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Abstract:

In 2010 Shan, Varagnolo and Vasserot introduced a family of graded algebras

in order to prove a conjecture of Kashiwara and Miemietz which stated that the finite-
dimensional representations of affine Hecke algebras of type D categorify a module over a certain
quantum group. We study these algebras, and in various cases, show how they relate to
Varagnolo-Vasserot algebras and to quiver Hecke algebras which in turn allows us to deduce

various homological properties.

Key words:

Introduction. Following a conjecture of
Enomoto and Kashiwara in [EKO06] concerning
categories of modules over affine Hecke algebras of
type B, proved in general by Varagnolo and
Vasserot [VV11], Kashiwara and Miemietz conjec-
tured analogous results for type D affine Hecke
algebras, see [KMO7]. They predicted that catego-
ries of modules over affine Hecke algebras of type D
categorify a highest weight module over a certain
quantum group. This conjecture was confirmed by
of Shan, Varagnolo and Vasserot in
[SVV11], in which they introduce and use a family
of graded algebras, by showing that categories of
modules over these algebras are equivalent to
categories of modules over affine Hecke algebras of
type D. These algebras are similar to KLR algebras
and to VV algebras, the latter of which were studied
in [Wal]. This note is a study of these algebras,
which we call SVV algebras. We obtain a Morita
equivalence between SVV algebras and a direct
product of VV algebras. We use KLR algebras to
show that, in certain settings, SVV algebras are
graded affine quasi-hereditary and graded affine
cellular.

1. Preliminaries and notation. Through-
out this paper we will denote by k a field with
char(k) # 2 and by a grading we will always mean
a Z-grading. We write ¢ to denote both a formal
variable and a degree shift functor which shifts the
degree by 1. So ¢M is a graded A-module with k'™
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graded component (¢M), = My_;, where M =
D, cz M, is a graded A-module.

The Weyl group of type D, W,lg has generators
80,51, ---5Sm—1 which are subject to the relations
S? V’L7 8iSi+18i = Si+1SiSi+1 for 1 S ) S m — 2, S0S; —
siso Vi # 2, s;8; = s;8; for |t —j| >1 and 1 <4,j <
m —1, s9S989 = S280S2. Now let 79, 7,...,Tm_1 be
the generators of the type B Weyl group, Wfi. We
can consider W2 a subgroup of W72 via the injec-
tion Wn{) — Wff given by sg+— mmT9, S — T for
1<k<m-1.

There are exactly two parabolic subgroups of
Wf,? which are both isomorphic to the symmetric
group on m letters. We label these subgroups &,,
and S,,; they are the subgroups generated by
81,82, -.,8m—1 and Sg, So, ..., S;m—1, respectively.

1.1. SVV algebras. In this section we recall
a family of graded algebras which were introduced
by Shan, Varagnolo and Vasserot [SVV11]. We will
call them SVV algebras.

We start by fixing an element p € k*. Consider
the action of Z x Zy on k™ given by (n,£1)- A=
p?" AL, Fix a Z x Zg-orbit I). So I = I, = {p*"\*! |
n € Z} is the Z x Zy-orbit of A\. To I we associate a
quiver I' =T';. The vertices of I' are the elements
i € I and we have arrows p*i — i for every i € I.
We always assume that +1 ¢ I and that p # +1. If
p ¢ I, then we can write I, = I} U I, , where I} =
{p*"X\*! | n € Z}. Similarly, when p € I, and p is not
a root of unity then we can write I, :Ip*I_IIp’,
where [ = {ptCrt) | 'n € Zsg}. Let 'NI={v=
Y icr Vit | Vi = v, v has finite support, v; € Zxg
Vi}. Recall the height of v € NT is denoted by |v]|
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and is defined as |v| =), ;. We also recall that
¢ € I has multiplicity one in v if v; = 1.

Throughout this work we assume that if p € 1
then p is not a root of unity, so that we always have
L=1IfUI,.

For any v € “NI we have v; = v;1 for all i € I
which means that we can always write v = vt + v,
where v* = 3. ;. i € NI. It now makes sense to
talk about the KLR algebras associated to v* and to
v~. Denote these algebras by R,+ and R,-, respec-
tively. Recall that the KLR algebras are a family of
graded algebras that have been introduced in
[KL09] and [Rou] in order to categorify quantum
groups.

