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Abstract:

We study a linear semidiscrete-in-time finite difference method for the system

of nonlinear Schrodinger equations that is a model of the interaction of non-relativistic particles
with different masses. The main aim is to show that the scheme is second-order convergent.
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1. Introduction and main results.
consider the following

Schrédinger equations:

system

i0u + aAu = Mav, t >0, z € R?,
(1) 10w + AV = pu?, t >0, z € RY,
u(0,x) = up(x), v(0,z) = vo(z), z € RY,

where v and v are complex-valued functions, A is
the Laplacian in RY, a and § are positive constants,
and A and p are complex constants. This system is a
model of the interaction of a non-relativistic par-
ticles with different masses.

The mathematical study for (1) is well devel-
oped. Throughout this paper, we suppose that

s> d/2, s:integer.

For any s; > s, there exists a constant 7" =
T*(ug,vp) € (0,00] such that the system (1) admits
a unique maximal solution

(u,v) € C*(0, T%); H* (RY))?,

for any (ug,vo) € H* (R%)?; see, e.g., Cazenave [2].
Moreover, the asymptotic profiles of solutions of (1)
are studied, for example, in [4].

In this paper, we are concerned with a time
discretization method for (1). As is well-known, we
need to consider implicit schemes to obtain stable
numerical solutions for Schrédinger equations. In
particular, the Crank-Nicolson scheme is useful and
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widely applied, since it is stable and second-order
convergent. However, if we apply the Crank-
Nicolson scheme to a nonlinear Schrodinger equa-
tion, we encounter a nonlinear elliptic equation
at each time step as the resulting equation in order
to maintain the second-order convergence (cf.
[3]). As a consequence, we meet another difficulty
for solving mnonlinear elliptic equations. This
can be quite time-consuming when the size of a
fully discretized problem is very large. In this
connection, Besse’s relaxation scheme ([1]) is a
method worthy of note. He considers a nonlinear
Schrodinger equation and studies a linear scheme
by considering both the main time step ¢, and a
dual one #,,11/,. Here, by a linear scheme, we mean a
time discretization method whose resulting equa-
tions consist of linear elliptic equations. His relax-
ation scheme is shown to be convergent but the
proof of the second-order convergence is still open
at present.

In this paper, we propose a linear scheme for
(1) that is motivated by the relaxation scheme. The
main contribution of this paper is to show that it is
actually second-order convergent. As stated above,
we restrict our attention within a time discretiza-
tion scheme and not discuss space discretizations.
However, the resulting equations of our scheme is
linear so that the standard space discretization
methods, for example, the finite difference, finite
element, spectral methods are readily applicable.
Furthermore, our time discretization scheme and
our method of convergence analysis can be applied
to nonlinear Schrodinger and wave equations with
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power-nonlinearities by converting these equations
into suitable systems. Although those applications
are of interest, herein we consider only (1) in order
to present our idea as clearly as possible. As a
matter of fact, fully discrete numerical schemes for
(1) and those equations under various boundary
conditions will be studied in forthcoming papers.
Moreover, numerical examples will be reported
there.

Now let us state the time discretization scheme
for (1) to be considered. Let h be a time step size.
We propose the following scheme for (1).

3 1 3 1
'un+2 _ un+2 un+2 + un+2
) + aA
h 2
(2) un+% + un+%
=\ 5 ,Un+1’
n+1 n n+1 n
M — o ARy 1
T AT =)

for n =0,1,2,... Namely the first and the second
equations of (1) are discretized at t,11 = (n+ 1)h
and ¢ 1= (n+ %)h, respectively.

Theé scheme (2) consists of two linear equations
in v"*%2 and v"*! at each time step. More specif-
ically, the first equation of (2) is equivalently
written as

3
n+§
P’n u :

(1 _ ’L%h A) an—}—% + i % u71’+%1_;"+1

)

where
h M
l—i%A i
Ky =
vl Ah _ah
—i—0 1+i—A
2 2

Since the operator K, is defined in terms of the
solution v"*!, it is not certain that K, is invertible
at this stage. However, as we will state in Propo-
sition 1 and Theorem 2 below, the scheme (2) has a
unique solution in ¢, 3,5 < T for a suitably chosen
h so that K, is actually invertible.

Below, we use the usual Lebesgue spaces
I? = L*(RY), L™~ =L*R" and Sobolev spaces
H" = H*(R?) for an integer k together with their
standard norms. We write as || || = || | 2re) and
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w =1 ||Hs(R")-
First, we state the following local stability
result which plays an important role.

