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Abstract: We give recurrence/transience criteria for skew products of one dimensional

diffusion process and the spherical Brownian motion with respect to a positive continuous

additive functional of the former one dimensional diffusion process. Further we give recurrence/

transience criteria for their time changed processes.
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1. Recurrence/transience criteria.

Let ðE;F Þ, fTt; t > 0g, and M be a regular Dirichlet

form on L2ð�;mÞ, the corresponding Markovian

semigroup on L2ð�;mÞ, and the Markov process

associated with ðE;FÞ, respectively. Here � is a

locally compact separable metric space and m is a

positive Radon measure on � such that supp½m� ¼
�. M is called recurrent [resp. transient] ifZ 1

0

Ttfð�Þ dt ¼ 0 or 1 [resp. <1] m-a.e. � 2 �;

for any f 2 L1
þð�;mÞ, where L1

þð�;mÞ is the set of

nonnegative functions in L1ð�;mÞ. In this paper we

give a simple necessary and sufficient condition for

which M is recurrent/transient when M is a skew

product of a one dimensional diffusion process R
and the spherical Brownian motion � with respect

to a positive continuous additive functional of R.

We denote by X the skew product as above. Further

we show that the same condition is necessary and

sufficient for which a time changed process Y of X is

recurrent/transient.

In [5], we treated the skew product X and the

time changed process Y. We discussed there their

Feller properties and gave the Dirichlet forms

corresponding to X and Y. When the support of

the Radon measure � corresponding to the time

change does not coincide with I, the Dirichlet form

EY corresponding to Y is represented as a symmet-

ric bilinear form possessing jump terms (see

Theorem 5.6 of [5]). It is interesting that

Theorem 2 below is valid for Markov processes

corresponding to such Dirichlet forms.

Let sR be a continuous strictly increasing

function on an open interval I ¼ ðl1; l2Þ, and mR

be a right continuous nondecreasing function on I,

where �1 � l1 < l2 � 1. We denote by R ¼
½Rt; P

R
r � a one dimensional diffusion process on I

with scale function sR, speed measure mR and no

killing measure. Throughout this paper, we assume

that supp½mR� ¼ I and both of the end points li,

i ¼ 1; 2, are entrance or natural in the sense of

Feller [2]. We also denote by � ¼ ½�t; P
�
� � the

spherical Brownian motion on Sd�1 � Rd with

generator ð1=2Þ�, � being the spherical Laplacian

on Sd�1. Let � be a Radon measure on I satisfying

supp½�� ¼ I, and set fðtÞ ¼
R
I l

Rðt; rÞ d�ðrÞ, where

lRðt; rÞ is the local time of R. We denote by X the

skew product of R and � with respect to the

positive continuous additive functional fðtÞ, that is,

X ¼ ½Xt ¼ ðRt;�fðtÞÞ; PX
ðr;�Þ ¼ PR

r � P�
� �:

Our first result is as follows.

Theorem 1. The skew product X is recurrent

[resp. transient] if and only if sRðl1Þ ¼ �1 and

sRðl2Þ ¼ 1 [resp. sRðl1Þ > �1 or sRðl2Þ <1].

Fukushima and Oshima obtained a recurrent

criterion for the skew product of recurrent diffu-

sions (see Theorem 7.2 of [3]). By using their

criterion, we can show that the skew product X

is recurrent if sRðl1Þ ¼ �1 and sRðl2Þ ¼ 1 (see

Remark 5 below). In this paper we however give a

direct proof of our necessary and sufficient condi-

tion by means of eigenfunction expansion for

transition probability density of X.

We next turn to a time changed process of X.

Let � be a non-trivial Radon measure on I and set
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gðtÞ ¼
Z
I

lRðt; rÞ d�ðrÞ; t > 0:

We denote by �ðtÞ the right continuous inverse of

gðtÞ. We consider the time changed process Y ¼
½Yt ¼ ðR�ðtÞ;�fð�ðtÞÞÞ; PY

ðr;�Þ ¼ PR
r � P�

� �. Combining

some results of [4] with Theorem 1, we obtain the

following

Theorem 2. The time changed process Y is

recurrent [resp. transient] if and only if sRðl1Þ ¼ �1
and sRðl2Þ ¼ 1 [resp. sRðl1Þ > �1 or sRðl2Þ <1].

