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Abstract:

We classify the symmetric solutions for the two dimensional degenerate

Garnier system G(5) which is a generalization of the second Painlevé equation. We calculate the
linear monodromy of the symmetric solutions explicitly.
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1. Introduction. We have studied special
solutions with generic values of parameters for the
fourth, fifth, sixth and third Painlevé equations, for
which the monodromy data of the associated linear
equation (we call linear monodromy) can be calcu-
lated explicitly [3-6].

The Garnier system was derived by R. Garnier
(1912) as an extension of the sixth Painlevé
equation [1,2]. The original Garnier system has n-
variables and expressed in a system of nonlinear
partial differential equations, whose dimension of
the solution space is 2n. There are few research for
special solutions to the Garnier system compared
with the Painlevé equations. We study the Garnier
transcendents by applying the same method to the
two dimensional Garnier system first, which we
have used for the Painlevé equations above. Some
new discovery is expected by viewing Painlevé
equations from the Garnier system.

Two dimensional Garnier system has the
following degeneration diagram similar to the
Painlevé equations:

G(11111)—G(1112)—G(122)—G(23)

/ / /
G(113)—G(14)—G(5)—G(9/2).

(The degeneration from G(113) to G(23) also
exists.)

Numbers in the bracket ( ) represents a parti-
tion of 5 and 1 represents the regular singular point
and r + 1 represents an irregular singular point of
Poincaré rank r. The two dimensional Garnier
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system G(11111), which is the extension of the
sixth Painlevé equation, degenerates step by step to
the two dimensional degenerate Garnier system
G(9/2) which is the extension of the first Painlevé
equation.

In this paper, we classify the symmetric solu-
tions (See section 3) to the system G(5) with generic
values of parameters, for which we calculate the
linear monodromy of the equation (2.1) {My =
5155+ Sgezme} explicitly. In order to find out the
symmetric solutions, we apply the same method to
the system G(5), by which A. V. Kitaev discovered
the symmetric solutions to the first and second
Painlevé equations [8]. For the classification of
the symmetric solutions, we use Prof. M. Suzuki’s
paper [10] and a single equation (2.10) for .
M. Suzuki constructed the space of the initial
conditions of the two dimensional Garnier and its
degenerate system. The space for the system G(5)
consists of five charts which are glued by the
symplectic transformation each other.

From the system G(5), we derive a single
equation (2.10) for gy, by solving which we have the
order of pole and number of special solutions. On
the other hand, we have special solutions on the
each chart which consists of the space of the initial
conditions. Both solutions coincide with each other
and we confirmed that any other symmetric solu-
tion does not exist. We have five symmetric(mer-
omorphic) solutions around the origin. We calcu-
lated the linear monodromy for the two solutions of
them explicitly.

2. The two dimensional degenerate
Garnier system G2(5) and Hz(5). The two
dimensional degenerate Garnier system Go{Kj, Ko,
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A1, A2, i1, 2, t1,t2 (D) is derived as the extension of
the second Painlevé equation by the isomonodromic
deformation of the second kind, non Fuchsian
ordinary differential equation, which has one irreg-
ular singular point of Poincaré rank 4 at x = co on
the Riemann sphere:
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where K; and K, are Hamiltonians and A;, Mg, 1
and us are the Garnier transcendents and t; and ¢,
are deformation parameters. The Riemann scheme

of (2.1) is
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G> has movable algebraic branch points and
Hamiltonian structure expressed in rational
functions [7]:
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We have the two dimensional degenerate Garnier
SyStem H?{Hh H27 q1,42,P1,P2, S1, 82}<5) by the can-
onical transformations:
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where H; and Hy are Hamiltonians and ¢y, ¢2, p1 and
po are Garnier transcendents and s; and sy are the
deformation parameters.

