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Exact WKB analysis for the degenerate third Painlevé equation of type (Dg)

By Hideaki WAKAKO*) and Yoshitsugu TAKET**)

(Communicated by Heisuke HIRONAKA, M.J.A., May 14, 2007)

Abstract:

Exact WKB analysis for instanton-type solutions of the degenerate third Painlevé

equation of type (Dsg) is discussed. Explicit connection formulas are obtained through computations
of the monodromy data of the underlying linear equations.

Key words:

1. Introduction. In this paper we discuss
the exact WKB analysis for instanton-type solutions
(i.e., 2-parameter formal solutions) of the following
degenerate third Painlevé equation of type (Dg) with

a large parameter 7:

dg _1(dg\* 1 (dq\ (¢ 1
a2 ¢ \ dt t \ dt T\ )

Exact WKB analysis for instanton-type solu-
tions of Painlevé equations (Py) (J =1,..., VI) with
a large parameter has been developed in [3, 1, 4, 9]
etc. On the other hand, since the work of Sakai [8] on
geometrical classification of the space of initial con-
ditions of (Py), it is considered to be natural to dis-
tinguish the degenerate third Painlevé equations of
type (D7) and (Dsg) from the generic third Painlevé
equation (Ppp): Separately from (Pip), several im-
portant properties (such as 7-functions, irreducibil-
ity etc.) and asymptotics of solutions of the degen-
erate third Painlevé equations are studied in [7] and
[5], respectively. The above equation (P) is obtained
from an equation equivalent to the most degenerate
third Painlevé equation of type (Dg) by introducing
a large parameter n through an appropriate scaling
of variables (or through the degeneration from (Piyp);
cf. [10]). From the viewpoint of exact WKB analysis
(P) is also very peculiar: There is no turning point
of (P) in the sense of [3] while it has two singular
points t = 0 and oco. In particular, ¢ = 0 can be re-
garded as a non-linear analogue of a “singular point
of simple pole type” (i.e., a singular point which also
plays the role of turning points) of a second order
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linear differential equation discussed in [6]. In fact,
as we will show in §3 below, a Stokes curve of (P)
emanates from ¢ = 0. The purpose of this paper is to
discuss the Stokes phenomenon and connection for-
mula for instanton-type solutions of (P) on a Stokes
curve emanating from t = 0.

To analyze the Stokes phenomena, we make full
use of the well-known fact that Painlevé equations
govern the isomonodromic deformations of under-
lying systems of linear differential equations in the
sense of [2]. In the case of (P) it is formulated as
follows (cf. [7, §3]): Let (SL) and (D) denote the
following linear differential equations, respectively.
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Then the compatibility condition of (SL) and (D) is
described by the Hamiltonian system

dq 0K dp 0K
H —_— = nN— _ = - —
(H) at " Op’ dt g dq
which is equivalent to (P). Consequently the mon-
odromy data of (SL) are preserved (i.e., not depend-
ing on t) if a solution of (H) is substituted into the
coefficients of (SL). In this paper, following the ar-
gument of [9] where the connection formula for (FP;)
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is discussed, we explicitly compute the monodromy
data of (SL) to write down the connection formula
for (P).

2. Instanton-type solutions of (P). First
of all, we introduce instanton-type solutions of (P).

We can readily see that ¢ = ++/¢ and (q,p) =
+(v/t, =171/ (4V/1)) respectively satisfy (P) and (H).
As these solutions contain no free parameters, they
are called O-parameter solutions. In what follows we
adopt

) _ ©) Oy = (i 1
1) 9=Vt (,p )<\/i 7 4\5)
as O-parameter solutions of (P) and (H).

Instanton-type formal solutions ¢(t, n; a,, §) con-
taining 2 free parameters (o, 3) (or “2-parameter so-
lutions” for short) are then constructed through the
multiple-scale analysis. See [1, §1] for details. In
particular, similarly to the case of (Pr) (cf. [9, §1]),
we can construct the following 2-parameter solutions
of (P) with homogeneity:

(2) qlt,m0,8) =VE+n 2> n2L, a(t,n),

n=0

where Lo = Lo(t,n) is given by
Lo = t3/8 (a(t1/477)‘/§76¢” + ﬁ(t1/477)_‘/§"*e_¢’7)

with v = af and ¢ = 4/2t'/*, and Lyo = Lya(t,n)
(n > 1) is of the form

n+1
Z 05:112)—2@(37”)/8 ((t1/477)ﬁve¢n
k=0

)n+1—2k

with cl(n/Q) being constants depending only on («, 3).
Note that ¢ = ¢(t,n; a, ) has homogeneity to the
effect that t~1/2¢ is a formal series of one variable
t'/4y. Using the first equation of (H), ie., p =
n~Yt(dg/dt) — q}/(2¢?), we also obtain 2-parameter
solutions (q(t,n; o, B), p(t, m; ax, B)) of (H).

