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Braid group action on the module category of quantum affine algebras
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Abstract: Let g, be a simple Lie algebra of type ADE and let Uj(g) be the corresponding
untwisted quantum affine algebra. We show that there exists an action of the braid group B(g,)
on the quantum Grothendieck ring K;(g) of Hernandez-Leclerc’s category ‘58. Focused on the
case of type Ay_1, we construct a family of monoidal autofunctors {#;},., on a localization 7 y
of the category of finite-dimensional graded modules over the quiver Hecke algebra of type A..
Under an isomorphism between the Grothendieck ring K(7y) of 7y and the quantum
Grothendieck ring lCt(Ag\l,ll), the functors {-%;},;<y_; recover the action of the braid group
B(Ax_1). We investigate further properties of these functors.

Key words:
quiver Hecke algebra; R-matrix.

1. Introduction. The monoidal category
¢y of finite-dimensional representations of a quan-
tum affine algebra U;(g) has been extensively
investigated because of its rich structure. Among
various approaches, Nakajima [14], Varagnolo-
Vasserot [16], and Hernandez [3] studied t-defor-
mations of the Grothendieck ring of %. These
t-deformations are interesting, because they provide
a way to calculate the g¢-character of simple
representations. There is a full subcategory %g of
¢y, introduced by Hernandez and Leclerc in [4],
which contains an essential information on ¢’y but
has a smaller set of the classes of simple modules.
The Grothendieck ring of %g is isomorphic to the
polynomial ring in countably many variables, while
that of %, is the one in uncountably many
variables. For the cases where g is one of un-
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twisted ADE types, a t-deformation KC;(g) of the
Grothendieck ring of %3, called the quantum
Grothendieck ring, was investigated from a ring
theoretic point of view in [5]. It turns out that the
C(t'/?)-algebra K;(g) has an interesting presenta-
tion: there is a set of generators consisting of a
countable infinite number of copies of Drinfeld-
Jimbo generators of a half of the quantum group
U(g,), and they satisfy the quantum Serre relations
in a copy, t-boson relations between adjacent
copies, and t-commutation relations between non-
adjacent copies. This presentation reflects the
following feature of the category ‘53: for each choice
of a Dynkin quiver @) with an additional data, they
defined a monoidal subcategory %o of ‘58 such
that the quantum Grothendieck ring of € is
isomorphic to the half U, (g,) of the quantum group
U(gy), and all the fundamental representations in
‘58 can be obtained from those in €¢ by taking
functors 2 (m € Z). Here Z is the contravariant
functor taking the right dual.

One of main results of this paper is that there
exists an action of the braid group B(g,) of type g,
on the quantum Grothendieck ring &;(g) (Theorem
2.3). Since we give the action explicitly, the braid
relations can be checked by the presentation of
Ki(g). Recall that the blocks of the category ‘Kg is
parameterized by the root lattice of g, and the
tensor product is compatible with the addition on
the root lattice [10]. It turns out that the action of
the generators o; of B(g,) on K;(g) correspond to the
reflections with respect to the simple roots «; on the
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root lattice. Indeed, the action of o; is related with
Saito’s reflection functor as seen in Theorem 2.4.
We conjecture that the braid group action can
be lifted to the action on the monoidal category %0
We show that it is the case when g is of type AN 1
A key point of view is the use of a rigid monoidal
category 7y which is constructed out of the
category A of finite-dimensional graded modules
over the quiver Hecke algebra R4~ of type A, [7]. It
is a certain localization of A and there is a monoidal

functor Fy from 7y to ‘5 which sends simple
\ 1

objects to simple objects. Moreover this functor
induces an isomorphism between the Grothendieck
ring K(7 x) and the quantum Grothendieck ring
lCt(AS\l,)_l). It is summarized by the diagram

~ t=1
K(Tx) = Ki(AfL) =

Hence the category Ty can be understood as a

graded lift of €° A0 as a rigid monoidal category.

