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Absolute multiple sine functions
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Abstract:

In this paper we formulate a unified theory of multiple sine functions by using a

view point of absolute zeta functions and absolute automorphic forms.
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1. Introduction. We recall that there are
two kinds of multiple sine functions. The first one is
the primitive multiple sine function defined as

~ -1 2ms ifr=1,
s
S, (s) = P - X =1
(s) "HC (n) exp( i 1) if r>1,
r—

n#0

where
u? u”
Pr(u) :(1—u)exp u+?+...+7 )
For example,

Si(s) = 27s ﬁ (1 - 8—22) = 2sin(s)

n=1 n

is Euler’s sine function [2], and

(& - €
n=1 1+%

is Holder’s double sine function [3]. The triple sine

function
s2 > 52 " 2
S =e2 1-— 5
3(s) =e 71_[1{( n2> e }

and the general S,(s) was discovered in [4] (see
also [6], [7]). By construction S,(s) is a meromor-
phic function in s € C and when r > 2 it has the
following expression

S,(s) = exp ( / ! cot(m)du),

0

82(5) =

where / C C—{£1,%2,...}.
0
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The second kind of multiple sine function is
the regularized multiple sine function constructed
in Shintani [12] (r = 2) and [5] (general r):

Sr(sv ((,{)1, s 7wr)) = P,-(S, (wlv B w’r))71

X Fr(wl +tw— S, (wla s 7w'r))(71)7-7
where T',(s, (wq,...,w,)) is the regularized version
of the multiple gamma function introduced by
Barnes [1]. Here we explain the construction when
Re(w1),- .., Re(w;) > 0 and we put w = (wy,...,w,)
for simplicity. First, the multiple Hurwitz zeta
function ¢, (w, s,w) is defined as

Q"(wv S, w) = Z (5 +nwy 4+ nrwr)iw
N1 yeeeny >0
for Re(w) > r. It has an analytic continuation to
all w € C and it is holomorphic at w = 0. Then we
obtain the regularized multiple gamma function

0
T (s,w) = exp (— G (w, s, w) )
ow w=0
It is a meromorphic function in s € C.
A defect of this construction is the difficulty

to treat the general case w € (C—{0})". For
example

Co(w, s, (1,

(s+ni—ng)™ "
ny,ne>0

~1)) =

is meaningless, so we do not have T'y(s, (1, —1)) nor
S(s, (1,—1)) in this way.

In this paper we construct multiple sine
functions from the absolute automorphic form

T
folw) =T —2)7,
k=1

where w = (wy,...,w,) and = > 0. We recall that a
function f(z) on Rs( is an absolute automorphic
form when it satisfies the absolute automorphy
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1(5) = osa)

for constants C' and D. For example, f,(z) is an
absolute automorphic form satisfying

w(3) = CUe s

where |w| = w; + -+ + w,. We notice in passing that
it is natural to regard as the absolute tensor product

) T fw1 Y Fl 02y fw,--

From an absolute automorphic form f(x) we define
the absolute zeta function (;(s) and the absolute

e-function e¢(s) by
w())

6i(6) = exp (- )

and
=
respectively, where
1 * w—1
Zi(w, s) —m/l fx)x (log )" dx

We refer to [9], [10] for a general theory of (;(s) and
e¢(s) (see also [8], [11]).

Now, for w= (wy,...,w,) € (C—+v—-1R)" we
define the absolute multiple gamma function
L,(s,w) = (r,(s)

and the absolute multiple sine function
Sr(s,w) =€y, ().

Then we have the following results.
Theorem 1. Forw € (C—+/—1R)", T, (s,w)
and S,(s,w) are meromorphic functions in s € C.
Theorem 2. When Re(w) >0 (k=1,...,7),
we have

T, (s,w) = D'(s,w)
and

S, (s,w) = Sp(s,w).

[Vol. 95(A),

Theorem 3. Let
n n

—N———
Son(s,£) = San(s, (1,...,1,-1,...,—-1)).

Then

Son(s, :t)—exp<( 1/ v — 1)

2n —1)!
X U cot(wu)du) .

Theorem 4. Forn > 1, let

n—1 n

H(X — k) = Zc(n, m)X" € Z[X] :

k=0 m=1

e(n,n) =1 and ¢(n,1) = (=1)""((n — 1))%. Then:
SQn(S, :t)< " Hen—1)! H SQm cn m)
Moreover,
S2n HSQmS :l:anm)
where a(n,m) € Z is defined as
X" = Zn:a(n m) 7(_1)”#1 7i:[l(X — k%)
m=1 ’ (2m B l)l k=0 .
Example.

