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Abstract: In this paper, we discuss the linearity of a sequence space �pðfÞ, and the

conditions such that ‘1 ¼ �1ðfÞ holds are characterized in term of the essential bounded variation

of f 2 L1ðRÞ, i.e. ‘1 ¼ �1ðfÞ if and only if f 2 BV ðRÞ.
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1. Introduction. Let fð6¼ 0Þ be an Lp-func-

tion defined on the real line R and assume 1 � p <
þ1. For a sequence of real numbers a ¼ ðanÞ 2
R1, define

�pða; fÞ :¼
X
k

Z
R

jfðx� akÞ � fðxÞjpdx
 !1=p

and

�pðfÞ :¼ fa 2 R1 : �pða; fÞ < þ1g:

The following results are known (cf. [1]):

. For every a ¼ ðanÞ 2 R1,

�pðjaj; fÞ ¼ �pða; fÞ, where jaj ¼ ðjanjÞ;
. �pða � b; fÞ � �pða; fÞ þ�pðb; fÞ for every

a; b 2 R1, i.e, the sets �pðfÞ are additive

subgroups of R1.

Let W 1;pðRÞ be a Sobolev space, i.e, f 2
W 1;pðRÞ if and only if f 2 LpðRÞ and the derivative

Df of f in the sense of distribution belongs to

LpðRÞ. In particular, if f 2 L1ðRÞ and Df is a

Radon measure of bounded variation on R, f called

a function of bounded variation. The class of all

such functions will be denoted by BV ðRÞ. Thus,

f 2 BV ðRÞ if and only if there is a Radon measure �

defined in R such that j�jðRÞ < þ1 andZ
R

f’0dx ¼ �
Z
’d�; ’ 2 C10 ðRÞ;

where, jDf jðRÞ ¼ j�jðRÞ means the total variation

of �.

It is obvious that a function f on R is

absolutely continuous and the derivative f 0 is in

L1ðRÞ, then f is of bounded variation. In particular,

W 1;1ðRÞ � BV ðRÞ (see [3]).

In [1], A. Honda, Y. Okazaki and H. Sato

provided the following results:

(i) ([1, Theorem 1, Theorem 2]) If 1 � p < þ1
and fð6¼ 0Þ 2 LpðRÞ, then �pðfÞ � ‘p. In particular,

f 2 W 1;pðRÞ implies ‘p ¼ �pðfÞ.
(ii) ([1, Corollary 4]) If 1 < p < þ1 and fð6¼ 0Þ 2

LpðRÞ, then ‘p ¼ �pðfÞ if and only if f 2W 1;pðRÞ.
In (ii), we should note that the case of p ¼ 1 is

excluded. In this paper, we discuss the linearity of

the space �pðfÞ, and the conditions such that ‘1 ¼
�1ðfÞ holds are characterized in term of the

essential bounded variation of f 2 L1ðRÞ, i.e. ‘1 ¼
�1ðfÞ if and only if f 2 BV ðRÞ (Theorem 3.5).

2. The linearity of �pðfÞ. We first give

necessary and sufficient conditions for the linearity

of �pðfÞ.
Theorem 2.1. Let 1 � p < þ1 and fð6¼ 0Þ 2

LpðRÞ. Then the following are equivalent:

(i) �pðfÞ is a linear subspace of R1;

(ii) For any 0 � k � 1, there exists a constant

CðkÞ > 0 such thatZ
R

jfðx� kaÞ � fðxÞjpdx

� CðkÞ
Z

R

jfðx� aÞ � fðxÞjpdx; 8a > 0;

(iii) There exits a constant C > 0 such thatZ
R

jfðx� kaÞ � fðxÞjpdx

� C
Z

R

jfðx� aÞ � fðxÞjpdx; 0 � 8k � 1, 8a > 0:
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Proof. Since �pðfÞ is additive as mentioned in

the introduction, it suffices to show that � 2 R and

a 2 �pðfÞ implies �a 2 �pðfÞ. Condition (ii) means

that a 2 �pðfÞ implies �a 2 �pðfÞ for all 0 � � � 1.