We show that there is a family of monoidal
autofunctors {.%;},.;cny_, on the category 7y
which recover the action of the braid group
B(Ax-1) under the isomorphism between K(7 y)
and lCt(Ag\p_l) (Theorem 3.1, Theorem 3.3). There
is a general procedure, developed in [11], to
construct monoidal functors between the categories
of modules over quiver Hecke algebras, and a
similar procedure can be applied for the category
T ny. This is a main advantage in Working on the
category 7 y rather than the category €° A

Finally we provide several consequences of the
existence of such functors .#;. For a simple object L
which belongs to an orbit of L(i) for some i under
the action B(Ay_1), one can define an automor-
phism s; which has similar properties with the
automorphisms s; (Theorem 4.2). Moreover sp;
coincides with s;.

This paper is an announcement whose details
will appear elsewhere.

Convention 1.1. Throughout this
we keep the following conventions.

(a) For a statement P, §(P) is 1 or 0 according that

P is true or not.

(b) For k, € Z and s € Z,, we write k=, if s
divides k — £ and k %, £, otherwise.

2. Braid group action on the quantum
Grothendieck rings. Let g, be a finite-dimen-
sional simple Lie algebra of simply-laced type with
a Cartan matrix A = (aj); e, 9 the untwisted

paper,

[Vol. 97(A),

affine Kac-Moody algebra associated with g,, and
U,(g) the quantum affine algebra associated with g.
We take the algebraic closure of C(g) inside
Um0 C((¢*™)) as the base field k for U,(g). Let
%y be the category of finite-dimensional integrable
modules over U, (g). There is a family {V(w;), | i €
In,c € k*} in €, called the fundamental represen-
tations.

Following [4], we denote by ‘53 the smallest
full subcategory of the category ¢, which is stable
under taking subquotients, extensions, tensor prod-
ucts and contains

{V(@i) g | i € Iy, p=d(1,i) mod 2},

where d(i, j) is the distance between the vertices i
and j in the Dynkin diagram of g,. Here 1 € I is an
arbitrarily chosen element. Then the complexified
Grothendieck ring C ®z K(‘fg) of %g has a t-defor-
mation fC;(g), called the quantum Grothendieck
ring of ‘53. To each simple module S in %g, we
can associate an element [S], of K;(g) and we have
Ki(g) = @ C(t"/?)[S],. Here S ranges over the set

of the isofnorphism classes of simple modules in ‘58.

Let @ be a Dynkin quiver with type gy, and let
®o be a height function, i.e., it associates an integer
¢q(i) to each vertex ¢ of @ such that ¢g(i) =
$o(j)+1 if i—j. We assume further that
¢q(1) € 2Z. A pair Q = (Q, ¢g) is called a Q-data.

For a sink ¢ of Q, let 5,Q := (5,Q, ¢s,0) be the
Q-data consisting of the Dynkin quiver s;QQ ob-
tained from @) by reversing the arrows of () adjacent
to i and the height function ¢, of 5,Q given by
bud) = boj) + 261,.

To a Q-data @, Hernandez-Leclerc [5] associ-
ated a full monoidal subcategory € of %”8, and a
monoidal functor Fg: Ry -mod — % is constructed
in [2,6], and Fujita [1,2] proved that Fg is an
equivalence of categories. Here, Ry-mod is the
monoidal category of finite-dimensional modules
(with nilpotent actions of the generators xj) over
the quiver Hecke algebra R, associated with gj.
Note that F(L(4)) is a fundamental module for any
i € Iy, where L(i) € Ry -mod is the simple module
associated with q.

Then, for a Q-data @), we have an embedding of
Z[t*!]-algebras

jo: K (Ry-gmod) — Ki(g)

induced by Fq.
Let K,(g,) be the C(t'/?)-algebra generated by
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{yim | i € Iy,m € Z} with the defining relations:
For m € Z and ¢,j € I,

(a) YimYjim = YjmYim if A5 = 0,
y%,myj,m - (t + til)yi,myj,myi,m + yj,my?,m =0
if aij = —].,

(®) YimYjms1 = Y mi1Yim + 6i(1 — 1),
(C) YimYjp = ¢ 1’””“%yj,pyi7"“ for p>m + 1.

