) = —4 mod 24.
On the other hand, we have
Tr(p) =4p. Tr((p) =Tr((’p) =Tr((°p) =0, Tr(¢*p) =2p. Tr(¢*p)=-2p
and therefore

Tr(p) = —4 mod 24, Tr(—p)=4 mod24, Tr(¢’p)=Tr(—¢*p)=—-2 mod 24,

Tr(—¢%p) = Tr(¢*p) =2 mod 24
since p = 11 mod 12. These imply that

JOLxH =J0C xOH =70 O =7 xS = p.
Let now o1, a2, a3, a4 and By, B2 denote the eigenvalues of the Frobenius on the abelian
varieties § = Coker[J(X) x E > J (Y)] and E over F,, respectively. Then we have
{B1, B2} = {/—p, —+/—p} as is shown in Remark 1.10 since p = 3 mod 4. For any
a € Fp, we have x(a) = 1since p +1=0 mod 12. Hence, we have
{alzs a%, a%, ai} = {_J(Xs X6)1 _J(st Xﬁ)s _J(X77 X6)7 _J(Xllv Xﬁ)}
={-p,—p.—p.—p}.

Here, we obtain oy + a2 + a3 + a4 = 0 since #Y (F,) = #X (F)) as is shown in 3.3, and
B1 + B2 = 0. Therefore we obtain

{al’az’a3’a4} ={V_ PRt Vel 2V S a_ﬁ}.
Hence we have
P(S/Fp; 1) = (14 ptH)?.

4.6. Proof of (2). First note that the prime ideals (p) and (p) of Q(+/—1) inert in the
extension Q(¢)/Q(+/—1), and we have a prime factorization (p) = (p)(p) in Q(¢). Let x
denote the multiplicative character of F > defined by o (%) 12°

By the definition, the Jacobi sum J(yx, Xﬁ) is an integer in Q(¢). We obtain a prime
factorization

O x%) = (0,
applying Stickelberger’s theoremton = 12,i = 1, j = 6, p = (p) and noting that
w(l, 6) = o5 + 0]
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and o5(p) = p.
Hence we can conclude that

J(x, x8) € (0%, £2p%, £6%p%, £83 0%, 20407, ££7p%)

since | (x. x| = 0%| = p.
By Corollary 3.7, we have

Tro(e)/Q(J (X x®) + Trg =10 (X°. x%) = =6 mod 24,
Furthermore we have
TG, x0) = —p?
since J (x>, x®) = —p? as is shown in Remark 1.10, and therefore
Troy=n,/(J (7. x®) = =2(C* = D*) = —4C* +2p =6 mod 24
since C> = 1 mod 6. These imply that
Tro()/Q(J (x- x®) =12 mod 24.
On the other hand, we have
Troe)/Q(p?) = 4(C* = D). Tro/(¢p?) = —4CD,
Troe)/Q(¢%p?) = 2(C? — D?),  Tro) ¢’ = —8CD,
Trow)/Q(t*p?) = =2(C* = D). Trq/q(¢°p?) = —4CD
and therefore,
Trou)o(£p?) =12 mod 24, Troe)o(£sp?) #0 mod 12,
Troe)/Q(£¢2p?) = F6 mod 24,  Troe)/Q(£5°p?) #0 mod 12,
Trou)Q(£¢*p?) =46 mod 24, TrguQ(£¢°p?) £0 mod 12

since C2 — D* = —3 mod 12 and CD # 0 mod 3.
Hence we obtain

J(xs 1% € (£0%).

In the next paragraph, we verify that

@ T s =02

Admitting (#), we verify the assertion.
Let now ay, a2, a3, a4 and By, B2, B3, Ba denote the eigenvalues of the Frobenius on the

abelian varieties S = Coker[J(X) x E —> J (Y)] and J(X) over F), respectively. Then
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we have {81, B2, B3, B4} = {J/—P, —/—P, /—P, —+/—p} as is shown in Remark 1.7 and
Corollary 2.8. Then we have

a1 +ay+o3+as =0

since #Y (F),) = #E(Fp) asisshownin3.2,and By + B> + B3 + B4 = 0. Forany a € F,, we
have x (a) = (%) since p4+1=6 mod 12.
If x(a) = 1, we have

fof, 03,03, a5} = {=T (. X, =T G 10, =T x® =T ()
={—p*, —p%, —p% =5},
and therefore
{or, a2, 03, 04} = {(V—1p, —/—=1p, —/—1p,V/~15.}

This implies that

P(S/Fp; 1) = (1 +2Dt + pt*)(1 — 2Dt + pt?).