Since �pðfÞ is an additive group, we see that � 2 R

and a 2 �pðfÞ implies �a 2 �pðfÞ. Thus we see that

�pðfÞ is linear.

Conversely, suppose that (ii) does not hold.

Then there exists 0 < k0 � 1 such that for any

natural number n, we can take an > 0 such thatZ
R

jfðx� k0anÞ � fðxÞjpdxð2:1Þ

> 3n
Z

R

jfðx� anÞ � fðxÞjpdx:

On the other hand, we haveZ
R

jfðx� k0anÞ � fðxÞjpdxð2:2Þ

�
Z

R

ðjfðx� k0anÞj þ jfðxÞjÞpdx

� 2p�1

Z
R

jfðx� k0anÞjpdxþ
Z

R

jfðxÞjpdx
� �

¼ 2pkfkpLp :
Since fð6¼ 0Þ 2 Lp, we have

kfð� � anÞ � fð�ÞkLp 6¼ 0:

We have from (2.1) and (2.2) that

0 <

Z
R

jfðx� anÞ � fðxÞjpdx <
2p

3n
kfkpLp < 2p�nkfkpLp :

Also, for each n, let NðnÞ be the maximum of a

natural number N such that the following inequal-

ity holds

N

Z
R

jfðx� anÞ � fðxÞjpdx � 2p�nkfkpLp :ð2:3Þ

Form the maximality of NðnÞ we have

2p�nkfkpLp < ðNðnÞ þ 1Þ
Z

R

jfðx� anÞ � fðxÞjpdx

� 2NðnÞ
Z

R

jfðx� anÞ � fðxÞjpdx;

and hence form this equality and (2.1), we have

2p�n�1kfkpLp=NðnÞ <
Z

R

jfðx� anÞ � fðxÞjpdx

<
1

3n

Z
R

jfðx� k0anÞ � fðxÞjpdx:

Thus we have

ð3=2Þn2p�1kfkpLpð2:4Þ

< NðnÞ
Z

R

jfðx� k0anÞ � fðxÞjpdx:

Let Nð0Þ ¼ 0, and define a sequence b ¼ ðbnÞ in the

following way

bj ¼ ak; 1þ
Xk�1

i¼0

NðiÞ � j �
Xk
i¼0

NðiÞ;

where j; k ¼ 1; 2; 3; � � �. Then, from (2.3) we haveX1
n¼1

Z
R

jfðx� bnÞ � fðxÞjpdx

¼
X1
n¼1

NðnÞ
Z

R

jfðx� anÞ � fðxÞjpdx:

� kfkpLp
X1
n¼1

2p�n < þ1:

Hence b 2 �pðfÞ.
On the other hand, using (2.4) we haveX1
n¼1

Z
R

jfðx� k0bnÞ � fðxÞjpdx

¼
X1
n¼1

NðnÞ
Z

R

jfðx� k0anÞ � fðxÞjpdx

�
X1
n¼1

3

2

� �n
2p�1kfkpLp ¼ þ1:

This means k0b 62 �pðfÞ. Hence we have (i) , (ii).

Next, we show that (ii) , (iii). Since it is

obvious that (iii) ) (ii), it is sufficient to prove that

(ii) ) (iii). Put

MðkÞ ¼ sup
a>0

kfð� � kaÞ � fð�ÞkLp
kfð� � aÞ � fð�ÞkLp

for k 2 R. Then for k1, k2 2 R, we have the

following inequality

Mðk1 þ k2Þ

¼ sup
a>0

kfð� � ðk1 þ k2ÞaÞ � fð�ÞkLp
kfð� � aÞ � fð�ÞkLp

� sup
a>0

kfð� � k1aÞ � fð�ÞkLp þ kfð� � k2aÞ � fð�ÞkLp
kfð� � aÞ � fð�ÞkLp

�Mðk1Þ þMðk2Þ:
Now, suppose that (iii) does not hold, and thus

sup
0�k�1

MðkÞ ¼ 1. Let ðknÞ be a sequence in ½0; 1� such

that MðknÞ ! 1 and kn ! k0 for some k0 2 ½0; 1�.
For every a 2 ½0; 1�, put an ¼ kn � k0 þ a (n ¼