For v € NI with |[v| = 2m, define

m m
BURS SN
k=1 k=1

For v € NI with |v| = 2m, m > 1, the SVV alge-

bra, denoted by °R(T") , is the graded k-algebra
generated by elements

o .= {i_(il,...,im) e

v?

{e() i€ "} U{zr,...,2n} U{00,00,...,0m 1}

which are subject to the following relations.

(a) e(i)e(j) = Gye(i), ope(i) = e(spi)or, xe(d) =
e(i)zy, 3 serp €(i) = 1.
(b) The z;’s commute.
(¢) For1<k<m-—1,
(ark+1 — ka)e(i) ikx, — ik:—&-l
(Tp — zea)e(d)  ip = ien
o2e(i) = —(xr1 — 2p)’e(i) i < irn
e(i) ik Nl ik+1
0 i = U1,
—(z1 +x)e(i) it — g
(z1 + z9)e(i) it — iy
ope(i) = —(z1 4 22)%(i) i7" o iy
e(i) irt e iy
0 it =iy

oo =00 for 1<k<l—1<m-—1 or 0=

kE<l#2.

For1<k<m-—1;

(Ok41010) 11 — OROpr10k)e(i) =
e(i)
—e(i)
(22p11 — Trr2 —zr)e(i) ik = ikp2 and iy < gy

0 ik 75 ik+2 or ik Aiad i}c+1,

i = tgy2 and 4 —

i = tgy2 and i < T
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(090002 — 0goa00)e(i) =

e(i) iyt =iz and i7! — iy
—e(i) irt =iy and i7 ! i
(z1 + 229 — x3)e(i) ;' =iz and i]! < iy
0 Z;l 7£ 25 or Z;l A 7:2.
(d) For 1<k<m, (opm) — z5,0p0n)e(i) =

1= ki = ipn
ifl:k+1,ik:ik+1

0 else.

(e) For £=1,2, (oowe + m3-000)e(i) =
e(i) if it =iy
0 if iyt £

The grading on °R(T"), is given as follows:
deg(e(i)) =0, deg(we(i)) =2,

deg(oge(i)) = {

livh — o] + i7" g if 47" # da
-2 if 37! = o,
ix — dpi1] + ip < ipar| if @ 7 g
-2 if i, = ip

de(oneli) = {

where |¢ — j| denotes the number of arrows from
to j in the quiver T.

If v=0 we set "RI"),=k®k and if v=
i+ 17!, for some i € I then,

R(T), = klz]e(i) @ k[z]e(i ™).

The action of W,I,z on i= (i1,...,iy,) €I is given

via

vim) = (i3 a7t i)

) :("'aik+17ika"')

So~(i1,i2,...
L G T TS T

for 1 <k<m.

Take w € WL and fix a reduced expression
w=8; 8, We then set oue(i) =0y - o;e(i)
and, for the identity element 1 € Wnlz, we have
o1e(i) = e(i). From the relations we can see that
owe(i) is dependent upon the choice of reduced
expression of w. Therefore whenever we write oye(i)
it should be understood that, although not always
specified, we are fixing a choice of reduced expres-
sion of w.

We can visualise the algebra °R(I"), as a quiver
with the vertices given by the idempotents e(i) and
the arrows labelled by generators xi,..
00,---,0m_1 and determined by the relationship
between idempotents. It is always the case that this
quiver has two connected components so that we
always have °R(T"), = e;°R(T"),e1 x e2°R(T"), eq,

: )xﬂl7
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where e;, e, are certain idempotents in °R(T"),. In
addition, we will see in Lemma 2.4 that, as alge-
bras, these two components are isomorphic. There-
fore it suffices to study one of these components in
order to understand the algebra. For example, to
show that °R(T"),, is graded affine cellular and affine
quasi-hereditary it is enough to show that one of the
components, say €:°R(I"), e2, has these properties
(using Remark 1.4 and Proposition 1.6).

Given the data in the definition, together with
a fixed v €?NI, we have a VV algebra 20,
(see [Wal] for the definition). In [SVV11], the
authors note that there is a canonical inclusion
of algebras °R(T"), — 20, given by e(i), o, z; —
e(i),op,z; for k= 1,---m—1,4=1,---,m, gy
woym so that the SVV algebras are unital subalge-
bras of the VV algebras.