Remark 2.1. We change t into ¢t in the
presentation in [5].

Theorem 2.2 ([5], Theorem 7.3). LetQ bea
Q-data. Then there is an isomorphism 1g: Ki(gy) —
Ki(g) such that 1g(yim) is equal to (2™ Fo(L(1))],,
where L(i) is the simple module in Ry -mod corre-
sponding to i € Ij.

Let B(g,) be the Braid group associated with
go- It is generated by {o; | i € Iy} with the defining
relations

0,0;0; = 0;0;0; if aij = —1,

0,05 = 0404 if Qi = 0.

One of our main theorems is the following
Theorem 2.3. The Braid group B(g,) acts
on Ki(gy) by the following formulas:

oi(Yjm)
yj,m+(5u if Q5 75 —17
= tl/Qijmyi’m - til/Qyi,myj,m .
lf a,;]- = _]-7
t—t!
U;l(yj,m)
yj,m—ém if ij # _17
= tl/Qyi,myj,m - til/Qij"ryﬁm ;
if aij = -1
t—t1

Theorem 2.4. Leti be a sink of a Q-data Q.
Then the following diagrams commute:

K (Rg,-gmod) —2—> K, (g) ~ K;(go)

LQ

Js;@ l/gi
Ki(g) % K (go),
K (iRg,-gmod) = K(Rq, gmod)
\
T; Kt(g) .
. —
K(ZREO 'ngd) — K(Rgu 'ngd) e

Here, ;Ry -gmod (resp. ‘Ry -gmod) is the full
subcategory of R, -gmod consisting of graded
modules M with EfM =0 (resp. E;M =0), and
T, is the reflection functor due to S. Kato [12,13]
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(cf. Y. Saito [15]). For E; and Ef, see for exam-
ple, [8].

3. The category 7 n and reflection func-
tors. Let J be the index set of simple roots of the
root system A.. One can identify J with Z and the
root lattice Q is the subspace of € Ze, generated

a€cZ A
by a,=¢,—¢€qs1 for a€Z. Let R% be the
symmetric quiver Hecke algebra of type A, over
k with the choice of parameters

Qij(u, v) = 6(i # 5)(u — v)"V= (v — u)"V=Y

for i,j € J. It is a family {R*~(8)} .q+ of associa-
tive Z-graded k-algebras, where Q" =3, ; Z>q
is the positive root lattice of type A,. Each R4~ (3)
is generated by {e(¥)},cs  {Tr}icpe, and
{Tmnhicmen_1, Where n=|p]:=>;n; with
B =>",c;nic, and JP=ved" |, + +a, =
3}. See [7] for a set of defining relations of R4~ (f).
Note that there is an embedding of RA~(8)®
R4 (y) into R*=(3+ 7). Hence the category A =
Dseqr RA~(B)-gmod of finite-dimensional graded
R4~-modules is a monoidal category whose tensor
product is given by the convolution product:

MoN:=R*>B+y) ® (M ® N).

R (B)@R4 ()
For M € R*~(f)-gmod, we set wt(M) := —f.

For each pair of integers a,b with a <b, let
[a,b] be the interval {k € Z | a < k < b}, and call it
a segment. For each segment [a,b], let L(a,b) be
the one-dimensional simple graded R4~-module
generated by a vector u(a,b) such that e(v)u(a,b) =
(v = (a,...,b))u(a,b). We set L(a) := L(a,a) for
a€Z. For each N>2, let Sy be the smallest
subcategory of A which is stable under taking
convolution, subquotients, extensions, and contain-
ing {L(a,b) |b—a+1> N}. Then the quotient
category A/Sy equips with a new tensor product
* given by