2. Proof of Theorem 1. The semigroup

fpX
t ; t > 0g corresponding to the skew product X

is given in [5], that is,

pX
t fðr; �Þ ¼ EPR

r �P�
� ½fðRt;�fðtÞÞ�ð1Þ

¼
Z
Sd�1

EPR
r fðRt; ’Þ p�ðfðtÞ; �; ’Þ
� �

dm�ð’Þ

¼
X1
n¼0

X�ðnÞ
l¼1

Slnð�Þ
Z
Sd�1

Slnð’Þ

� EPR
r ½fðRt; ’Þe��nfðtÞ� dm�ð’Þ;

for t > 0, ðr; �Þ 2 I � Sd�1, and f 2 CbðI � Sd�1Þ.
Here dm� is the surface element of Sd�1 so thatR
Sd�1 dm

� ¼ 2	d=2=�ðd=2Þ is the total area of the

sphere Sd�1; p�ðt; �; 
Þ is the transition probability

density of �; Sln ðn ¼ 0; 1; 2; � � � ; l ¼ 1; 2; � � � ; �ðnÞÞ
are spherical harmonics; �n ¼ nðnþ d� 2Þ=2 and

�ðnÞ ¼ ð2nþ d� 2Þ � ðnþ d� 3Þ!=n!ðd� 2Þ!. When

d ¼ 2, (1) is reduced to the following

pX
t fðr; �Þð2Þ

¼
1

2	

Z
S1

EPR
r fðRt; ’Þ½ � dm�ð’Þ

þ
1

	

X1
n¼1

Z
S1

cosnð�� ’Þ

� EPR
r ½fðRt; ’Þe�n

2fðtÞ=2� dm�ð’Þ:

We summarize some properties of spherical

harmonics. Let C�
n ½x� be the Gegenbauer polynomial

of degree n and order �, that is, it is defined by the

generating function

ð1� 2xtþ t2Þ�� ¼
X1
n¼0

C�
n ½x�tn;ð3Þ

� 6¼ 0; jxj < 1; jtj < 1:

We can take x ¼ 1 in (3) so that

ð1� tÞ�2� ¼
X1
n¼0

C�
n ½1�tn; � 6¼ 0; jtj < 1;ð4Þ

from which

2�tð1� tÞ�2��1 ¼
X1
n¼0

C�
n ½1�ntn; � 6¼ 0; jtj < 1:ð5Þ

Here we note the following

X�ðnÞ
l¼1

Slnð�Þ
2 ¼

�ðnÞ�ðd=2Þ
2	d=2

;ð6Þ

d 	 2; n ¼ 0; 1; 2; � � � ; � 2 Sd�1:

When n ¼ 0, (6) is obvious because �ð0Þ ¼ 1 and

S1
0ð�Þ ¼ f2	d=2=�ðd=2Þg�1=2. Let d ¼ 2 and n 	 1.

Then �ðnÞ ¼ 2, S1
nð�Þ ¼ 	�1=2 cosn�, and S2

nð�Þ ¼
	�1=2 sinn�. Therefore we have (6). Let d 	 3 and

n 	 1. By means of [1] (see (2) on p. 243),

Cd=2�1
n ½ð�; 
Þ�
C
d=2�1
n ½1�

ð7Þ

¼ 2	d=2

�ðnÞ�ðd=2Þ
X�ðnÞ
l¼1

Slnð�ÞSlnð
Þ; �; 
 2 Sd�1;

where ð�; 
Þ is the inner product. We get (6) from (7).

We also note the following

X1
n¼0

�ðnÞtn ¼ ð1þ tÞð1� tÞ1�d; d 	 2; jtj < 1:ð8Þ

Here is the proof. When d ¼ 2, (8) is obvious since

�ð0Þ ¼ 1 and �ðnÞ ¼ 2 for n 	 1. Let d 	 3. By

virtue of [1] (see (29) on p. 236),

�ðnÞ ¼ Cd=2�1
n ½1�ð2nþ d� 2Þ=ðd� 2Þ; n ¼ 0; 1; 2; � � � :

Combining this with (4) and (5), we get

X1
n¼0

�ðnÞtn ¼
1

d� 2

X1
n¼0

Cd=2�1
n ½1�ð2nþ d� 2Þtn

¼ 2tð1� tÞ�dþ1 þ ð1� tÞ�dþ2

¼ ð1þ tÞð1� tÞ1�d;

which shows (8).