Lemma 1.1 (Basis theorem for SVV alge-
bras). Take v € NI with |v|=2m. For each
element w € WP

o, fix a reduced expression. The set
of elements

{owa" - ame(i) |we WP i el ny, € Zsg Vk}

forms a k-basis for °R(T),,.

Proof. The proof is similar to that of [KL09,
Theorem 2.5]. In particular we show this set is a
spanning set in exactly the same way as for KLR
algebras. For linear independence we use the
polynomial representation of °R(I"), (see [SVV11])
and show that the elements in the set act by linearly
independent operators. [l

Remark 1.2. Suppose we take v € NI such
that supp(v') consists of two connected compo-
nents. In other words, v = vy + v, where supp(v;)
and supp(v;) are both connected and there are no
arrows between any 7 € supp(v{") and j € supp(vy ).
It can be shown, using a similar proof as in [Wal,
Proposition 2.6], that there is a Morita equivalence
‘R(I), ~°R(I),, ® “R(I'),,. So we may assume
that v is chosen in such a way that supp(v') is
connected.

1.2. Affine cellularity. @We now recall the
definition of an affine cellular algebra [KX12]. Here
we use the basis definition which is analogous to the
way that Graham and Lehrer defined cellular
algebras in [GL96]. The definition we recall is taken
from [Cui], where it is shown to be equivalent
to the basis-free definition in [KX12]. Let k be a
noetherian domain and let A a unitary k-algebra.
By an affine algebra, we mean a commutative
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k-algebra of the form B = k[xq,...,
ideal I and some positive integer .
Definition 1.3. We say that (A, M, B, C,*)
is an affine cell datum for A, where (A, <) is a finite
poset, M(A) is a finite set for each A € A, B, is an
affine k-algebra with an anti-involution o), C =
{C2, | A€ Aand s,t € M(\)} is a subset of A, and *
is a k-linear anti-involution on A, if the following
are satisfied.
(a) Foreach A € A, let A be the right By-span of
{C2 ) ssenry- Then {C}, ensn) is a Bx- baSlS
of the right By-module 4%, and A = D, A
as k-modules.
(b) Foreach X € A, let AN = > >AA For A € A,
seM(A) anda€c A, be BA, there exist coef-
ficients r(a) € By such that for all ¢ € M (),

A § :
Cef 1}7‘ ?"

veM (A

x;]/I, for some

a)b (mod(A™)),

and the coefficients r‘v(a) € B, are independent

of t.

(¢c) Forall A€ A, s,t € M()\), and for any b € By,

(C;\,t b)) = Cés <o (b).

The algebra A is said to be affine cellular if such an
affine cell datum exists.

Remark 1.4. Let A; and A be affine cellu-
lar algebras with affine cell data (A1, My, By, C1,#1)
and (Ag, My, By, Cs,%5), respectively. Then Aj:=
A; x Ay has an affine cell datum (As, Ms, Bs, Cs, *3)
where A3 = A; U Ay with partial ordering given as
follows: A < p if and only A and g both lie in A;, for
i € {1,2}, and moreover A < p in A;. We also have,
for any A € Ag,

MQ(}\) if Ae Az,

BQ()\) if e AQ,
with the obvious anti-involutions. Furthermore,
C3 = C1UCy and x3 is the anti-involution on Ajs
defined by, x3(ai,as) = (*1(a1),*2(az)). One can
quickly check that this really does define an affine
cell datum for Az so that A3 = A; x Ay is affine
cellular.

Since °R(I), = e;°R(I'),e1 x &2°R(T), €2, in
order to show that °R(T"), is affine cellular it
suffices to show that each component is affine
cellular.

1.3. Affine quasi-heredity. @We also recall
the notions of affine quasi-heredity, for left Noe-
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therian Laurentian algebras, and affine highest
weight categories, introduced by Kleshchev
[Klel5] as a graded analogue of the theory of Cline,
Parshall and Scott. KLR algebras of finite Lie type
are graded affine quasi-hereditary, as are certain
classes of VV algebras. Let B be the class of all
positively graded polynomial algebras. Recall from
[Klel5] that a two-sided ideal J C A is an affine
heredity ideal if; (SI1): Homu(J, A/J) =0, (SI2):
as a left module J 2= m(q)P(w) for some graded
multiplicity m(q) € Z[q,q"!] and some 7 € II such
that B, := End4(P(7))" € B, and (PSI): as a right
B;-module P(r) is free finite rank.