If x(a) = —1, we have
fof. 03,0305} = (T X0 TOC %0 TGO x0T xO0) = 10, 0%, 5%, 571
and therefore
{ar, @2, @3, 4} = {p, —p, p, —p}.

This implies that

P(S/Fp;t) = (1 +2Ct + pt*)(1 —2Ct + pt?).

4.7. Proof of (#). Assume J(x, x°) = —p?. Take a € F > such that x (a) = £3. Then
we obtain

Tro()/Q(x (@)J (x, X)) + Tro=n,0x° @7 (X7, x©) = —4CD
since J (x>, x®) = —p? as is shown in Remark 1.10. Hence we obtain
) Trew(x @J (6 x*) + Trg 1,0 @J (x>, x°) # 0 mod 24

since CD # 0 mod 3.
On the other hand, we put

o

R={(a,ﬂ)eF22; B =af 1a, <_) :1},
P 0 )

S={(a,ﬂ)erz; B2 =0l +a, <E> =_1},
P 0 5



COUNTING POINTS OF THE CURVE 91

Tz{(a,,B)erz; ,32=016+a, <g) :0}
p 0/,

and
r=#R, s=#S, t=4#T.
Then we have
X(F2) —{ooq,00_} =RUSUT
and

#X(F ) —2=r+s+t,

where X is the hyperelliptic curve over F > defined by the affine equation y? = x% + a. This
implies that

3 (g) — s =2 +1—#X(Fp) +2.
2

(a, ﬁ)eFiz p
ﬁ2=a6+a

Then we obtain that (a) » =0 mod 12; (b) t = 0; (¢) #X(sz) =2 mod 24.
For the assertion of (a), note that

R:{(O{,,B)G(sz)2; ,32=016+a, <g) :1}
p P )

since x2(—a) = —1. Moreover the group jtg X p, acts faithfully on R by (£, 6)(a, B) =

(5o, 6B) since ({670‘)2 = (%)2 for each @ € F 2, where {¢ denotes a primitive 6th root of
unity in F;z.
It is easy to verify (b). In fact, there exists no element 8 € F:z such that 8% = a since

6
x(a) =—1.
For the assertion of (c¢), applying the theorem of Davenport-Hasse to X, we obtain

#X(F2) = p? + 1+ x(=Dx® @I % 1 + xDx* @I ("%, 1%
+ x(=Dx@J(x* x% + x(=Dx2@J (x5 x%).

Furthermore we have J(x, x® = J(x*, x®) = p as is shown in Corollary 2.8 and Remark
1.7,and x?(a) = —1. These imply that #X (F ) = p* + 1. Hence (c) follows.
These imply that

Tro(y/(x (@7 (x, X)) + Tro =10 @J (X, x°) =0 mod 24

as is in the proof of Lemma 3.6 and Corollary 3.7. This contradicts to (x).
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REMARK 4.8. Let p be a prime number which is prime to 6. Let Y and X denote the
hyperelliptic curves defined by the affine equation y> = x!2 4 1 and by the affine equation

y2 =x%+1overF p» respectively. Moreover let E denote the elliptic curve defined by the

affine equation y2 =x*+ 1 over F,. Put § = Coker[J(X) x E — J(Y)].

If p =1 mod 12, then S is isogenous to the self-product of an ordinary elliptic curve
with complex multiplication in Q(v/—1) over F P

If p =5 mod 12, then § is isogenous to the product of ordinary elliptic curves with
complex multiplication in Q(+/—1) over F -

If p=7,11 mod 12, then S is isogenous to the self-product of a supersingular elliptic
curve over F .

5. Congruence zeta function of the curve y2 = x(x% + a)

PROPOSITION 5.1. Let X be the hyperelliptic curve over the finite field ¥, defined by
the affine equation y* = x(x® + a). Put e = +1 and
P(t)=(1—1)(1 — pt)Z(X/F,,1).
(1) Suppose p =1 mod 12. There exist uniquely pairs of integers (A, B) and (C, D)
with
A’+3B>=p, A=1 mod3, B=>0
and
C’+D*=p, C=1 modd, D>0.

