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Abstract: In this paper we consider the order of holomorphic curves with maximal

deficiency sum in the complex plane. The purpose of this paper is to weaken the condition treated

in the paper [9]. As a special case we obtain the result in [9].
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1. Introduction. Let f ¼ ½f1; � � � ; fnþ1� be a

holomorphic curve from C into the n-dimensional

complex projective space PnðCÞ with a reduced

representation

ðf1; � � � ; fnþ1Þ : C ! Cnþ1 n f0g;

where n is a positive integer. We use the following

notations:

kfðzÞk ¼ ðjf1ðzÞj2 þ � � � þ jfnþ1ðzÞj2Þ1=2

and for a vector a ¼ ða1; � � � ; anþ1Þ 2 C nþ1 n f0g
kak ¼ ðja1j2 þ � � � þ janþ1j2Þ1=2;
ða; fÞ ¼ a1f1 þ � � � þ anþ1fnþ1;

ða; fðzÞÞ ¼ a1f1ðzÞ þ � � � þ anþ1fnþ1ðzÞ:
We denote by ej; 1 � j � nþ 1, the standard basis

of Cnþ1.

The characteristic function of f is defined as

follows (see [14]):

T ðr; fÞ ¼
1

2�

Z 2�

0

log kfðrei�Þkd�� log kfð0Þk:

In addition, put

UðzÞ ¼ max
1�j�nþ1

jfjðzÞj;

then UðzÞ � kfðzÞk � ðnþ 1Þ1=2UðzÞ and we have

T ðr; fÞ ¼
1

2�

Z 2�

0

logUðrei�Þd�þOð1Þð1:1Þ

(see [1]).

We suppose throughout the paper that f is

transcendental, that is to say,

lim
r!1

T ðr; fÞ
log r

¼ 1

and that f is non-degenerate over C ; namely,

f1; � � � ; fnþ1 are linearly independent over C .

It is well-known that f is non-degenerate over

C if and only if the Wronskian W ¼ Wðf1; � � � ; fnþ1Þ
of f1; � � � ; fnþ1 is not identically equal to zero.

We denote the order of f by �ðfÞ and the lower

order of f by �ðfÞ respectively:

�ðfÞ ¼ lim sup
r!1

logT ðr; fÞ
log r

;

�ðfÞ ¼ lim inf
r!1

logT ðr; fÞ
log r

:

It is said that f is of regular growth if �ðfÞ ¼ �ðfÞ.
We use the standard notation of the

Nevanlinna theory of meromorphic functions in

the complex plane ([3,4]).

For a 2 Cnþ1 n f0g, we write

mðr;a; fÞ ¼
1

2�

Z 2�

0

log
kak � kfðrei�Þk
jða; fðrei�ÞÞj d�;

Nðr;a; fÞ ¼ N r;
1

ða; fÞ

� �
:

We then have the First Fundamental Theorem

([14, p. 76]):

T ðr; fÞ ¼ mðr;a; fÞ þNðr;a; fÞ þOð1Þ:ð1:2Þ

We call the quantity

�ða; fÞ ¼ 1� lim sup
r!1

Nðr;a; fÞ
T ðr; fÞ ¼ lim inf

r!1

mðr;a; fÞ
T ðr; fÞ

the defect of a with respect to f . It is easy to see by

(1.2) that

0 � �ða; fÞ � 1;
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since mðr;a; fÞ � 0 and Nðr;a; fÞ � 0 ðr � 1Þ.
We shall call an error term denoted by Sðr; fÞ a

quantity such that if �ðfÞ ¼ 1, Sðr; fÞ ¼ oðT ðr; fÞÞ
as r! þ1, possibly outside a set of r of finite linear

measure, and if �ðfÞ <1, Sðr; fÞ ¼ Oðlog rÞ ðr!
þ1Þ.

Let X be a subset of Cnþ1 n f0g in N-sub-

general position satisfying #X � 2N � nþ 1, where

N is an integer such that N � n. It is known that

([1], N ¼ n; [5], N > n)X
a2X

�ða; fÞ � 2N � nþ 1:ð1:3Þ

The purpose of this paper is to prove

Theorem 1.1. Let f be as cited above.

Suppose that �ðfÞ <1;

(i) �ðej; fÞ ¼ 1 ðj ¼ 1; � � � ; nÞ and that

(ii)
P

a2X �ða; fÞ ¼ 2N � nþ 1.