By Lemma 6.5 in [Klel5], if J is an ideal in A
which is projective as a left A-module, then (SI1) is
equivalent J being an idempotent ideal, i.e. J =
AeA, for an idempotent e € A.

Definition 1.5. An algebra A is affine quasi-
hereditary if there exists a finite chain of ideals

)= hC--Ch=A

with J;y1/J; an affine heredity ideal in A/J;, for all
0 <i < n. Such a chain of ideals is called an affine
heredity chain.

Proposition 1.6. If A, B are affine quasi-
hereditary algebras then the direct product A X B is
an affine quasi-hereditary algebra.

Proof. Suppose A and B have affine heredity
chains

(0)CAC-CA, =4
respectively. Then one shows that
(O)QAlX(O)QA1XB1§A1XBQQH'
- CAxBCAxBC---CAXxB

is an affine heredity chain for A x B. O
2. Results. We remind the reader that if p €
I then we assume that p is not a root of unity.
Lemma 2.1. Forv e 'NIllete=>; . e(i).
Then e°R(T") e =2 R+, i.e. every SVV algebra has a
distinguished idempotent subalgebra isomorphic to a
KLR algebra.
Proof. The proof is similar to [Wal, Proposi-
tion 1.17]. O
Remark 2.2. More generally, we can always
express any v € YNT in the form v =+ 0!, for
some U=, Ui € NI, where 7' =3, i~ €
NI. Let e =) ; s e(i). Provided i+4~' is not a
summand of v, for any i € I, one can use the same
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argument in Lemma 2.1 show that e’R(I"), e = Ry,
the KLR algebra associated to v.

Let S,, := (so, S2, 83, **, Sm—1) be the parabolic
subgroup of W2 generated by s;, i #1. We have
already noted that S, is isomorphic to the sym-
metric group &,,.

Take v € NI, |v| =2m, and let iy, be the
summand p?*\ of vt such that k is minimal. Let
p=v"—ipm+il and let j € I* ={(j1,...,jm) €
I | S jg=wu} be such that j; =il and
J2y - -, Jm are ordered by power of p. For example,
when v =mA+mA~! for some m >1 and some
A€, we have iym =X and j= (AL 0N - A).
Let J be the following subset of /7.

J={w-jlwesS, cWw?}

where the action of elements w € S,,, considered
elements of W2, should be the obvious one.

Example 2.3. Take v=A+pA+pA+
A T4p 2 T4+ p At Then imm=2X, j=
(AL 2\, p*A) and

ALPPA PN, (0T A M),
J=4¢ (AL, (0L PPN,
(PN PRN), (AP PPN

Let D=DW?/&,,) and D' =DWL/S,,) denote
the minimal length left coset representatives of &,
and S, in Wf,?, respectively. Note that D’ consists of
elements w' which are obtained from w € D by
replacing every occurrence of sy and every occur-
rence of s; in a reduced expression of w with s; and

with sy, respectively. Then put e; := > ey e(w' - 1)
w €D’
and ey := ), .+ e(w-1i). By considering the way in
weD
which the elements w € D, w' € D' act on these

tuples i we see that we have e; + e, =1 in °R(T),
and  therefore a  decomposition °R(I), =
el"R(F)Vel X GQOR(F)VGQ.
Lemma 2.4. There is a k-algebra isomor-
phism e°R(T") 3 = e,°R(T") €.
Proof. Define the map
@ QQOR(F)’/QQ — e1°R(F)Ve1,

(it da, -+ im) = e(i] ' ia, +yim),
o1 if£=0,1
‘”H{a@ i 040,1,

—xr ifk=1

TR { o ifk#£1

and extend k-linearly and multiplicatively. Exam-
ining the defining relations of °R(I"), we see that
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this is well-defined and is therefore an algebra
homomorphism. In fact, it is an isomorphism of
k-vector spaces and hence an isomorphism of
algebras as there is an obvious inverse map. [l

As previously mentioned, the quiver which
represents the algebra °R(T"), has two connected
components. Lemma 2.4 tells us that the algebras
which are associated to these connected compo-
nents are isomorphic.