Putm = A+ B/ -3 and p = C + D+/—1, and let x denote the multiplicative character of

F, defined by o — (ﬂ“—p)

\o- Moreover put § = emi/o,

Suppose C # 0 mod 3. Then we have:

(@ P(1) =(1—e2Ct+ pt*)? if x(a) = &;

(b) P(t) = (1 — e2Dt + pt?)2(1 + 2Dt + pt?) if x(a) = €¢3;

() P(t) = (1 —e2Dt + (—C? + 3D*)1? — 2Dpt> + p*t*)(1 — 2Dt + pt2) if
x(a) =eg;

(d) P@) = (14+€2Ct+BC2—D>)1>4+e2Cpt3 + p*t* (1 —2Ct+ pt?) if x (a) = e¢*
or —8{2;

() P(t) = (1 —e2Dt + (—C? 4+ 3D*)1? — e2Dpt3 + p*t*)(1 — 2Dt + pt?) if
x(a) = eg>.

Suppose C =0 mod 3. Then we have:

(@) P@) = (1+82Ct+ pr2)2(1 — e2Ct + pt?) if x(a) = ¢;

(b) P@t) = (142Dt + pt*)? if x(a) = €7

() P(t) = (1 + e2Dt + (—C? + 3D + e2Dps> + p*t*)(1 — 2Dt + pt2) if
x(a) =eg;
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(d) P(t) = (1—€2Ct+(3C2= D> 12 —e2Cpt3 + p*tH (1 —e2Ct+pt?) if x (a) = e¢*
or —8{2;
(e) P(t) = (1 + 2Dt + (—C% + 3D + e2Dpr> + p**)(1 — 2Dt + pi?) if
x(a) = e’
(2) Suppose p =5 mod 12. There exists uniquely a pair of integers (C, D) with
C 4+ Dp*=p, C=1 mod4, D>O0.

Put p = C + D+/—1, and let x denote the multiplicative character of ¥, defined by o +—
(%)4. Then we have:
(@ P@)= (142Dt + pt2)(1 — 2Dt + pt*)(1 — €2Ct + pt?) if x(a) = ¢;

(b) P(r) = (14+2Ct + pt>)(1 = 2Ct + pt>)(1 — 2Dt + pt?) if x(a) = e/—1.
(3) Suppose p =7 mod 12. There exists uniquely pair of integers (A, B) with

A’+3B*=p, A=1 mod3, A>0.

Put p = A+B+/—3, and let x denote the multiplicative character of F, defined by o — (%)3.

Then we have:

@ PO =1+p)ifx@ =1

(b) P = 1+ pr*)(1 - pr* + p*1*) if x(a) # 1.

(4) Suppose p =11 mod 12. Then we have P(t) = (1 + pt?)3.

PROOF. Let Y and X be the hyperelliptic curves over the finite field F, defined by
y2 = x2 4+ g and by y2 =x%+a, respectively, and let J(Y), J(X) and J()~() denote the
Jacobian varieties of ¥, X and X, respectively. We consider the covering ¥ — X defined
by (x,y) — (x2, y) and the covering ¥ — X defined by (x,y) — (x2,xy). Then J(Y) is
isogenous to J(X) x J (X) (cf. [7, Theorem C]). This implies that

P(J(Y)/Fpi1) = P(J(X)/Fpi DP(J(X)/Fpi1).
Therefore we can verify the assertion easily by Remark 1.10 and Theorem 4.2.

REMARK 5.2. [6] announced the assertions of Proposition 5.1 in a slightly different
style.

REMARK 5.3. Let X be the hyperelliptic curve over the finite field F p defined by the
affine equation y? = x(x® + a).

If p=1,5 mod 12, then J (X) is isogenous the product of three ordinary elliptic curves
with complex multiplication in Q(v/—1) over F -

If p = 7,11 mod 12, then J(X) is isogenous to the product of three supersingular
elliptic curves over F,.

REMARK 5.4. It is known that if pi = —1 mod m for some integer i > 0, then the
Fermat curve defined by x + y™ = 1 is supersingular, and therefore every curve which is a
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quotient of the Fermat curve is also supersingular (See [9]). This implies that the hyperelliptic

curve defined by y?> = x%+a over the finite field F p is supersingularif p =5 mod 6, and the

hyperelliptic curves y? = x'2+a and y?> = x (x®+a) over the finite field F p are supersingular
if p =11 mod 12. Therefore, from this fact, Prop 2.1 (2) and Theorem 3.1 (4), Theorem 4.1
(4), Proposition 5.1 (4) follow immediately.
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