Proposition 1. Let a, b € H°, and choose
an R > ||al| g« + ||b|| 5. Then there exists a constant
Tr >0 such that, if h € (0,Tr/2], the scheme (2)
with  (u2,v") = (a,b) admits a wunique solution
{(u’”%, v")},, and the solution satisfies

1
(3) 62| e + 10" < 2R

for all n e N with nh <Tg. The constant Tg
depends only on R, A\, u, s and d.

It should be kept in mind that, since
h € (0,Tg/2], the set {n>1|nh <Tg} is not an
empty set. This proposition will be proved in
Section 2, after having prepared a few preliminary

results.

We are now in a position to state the main
result of this paper.

Theorem 2. Let ug, vg € H*S, and let T* =
T*(up,v9) be the mazimal existence time of the
solution (u,v) of (1) as mentioned before. Then
(u,v) further satisfies

3
(4) (u,v) € () CH([0,T7); (H*O77F))2,
k=0

Let T e (0,T*) be arbitrary, and set M*=
maxo<g<3{ My}, where
) M= ma (1) v

o) | o} (k= 0,1,2,3).

Moreover, let {(u"*é,v”)}" be the solution of (2)
with initial condition

th

(6) u% = ug + D) (aAug — Niguy), 1° = vg.

Then, there exist positive constants hy and Ky,
which depend only on a, B, \, u, T and My, such that
the problem (2) is solvable and the solution
{(u”*é,vn)}n satisfies

1

(M) ult, 1) = "]
for all h € (0, hg] and n € N satisfying (n+ 1)h < T.
2. Proof of Proposition 1. First, we col-

lect preliminary results. We introduce operators,
for positive constants p and g,

h ho\ !
A, = (1+¢%A> (I—i%A) ,

e < Koh?

we - [otn) ="
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h 71
B, = (I—i%A)

which are primarily defined on L?, where I denotes
the identity operator in L?. Applying the Fourier
transformation, we can deduce the following lem-
ma.

Lemma 1.
and we can write

h \"! h
A, = (I—z’%A) (I—H%A).

2. By is a bounded operator on H’.

The following estimates are readily obtainable
from Taylor’s theorem.

Lemma 2. 1. Let f(t) € C3([0,T]; H*), h >
0,t+he[0,T], andt —h € [0,T]. Then we have

IR (f(t+ h) = f(t = h)) — 20.f(t)|
1
< < W e ooy h®

2. Let f(t) € C*([0,T); H*), h > 0,t + h € [0,T), and
t —h€0,T]. Then we have

[f(t+h)+ f(t = h) = 2f(1)]

We will make use of the well-known inequality.
Lemma 3. There exists a positive constant
C which depends only on d and s such that

[uv]| e < Cllul (u,v € H).

1. A, is a unitary operator on H®

Hs

i < I llenqo iy h®:

wlloll g

Now we can state the following proof.

Proof of Proposition 1. It is based on the
contraction mapping principle. Let a,b € H® be
arbitrary and set R > ||all g« + 116/l -

First, the equation (2) with (u%, v") = (a,b) can
be written in the following form:

.3 ,
u"z = A"a
.3 1
n Jt+5 Jt+5
. " w2 4w
—MhE A" J3072 ARS
Jj=0
(8) ) X
U"+ :AZ+ b

n
— z,uh Z Agij.Bﬂ(ujJr%)2
=0
forn=0,1,2,...

For the time being, we fix N € N and set
N = {1,2,...,N}. Then, we consider a Banach
space
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Xy = {2, 0"}, g | 02,00 € H (ne N)}

with the norm

"

1 1 .
I (w2, ")} |, = sup(llw™ 2] g + 10" || 52,

neN
for {(w””%,d)”)}n € Xy. We introduce 7 : Xy —
Xy by setting

(9) (@35}, = T{W"2,0")},,
where
ﬂnJr% — AnJrla
. n p uj+§ +uj+§ .
thZAg IBy—— 0",
(10) =0

,ﬁnJrl _ AZ+1 b

n . . 2
—iuh Y AYBy (uﬁ%)

J=0

for n =0,1,..., N — 1. Here, we set wl = a.