Hy has the Painlevé property and the poly-
nomial Hamiltonian structure [7,9]. Hamiltonians
H, and H, are given as follows:

Hy = (g — qi — 1)p} + 2¢op1p2 + 1
+2(q} — 51 + s2q2)p1 + 2(q102
+51G2 + 82)p2 + 2vq1,

Hy = gop; + 2pip2 + 2(q1q2 + 5142
+ 52)p1 +2(¢5 — 1 + s1)p2
+ 2vqs, (2v =2a+1),

from which we have the polynomial Hamiltonian
system Hs(5):

8q1 )
2.2 — =2 —qy —
(2.2) D51 (QQ q1 81)101
+ 2¢ops + 2(q} — 8T + S202),
Jq
(2.3) 2 = 21 + 2o
881
+2(q1g2 + s1G2 + S2),
Op1
(24) -o== —pi +4qip1 + 2qap2 + 2v,
S1
apQ 2
(2.5) e 2qap] + 2p1p2 + 2821
S1
+2(q1 + $1)pa2,
Jq
(2.6) L = 2gsp1 + 2o
882
+2(q1q2 + s192 + 82),
Jq
(2.7) == 2p1 + 2(95 —q + s1),
652
Ip
(2.8) - 2qop1 — 2pa,
852
dp
(2.9) - 8_52 = P% +2(q1 + s1)p1 + 4gep2 + 2v.
2

The Hamiltonian system H,(5) has a holomorphic
solution around the origin for the given initial
condition by Cauchy’s theorem. We derive the
single equation for ¢, of the Hamiltonian system
H>(5) so that we investigate whether H,(5) has a
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solution with a pole. Eliminating ¢, p; and p, from
(2.6), (2.7), (2.8) and (2.9), we have the following
partial differential equation of the fourth order

tours gy Pqo 9g>\ > P
2.10) 2¢2—=-— — =44 == —
(210) 24, Ds3 © 95y ds3 (652> ds3
gy g g\’
—40¢t —= — 16 — =3¢ —=
q2 883 32(]2 aS% (IQ(aS%)
dqa 5 <aq2> 2 <aqz > 2
— 16go — — 20q, | — 165y —
© 882 © 852 + 52 (982

+ 80q5 + 1925143 + 640, + (6457
— 96v + 48)g3 — 16s5g2 = 0.

Equation (2.10) has the formal solutions in the
following form:

X ; 1
(2.11) @ = j; bi(s1)s}, b1 =0, oo E
and the solutions with a pole of order 1 around the
origin. It is necessary that b_; =0 or j:% for the
solution (2.11) when ¢(s1,s2) has a pole along
s9=0. If by =41, ¢ has a pole divisor which
passes through the origin.

3. Symmetric solutions around the
origin. In this section, we recall the symmetric
solution to the second Painlevé equation which was
given by A. V. Kitaev [8]. He showed that the
second Painlevé equation

2
P %:2y3+ty+a
is invariant by the transformation (we call the
symmetric transformation):

y—wy, t—W’t(W=1)

and P;; has the solution:
1002 + « s
¢ .

=2pgSp +
v 2280 ’

2 40
which is invariant by the symmetric transformation
(we call the symmetric solution).

By applying this method to the system Hs(5),
we obtain the following theorem.
Theorem 1. (1) The Hamiltonian system

Ho(5) is invariant by the symmetric transformation:
31 @ = Pta. ;= PP @2 = P,
p2— p’p2 51— pPs1, s2— plsy,

(o' =1).
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(2) The Hamiltonian system H2(5) has the
following holomorphic and symmetric solution (5-a)
around the origin:

(5-a) q = Z

2i+3j=2(mod4)

i
@;,jS159

2 .
=(1-2v)ss - 3 (1—2v)s?
+2(20% =2+ 1)sPsi 4 - -,

ij515)
2i+3j=2(mod 4)

2.3

, 4
:—2V81—2V82+§I/ s]+ -,

G2 = Z

2i+3j=1(mod 4)

o
bijs15,

2
2(1 — 2v)s189 — gsg

4
—1—5(2u2—2u—i—1)s?52—|—~--7

_ |
P2 = bijs157
2i+3j=3(mod4)
= —2usy + 4v(1 — v)sisy

+8(1 — 2v)s185 + - -

Remark 2.
solution are determined
Hamiltonian system Hsy(5).