Then f is of regular growth and �ðfÞ is a

positive integer.

The case of N ¼ n was proved in [9].

2. Generalization of Nochka weight func-

tion. Let N, n and X be as in Section 1 such that

2N � nþ 1 � #X � 1. We note that X is in

N-subgeneral position and that #X is not always

finite. For a non-empty finite subset S of X, we

denote by V ðSÞ the vector space spanned by

elements of S and by dðSÞ the dimension of V ðSÞ.
We put

O ¼ fS � X j 0 < #S � N þ 1g:

Lemma 2.1 ([2], p. 68). For R�S ðR; S 2OÞ,

#R� dðRÞ � #S � dðSÞ � N � n:

For R $ S ðR; S 2 OÞ, we put

�ðR;SÞ ¼
dðSÞ � dðRÞ
#S �#R

:

Then, by Lemma 2.1 we have the following

Proposition 2.1 ([2], p. 67). 0 ��ðR;SÞ � 1.

Lemma 2.2 ([12], Lemma 2.3).

#fdðSÞ= #S j S 2 Og is finite.

Definition 2.1 ([12], Definition 2.1).

� ¼ minS2O dðSÞ=#S.

Proposition 2.2 ([12], Proposition 2.2).

1=ðN � nþ 1Þ � � � ðnþ 1Þ=ðN þ 1Þ.
Proposition 2.3 ([12], Proposition 2.3). (I)

When � � ðnþ 1Þ=ð2N � nþ 1Þ; for any S 2 O it

holds that

nþ 1

2N � nþ 1
�
dðSÞ
#S

:

(II) When � < ðnþ 1Þ=ð2N � nþ 1Þ, there exist

an integer p ð1 � p < ðnþ 1Þ=2Þ and a subfamily

fTi j 1 � i � pg of O satisfying the following con-

ditions:

(i) 	 ¼ T0 $ T1 $ � � � $ Tp; dðTpÞ < ðnþ 1Þ=2;
(ii) �ðT0;T1Þ < �ðT1;T2Þ < � � � < �ðTp�1;TpÞ <

nþ 1� dðTpÞ
2N � nþ 1�#Tp

;

(iii) Let 1 � i � p. For any U 2 O such that

Ti�1 $ U and dðTi�1Þ < dðUÞ,
(a) �ðTi�1;TiÞ � �ðTi�1;UÞ,
and moreover

(b) �ðTi�1;TiÞ ¼ �ðTi�1;UÞ only if U j Ti;

(iv) For any U 2 O such that Tp $ U and

dðTpÞ < dðUÞ,

nþ 1� dðTpÞ
2N � nþ 1�#Tp

� �ðTp;UÞ:

According to Proposition 2.3, we define a

weight function w and a constant h for X as follows:

Definition 2.2 ([12], Definition 3.1). (I)

When � � ðnþ 1Þ=ð2N � nþ 1Þ, for any a 2 X we

set

wðaÞ ¼ nþ 1

2N � nþ 1
; h ¼ 2N � nþ 1

nþ 1
:

(II) When � < ðnþ 1Þ=ð2N � nþ 1Þ, we set

wðaÞ ¼

�ðTi�1;TiÞ for a 2 Ti n Ti�1

ði ¼ 1; � � � ; pÞ;
nþ 1� dðTpÞ

2N � nþ 1�#Tp
for a 2 X n Tp;

8>>><
>>>:

and

h ¼ 2N � nþ 1�#Tp

nþ 1� dðTpÞ
;

where T0 ¼ 	, Ti and �ðTi�1;TiÞ ði ¼ 1; � � � ; pÞ are

those given in Proposition 2.3 (II).

Proposition 2.4 ([12], Theorem 3.1). (a)

For any a 2 X, 0 < hwðaÞ � 1;

(b-1) For any Q � X satisfying (i) Q 	 fa 2
X j hwðaÞ < 1g and (ii) 2N � nþ 1 � #Q <1,

#Q� ð2N � nþ 1Þ ¼ h
X
a2Q

wðaÞ � n� 1

 !
;

(b-2)
P

a2Xð1� hwðaÞÞ
¼ 2N � nþ 1� hðnþ 1Þ;
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(c) N=n � h � ð2N � nþ 1Þ=ðnþ 1Þ;
(d) For any S 2 O,

P
a2S wðaÞ � dðSÞ.