Now we set

QTfðr; �Þ

¼
Z 1
T

�
pXt fðr; �Þ

� S1
0ð�Þ

Z
Sd�1

S1
0ð’ÞEPR

r ½fðRt; ’Þ� dm�ð’Þ
�
dt

¼
Z 1
T

�X1
n¼1

X�ðnÞ
l¼1

Slnð�Þ

�
Z
Sd�1

Slnð’ÞEPR
r ½fðRt; ’Þe��nfðtÞ� dm�ð’Þ

�
dt:
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Lemma 3. For ðr; �Þ 2 I � Sd�1, f 2 CbðI �
Sd�1Þ, and T > 0,

jQTfðr; �Þj <1:

Proof. Let us fix ðr; �Þ 2 I � Sd�1, f 2 CbðI �
Sd�1Þ, and T > 0, arbitrarily. We set

~ffð�Þ ¼
Z
Sd�1

jfð�; ’Þj dm�ð’Þ; � 2 I:

By using Schwarz’ inequality and (6) and by

Fubini’s theorem, we find that

jQTfðr; �Þj

�
�ðd=2Þ
2	d=2

X1
n¼1

�ðnÞ
Z 1
T

EPR
r ½ ~ffðRtÞe��nfðtÞ� dt

�
�ðd=2Þ
2	d=2

EPR
r

�Z 1
T

~ffðRtÞe�fðtÞ=4

�
X1
n¼1

�ðnÞe�nfðtÞ=4 dt

�
;

where we used �n=2 	 n=4 	 1=4 for n ¼ 1; 2; � � �.
Combining this with (8), we get

jQTfðr; �Þjð9Þ

�
�ðd=2Þ
2	d=2

EPR
r

�Z 1
T

~ffðRtÞe�fðtÞ=4

� ð1þ e�fðtÞ=4Þð1� e�fðtÞ=4Þ1�d dt
�

�
�ðd=2Þ
	d=2

EPR
r

�
ð1� e�fðT Þ=4Þ1�d

�
Z 1
T

~ffðRtÞe�fðtÞ=4 dt

�
:

Since PR
r ðfðT Þ > 0Þ ¼ 1,

ð1� e�fðT Þ=4Þ1�d <1; PR
r -a.e.ð10Þ

We claim the followingZ 1
T

~ffðRtÞe�fðtÞ=4 dt <1; PR
r -a.e.ð11Þ

Here is the proof of (11). Let ~RR be the one

dimensional diffusion process on I with the scale

function sR, the speed measure mR and the killing

measure �=4. We denote by ~ppðt; r; �Þ and ~GGo the

transition probability density of ~RR and the 0 order

Green operator corresponding to ~RR, respectively.

We note that there exists the 0 order Green

operator because the killing measure �=4 is not

null. Therefore

EPR
r

Z 1
T

~ffðRtÞe�fðtÞ=4 dt

� �

¼
Z 1
T

Z
�2I

~ffð�Þ~ppðt; r; �Þ dmRð�Þdt

� ~GGo
~ffðrÞ <1;

which shows (11).

By means of (9), (10), and (11), and by the

monotone’s convergence theorem, we see that

lim sup
T!1

jQTfðr; �Þj

� �ðd=2Þ
	d=2

EPR
r

�
lim
T!1
ð1� e�fðT Þ=4Þ1�d

�
Z 1
T

~ffðRtÞe�fðtÞ=4 dt

�

¼ 0:

This implies the conclusion of the lemma. �

By means of (1), we see that jpX
t fðr; �Þj �

supðr;�Þ2I�Sd�1 jfðr; �Þj. Therefore we have the follow-

ing lemma.