Below, we will show that 7 is a contraction
operator from a closed ball Byr into itself, with a
suitably chosen h, where

Bar

- s an
= {(w"z,a"}, € Xx [ [[{(w"2,9")},|lx, < 2R}
First, let {(u”*é, v")},, € Bag, and set {(11”*5, ")}, =
T{(u"*"2,v")},. By using Lemmas 1 and 3, we have

PO
1a""2]| o < la

Hs

n .3 1 .
+ CRY (2| g+ 2] ) 07+

=0
<|la|| g + CNhR?,
n L
17 e < MIBll e + CR Y [l 3
=0
< ||bll + CNRR?,
for n=0,1,...,N — 1. Here and in what follows,

the generic positive constants depending only on A,
1, s and d are denoted by C. The value of C' may
change in the same context. Hence there exists a
positive constant C, which depends only on d, s, A
and p, such that

1@y + 5 e < R+ CLNAR?
for all n =0,1,..., N — 1. Therefore, if
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(11) C'NhR <1

then we have ||{(ﬂ”+%, ")}, |y, < 2R, which implies
that T(BQR) C Bag. L

Next, let {(u;&i
and let

+
{(uy 2,05)}, € Bag,

7UTIL)}7L’

1
n+3

n+ ~ Z . .
{(UJ Z’U;)} :T{(Uj 7Ujl)}n' (j=12).
Then, we have
iy 2 =ty *|l g

<m2wﬂu%|

7=0

el = )]
+ (HU; §| s+ ||ué §| H) U{H IH”HS}
< OVRRI{(uE 2, o)}, — {2 ) el
and
137+ — a5
< O0S (Ut + ) ™ -
=0
< ONRRI{(E ™, o) b — {7 ) el

forn=0,1,..., N — 1. Hence there exists a positive
constant Cy, which depends only on d, s, A\ and p,
such that

n+ n+
lay * =y 2

e 4 ” ~n+1 _

i k+3
27v§’)}k— {(uy * Ué“)}kllxN

, N — 1. Therefore, if

< CoNRRII{(u!
foralln=0,1,...
1

CgNhRSi,

then we have

k+3 k+3

1T {(uy 2 1)} = T{ (g

sw«“zn {6 o) bl

’ Ug)}k”)(\;

which implies that 7 : Bop — Bop is a contraction
mapping. At this stage, we define Tg as

1 1
Tr = ming ——,—— ;.

CiR 2C3R
Moreover, from now on, choose N as N =
max{n | n > 1,nh <Tg}. Then, the mapping 7
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turns out to be a contraction mapping of Bsp —
Bsi. As a result, 7 has a unique fixed point
{(u nt ;") } e Which obviously satisfies (10) and
(3) for 1<n < N. This completes the proof of
Proposition 1. O
3. Proof of Theorem 2. Let g, vy € H**6
and let {( "*2 ,v")}, be the solution of (2) with
initial condition (6). Then there exists a positive
constant C* which depends s,d and «, such that

) o < CMC (L4 00Y).

Put M’ := max{M*,C*(M* + 1)M*}. From Propo-
sition 1, there exists a constant Ty > 0, which
depends only on R, A\, u, s and d, a unique solu-
tion {(u"2 ,v")}, of (2) with initial condition (6)
satisfies

w1V

1
2+ 7 e < 204
for all n € N with nh < T)p. We define

1
v, = sup{n € N | ||u"*2] e <3M'}.

we (V"]

We divide the proof into two steps.

Step 1. First, we show that there exist positive
constants hy and Ky, which depend only on 7" and
My, such that the estimate (7) holds for all h €
(0, hy] and n € N satisfying

(12) (n+1DHh<T, n<uy,.

We define N;, as
Ny =min{[T/h] — 1, v},

where [T'/h] denotes the integer part of T'/h.
Forn=0,1,2,..., we set

s — u(t

1
n+%) - un+27 Pl =v(t,) — "

Then we have

h

en+% _ 9n+% _ Z%A(QTH% + 9n+%) — ih‘I’n+1,

or equivalently,
enJr% — A 07L+% +ZhB @7L+1’
¢n+1 ¢71+1 + ¢n+1’

u(t, ) —ult, 1)
atu(t71,+l) - 2 h i }a

where &7+ =

¢711+1 -3

u(t, ,3) +ult, 1)
;Hrl —_ ozA{u(th) _ 3 T3 },
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3 1
un+2 + un+2

2

n+l _ —A

n+1
3 = v

u(tn+1)v(tn+l) -

It follows from Lemma 1 that
P o1 ,
1072 | o < (1672 ]| o + RS | -
Next, we estimate ||®"™||,.. First, from Lemma 2,
67 | go < CMsh?,  [|¢57 | o < CMah?

for n=0,1,...,N, —1, where M, and M; are
constants defined by (5).
Moreover, since

u7l+% +u7l+%
2
u(tn+§) + u(t

u(t"-&-l)v(tn-&-l) - Un+1

n+%)

v(t71+1)

+ — v(t
2 2 ( n+1)
3 1
unJrﬁ +U7L+§
444447244447{1(tn+1)4—-v”+1},
it follows from Lemma 2 that
165 e < CMoh ot
n3
+O(|lult, 3) = w2l
1
#lult, 1) = el
3 1
+ C(u" 2 g + "2 g0
% Jotas1) — 0"
3 1
< OM'(Mzh? + (0772 g + (10772 .
+ 0" )
for n =0,1,..., N, — 1. Thus, we obtain
3
18741 | < CMR? + CM(|0" 3]
1
102 g+ 10"l ),
and consequently, for n =0,1,..., N, — 1,

(13)

1021y < 1673 g+ @™
< 6742y, + OM'R?
+ CMR(|0™ 2] . + 1677
+ 110" ).

