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Abstract:

In this paper we consider a system of equations describing the one-dimensional

motion of a self-gravitating, radiative and chemically reactive gas having the free-boundary. For
arbitrary large, smooth initial data we prove the unique existence, global in time, of a classical
solution of the corresponding problem with fixed domain, obtained by the Lagrangian mass

transformation.
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1. Introduction. We consider the free-
boundary problem describing the motion of a
compressible, viscous and heat-conductive gas. We
take into account a more phenomenal situation:
The gas is self-gravitating, radiative and chemically
reactive. In [12], such a problem was formulated in
spacially one-dimensional case and solved globally
in time for arbitrary large, smooth initial data
under some (physically correct) hypotheses on the
thermal conductivity and so on. In this paper
we improve the result in [12] in respect to the
restriction guaranteeing the global in time solv-
ability of the problem.

The gaseous motion mentioned above, espe-
cially in the processes of the unimolecular reactions
whose kinetic order is one, is described by the
following four equations in the Lagragian mass
coordinate:

UVt = Uy,

. 1
u = (—p+uu'> —G(x—>,
v/, 2
Uy 0,
e = (—p+u—>ux + (f@—) + Az,
v v/,
2y
zr=d 2 x—qbz

in 2 x(0,00) with ©Q:=(0,1). Here the specific
volume v =v(z,t), the velocity u = wu(z,t), the
absolute temperature 6 =6(z,t) and the mass

(1.1)
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fraction of the reactant z = z(x,t) are the unknown
quantities, and positive constants u, GG, d and \ are
the bulk viscosity, the Newtonian gravitational
constant, the species diffusion coefficient and the
difference in heat between the reactant and the
product, respectively. The pressure p and the
internal energy per unit mass e are defined by

0 a
= 0)=R-+ —6*

e=e(v,0) = 0+ avh!,

where positive constants R, ¢, and a are the perfect
gas constant, the specific heat capacity at constant
volume and the radiation-density constant, respec-
tively. Second terms in the right-hand sides of both
relations in (1.2) represent the effect of radiation
phenomena, whose forms are given by the famous
Stefan-Boltzmann law. In the radiating regime, it is
natural to take into account the heat flux from
the radiative contribution, not only from the
heat-conductive contribution. As such a simple one
(see [13]), we assume that the thermal conductivity
k = k(v,0) has the form

(1.3) K(v,0) = K1 + Kovt?

with positive constants k1, ko and ¢. Furthermore
we assume that the reaction rate function ¢ = ¢(6)
is defined, from the Arrhenius law, by

(1.4) P(0) = K% 4/,

where positive constants K and A are the coefficient
of rate of the reactant and the activation energy,
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respectively, and § is a non-negative real number.
Imposed boundary condition is for ¢ > 0

0 x
(15) (—R‘i‘uw,emyzm) = (_pmoyo)
v v

x=0,1

with the external pressure p,. (a positive constant),
and the initial condition is for x € )

(16) (’U, u, 07 Z)‘t:() = (UQ(LL’), u0($)7 00(1')7 ZO(J:))

We give some more remarks on our problem.
The external force appeared in the last term of the
right-hand side of (1.1)? is given as follow: First we
assume that the external force per unit mass f =
f(z,t) in the Lagragian mass coordinate is given
by f= —U,/v, where U = U(z,t) is the solution of
the boundary value problem for each ¢ > 0

(3).=¢

U|w:0 = U|a;:1 =0.

in Q
(1.7) S

One can regard that f defined above is the one-
dimensional “self-gravitation” (U is the correspond-
ing “self-gravitational potential”), similar to the
general three-dimensional one. From (1.7) we can
derive the explicit formula of f(z,),

Jo &0(&) dg
. 1) = —G|o— 050505
(1.8)  f(=z,t) (96 ITu(e, 1) e
Here, if (0,4, 0, Zz) satisfies

Uy
u = (—p+u7> +f

instead of (1.1)2, and (1.1)%, (1.1)3, (1.1)%, (1.5),
then (v,u,0,2) = (0,4 — folﬁdx,é, %) satisfies (1.1)
and (1.5). In addition, integrating (1.1)? over Q x
[0,¢] under (1.5) gives

/Olu(a?,t) dz = /Olu(x,O) dz,

whose left-hand side is identically equal to zero
when u =4 — fol wdz. Hence, it is natural for us to
consider the system (1.1)—(1.6) under the condition

/01 ug(x) dz = 0.