Lemma 4. For ðr; �Þ 2 I � Sd�1; f 2 CbðI �
Sd�1Þ and T > 0,Z T

0

jpX
t fðr; �Þj dt <1:

Now we show Theorem 1. We fix an f 2 L1
þðI �

Sd�1;mR �m�Þ \ CbðI � Sd�1Þ such that mR �
m�fðr; �Þ 2 I � Sd�1 : fðr; �Þ > 0g > 0. By means

of Lemmas 3 and 4,Z 1
0

pX
t fðr; �Þ dt ¼ 1ð12Þ

if and only if

S1
0ð�Þ

Z 1
T

Z
Sd�1

S1
0ð’ÞEPR

r ½fðRt; ’Þ� dm�ð’Þ dt ¼ 1;

for T > 0. Since S1
0ð�Þ ¼ f�ðd=2Þ=2	d=2g1=2, (12)

holds true if and only ifZ 1
T

Z
Sd�1

EPR
r ½fðRt; ’Þ� dm�ð’Þ dtð13Þ

¼
Z 1
T

EPR
r ½f
ðRtÞ� dt ¼ 1;

for T > 0, where f
ð�Þ ¼
R
Sd�1 fð�; ’Þ dm�ð’Þ. Since

EPR
r ½f
ðRtÞ� is the semigroup of R, (13) holds true if

and only if R is recurrent, or, sRðl1Þ ¼ �1 and

sRðl2Þ ¼ 1.

Obviously the semigroups corresponding to R
and � are irreducible. Therefore by means of
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Theorem 7.2 of [3], fpX
t ; t > 0g is irreducible.

Combining this with Lemma 1.6.4 of [4], we find

that X is recurrent or transient. Thus sRðl1Þ ¼ �1
and sRðl2Þ ¼ 1 [resp. sRðl1Þ > �1 or sRðl2Þ <1] if

and only if X is recurrent [resp. transient]. �

Remark 5. Assume that R is recurrent, that

is, sRðl1Þ ¼ �1 and sRðl2Þ ¼ 1. Since � is recur-

rent and m�ðSd�1Þ <1, by virtue of Theorem 7.2

of [3], X is recurrent.

Remark 6. In the same way as in the next

section, we can directly derive the irreducibility of

X from (1).

3. Proof of Theorem 2. First we note that

Y is irreducible. It is enough to show that for any

Borel sets Ai � I, Bi � Sd�1 satisfying �ðAiÞ > 0,

m�ðBiÞ > 0 (i ¼ 1; 2), there exists a t > 0 such thatZ
A1�B1

PY
ðr;�ÞðYt 2 A2 � B2Þ d�� dm�ðr; �Þ > 0:ð14Þ

The semigroup fpY
t ; t > 0g corresponding to Y

is given by (1) with t replaced by �t, that is,

pY
t fðr; �Þ ¼ EPR

r �P�
� ½fðR�t ;�fð�tÞÞ�

¼
Z
Sd�1

EPR
r fðR�t ; ’Þ p�ðfð�tÞ; �; ’Þ
� �

dm�ð’Þ;

for t > 0; ðr; �Þ 2 �� Sd�1 with � ¼ supp½��, and

f 2 CbðI � Sd�1Þj��Sd�1 . ThereforeZ
A1�B1

PY
ðr;�ÞðYt 2 A2 � B2Þ d�� dm�ðr; �Þð15Þ

¼
Z
r2A1; �2B1; �2B2

EPR
r ½IA2

ðR�tÞP�ðfð�tÞ; �; ’Þ�

� d�ðrÞdm�ð�Þdm�ð’Þ:

Since ½R�t ; P
R
r � is a one dimensional generalized

diffusion process on I, we see that

PR
r ðR�t 2 A2Þ > 0; r 2 A1; t > 0:ð16Þ

We also see that

PR
r ðfð�tÞ > 0Þ ¼ 1; r 2 A1; t > 0;ð17Þ

and hence

PR
r ðp�ðfð�tÞ; �; ’Þ > 0Þ ¼ 1;ð18Þ
r 2 A1; t > 0; �; ’ 2 Sd�1:

(14) follows from (15)–(18).

Since Y is irreducible, Y is recurrent or

transient by Lemma 1.6.4 of [4]. By means of

Theorem 6.2.3 of [4], Y is recurrent [resp. transient]

if X is recurrent [resp. transient]. Combining this

with Theorem 1, we obtain Theorem 2. �
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