Hs

Hs
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Similarly, we have
pn+1 _ pn —3 % A<pn+1 + pn) — ,L-h\I,nJr%’

or equivalently,

pn+1 _ Agp" + ihBﬁ\I/nJr%’

n+% n+%

n+i
where W"t3 = 72 4 T2 4 i

7114% — i{atv(thr%) _ M}7
;H% — ﬁA{U(tn_%) _ W},
;L+§ _ —,u,{(u(tm_%))Q - (un+%)2}'

Again, from Lemma 2, we have
+3 +
[y e < CMsh®, |y 2|l e < CM,b?

forn=0,1,..., N, — 1. Moreover, we have

15 . < Clutt, Dl + )
< ult, 1) = w2
< M9 .
for n =0,1,..., N, — 1. Thus, we obtain

7 T T l
(14) 10" e < 10" e + BINE™2)
< 1" g + CM*h® + CMh||" 3|

forn=0,1,..., N, — 1.
Summing up estimates (13) and (14), we
deduce

Hs

§ 7
16721 + [1p" |
l T
<1620 g A Nl e + CsM'R?
3 '
+ CaM (16" 2| + 110" e

1
102 g + "l )

where C3 and Cy denote positive constants depend-

ing only on d, s, o, 3, A and u. Therefore

3 n
(1= M h)(10" 2 e + 1"l )

< (1+ M R) (1073 . + "]
forn=0,1,...,N, — 1.

At this stage, we define

1
T 20, M

) + CsM'R?

hy

and we assume that h € (0, hy]. Then, we have
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102 e+ 116"
< (1 + 4C MR (072 e + 110" ) + 2C3 M B3
< AN (|63 4 (1" ) + 205 MR
forn=0,1,..., N, — 1. Thus, we have

1
1072 g + 1"

.
p 1
< 6402]\/17zh(|‘92||H5 + ||PO||H*>
n 1
+ 20 M'hy M
]—0
e+ 20, M'TetM T2

for n € N satisfying (12).
In view of the regularity property (4), we have

Au(0) = i(aAuy — Aipvy).

< 64CQA1/T||0%|

Hence, using the Taylor theorem, we have

1 1
02 = u(t1) —u?
2

_ {u<0) I g du(0) + /0% (g _ T) Ou(r) dT}

h
— {uo +1 B (aAug — )\uovo)}

h
2(h
= /2 <— - T) *u(t) dr.
0 \2

This gives

h

ws [ (5-7) el

Therefore, taking

M/
e dT < — h2.

162]
8

KO — %{ e4CQ]\J’T T QClM/T€4CZJM/T,

we have shown that the desired estimate (7) holds
for all h € (0, hy] and n € N satisfying (12).
Step 2. We set

ho = min< h M 1T
0 = min 1 2K072 %]\1/ )

where T3 o is the constant introduced in Proposi-
2

tion 1 with R =3 M".
We prove

(15) [T/h] =1 <wv, (Yhe (0,h])
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by showing a contradiction. Thus, we assume that
there exists h € (0, ho] such that

[T/h] — 1> vp.
Then, we have N = v}, and, since hy < hq, in view
of Step 1,

1
lut, 1) = "2 g + lo(tn) — 0"

2
'fl+§ Hs S K()h

for all n =1,...,v,. Moreover, since (v, + 1)h < T,
it follows from the definition of M’ that

et ot D)) < M.

Jmax ([lu(t, 1)l

n+%)|
Combining those inequalities, we get
1 )
w2 e+ "] e < M+ Koh?
for all n =1,...,v,. In particular, since h € (0, hy),

we have

g+ [0 e < M+ Kgh® < 5 M

N W

Then, we apply Proposition 1 with a = u””%, b=
v and R = %M’ to obtain

3
g+ [ . < 301

This contradicts the definition of vj,. Therefore, (15)
actually holds true. That is, we have N, = [T'/h] — 1
for all h € (0,hg]. Hence, by the result of Step 1,
we see that the desired estimate (7) holds for all
h € (0, hg] and n € N satisfying (n+ 1)h < T. This
completes the proof of Theorem 2. O
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