X Y = B OwY) x oy,
where B(z,y) = = Y1.(S"z,y) for =,y € @ Ze,

acZ
and S is an automorphism on € Ze, given by
acZ
S(eq) := €ayn. The category 7y is constructed in
[7] as a localization of the monoidal category
(A/Sy,*). The objects of 7y is the same with
the ones of A/Sy. The group of morphisms is given

by
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Homg, (X,Y) := lim Homys, (X o P}, Y o P*),
A

where P” := o4z L(a,a+ N — 1) for v e (Zso)®’
and the limit runs over all the pairs (A, u) such that
wt(X o PA) = wt(Y o P*). Tt turns out that 7y is
an abelian rigid monoidal category with a tensor
product x. We denote the right dual (resp. left dual)
of X by 2(X) (resp. 2~ '(X)). Note that L(a,a +
N —1)~1in Ty for all a € Z. We have a chain of
functors

A2 A/Sy X5 Ty

The composition will be denoted by . Note that
the Grothendieck ring K (7 y) is a Z[t*!]-algebra on
which t acts by the grading shift.

From now on, let g be the affine Kac-Moody
algebra of type Ag\l,ll. We regard 7Ty as a Z-graded
lifting of ‘58 as a rigid monoidal category. Indeed
there exists a monoidal functor Fy:7T y — %g
which sends simples to simples. It induces an
isomorphism of C(t'/?)-algebras [ y]: C(t!/?) @z
K(Ty) = Ki(g) ([7), Theorem 4.33). Under the
isomorphism, the generator y;, corresponds to
(27 L(i)] for i € Z, m € Z.

For a pair (M,N) of objects in a k-linear
abelian monoidal category in which every object
has a finite length, we denote by MV N the head of
M ® N and by MAN the socle of M ® N, respec-
tively.

We show that there is a family of autofunctors
on 7 n which recover the braid group action on the
quantum Grothendieck ring K;(g). For this pur-
pose, we adjoin a formal object t'/21 into Ty such
that t1/21 « t1/21 ~ t1. Then the grading shift by 1 /2
of X is given by X — t'/21 x X.

Theorem 3.1. For i€ Z, there exists a
monoidal functor
STy —>Ty
satisfying
ZL(j) if j=N1,
Fi(L(G) = § LG FVOVLG) if j=vitl,
L(j) otherwise.
The functor ; has an inverse
STy =Ty
satisfying

[Vol. 97(A),
27L(j) if j=n1i,

STHLG) = PLGVLGTF) if j=vitl,
L(j) otherwise.

Let us explain briefly how to construct the
functors .%;. For each j€.J, denote M; the
RA~-module ¢ 'L(j+1,j+N—1) if j=yi,
tY2(L(j F1)VL(j)) if j =x i = 1 and L(j) otherwise.
For each 8 € Q" and p = (p1,. .., um) € J°, set

A(,LL) = M/ll 0--0 Mum? and A(ﬂ) = @ A(:u)a

ueJe

where M; is the affinization of M;. Then along a
similar line with ([11], Section 4), one can show that
there exists a ring homomorphism

(RAoc (5))"1"’ — EndAu.g/SKig(QN(A(ﬂ)))a

where A"2/ S}]’\i,g is a quotient category of the
category of graded R4~-modules which is defined
in a similar way with A/Sy (see [7], Section
4.4). Let Ry R*~(B)-gmod — A/Sy be the
restriction of a left adjoint of the functor
HomAluig/SRig(QN(A(ﬁ)), —). Then we obtain a mono-
idal functor R: A — 7 y, the composition
4 B A/Sy 2Ty
Note that the family {M;};; of objects in Ty
satisfies for any a € J that (1) M, * Mg *--- %
Myin-1~1, (2) hd(My* My *-* Myyj1)*
M, is not simple for 1 <k< N —1, and (3)
QQ(MQ) ~ M, . A similar argument as the one in
([9], Section 6.1) shows that there is a monoidal
functor .#;: Ty — 7 y such that R ~ .%; o Qy.
Recall that there is an automorphism T:7 y —
Ty given by L(j)— L(j+1) for all jeZ. Tt
satisfies that TV ~ 2°. The functors {.%; | i € Z}
satisfy the following properties.
Proposition 3.2. We have
ypd zToyionl fOT"iG Z,
Sio D ~PDo.S; fori €L,
(111 yiﬁy]\pﬂ‘ fOT’iEZ,