We shall introduce some function spaces used
in this paper (see, for detail, [6]). Let m be a
non-negative integer and 0 < o, ¢’ < 1. By C"7(Q)
we denote the spaces of functions u = u(x) which
has bounded derivatives up to order m and

(1.9)
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d™u/dz™ is uniformly Hoélder continuous with
exponent o. Let T be a positive constant and
Qr:=Qx(0,T). For a function u defined on Qr
we say that u € C’Z:f/(QT) if

|u|(0> = sup |u(z,t)] < oo
(z,t)€Qr

and w is uniformly Hélder continuous in « and ¢ with
exponent o and ¢’, respectively. Its norm is denoted
by | -], - We also say that u € C’fff’ 1+‘T/Q(QT) ifuis
bounded, has bounded derivative u,, and (U, ug) €
(ng’f/?(QT))Q. Its norm is denoted by | - |, 114/2-

Our main result is '

Theorem 1 (Global Solution). Leta € (0,1),
q>3and0< B<q+9. Assume that

(o, ug, 0o, 20) € CHH(Q) x (C*(Q))?

satisfies corresponding compatibility conditions,
(1.9) and wvo(x) >0, Oy(z) >0, 0<z(z) <1 for
any x € Q. Then there exists a unique solution
(v,u,0,2) of the initial-boundary wvalue problem
(1.1)~(1.6) such that for any positive number T

(0, v, 01) € (C37(Qr))?,
(4,6, 2) € (C2H P (Qr)).

x,t

Moreover for any (z,t) € Qr

v(z,t) >0, 6O(z,t) >0, 0<z(zt)<]1.

The global in time solvability of this problem
in the same function spaces as in Theorem 1 was
already established in [12] for 4 <¢ <16 and
0 < 3 <13/2. Theorem 1 is its improved version.
We note that an analogous result was also reported
in [13] for a three-dimensional spherically symmet-
ric gaseous model having a central rigid core.

We mention some related results concerning
our problem, briefly. For compressible, viscous and
heat-conductive model in one space dimension,
many studies have been done including the case
for large, smooth initial data e.g., Kazhikhov-
Shelukhin [5], Kazhikhov [4] and Nagasawa [7].
Ducomet [1] and Ducomet-Zlotnik [2,3] studied
one-dimensional gaseous models rather similar to
ours, i.e., radiative and reactive one with the free-
boundary in the external force field. In [1] the
temporally global existence of the solution was
shown for ¢=4 in (1.3) and =0 in (1.4).
However, in a series of papers [1-3] they adopted
as a self-gravitation, a special form independent of
time variable explicitly in the Lagrangian mass
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coordinate system, not the exact form (1.8). That is
called the “pancakes model” relevant to some large-
scale structure of the universe (see [9]). In addition,
although the temporally global existence of the
solution for any g > 2 was established recently
n [2,3], they were discussed not for the pure free-
boundary case (1.5) but for the one with partially
Dirichlet boundary condition, i.e., 8|,_, (or 8],_,) =
Or with positive constant 0.

In order to prove Theorem 1, after historical
results about local existence theorem for general
compressible, viscous and heat-conductive fluids
[8,10,11], it is sufficient to establish the following
a priori boundedness.

Proposition 1 (A priori Estimates). Let T
be an arbitrary positive number. Assume that «, q, 3
and the initial data satisfy the hypotheses of
Theorem 1, and that the problem (1.1)—(1.6) has a
solution (v,u, 0, z) such that

(v, 2y v1) € (C1*(Qr))?,
(u,0,2) € (C2112(Qr))".

Then there exists a positive constant C depending
on the initial data and T such that

v, Ui’:7vt|a,a/27 |u>9a2|2+a,1+a/2 <c
and for any (x,t) € Qr

v(z,t), O(x,t) > 1/C, 0<z2(z,t) <1.

2. Sketch of proof of Proposition 1. In
proving Proposition 1, we need several lemmas
concerning the estimates of the solution and its
derivatives. We use Cp and C, Cr as positive
constants depending on the initial data and other
constants, but the former does not depend on T,
and || - || as the usual L?(2)-norm.

In [12] we already obtained the following
estimates of the solution.

Lemma 1. Foranyt € [0,T)]

tn
/ <§u2 —i—e—i—)\z—l—f(x)v) dz = Ey,
0

v+ [ Virydr <,

/Olzdx+/ ¢ded7/120dx
/—z da:—l—/ / (—zl —i—¢>z>dxd7'
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1
1
:/ —ZOZd:L',
0 2
t

max 6(z,7)"dr < Cp
0 zeQ

for0<~y<q+4(¢>0),

t
[l ar <cx.
0
t 1
e+ [ [ onazar<cr gz
0 JO

t
(2.1) / sl dr < Cr if g > 4,
0

and for any (x,t) € Qr
0 < z(z,t) <1,

(22) CT71 < ’U(l‘,t) < Cr.