M. Suzuki showed that the space of the initial
conditions of the degenerate Garnier system G(5)
consists of five charts which are glued each other by
the following symplectic transformations [10]:

Higher order expansion of this
recursively by the

Q 1 .
(b) G ==, ==, P1=qp1,
q2 492
p2 = —@(v+ q@ip1 + @2p2),
o a=aq, @=q,
. =2 2q1 28
D1 == +—= — = +D1,
43 a3 2
_ -2 6¢ 2q
P2=—=5T—=r 3
qs 45 495
2(s1q1 +s2) 20
———— — = + D2,
95 q2
1 G2 L
(d) q1=—, ==, p2= Qb
q1 q1
p=—-qV+ ap + @),
(6) (jl =qi, (j2 = @,
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) 24, 63 2
b1 = . 2 =3
¢ 4 g
2(s2¢p +51) 20 _
+—— — + D1,
a7 q1
. 2,  4¢2 259 _
2= "1 — 3 — < TD2
q1 q1 q1

where (a) represents the base chart on which the
solution (5-a) exists.

Remark 3. (1) By these symplectic trans-
formations, the symmetric transformation (3.1) is
kept with a different weight.

(2) On each chart, there is one holomorphic
and symmetric solution exists.

By the symplectic transformation (b), we have
the new polynomial Hamiltonians and Hamiltonian
system, where we have the following holomorphic
solution:

a= Y

2i+3j=1(mod 4)

i oJ
Q;,jS159

4 8
—25152—532—1—3(24—31/)5 52—|—

=Y

2i+3j=3(mod 4)

i o
@;,j8159

32 3
= —2vSy —i—gl/slsQ—i—n-,

i J
Q;,j8159
2i+3j=3(mod4)

16
_— 3 —_—
§185 + 5

3 (1—6v)sy+---,
ai-,jsisg

= —282 —

2i+3j=1(mod 4)

4 3
= 2vs189 + 3 v(1+3v)s;

16
- ?1/(2 + 5v)st sy + -
By making inverse transformation of (b), we have

the following solution (5-b):

2
(5-b) ¢ = —31—1—532 dusisy + -+,
5 32 4
p1:41/52—§1/5132+---,
S SUNE ¥4 S O
= — 4+ 515 ——=—2w]s5 4+,
BT, T3 T3 2

32 3
p2:21/32—§1/sls2+~--.
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By the similar way, we have the following solutions
(5-¢), (5-d) and (5-¢):

(5-¢) ql——sl—gsg—i— ,

1 4 4
p1:*2—53*551 5V52+ )

1 4 ;
q2—52§12+(§31/)52+ )

1 1 v
b2 = 453 (g + g)SQ +
(5-d)

1

Q= )

—281 + 252 -2 1/51

5 45152

453
p1=2usl—2vsz—§z/ s+,

—s9 —2(1+ 2u)3152 — 251s% R
Q2 = P 1 )
—51 + 85 — gl/sl — 25132 + -

2
py = —dv(v+ 1)sisy — 4u(1/ + §> 5185 4.

1
251 +2s3 —3(1—v)si+---
—[s1—s3—3(1—v)si+--]

—2(2-v)s —2(1 —v)s3 + -+,
s9 —2(3 — 2v)s2sy + 251s§ 4+

si+s3—3(1—v)si+---
2[s2 — 2(3 — 2v)s%sy + -+ ]

q2

D2 = :
[s1+s3—4(1—v)si+-- ]
4
X —51+§(1—V)5§+-~
— 259 —4(1 — V) (3 — v)sPsy + - -

Remark 4. (1) Putting s; =0, ¢ has the
coefficient F1 of s;! in the solutions (5-d) and (5-¢).

(2) The Hamiltonian system H2(5) has three
solutions in the form of (2.11) with b_; =0,+1/2
and two solutions in the form of the solutions (5-d)
and (5-e) with b_y = £1.

(3) The number of the residue at the pole of the
solution of the single equation (2.10) gives the
number of charts which consists of the space of
the initial conditions.

We have the following theorem:

Theorem 5. The Hamiltonian system Ha(5)
has five symmetric solutions (5-a),(5-b),(5-c),(5-d)
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and (5-e) and any other symmetric solution does not
exist around the origin.

