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Abstract:

We give recurrence/transience criteria for skew products of one dimensional

diffusion process and the spherical Brownian motion with respect to a positive continuous
additive functional of the former one dimensional diffusion process. Further we give recurrence/
transience criteria for their time changed processes.
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1. Recurrence/transience criteria.
Let (€, F), {T;,t > 0}, and M be a regular Dirichlet
form on L2(Z;m), the corresponding Markovian
semigroup on L%*(Z;m), and the Markov process
associated with (&, F), respectively. Here Z is a
locally compact separable metric space and m is a
positive Radon measure on = such that supp[m] =
=. M is called recurrent [resp. transient] if

/00 T, f(§)dt =0 or co [resp. < oo] m-a.e. £ € E,
0

for any f € L (Z;m), where L! (Z;m) is the set of
nonnegative functions in L!'(Z;m). In this paper we
give a simple necessary and sufficient condition for
which M is recurrent/transient when M is a skew
product of a one dimensional diffusion process R
and the spherical Brownian motion © with respect
to a positive continuous additive functional of R.
We denote by X the skew product as above. Further
we show that the same condition is necessary and
sufficient for which a time changed process Y of X is
recurrent/transient.

In [5], we treated the skew product X and the
time changed process Y. We discussed there their
Feller properties and gave the Dirichlet forms
corresponding to X and Y. When the support of
the Radon measure p corresponding to the time
change does not coincide with I, the Dirichlet form
EY corresponding to Y is represented as a symmet-
ric bilinear form possessing jump terms (see
Theorem 5.6 of [5]). It is interesting that
Theorem 2 below is valid for Markov processes
corresponding to such Dirichlet forms.
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Let s® be a continuous strictly increasing
function on an open interval I = (I;,l3), and m?
be a right continuous nondecreasing function on I,
—00 <l <lp<oco. We denote by R =
[Ri, PR] a one dimensional diffusion process on I
with scale function s®, speed measure m® and no
killing measure. Throughout this paper, we assume
that supp[m®] =1 and both of the end points I;,
1 =1,2, are entrance or natural in the sense of
Feller [2]. We also denote by © = [0;, P?] the
spherical Brownian motion on S% ! c R? with
generator (1/2)A, A being the spherical Laplacian
on S9!, Let v be a Radon measure on I satisfying
supp[v] = I, and set f(t) = [;I%(t,r)dv(r), where
I®(¢,r) is the local time of R. We denote by X the
skew product of R and © with respect to the
positive continuous additive functional f(¢), that is,

X = [Xt = (Rt,G)f(t)), P()i@) = PS@P;)]

where

Our first result is as follows.

Theorem 1. The skew productX is recurrent
[resp. transient] if and only if s*(l}) = —oco and
sB(ly) = oo [resp. s®(ly) > —o0 or s%(ly) < o0].

Fukushima and Oshima obtained a recurrent
criterion for the skew product of recurrent diffu-
sions (see Theorem 7.2 of [3]). By using their
criterion, we can show that the skew product X
is recurrent if s8(l;) = —oo and s®(ly) = 0o (see
Remark 5 below). In this paper we however give a
direct proof of our necessary and sufficient condi-
tion by means of eigenfunction expansion for
transition probability density of X.

We next turn to a time changed process of X.
Let p be a non-trivial Radon measure on I and set
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g(t)= [ ®(t,r) du(r), t>0.
I

We denote by 7(t) the right continuous inverse of
g(t). We consider the time changed process Y =
[Yi = (Rr), Ot(r(1)) P(\:ﬁ) = PR @ PP]. Combining
some results of [4] with Theorem 1, we obtain the
following

Theorem 2. The time changed process Y is
recurrent [resp. transient] if and only if s®(l;) = —oo
and s%(ly) = oo [resp. s®(l}) > —oo or s%(ly) < o0].