(1)
Sy(s, 4) — exp ( /0 o cot(m)du)
= Sa(s).
(2)
Sy(s,4) % = exp ( /0 " = Dy cot(m)du)

= S4(5)Sa(s) "
(3)

Se(s, )" = exp (/Og(u2 —1)(u? - 4)7u cot(wu)du)
$) 7S, (s)*
(4)
Ss(s, )"
= exp (/Os(u2 —1)(u? — 4)(u® — 97u cot(wu)du)
= Ss(5)Ss(s) " Su(5) S (s)
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(5)
9!
Sw(s, :|:)
~ exp (/ (12 — 1)(u — 4)(u — 9)(u2 — 16)
0
X U cot(wu)du)
_ 810(5)88(8)73086(5)27384(5)782052(5)576.
Conversly:
(17)
SQ(S) = SQ(S,:t).
(27)
Si(s) = Si(s, +) 9Sy(s, ).
(3)
S(,(S) = SG(Sv i)12os4(57 1)73082(53 :l:)
(47)
Ss(s) = Ss(s, )8 (s, +)'*
x Sy(s,+) ?08,(s, ).
(5%)
510(5) _ 810(57 :l:)?)GQSSOSS(S7 i)715120086(5’ 1)17640
x Su(s, £) "8, (s, £).
Theorem 5. Letn > 1. Put
n n+1
S (S i):SQn+1(S7(1,...,1,_1,...7_1))
2 SQTL+1(87(17"'71)_17‘"?_1))-
S—— ——
n+1 n

For n>m>1 let ¢(n,m) and a(n,m) be as in
Theorem 4. Then:

Sani1(s, )"

— (-2 i et )¢ (~2m) )
X exp(/sﬁ (u® — k*) - 7 cot(mu)du )

0 k=0

= H {eXp 2( Qm))82m+1 (S)}C(n,m)
m=1

n ~
H S m+1
m=1

where
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SZWH—I (8) = eXp(_2<l(_2m))82m+1(8)
= exp ((_ 1)771_1 C(Qﬂ;;;;;izm)') 82m+1 (S) .

Moreover,

82n+1(8) = eXp(QC’(_Qn)) H 82m+1(8, :I:)a(ngm,)m.

Example. .
(1)
. 83(57 (17 _]-7 _1))
S0 =5, (1,1, -1)
= exp(—2¢'(—2)) exp (/0 u27rcot(7ru)du>
= exp(—2¢'(-2))S3(s)
¢(3
(D)
= S‘3(5)
(2)
Lo (Ss(s, (1,1, =1, =1, 1))\
S5(S’:I:) N ( 85( (151515 la_l)) )
= exp(—2¢'(—4) +2¢'(-2))
X exp (/0 u?(u? — 1)7rcot(7ru)du>

_ exp(— 3;5? - %) S5(5)S3(s)”!

= S5(5)S3(s) "

(3)
S7(S,:|:)360
~(Sqls,(1,1,1,-1,-1,—1,-1))\**
N ( S.(s,(1,1,1,1, -1, —1 -1)) >
= exp(—2¢'(=6) 4 10¢'(—4) — 8¢'(-2))
ex 8u2 ’U,Q— u2— T Ccot{mu)au
cexp( [ atut = (e - yrcor(man
45¢(7)  15¢(5)  2¢(3
(S0 150, 200
X S7(s)S5(s) *Ss(s)*
= 8:(5)S5(s) °S3(s)*.
Conversly:
(1)
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35(8) = S5(8, :|:)71283(87 :|:)

37(3) = S7(87 i)3ﬁos5(87 :I:)_GOS3(S7 :I:)

2. Proofs of Theorems 1 and 2. First we
show Theorem 2. Let Re(wy) >0 for k=1,...,r
Then, for Re(w) >

Zy,(w,s) / fo(@)z™ (logz)" 'da

= Cr(w s, w)
since the condition Re(wy) >0 for k=1,...,r
implies

5=
n>0

for x > 1, where

n-w=nw +- -+ nw.

Hence, we have

0
T, (s,0) = exp (a—w ((w,5,0)

w())

=T, (s,w)
and
S, (s,w) = S,.(s,w).
Next, we prove Theorem 1. For k=1,...,r, let
Wy, = sgn(Re(wy))wg.
Notice that Re(w},) > 0. Put ' = (&), ...,w.). Then

we easily see that
ful@) = (=1) fur(@)a®,

where | = |[{k|Re(wr) < 0}, A =3 g, <owk- This
implies that

Chls) = G s — ).