1; 2; 3; � � �), then
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MðknÞ ¼Mðk0 � aþ anÞ
�Mðk0 � aÞ þMðanÞ
¼Mðjk0 � ajÞ þMðanÞ:

Since jk0 � aj 2 ½0; 1� by (ii), Mðjk0 � ajÞ <1. Thus

MðanÞ ! 1 and an ! a as n!1. Consequently,

for every n 2 N, put

Ln ¼ fx 2 ½0; 1� : MðxÞ � ng;

then it is easily verified that each Ln is nowhere

dense and [1
n¼1

Ln ¼ ½0; 1�;

which contradicts the Baire category theorem.

Thus, (ii) ) (iii) holds. �

The following theorem have already been

proved by [2], but we give an alternative proof in

this paper.

Theorem 2.2. Let f 2 LpðRÞ, 1 � p <1.

If there exists a countable partition ðaiÞ1�1 on R

satisfying the following conditions:

(1) ai < aiþ1 and lim
i!	1

ai ¼ 	1;

(2) inf
i
ðaiþ1 � aiÞ > 0;

(3) f is monotone on ðai; aiþ1Þ.
Then �pðfÞ is linear.

Proof. In what follows, let

" ¼ ðinf
i2Z
jaiþ1 � aijÞ=3 > 0:

Then, for every 0 < b < a < ", x 2 R, we have

jfðx� bÞ � fðxÞjpð2:5Þ
� 2p�1ðjfðx� bÞ � fðx� a� bÞjp

þ jfðx� aÞ � fðxÞjp

þ jfðx� bÞ � fðxþ a� bÞjp

þ jfðxþ aÞ � fðxÞjpÞ:

To show this, put

I1 ¼ ½x� a� b; x� b�; I2 ¼ ½x; xþ a�; I3 ¼ ½x� a� b; xþ a�:

Then it is obvious that I1, I2 � I3 and I1 \ I2 ¼ ;.
Moreover, since the length of the interval I3 is 2aþ
b and less than 3"ð� inf

i2Z
jaiþ1 � aijÞ, the number of

elements of fi : ai 2 I3g is at most single. Hence

either of the following holds

(a) fi : ai 2 I1g ¼ ;;
(b) fi : ai 2 I2g ¼ ;.

CASE (a): By hypothesis, sinse f is monotone on

I1 ¼ ½x� a� b; x� b�, we see that fðx� a� bÞ �
fðx� aÞ � fðx� bÞ or fðx� a� bÞ � fðx� aÞ �
fðx� bÞ, and so

jfðx� bÞ � fðxÞj
� jfðx� bÞ � fðx� aÞj þ jfðx� aÞ � fðxÞj
� jfðx� bÞ � fðx� a� bÞj þ jfðx� aÞ � fðxÞj:

Hence

jfðx� bÞ � fðxÞjp

� 2p�1ðjfðx� bÞ � fðx� a� bÞjpþ
jfðx� aÞ � fðxÞjpÞ:

CASE (b): By hypothesis, since f is monotone on

I2 ¼ ½x; xþ a�, we have that either fðxÞ � fðxþ
a� bÞ � fðxþ aÞ or fðxÞ � fðxþ a� bÞ � fðxþ aÞ
holds, and so

jfðx� bÞ � fðxÞj
� jfðx� bÞ � fðxþ a� bÞj þ jfðxþ a� bÞ � fðxÞj
� jfðx� bÞ � fðxþ a� bÞj þ jfðxþ aÞ � fðxÞj:

Consequently, we have

jfðx� bÞ � fðxÞjp

� 2p�1ðjfðx� bÞ � fðxþ a� bÞjpþ
jfðxþ aÞ � fðxÞjpÞ:

Thus we see that (2.5) holds. Finally, to show

that the statement (iii) of Theorem 2.1 holds, let

0 < k < 1, a > 0, and so 0 < ka < a.