4. The linear monodromy. In this section,
we calculate the linear monodromy for the solution
(5-a) and (5-d).

For the solution (5-a), the linear equation becomes

d? 2 S\ d
i — <— + 2355) ﬂ —2uayhy = 0,
dx

dx? T

whose Poincaré rank at £ = oo is 4. This is reduced
to Kummer’s equation:

d*1y 1 i, v 4
et (e1) % wn-o @
For the solution (5-d), the linear equation becomes
d*1 5 dipy 9
a2 — 2z E — 2vx wl = 0,

whose Poincaré rank at £ = oo is 4. This is also
reduced to Kummer’s equation:

L (3 v .
ie +<4—§—1>d—€—4—€¢1—0’ (z" = 26).

We have the next theorem.

Theorem 6. The two dimensional degener-
ate Garnier system G(5) has the following linear
monodromy.

(1) For the solution (5-a):

2miv
o2mile — [ € 0
- _ y 3
0 e 2miv

—27'('2167%1%(172”)
So, = ra-sra-y |
0 1
1 0
Sopy = | —2miekiek-10-20) 7

PTG +9)
(2) For the solution (5-d):

2miv
2T € 0
= o ,
0 e 2miv

7271_2-67%714:(3721/)
Sok = ra-sreE-y |,
0 1
1 0
Sy = omieTi2k—1)(3-2v) 7

PTG +5)
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(k=1,2,3,4), []8;e*"™ =L,
J=1

2Ty

where e is the formal monodromy and S; (j =

1,2,---,8) is the Stokes matrices at x = oco.

Remark 7. For the solution (5-b), (5-¢)
and (5-e), the linear monodromy cannot be calcu-
lated explicitly since the coefficient of the linear
equation (2.1) becomes co.

Acknowledgements. The author would like
to express his sincere gratitude to Prof. Yousuke
Ohyama for his constant guidance over time and
useful suggestions to complete this work. This
work was supported by JSPS 22540237 and the
Mitsubishi Foundation.

References

[ 1] R. Garnier, Etude de Dintégrale générale de
I’équation VI de M. Painlevé dans le voisinage
de ses singularités transcendantes, Ann. Sci.
Ecole Norm. Sup. (3) 34 (1917), 239-353.

K. Iwasaki, H. Kimura, S. Shimomura and M.
Yoshida, From Gauss to Painlevé, Aspects
of Mathematics, E16, Vieweg, Braunschweig,
1991.

K. Kaneko, A new solution of the fourth Painlevé
equation with a solvable monodromy, Proc.
Japan Acad. Ser. A Math. Sci. 81 (2005), no. 5,
75-79.

K. Kaneko and Y. Ohyama, Fifth Painlevé tran-
scendents which are analytic at the origin,
Funkcial. Ekvac. 50 (2007), no. 2, 187-212.

K. Kaneko, Local expansion of Painlevé VI tran-
scendents around a fixed singularity, J. Math.
Phys. 50 (2009), no. 1, 013531, pp. 1-24.

K. Kaneko and Y. Ohyama, Meromorphic
Painlevé transcendents at a fixed singularity,
Math. Nachr. (to appear).

H. Kimura, The degeneration of the two-dimen-
sional Garnier system and the polynomial
Hamiltonian structure, Ann. Mat. Pura Appl.
(4) 155 (1989), 25-74.

A. V. Kitaev, Symmetric solutions for the First
and the Second Painlevé equation (Russian)
Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst.
Steklov. (LOMI) 187 (1991), Differentsialnaya
Geom. Gruppy Li i Mekh. 12, 129-138, 173,
175; translation in J. Math. Sci. 73 (1995), no. 4,
494-499.

K. Okamoto, Isomonodromic deformation and
Painlevé equations, and the Garnier system, J.
Fac. Sci. Univ. Tokyo Sect. IA Math. 33 (1986),
no. 3, 575-618.

M. Suzuki, Spaces of initial conditions of Garnier
system and its degenerate systems in two
variables, J. Math. Soc. Japan 58 (2006),
no. 4, 1079-1117.

[2]

[8]

[10]



	c_rf1
	c_rf2
	c_rf3
	c_rf4
	c_rf5
	c_rf6
	c_rf7
	c_rf8
	c_rf9
	c_rf10