2. Proof of Theorem 1. The semigroup
{pX, t >0} corresponding to the skew product X

is given in [5], that is,

(1) pXf(r,0) = BY T [f(Ry, O4(y)]
P2 (£(t),0,¢)] dm®(p)

—~

EP:{ [f(Rt7 )

d—1

r(n)
> 5o [ s
0= s

x BP[f(Ri, p)e "] dm (p),
for t >0, (r,0) €I xS% ! and fe€ Cy(I x S41).
Here dm® is the surface element of S%! so that
Jgir dm® =272 /T(d/2) is the total area of the
sphere S%1: p®(t,6,7) is the transition probability
density of ©; S\ (n=0,1,2,---,1=1,2,---,k(n))
are spherical harmonics; v, =n(n +d—2)/2 and
k(n)=02n+d—-2)-(n+d—3)!/nl(d—2)!. When
d =2, (1) is reduced to the following
2) P f(r,0)

1

_ % EPf‘ [f (R, 9)] dm® ()

/cosn9 ©)
771 St

x EP[f(Ri, 0)e " 0] dm® ().

I
T

I
Mx

T

We summarize some properties of spherical
harmonics. Let C[z] be the Gegenbauer polynomial
of degree n and order (3, that is, it is defined by the
generating function

Z Cal

B0, lal <1, [t < 1.
We can take x =1 in (3) so that

4 (-t Z

(3) (1 — 2zt 4 t%)~

[, B#0, |t <1,
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from which

(5)  2Bt(1—t)2! Z
Here we note the followmg

(6) Zsl ) (d/2

27Td/2

d>2,n=0,1,2

[1]nt", B#0, |t| < 1.

)

1,200, £ 8T
When n =0, (6) is obvious because x(0) =1 and
SL(€) = {2n92/T(d/2)} % Let d=2 and n > 1.
Then x(n) =2, SL(&) =nY2cosng, and S%(¢) =
72 sinn¢. Therefore we have (6). Let d > 3 and
n > 1. By means of [1] (see (2) on p. 243),

G2 (& m)

7 2 7l

™ i)
g2 )

= ——— ) S, (68, (), &ne s
r(n)L(d/2) ;
where (£, 7) is the inner product. We get (6) from (7).
We also note the following

o0

(8) > k()" = (1+1)(1 -

n=0

H d>2, |t < 1.

Here is the proof. When d = 2, (8) is obvious since
k(0)=1 and k(n) =2 for n>1. Let d>3. By
virtue of [1] (see (29) on p. 236),

K/(n) = 05/271[1](271 + d— 2)/(d - 2)7 n= 0) 1) 2) e
Combining this with (4) and (5), we get

N n 1 o d/2—1 n
=2(1—t) " 4 (1 — 1) 2

=1+t -t

which shows (8).
Now we set

QTf(Tve)
_ [T ox s,
_/T {pt f(r,0)
=530) [ SB[ dm® () |

- [{X> s
T n=1 =1

x [ BB [ (Rep)e ) dm@w)} .
gd-1
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Lemma 3. For (r,0) € I x S41, fe Cy(I x

S4=1 and T > 0,
|Qrf(r,0)] < oco.

Proof. Let us fix (r,0) € I x S1, fe Cy(I x
S4=1) and T > 0, arbitrarily. We set

fo = [ 1neolan®). se

By using Schwarz’ inequality and (6) and by
Fubini’s theorem, we find that

|Qr f(r,0)|
< T4 > s ) [ B R0 ar

n=

< I'(d/2) e {/w F(R)e 0/
T

/2

X i k(n)e

where we used ~,/2>n/4>1/4 for n=1,2,---.
Combining this with (8), we get

9)  1Qrf(r,0)]
T(d/2)
<57 EN [ / f(R

nf(t)/4 dt:|,

« (1_|_eff(t)/4)(1 - /4)1_d’dt]
F(d/Q) PR —f£(T)/4\1—d
< Wd/QE’ (1 — e T/

/fRf

Since PR(f(T) > 0) =
(10) (1 —e fMM oo PRae.