Here

L1
Ey = / (§u02 +eg+ Az + f(x)vg> dz,

0
1

Ut) := / [cy@ — 1 —1ogh) + R(v — 1 —logw)] de,

0

k0,2

1 2
pay o}
V(t) = —z]d
®) /0<v0+v02 0’2)90

) 1
and ey := c,0y + avobo?, f(x) == p. + EGx(l —x).

For the proof of this lemma we mainly used
the standard energy methods. Among them most
important is the pointwise estimate (2.2) of v both
from above and from below. This is derived from
the representation formula of v originally due to
Kazhikhov-Shelukhin [5]:

The identity

1
P(z,t)Q(z, t)R(z,t)

X (U(](.’L‘) —&-%/Ot 0z, 7)P(x, 7)Q(z, 7)R(z, T) d7'>
holds, where
Pz, 1) B
Qe 0) = exp (1) )

R(z,t) = exp(—@ /0 9(33,7')4d7'>.

Next, to obtain higher order estimates we
define the function

Lemma 2.

& —ule, >>d§],
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0/{’[}
K = K(v,0) ::/0 (©,6) de.

v

Since (1.1)? is rewritten as

(23) eget + 9p9uaf = E u.’L‘2 + <E 9;(:) + )\(bZa
v v

multiplying this by K; and integrating it over € x
[0,] yield

(2.4) //egﬂthdxdT+//79 K, dzdr
0 0
_ / / <9pgum+ﬁum2+)\¢z)thxdT.
0 Jo v

K
K; = —0; + Kyuy,
v

Here

Kzt = (Egz> + Kvua;x + vavxuz + (E> vlet’
v t U/
1Ko, Kol < €.

Let us introduce the following quantities:

t 1
X :=/ / (14 677%)6,” dadr,
0 Jo

1
Y := max / (1 + 92‘1)9%2 dzx,
te[0,77 Jo

7 = maX ||um||
te[0,T"

Then it is easily seen that by virtue of Cauchy-
Schwarz’ and standard interpolation inequalities we
have

1
1|9 < ¢+ Cyms,

max lu|* < C+CZ'2,
tel0

lu|” < C+CZ,

(2.5)

Estimating each term in (2.4), we can obtain
Lemma 3. If¢g>2 and 0<3<q+9, then
there exists a number §, 0 < § < 1 such that

(2.6) X+Y <Cr(1+2°).
Proof. Let ¢>2 and (>0 first. Hereafter

we use C. as a positive constant depending on
€ > 0. From the definition of X and Y one can
immediately derive the inequalities

t pl o
/ / egl; - — 0, dedr > CX,
0 Jo v

2.7)
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topl g K
(2.8) / / -0, - < 0,,,> dzdr
0 0o v v t
1/t 2 1t 2
:—/ <59I> dx——/ (@90’) dz
2 0 v 2 0 Vo

>CY -C

with kg := K1 + kovpbp?. In the same way as that
in [12] it is not diffficult to get the following
estimates.

1

eply - Kyu, dxdr

(2.9) <eX

¢ 1
+ Celup?|™ | max(1+ 0)17‘1/ (1+6)*dzdr
0 zeQ 0

<eX+ 05(1 + Z3/4);

(2.10) —9 - Kyug, dedr
0
242/(0) !
< CJ1 +62%%"Y max HumH/ (1+V(r))dr
t€[0,77] 0
e 3/4
<O+ 0y 712 < gY—i—CE(l—i—Z/ );
(2.11) —0 - Kyvpu, de dr
0
' 1/2
< C’ua;|(0)Y1/2( max(1 + 92)||vl.||2d7-)
0 zeQ
<ev 05(1 n 23/4);
t 1 o
(2.12) / Opouy - — 60, dz dr
0 Jo v
¢
< eX +C.|1+ 67150 / Jug||* dr
<e(X+Y)+C
(2.13) / / Opou, - Kyu, dzdr
0
<Ch+ >/ sl dr < &Y + O
0
Koo
(2.14) — uw -Kyu, dzdr
< C lug|” max || max9d7<C(1+Z7/8)
0 z€f
(2.15) / Aoz - Kyu, doedr
0

t 1
< C|9uz|(0)/ / pzdrdr < eY + 05(1 + 23/4).
0 0



No. 7]

Next we have

<> v.0; dx dr
0

2 1
1
S&X—I-Cg/ maX(E91> / ﬁUIdedT.
0 .’L‘Eﬁ v 0 (1+0)q

We shall estimate the right-hand side of (2.16).
At first we derive for any ¢ € [0,7]

(2.16)

(2.17) ma_x(% 9I>2(x,t)

ze

1 2 1
g/ (f@) dx—i—Z/
0 \? 0

()
v xr
< O+ 672 Ov () +

LoV [/01(1 +972) (g 9I> 2 dx] 1/2.