Now we consider the two case of a < " or

a � ".
First, suppose that a < ". Put b ¼ ka in (2.5),

then by 0 < ka < a < " we see

jfðx� kaÞ � fðxÞjp

� 2p�1ðjfðx� kaÞ � fðx� a� kaÞjp

þ jfðx� aÞ � fðxÞjp

þ jfðx� kaÞ � fðxþ a� kaÞjp

þ jfðxþ aÞ � fðxÞjpÞ;
and so

kfð� � kaÞ � fð�Þkpp
� 2p�1ðkfð� � kaÞ � fð� � a� kaÞkpp
þ kfð� � aÞ � fð�Þkpp
þ kfð� � kaÞ � fð� þ a� kaÞkpp
þ kfð� þ aÞ � fð�ÞkppÞ
¼ 2pþ1kfð� � aÞ � fð�Þkpp:

Next suppose that a � ", put
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c ¼ inf
��"
kfð� � �Þ � fð�Þkp;

then c > 0 holds. In deed, a function kfð� � �Þ �
fð�Þkp is positive and continuous with respect to

� > 0 and

lim
�!1

kfð� � �Þ � fð�Þkp ¼ 2kfkp > 0:

Thus we see that c > 0.

We now observe that

kfð� � kaÞ � fð�Þkp
kfð� � aÞ � fð�Þkp

�
kfð� � kaÞkp þ kfkp

c
¼

2kfkp
c

:

Then we have

kfð� � kaÞ � fð�Þkpp �
2kfkp
c

� �p
kfð� � aÞ � fð�Þkpp:

Put C ¼ maxf2pþ1; ð2kfkpc Þ
pg > 0, we conclude that

kfð� � kaÞ � fð�Þkpp
� Ckfð� � aÞ � fð�Þkpp for 0 � k � 1, a > 0:

Thus we see that Theorem 2.1(iii) holds, and that

�pðfÞ is a linear subspace in R1. �

Here, we give examples without the proof such

that each �pðfÞ is not a linear space.

Example 3. f0 2 C0ðRÞð6¼ 0Þ, suppf0 �
½0; ��. For m and n 2 N, we define fm;n 2 CðRÞ
by

fm;nðxÞ ¼ 1þ
1

m
sinðnxÞ:

Then there exist subsequences fmig and fnig
satisfying the following conditions (i) and (ii):

(i) fðxÞ ¼ lim
j!1

f0ðxÞ
Qj
i¼1

fmi;niðxÞ (uniformly on R).

(ii) lim
i!1

R1
�1
jfðx� �

ni
Þ�fðxÞjpdxR1

�1
jfðx�2�

ni
Þ�fðxÞjpdx

¼ 1.

We can show that (i) implies f 2 C0ðRÞ �
LpðRÞ and (ii) implies that f does not satisfy

Theorem 2.1(ii). Thus we see that �pðfÞ is not a

linear subspace in R1.

Next we give an example of a more smooth

function f such that �pðfÞ is not linear.

Example 4. Let 1 � p <1. Then there ex-

ists an function f 2 LpðRÞ such that:

(i) f 2 C1ðRÞ \ LpðRÞ and fðxÞ > 0 (x 2 R);

(ii) the number of x satisfying f 0ðxÞ ¼ 0 on every

subinterval I of R is at most countable;

(iii) �pðfÞ is not a linear subspace of R1.

In fact, we can construct f as follows: Let

�ðxÞ ¼ e�
1

1�x2 ð�1 < x < 1Þ
0 jxj � 1:

(

Then � 2 C10 ðRÞ and supp � ¼ ½�1:1�. Moreover, for

all n 2 N, let �nðxÞ ¼ �ð6ðx� nþ 1=2ÞÞ, then we

have supp �n ¼ ½n� 2=3; n� 1=3� and 0 � �nðxÞ �
1=e. For every subsequence ðnkÞ1k¼1 of the natural

number, let

fðxÞ ¼ e�x
2 ðx < 0Þ

e�x
2ð1þ �kðxÞ sinnk�xÞ ðk� 1 � x < kÞ:

(

Then, the above conditions (i) and (ii) hold. On the

other hand, choose a sequence ðnkÞ so that nk is a

multiple of nk�1 for each k 2 N and

lim
k!1

ek
2 nk

nk�1
¼ 1

holds (for example, nk ¼ ðk!Þ!). Then we have

lim
k!1

kfð� � 1=nkÞ � fð�Þkp
kfð� � 2=nkÞ � fð�Þkp

¼ 1:

Let a=2 ¼ 1=nk, then we can not take a constant C

such that

kfð� � a=2Þ � fð�Þkpp � Ckfð� � aÞ � fð�Þk
p
p

for all a > 0. Hence, we see from Theorem 2.1 that

�pðfÞ is not a linear subspace of R1.