Hence

T, (s,w) = Th(s — A, )Y
Then the above proof of Theorem 2 gives

T, (s,w)=T,(s— A, w’)(fly
and

S, (s,w) = S,(s — A, ) y

Thus, T',(s,w) and S,(s,w) are meromorphic in

[Vol. 95(A),

s e C.
3. Proof of Theorem 3.
morphic form

The absolute auto-

Ja(z) =1 =2 ) "1 —2)™"
= ()2 "1 -2 )"
gives
FQ?L(Sa :l:) = szn(s)
=Tou(s+n,(1,...,1)
=Ton(s+n,(1,...,1)
and
Sau(s,£) = Saul(s +n, (1,..., 1))

Here, using

S0 (0, %) = So(m, (1,...,1)) =1
and
S, Sh
n +)= (-1 1
o2 (sy) = (-1 2 (s m (1,0 )
-1 n—1 n—1
= Gt (s> — E*)ms cot(ms)
(2n —1)! )
we have
SQn(sa :I:)

(et

exp<(2n_1)!/ Hu _
We notice that we used the following differential
equation for S, (s, (1,...,1)):

S'(s,(1,...,1))

s—1 ,
= S, (s, (1, ..,1))< ) )(—1)’_17Tcot(7rs).
r—
4. Proof of Theorem 4 and Examples.
To prove each identity

Fl(S) = FQ(S)

belonging to Theorem 4 and Examples it is suffi-
cient to show

) cot(wu)du) .

F1(0) = F5(0) =1,
! /
% s) = %(s)
For example, let
Fl(S) = SQ(S, :|:)

and
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Fy(s) = Sa(s)
Then
F1(0) =1 = F5(0),
L 5
E(s) = mwscot(ms) = E(s)
Hence

SQ(S, :l:) = 82(8).

Proof of Theorem 4 and their examples are exactly
similar by using

n—1 n
H(SZ _ k2) _ Z c(n,m)st*Q
k=1 m=1
and
$2n2 = i a(n, m) 7(_1)7”71 ﬁ(sQ — k%)
T 2m - 1)l Lt ‘

5. Proof of Theorem 5 and Examples.
For simplicity, put
2n+1—k k

————
SZTL+1,]€(S) = SQ7L+1(5a ( 1a R 17 _17 ceey -1 ))
Y
= Sone1(s+k (1,...,1)7Y.
Then we have

S/2n+l‘k(8)
Sont1.k(8)

= (_]_)k Sén+1(s +k, (1, .
Son+1(s + Kk, (1,...
(-1
(2n)!

X 7 cot(ms).

(s+k—1)---(s+k—2n)

We obtain the equality

< S2n+1,n+1(5)>/ 2(_1)”+1 n—1
log -
Son+1,n(8)

1_[(32 — k*)m cot(ms)

2n)! 5
from
S/2 . +1($) (_1)71,+1 n—1
n+1n _ (8 4 n)s (52 — k‘2)7TCOt(7TS)
SZ71,+1,7L+1(S) (277‘)' g)
and
S/ s -1 n n—1
2n+l,n( ) _ ( ) (S N Tl)SH(S2 o kQ)WCOt(ﬂ'S).
SZnJrl,n(S) (2%)' k=0
Hence
S 5 n
S (5, 4) = 2n41041(8)

SQn+1,71(S)
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= CZn-H €xXp (—

X T cot(wu)du) ,

where
Cont1 = S2,11(0, %)
_ 82n+1,71,+1(0>
SQn+1,n(0)
(=
_ Sont1(n+1,(1,...,1))
Sons1(n, (1,..., 1))
= Sonai(n, (1,...,1)2C0"
since
S?n+1(n7 (17 cee 1)) = F271+1(n7 (17 R 1))71
x Topa(n+1,(1,...,1))"
= SQ7L+1(n + 1a (17 L) 1))
Now, for k> 1
F27l+1(1€7 (1’ R 1)) = eXp(QO/27L+1,k(O))
with
Z(l+1)---(I+2n) s
Pont1k(s) = (I+k)
+ ; (2n)!
_i(l_k+1)"‘(l_k+2n)rs
— (2n)! '
Hence
52n+1(n7 (17 IR 1)) = exp(—g0'27,,+1(0))7
where

W?n-&-l(s) = @21L+1,n(5) + Yont+1,n+1 (5)

n). =1
23" eln.m)C(s — 2m)
= — c(n,m)C(s — 2m
2n)! —
Thus
2 n
SZn-Q—l (TL, (17 ) 1)) =exXp| — T C(TL, m)
n) m=1

X (’(—Qm)).

These calculations imply Theorem 5 and Examples.

6. Views from absolute automorphic
forms. Concluding the paper we explain funda-
mental absolute automorphic forms especially for
Theorems 3-5. For n > 2 let
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