Corollary 2.5. There is an algebra isomor-
phism e_°R(I"), e_ = R+, where e_ := ) ;. e(4).

Proof. Under the isomorphism in Lemma 2.4
e=> i e(i) is mapped to e_ =3, ;e(i). It
follows that e°R(I'),e is isomorphic to
e_°R(T"),e_. Now we use Lemma 2.1. O

Fix any element ¢ € k* in such a way that
q¢ I. We can then define a VV algebra 20, for any
given v € NI, see [Wal] for details.

Theorem 2.6. There is a Morita equivalence
°R(T), ~ W, x W,. In particular, this demon-
strates that any irreducible type D module arises
from an irreducible type B module.

Proof. Using Lemma 2.4, it suffices to show
there is a Morita equivalence e,°R(I"),e; ~ 20,.
Recall that we set ey:=) , . e(w-i) € "R(I'),.

weD
We can also consider e, an element of 20,. Proving

that e20,e2 = e,°R(I") &2 as k-algebras together
with the fact that e, is full in 20, implies that
W,e, is a progenerator in 2W,-Mod such that
Endyy, (W,e2) = e°R(T") 2. Then, by standard

Morita theory, Morita equivalence between
e:°R(T") 2 and 20, follows. O
Remark 2.7. In order to define VV algebras

one must fix p,q € k*. We remark here that when
q € I we do not have Morita equivalence between
VV algebras and SVV algebras.

2.1. Setting: p¢ 1. For the following two
corollaries we will assume p ¢ I.

Corollary 2.8. Suppose p¢ I. For v € ‘NI,
there is a Morita equivalence °R(T"), ~ R+ x Ry+.
In particular, this demonstrates that any irreducible
type D module arises from an irreducible type A
module when p ¢ I.

Proof. Fix an element g € £ in such a way
that ¢ ¢ I. Then we have, by Theorem 2.10 in [Wal],
Morita equivalence 20, ~ R,+. Now use Theorem
2.6. O

Corollary 2.9. When p¢ I, with the addi-
tional constraint of p mot a root of unity, the
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algebras °R(T),
affine cellular.

Proof. We first note that affine quasi-heredity
is a Morita invariant between unital algebras. Then
by Proposition 1.6 and Corollary 2.8 it suffices to
show that the algebras R,+ are affine quasi-heredi-
tary. This is true when p is not a root of unity
(see [Klelb, Section 10.1] and results throughout
[BKM14]). This proves affine quasi-heredity. It was
shown in [KLM13] that KLR algebras of type As
are affine cellular. This, together with Remark 1.4,
shows that the algebras R,+ x R,+ are affine
cellular in this case. The proof is completed by
applying Lemma 3.4 in [Yanl4]. O

2.2. Setting: p € I. Now suppose p € I and
assume p is not a root of unity. Then we can write
I,=IfUI, where I;[ = {p*@*+) | n € Zsy} and
I'; is of the form

are affine quasi-hereditary and

-— P -— P
i
— p73 — pil,
Remark 2.10. If we take v € NT such that

the number of summands of v equal to p is less than
2 (i.e. v, < 2), then all the results of Subsection 2.1
apply to °R(T"),. Namely, we are again reduced to
type A via the Morita equivalence °R(T"), ~ R,+ x
R, +. Therefore, if p € I we may assume that p has
multiplicity at least two in v, i.e. v, > 2.

Let A be the path algebra A = k(a1 & ag)
where the arrow from a; to as is labelled u; and
the arrow from as to a; is labelled uy. We consider A
a left k[z]-module with the action defined by; z-
a1 = uguiar and z - ag = ujugay. Suppose p € I, p is
not a root of unity and we take v € “NI. Recall that
in [Wal, Section 2.6] we define the structure of a
right k[z]-module on R,+.

Corollary 2.11. When p is not a root of
unity and v, =2 there is a Morita equivalence
OR(F)V ~ (Rl,+ ®k[z] A) X (RD+ ®k[z] A)

Proof. Use Theorem 2.6 and [Wal, Theorem
2.46). O
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