Remark. We should note that example 2

means that condition (2) of Theorem 2.2 is essen-

tial.

3. ‘1 ¼ �1ðfÞ. Let f 2 L1ðRÞ. We define a

subset Df of R by

Df ¼ x 2 R : lim
h!0

1
h

Z xþh

x

jfðtÞ � fðxÞj dt ¼ 0

� �
:

It is well known that the Lebesgue measure of

R nDf is zero.

Let f : R! R. The essential variation essV ðfÞ
is defined as

essV ðfÞ ¼

sup
Xk
i¼1

jfðxiÞ � fðxi�1Þj;x0 < � � � < xk; xi 2 Df

( )
:

Theorem 3.1. Let f 2 L1ðRÞ. Then we

have

lim
h!0

Z
R

fðx� hÞ � fðxÞ
h

����
���� dx ¼ essV ðfÞ
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Proof. Let ðxkÞnk¼1 be a finite sequence of

elements of Df such that a1 < a2 < � � � < an. Then

for h 6¼ 0,Z
R

fðx� hÞ � fðxÞ
h

����
���� dx

�
1

jhj
Xn�1

k¼1

Z akþ1

ak

fðx� hÞ � fðxÞ dx
����

����
¼
Xn�1

k¼1

1

h

Z ak

ak�h
fðxÞ dx�

1

h

Z akþ1

akþ1�h
fðxÞ dx

����
����:

Hence

lim inf
h!0

Z
R

fðx� hÞ � fðxÞ
h

����
���� dx

�
Xn�1

k¼1

jfðakÞ � fðakþ1Þj:

Since ðxkÞ is arbitrary, we have

lim inf
h!0

Z
R

fðx� hÞ � fðxÞ
h

����
���� dx � essV ðfÞ:

To show the converse inequality, It suffices to

show that the statement holds for h > 0.Z
R

fðx� hÞ � fðxÞ
h

����
���� dx

¼
1

h

X1
k¼�1

Z h

0

jfðxþ ðkþ 1ÞhÞ � fðxþ khÞj dx

¼
1

h

Z h

0

X1
k¼�1

jfðxþ ðkþ 1ÞhÞ � fðxþ khÞj dx:

We should note that the Lebesgue measure

of [1
k¼�1

fðR nDfÞ � khg

is zero. Let x 62
S1

k¼�1
fðR nDfÞ � khg, then we have

xþ kh 2 Df for every k 2 Z.X1
k¼�1

jfðxþ ðkþ 1ÞhÞ � fðxþ khÞj � ess V ðfÞ:

Thus we haveZ
R

fðx� hÞ � fðxÞ
h

����
���� dx � ess V ðfÞ; h > 0:

�

Corollary 3.2. f ¼ g a.e. implies essV ðfÞ ¼
essV ðgÞ.

Lemma 3.3. Let f 2 L1ðRÞ and essV ðfÞ <
1. Then

(1) For every x 2 R, lim
h#0

xþh2Df

fðxþ hÞ converges.

(2) By (1), we can define

gðxÞ ¼ lim
h#0

xþh2Df

fðxþ hÞ for x 2 R:

Then gðxÞ is right continuous on R and gðxÞ ¼ fðxÞ
for x 2 Df .

(3) Let g be the function defined on R in (2). Then

V ðgÞ ¼ essV ðfÞ, where V ðgÞ is a total variation on

R of g.

Proof. (1) Let x 2 R. From the density of Df

in R, we can take a sequence such that t1 >

t2 > � � � # x and tn 2 Df . Then,

X1
n¼1

jfðtnþ1Þ � fðtnÞj � essV ðfÞ < þ1:

Hence lim
n!1

fðtnÞ converges. Since the choice of ftng

is arbitrary, lim
h#0;xþh2Df

fðxþ hÞ converges.