We consider the following set of weight func-

tions on X:

Definition 2.3 ([13], Definition 4.1).

W ¼ 
 : X ! ð0; 1� j 8S 2 O;
X
a2S


ðaÞ � dðSÞ
( )

:

Example 2.1 ([13], Example 4.1). (a) The

weight function w in Definition 2.2 is in W by

Definition 2.2 and Proposition 2.4 (d).

(b) Set 
� : X ! ð0; 1� such that 
�ðaÞ ¼ � for

all a 2 X. Then 
� 2W. In fact, for any S 2 O,X
a2S


�ðaÞ ¼ �#S � ðdðSÞ=#SÞ#S ¼ dðSÞ:

(c) Let �1; � � � ; �k ðk � 2Þ be positive numbers

satisfying �1 þ � � � þ �k ¼ 1. If w1; � � � ; wk 2W, then

�1w1 þ � � � þ �kwk 2W.

3. Lemmas and theorems. Let f and X

etc. be as in Section 1 or 2.

Lemma 3.1 ([6], Théorème 2; [7], Théorème

3). If there are nþ 1 linearly independent vectors

a1; � � � ;anþ1 in X such that

�ðaj; fÞ ¼ 1 ðj ¼ 1; � � � ; nþ 1Þ;

then f is of regular growth and �ðfÞ is equal to a

positive integer or 1.

We note that f is not assumed to be non-

degenerate in this lemma.

Now, suppose that f is non-degenerate. Let

dðzÞ be an entire function such that

fnþ1
j =d ðj ¼ 1; � � � ; nÞ and W ðf1; � � � ; fnþ1Þ=d

are entire functions without common zeros.

Definition 3.1 ([8]). We call the holomor-

phic curve induced by the mapping

ðfnþ1
1 ; � � � ; fnþ1

n ;Wðf1; � � � ; fnþ1ÞÞ : C ! Cnþ1

the derived holomorphic curve of f and we write it

by f�:

f� ¼ ½fnþ1
1 =d; � � � ; fnþ1

n =d;W ðf1; � � � ; fnþ1Þ=d�:

Remark 3.1. When n ¼ 1, f� corresponds

exactly to the derivative of the meromorphic

function f2=f1.

Remark 3.2 ([8], Proposition 1). The defi-

nition of f� does not depend on the choice of a

reduced representation of f .

Lemma 3.2 ([8], Lemma 3). We have

T ðr; f�Þ � ðnþ 1ÞT ðr; fÞ �Nðr; 1=dÞ þ Sðr; fÞ:

Proposition 3.1 ([8], Theorems 1, 2 and 3).

(a) f� is transcendental. (b) �ðf�Þ ¼ �ðfÞ. (c) Even

if f is non-degenerate, f� can be degenerate.

Lemma 3.3 ([11], Proposition 10). Let

a1; � � � ;aq be in X ðN þ 1 � q <1Þ and 
 be in W.

Then the following inequalities hold:

(I)
Pq

j¼1 
ðajÞmðr;aj; fÞ � ðnþ 1ÞT ðr; fÞ �
Nðr; 1=W Þ þ Sðr; fÞ.

(II)
P

a2X 
ðaÞ�ða; fÞ � nþ 1.

Corollary 3.1. If the equality holds in Lem-

ma 3.3 (II) and �ðfÞ <1, then

lim
r!1

Nðr; 1=W ðf1; � � � ; fnþ1ÞÞ=T ðr; fÞ ¼ 0:

Proof. From Lemma 3.3 (I) we obtain the

inequality

Xq
j¼1


ðajÞ�ðaj; fÞ þ lim sup
r!1

Nðr; 1=W Þ
T ðr; fÞ � nþ 1;

since f is transcendental and Sðr; fÞ ¼ Oðlog rÞ as

�ðfÞ <1. So we easily obtain this corollary. �

For X 2 O we put

Xð0Þ ¼ fa ¼ ða1; � � � ; anþ1Þ 2 X j anþ1 ¼ 0g:

Then, #Xð0Þ � N since X is in N-subgeneral

position. We note that dðXð0ÞÞ � n from the

definition of Xð0Þ.
Proposition 3.2 (see [10], Theorem 1 (a)).