Substitute the inequality

B,

[

dz

2
(E 01‘) < 0(692@2 + pou,® + ut + ¢2Z2)7

v

which follows from (2.3), into the integrand of the
rightmost hand side of (2.17). Then, noting the
inequalities

t ol
//(1+9q+2)6529t2dxd7

<O +0|VX < CX + CXYT™,

/ / (1+607)0%pp*u, de dr
o Jo

<1+ 60", [ max(1+ 67
0 zeQ

1
></ (1+6") dxdr

0

< C+ YT 4OV 4 O

t 1
//(1+9’1+2)u1;4dxd7'

0 Jo
0 [P ar

< O+ OY3 4 Oy g3 4 cz3*,

/ / (14 67?2 de dr

§C|1+9q+2+ﬁ| /
0

we have, by integrating (2.17), for any t € [0, T

< |1 +672)u

q+2+3

¢z dedr < C + CY %t6
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t K 2 q/2+1+5/2
/ max(@m) (, T)dT<C’<1+X1/2+Y 2+6
0 v

zeQ

b7 L X2y Y%Z?’/S)
<e(X+Y)+ CE<1 + Z3/4)

for 0 < 8 < 3¢+ 10. From this, the right-hand side
of (2.16) is estimated from above by
(2.18) e(X +Y) +CE(1 +Z3/4)

only for 0 < (< 3¢+ 10. Moreover, the stronger
restriction on 8, 0 < < ¢+ 9, is necessary to get

1
K

(2.19) Apz - — O dxdr
v

0
< eX + Co|(1+ )50 //¢z dz dr
<e(X+Y)+C..

The estimate improved essentially from the one in
[12] is

— 9t dxdr

_uz

0
<eX+C. /O /O (14 60)* %u,* da dr,

whose right-hand side is estimated from above by

(2200 eX+Clu,?© /Ot o || dr

<eX 4 CE<1 n Z3/4>

for 2 < ¢ <3, by

(2.21)  eX 4 C.|1 40673

20 [l ar

<eX4C. (1 +YEE 4 yEe g 23/4>

<e(X+Y)+C(1+ 2%
with a number 6 (0 < § < 1) for 3 < g < 4, and by

t
(222) X+ CL(1+ 6"y, /0 Jetalls ) A7

<eX+C. <1 +YEEE 4 yERe 8 4 Z3/8>

e(X+Y)+ CE<1 + Z3/4)

for ¢ >4 in virtue of (2.1). Combining (2.7)-
(2.15), (2.18)—(2.22) and taking e small, we
obtain (2.6). O
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Since the regularity of the solution is not
sufficient, the following arguments are formal.
However, one can justify them by using the method
of difference quotients or mollifiers.

Lemma 4. If¢>3 and 0<(3<q+9, then
for any t € [0,T]
(223) ||u1'7u1'w;ut7ezvaezmaetazxzzzxzthQ

t
+/ [ttt Ot 2|2 dr < Cips
0

Jua| ), 1u ), 101" < O
9(1’,t) > CVT fOT’ any (xut) € @

(2.24)
(2.25)

Proof. Differentiating (1.1)? with respect to t,
multiplying it by u; and integrating it with respect
to x, we have

d ['1 1
— — w2 dx + / K Uy’ dz
dt 0 2 0

v

! 1
= / <ptuzt + 2 uz2u1t> dz.
0

Since p, = (£ + 5 a6®)0, — £ Ou,, we get for ¢ >3

t
leall? + / a2 dr
0

t 1
< C[l + / / (p® + u,") dz dT]
0 Jo

t 1
§C’[//(1+96)9t2dxd7'
0 0
t
a0 [ (o + ||uw||2>df}

<co(1+x+2) <c(1+2)

(2.26)

from Lemma 3. By squaring (1.1)? and noting p, =
(&4 %a93)91 — & gu,, it follows from (2.26) that for
any ¢ € [0, 7T

1
g || *(£) §0{1+|ut||2+/0 (14 6%6,2dz

+ (‘02|(0) + |uw2’(0>)||vw|2:|
<C(1+Y+ 2.

This implies Z < C’(l +Z5), and hence, we con-
clude that Z is bounded. Then one can see from
(2.5), (2.6) and (2.26) that ||uy, tiee, ur, 05|, |, 0]
and fg l|tar, 0> d7 are also bounded. For the
boundedness of other quantities in (2.23)—(2.25),
see the proof of Lemmas 10-13 in [12]. O
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The Holder estimates are obtained from the
classical Schauder estimates by using Lemmas 1-4
(see [12] for details).
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