(i)
)
)
(V) ylyg'--yN,lﬁT,
)
)

(ii

i
(v) SioSj~ L0 forli—j| > 2,
(Vi Y,-oyiﬂo&”,; :fiﬂoyioyﬂl fOTiGZ.
The family of functors {.;},.,cy_, recovers
the braid group action in Theorem 2.3 in the case of
type An-1.
Theorem 3.3. For each 1 <i< N —1 the
Z[t*'/?)-algebra automorphism on K(Ty) induced
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by ;i is equal to o; in Theorem 2.3 under the
isomorphism [Fy]: C(t"/?) Rz K(T N) = Ki(g).

4. Reflections by root modules. Recall
that for each pair of non-zero modules (X,Y) of
A, there exists a distinguished nonzero morphism
ryy: tMXY)X oY - YoX called the rmatriz
[7]. Here, t is the grading shift functor. We
have QN<I'X7y)Z tAN(X"Y>X* Y —-YxX in TN7
where Ay(X,Y)=A(X,Y) — B(wt(X),wt(Y)) +
B(wt(Y), wt(X)).

For a pair (X,Y) of objects in T y, set

AX,Y) = %(AN(X, Y) + Ay (Y, X)).
Note that 3(X,Y)= %(A(X, Y)+A(Y, X)) if
Q(I‘XQ/) 7é 0

A simple object X in an abelian monoidal
category is called real if X ® X is simple. A real
simple object L in 7 y is called a root module if

(L, Z(L)) = 6(k = +1).

For example, the objects L(a,b) with b—a+1 <
N are root modules. If L is a root module, then
2(L), 27'(L) and .#;(L) for i€Z are root
modules.

The following is the main theorem of this
section.

Theorem 4.1.
Tn. ForieZ, if

2(ZM(L(i)), X) = nd(k = a)

Let X be a simple object in

for somen >0 and a € Z, then
Si(X) = (2°L(1))"VX

up to a multiple of a power of t.

The following is one of the applications of
Theorem 4.1.

Theorem 4.2. Let [L] belongs to the orbit of
L(i) for some 1 <i< N —1 under the braid group
B(Ax-1) action in Theorem 2.3. Then there is an
automorphism s, on K(T n) such that
(a) SL(i)ZSiforlgiSN—l.

(b) Sy =sposposyt if L' also satisfies the
condition in the theorem.

(¢) sgep = sg foralla € Z.

(d) sp([X]) =[(2°L)"VX] up to a power of t, if
22", X) =nbé(k=a) for some n>0 and
acZ.

5. Conjectures. Let U(’I(g) be an arbitrary
quantum affine algebra. We say that a real simple
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module L in ‘53 is a root module if 9(2*M, M) =
6(k = £1) for any k.

Conjecture. For any root module L € %g,
there exists a monoidal autofunctor .¥, of ‘58 which
satisfies the following conditions:

(a) .7p satisfies similar properties in Theorem 4.1

and Theorem 4.2.

(b) (Braid relation) For root modules L and L/,

(1) if o(Z*L,L') = 0 for any k € Z, then

SroSLy S0y,
(2) ifo(2"L, L') = §(k = 0) for any k € Z, then
yLoyLlongyLroyLoyL/,

(c) Let Q be a Q-data, and L := Fg(L(7)). Then
the automorphism of K:(g) induced by .7
coincides with oy, i.e., the following diagram

commutes:
K:(go0) % Ki(g)
T4 l L \L
K:(go) % Ki(g)-
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