Let f be as in Section 1 and 
 be in W: For any

a1; � � � ;aq in X nXð0Þ ð1 � q <1Þ we have the

following inequality:Xq
j¼1


ðajÞmðr;aj; fÞ � mðr; enþ1; f
�Þ þ Sðr; fÞ:

We used [10, Lemma 2] to prove [10, Theorem 1

(a)]. The property of ! used to prove [10, Lemma 2]

is only that ! is in W, and 
 is also in W. This

implies that we can use 
 instead of ! in [10, Lemma

2]. Due to this fact we can proceed the proof of

Proposition 3.2 as in [10, Theorem 1 (a)] with 
 and

we obtain this inequality.

Corollary 3.2. Let f and 
 be as in Propo-

sition 3.2 and �ðfÞ <1. Then we have the following

inequalities:

1

nþ 1

X
a2XnXð0Þ


ðaÞ�ða; fÞ � �ðenþ1; f
�Þ;ð3:1Þ
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X
a2XnXð0Þ


ðaÞ�ða; fÞð3:2Þ

� lim inf
r!1

T ðr; f�Þ
T ðr; fÞ � lim sup

r!1

T ðr; f�Þ
T ðr; fÞ � nþ 1:

Proof. First we prove the inequality (3.1). For

any a1; � � � ;aq in X nXð0Þ ð1 � q <1Þ, from Prop-

osition 3.2 we obtain the inequalityXq
j¼1


ðajÞ lim inf
r!1

mðr;aj; fÞ
T ðr; fÞ

� lim inf
r!1

mðr; enþ1; f
�Þ

T ðr; f�Þ �
T ðr; f�Þ
T ðr; fÞ :

Since f is transcendental and �ðfÞ <1, Sðr; fÞ ¼
Oðlog rÞ and so

lim
r!1

Sðr; fÞ
T ðr; fÞ

¼ 0:

We have lim supr!1 T ðr; f�Þ=T ðr; fÞ � nþ 1

by Lemma 3.2. Therefore we obtain thatXq
j¼1


ðajÞ�ðaj; fÞ � ðnþ 1Þ�ðenþ1; f
�Þ:ð3:3Þ

As aj ðj ¼ 1; � � � ; qÞ are any elements of

X nXð0Þ, we easily obtain our inequality (3.1) from

(3.3).

Next we prove the inequality (3.2). For any

a1; � � � ;aq in X nXð0Þ ð1 � q <1Þ, from Proposi-

tion 3.2 we obtain the inequalityXq
j¼1


ðajÞmðr;aj; fÞ � mðr; enþ1; f
�Þ þ Sðr; fÞ

� T ðr; f�Þ þ Sðr; fÞ;
so that from Lemma 3.2Xq

j¼1


ðajÞ lim inf
r!1

mðr;aj; fÞ
T ðr; fÞ

� lim inf
r!1

T ðr; f�Þ
T ðr; fÞ

� lim sup
r!1

T ðr; f�Þ
T ðr; fÞ

� nþ 1:

Therefore we see thatX
a2XnXð0Þ


ðaÞ�ða; fÞ � lim inf
r!1

T ðr; f�Þ
T ðr; fÞ

� lim sup
r!1

T ðr; f�Þ
T ðr; fÞ � nþ 1;

which is the inequality (3.2). �

Lemma 3.4. Let f and 
 be as in Proposi-

tion 3.2. Then we have the inequality

X
a2Xð0Þ


ðaÞ�ða; fÞ � n:

Proof. We note that Xð0Þ 2 O since #Xð0Þ �
N: As 
 2W and �ða; fÞ � 1; we have the inequalityX

a2Xð0Þ

ðaÞ�ða; fÞ �

X
a2Xð0Þ


ðaÞ � dðXð0ÞÞ � n:

�

Theorem 3.1. Let f be as in Section 1 and 


be in W. Suppose that �ðfÞ <1 and that

(i) �ðej; fÞ ¼ 1 ðj ¼ 1; � � � ; nÞ;
(ii) There exist a1; � � � ;aq in X ð2N � nþ 1 �

q � 1Þ satisfyingXq
j¼1


ðajÞ�ðaj; fÞ ¼ nþ 1:

Then f is of regular growth and �ðfÞ is a

positive integer.