We claim the following
a [ iw
T

Here is the proof of (11). Let R be the one
dimensional diffusion process on I with the scale
function s®, the speed measure m® and the killing
measure v/4. We denote by p(t,r,€) and G, the
transition probability density of R and the 0 order
Green operator corresponding to R, respectively.
We note that there exists the 0 order Green
operator because the killing measure v/4 is not
null. Therefore

(t)/4 dt]

et 4t < 0o, PR-ace.
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which shows (11).
By means of (9), (10), and (11), and by the
monotone’s convergence theorem, we see that

lirTn sup |Qrf(r,0)|

L(/2) e {lim (

- ﬂ'd/2 T—o0
X / f(R,)e f®/4 dt]
T

This implies the conclusion of the lemma. O
By means of (1), we see that [pXf(r,0)| <
sup(,. gjerxgi-1 | f(1,0)]. Therefore we have the follow-
ing lemma.
Lemma 4. For (r,0) € I x ™' fe Cy(I x
S and T > 0,

T
/ |pi( (r,0)] dt < oo.
0

1 — e f@)/AyI=d

=0.

Now we show Theorem 1. We fix an f € L! (I x
S mR @m®) N Cy(I x §471) such that mi®
m®{(r,0) € I x S~ f(r,0) >0} >0. By means
of Lemmas 3 and 4,

/ P f(r,0)dt = oo
0
if and only if

si0) [ [ S R d

(12)

m® () dt = oo

for T>0. Since Si(A) = {I'(d/2)/2x%2}'/? (12)
holds true if and only if

L[ e
— [ B

for T > 0, where f*(&) = [qii f dm® (). Since
EPM[f*(Ry)] is the semlgroup of R (13) holds true if
and only if R is recurrent, or, s®(l;) = —oo and
s®(ly) = o0

Obviously the semigroups corresponding to R
and © are irreducible. Therefore by means of

(13) F(Ry, )] dm® () dt
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Theorem 7.2 of [3], {pX,t>0} is irreducible.
Combining this with Lemma 1.6.4 of [4], we find
that X is recurrent or transient. Thus s®(l;) = —cc
and s®(ly) = oo [resp. s®(l1) > —oc or sf(ly) < oo if
and only if X is recurrent [resp. transient]. O

Remark 5. Assume that R is recurrent, that
is, s®(l}) = —oo and s%(ly) = co. Since © is recur-
rent and m®(S91) < oo, by virtue of Theorem 7.2
of [3], X is recurrent.

Remark 6. In the same way as in the next
section, we can directly derive the irreducibility of
X from (1).

3. Proof of Theorem 2. First we note that
Y is irreducible. It is enough to show that for any
Borel sets A; C I, B; C S! satisfying u(A;) > 0,
m®(B;) > 0 (i = 1,2), there exists a t > 0 such that

(14) / Py (Yi € Ay x By) dp® dm®(r,6) > 0.
Ay x By

The semigroup {p), ¢t > 0} corresponding to Y
is given by (1) with ¢ replaced by 7, that is,

Y f(r,0) = EPSF [f(Ry, Opry)]
— /Sd,l EP'R [f(RT, ) SO) pe(f(n), 07 SD)} dm@(¢)7

for t >0, (r,0) € A x ST! with A =supp[y], and
f € Cy(I x S|\, gi1. Therefore

(15) / Py (Yi € Ay x By) dp @ dm®(r, 0)
A1><Bl ’

B / B [14,(R,,)PP(£(n). 0, )]
reA;, 0By, $€Bs

x du(r)dm®(0)dm® ().
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Since [R,,PY] is a one dimensional generalized
diffusion process on I, we see that

(16) PYR, € A3) >0, r€ Ay, t > 0.

We also see that

(17) PRf(r) >0)=1, r€ Ay, t >0,
and hence
(18) PR(pP(£(n),0,¢) > 0) =1,

reA, t>0,0,pc 8

(14) follows from (15)—(18).

Since Y is irreducible, Y is recurrent or
transient by Lemma 1.6.4 of [4]. By means of
Theorem 6.2.3 of [4], Y is recurrent [resp. transient]
if X is recurrent [resp. transient]. Combining this

with Theorem 1, we obtain Theorem 2. (I
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