(2) It is clear from (1) that g is right continuous.

Let x 2 Df ,

fðxÞ ¼ lim
h#0

1

h

Z h

0

fðxþ tÞ dt ¼ lim
h#0

xþh2Df

fðxþ hÞ ¼ gðxÞ:

(3) We see from (2) and gjDf
¼ f that essV ðfÞ �

V ðgÞ. To show the converse inequality, take any

sequence of R with a1 < a2 < � � � < an. Since g is

right continuous and Df is dense in R, for every

" > 0, there exists ðbkÞ such that bk 2 ½ak; akþ1Þ \Df

(1 � k � n) and jgðakÞ � gðbkÞj < "=2ðn� 1Þ. Then

Xn�1

k¼1

jgðakþ1Þ � gðakÞj

�
Xn�1

k¼1

fjgðakþ1Þ � gðbkþ1Þj

þ jgðbkþ1Þ � gðbkÞj þ jgðbkÞ � gðakÞjg

�
Xn�1

k¼1

jgðbkþ1Þ � gðbkÞj þ "

� essV ðfÞ þ ":

Thus we have V ðgÞ � essV ðfÞ. �

Theorem 3.4. For every f 2 L1ðRÞ, the fol-

lowing statements are equivalent:

(i) essV ðfÞ <1.

(ii) fkfð� þ hÞ � fð�Þk1=jhj : h 6¼ 0; h 2 Rg is bound-

ed.

(iii) f 2 BV ðRÞ.
Moreover, jDf jðRÞ ¼ ess V ðfÞ.
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Proof. The equivalence of statements (i)

and (ii) is clear from Theorem 3.1. The equiva-

lence of statements (i) and (iii) follows from

[3, Theorem 7.8]. �

Theorem 3.5. For every f 2 L1ðRÞ, f 2
BV ðRÞ if and only if �1ðfÞ ¼ ‘1.

Proof. Let f 2 BV ðRÞ. We see from the pre-

vious theorem that ‘1 
 �1ðfÞ.
The converse inclusion ‘1 � �1ðfÞ follows from

(i) ([1, Theorem 1]) appeared in the introduction.

Thus ‘1 ¼ �1ðfÞ.
To show the converse, suppose that f 62

BV ðRÞ. Then we see from Theorem 3.4 that

kfð� þ hÞ � fð�Þk1=jhj : h 6¼ 0; h 2 R
� �

is unbounded. Hence, for each n 2 N there exists

hn 6¼ 0 such thatZ
R

fðx� hnÞ � fðxÞ
hn

����
���� dx > 2n:

Hence

jhnj <
1

2n

Z
R

jfðx� hnÞ � fðxÞj dx � 21�nkfk1:

Now, let NðnÞ be the maximum of natural numbers

satisfying Njhnj � 21�nkfk1. We have from the

maximality of NðnÞ that

21�nkfk1 < ðNðnÞ þ 1Þjhnj < 2NðnÞjhnj:

and so

kfk1 < NðnÞ2njhnj < NðnÞ
Z

R

jfðx� hnÞ � fðxÞj dx:

Using ðhnÞ and ðNðnÞÞ, we can construct a sequence

ðanÞ as follows:

aj ¼ hk; 1þ
Xk�1

i¼0

NðiÞ � j �
Xk
i¼0

NðiÞ;

where Nð0Þ ¼ 0 and j; k ¼ 1; 2; 3; � � �.
Consequently, we have

X1
n¼1

janj ¼
X1
n¼1

NðnÞjhnj �
X1
n¼1

21�nkfk1 < þ1;

and so a 2 ‘1.

On the other hand,

�1ða; fÞ ¼
X1
n¼1

NðnÞ
Z

R

jfðx� hnÞ � fðxÞj dx

�
X1
n¼1

kfk1 ¼ 1:

Hence a 62 �1ðfÞ, which contradicts ‘1 ¼ �1ðfÞ. �
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