Proof. From Theorem 3.1 (ii), Corollary 3.2

and Lemma 3.4 we obtain the inequality

1 ¼ nþ 1� n �
X

a2XnXð0Þ

ðaÞ�ða; fÞð3:4Þ

� lim inf
r!1

T ðr; f�Þ
T ðr; fÞ

� lim sup
r!1

T ðr; f�Þ
T ðr; fÞ

� nþ 1:

The inequality (3.4) implies that f� is transcenden-

tal, and

�ðf�Þ ¼ �ðfÞ; �ðf�Þ ¼ �ðfÞ:ð3:5Þ

From Definition 3.1, we obtain for r � 1

Nðr; 0;W=dÞ ¼ Nðr; 1=WÞ �Nðr; 1=dÞ
� Nðr; 1=WÞ:

From Corollary 3.1 and (3.4) it follows that

0 � lim sup
r!1

Nðr; 0;W=dÞ
T ðr; f�Þ � lim sup

r!1

Nðr; 1=WÞ
T ðr; f�Þ

� lim sup
r!1

T ðr; 1=W Þ
T ðr; fÞ �

T ðr; fÞ
T ðr; f�Þ ¼ 0:

Thus we obtain the relation

�ðenþ1; f
�Þ ¼ 1� lim sup

r!1

Nðr; 0;W=dÞ
T ðr; f�Þ

¼ 1:ð3:6Þ

For j ¼ 1; � � � ; n, we obtain

Nðr; 0; fnþ1
j =dÞ ¼ Nðr; 1=fnþ1

j Þ �Nðr; 1=dÞ
� Nðr; 1=fnþ1

j Þ ðr � 1Þ
and
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0 � lim sup
r!1

Nðr; 0; fnþ1
j =dÞ

T ðr; f�Þ
� lim sup

r!1

Nðr; 1=fnþ1
j Þ

T ðr; f�Þ

� ðnþ 1Þ lim sup
r!1

Nðr; 1=fjÞ
T ðr; fÞ �

T ðr; fÞ
T ðr; f�Þ ¼ 0

from the condition (i) and (3.4), so that

�ðej; f�Þ ¼ 1� lim sup
r!1

Nðr; 0; fnþ1
j =dÞ

T ðr; f�Þ
¼ 1:ð3:7Þ

By using (3.6) and (3.7) we apply Lemma 3.1

to f�. Then we see that f� is of regular growth

and �ðf�Þ is a positive integer since e1; � � � ; enþ1

are linearly independent. From (3.5) we obtain

that f is of regular growth and �ðfÞ is a positive

integer.

�

Lemma 3.5. We have the equality

2N � nþ 1�
X
a2X

�ða; fÞ

¼
X
a2X
ð1� hwðaÞÞð1� �ða; fÞÞ

þ h nþ 1�
X
a2X

wðaÞ�ða; fÞ
 !

:

We obtain this equality as in [13], p. 371,

Lemma 5.2.

Proof of Theorem 1.1. For any a 2 X it fol-

lows from Proposition 2.4 (a) and the fact, 0 �
�ða; fÞ � 1, that

ð1� hwðaÞÞð1� �ða; fÞÞ � 0 ða 2 XÞ:ð3:8Þ

Further from Lemma 3.3 (II) we obtain the inequal-

ity

nþ 1�
X
a2X

wðaÞ�ða; fÞ � 0:ð3:9Þ

From the condition (ii) of this theorem, Lemma 3.5,

(3.8) and (3.9), we obtain that

nþ 1�
X
a2X

wðaÞ�ða; fÞ ¼ 0;

which is the condition (ii) of Theorem 3.1 with


 ¼ w. Considering the condition (i) of this theorem

we obtain our conclusion from Theorem 3.1. �

Remark 3.3. We note that the condition

(ii) of this theorem, Lemma 3.5, (3.8) and (3.9)

imply

ð1� hwðaÞÞð1� �ða; fÞÞ ¼ 0 ða 2 XÞ:
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de p fonctions holomorphes donées, Mathema-
tica (Cluj) 7 (1933), 5–31.

[ 2 ] H. Fujimoto, Value distribution theory of the
Gauss map of minimal surfaces in Rm, Aspects
of Mathematics, E21, Friedr. Vieweg & Sohn,
Braunschweig, 1993.

[ 3 ] W. K. Hayman, Meromorphic functions, Oxford
Mathematical Monographs, Clarendon Press,
Oxford, 1964.
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