3. Stokes geometry of (P) and (SL). To
define the Stokes geometry (i.e., turning points and
Stokes curves) of (P), we consider its Frechét deriva-

tive at ¢ = /¢

e o 2 L, 1
@) gt (m— 1z) =0

It is transformed by a change of variables (¢,¢) =
(£2,'/2¢) into

a2 8 1
4 *—~+ 2 = — 72—,\, ~:0.
(4) 2 (t n 4t2>s0
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Note that (4) has the same form as the equation
discussed in [6]. As is proved in [6], # = 0 plays the
role of a turning point of (4). Having this result in
mind, we consider ¢ = 0, i.e., t = 0 as a turning point
of (P), though (P) has no ordinary turning point.
Definition 3.1. (i) We call t = 0 a turning
point of (P).
(ii) A Stokes curve of (P) is by definition

(5) {t €C| Im/t ,/tg%dt = Tm(4V2t1/4) = o} :
0

By the definition (5) the Stokes curves of (P) are
explicitly given by {t € C | arg\/t = 2n7 (n € Z)}.

We now study the relationship between the
Stokes geometry of (P) and that of (SL). Here
and in what follows we assume 2-parameter solu-
tions (q(t,n; o, B),p(t,n; o, B)) are substituted into
the coefficients of (SL) and (D). Then @ be-
comes an infinite series (in 77/2) of the form Q =

ano 77_"/262”/2 with
(z = V1)?

213

Qo = and Q2 =0.

Hence (SL) has only one turning point at z = v/,
which is double. Furthermore, letting v be a posi-
tively oriented circle {|z| = v/#} starting and ending
at © = /1, we find

[ V= [ (=) e

This implies
Im/ VQodz = 0 <= argVt = 2n7 (n € Z).
2!

Thus we have

Proposition 3.2. (i) (SL) has a unique turn-

ing point at x = \/t, which is double.
(ii) When and only when argy/t = 2nmw (n € Z),
there exists a Stokes curve of (SL) that starts from
\/f, encircles t = 0 and returns to V/t. It is the circle
centered at the origin with radius /'t (cf. Fig.1).

4. Canonical form of (SL) and (D) near
the double turning point. In this section, as
a preparation for computations of the monodromy
data of (SL), we discuss the transformation of (SL)
and (D) near the double turning point x = /¢ into
their canonical form.

We first introduce the following WKB solutions
as fundamental systems of solutions of (SL).



No. 5]

(i) (i)
O &

(i)

G—

Fig. 1. Stokes curves of (SL) in the case of (i) arg+v/t > 0,
(i) arg v/t = 0 and (iii) arg /% < 0.

(6) )
(k) — +n2v/2t1/4
o= o ()

exp =+ <77/ S,ld:ch/ (SoddnSl)d:c>,
Vit k

where k =

0or oo, S = 3,5 o0 28, is a
formal power series solution of the Riccati equation
S? + (0S/0z) = n?Q associated with (SL) and Soqq
denotes its odd part in the sense of [1, Def. 3.1].
Note that both WKB solutions (6) are well-defined
since Soda = NS-1 + > ,>0 n_”/QSodd,n/g satisfies
that $1/250dd7n/2 (resp., x3/25'0dd,n/2) are holomor-
phic at x = 0 (resp., x = oo) for n > 0. Here
and in what follows we assume the branch of (6)
is chosen so that (x — \/5)1/2 > 0 for z > v/t and
73/ > 0 for 2 > 0 may hold (in defining /S_1)
when arg+/t = 0. (As we are interested in Stokes
phenomena for (P), we may assume that ¢ lies near
a Stokes curve argy/t = 0 of (P).) The WKB so-
lutions (6) then become single-valued in a cut plane
indicated in Fig.2. We also have the following rela-
tion between 1) and 1{>:

(7) (fo) = (exp + (m' Res,_ Sodd)) wg:o)'

Now, using (9/0t)Soaq = (0/0x)(ASoada) (cf. [1,
(2.14)]), we can confirm the following

Proposition 4.1. Both WKB solutions wf)
and w(fo) satisfy (D).

Furthermore, the WKB solutions (6) enjoy the
following homogeneity property: Letting H be a scal-
ing operator defined by H : (z,t,n) — (r~2z,r 4,
rn), we find (6) are homogeneous of degree —1 for H
(i.e., f)(H(x,t,n)) = r’lwf)(m,t,n) hold).

To determine the connection formula for the
WKB solutions (6) on Stokes curves of (SL) emanat-
ing from z = v/t, we make use of the transformation
theorem proved in [4] for Painlevé equations: Let
(SLcan) and (Dcapn) denote the following equations,
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Fig. 2. z-plane with cuts. (Wiggly lines designate cuts.)
respectively.
0? 9
(SLcan) <@ +n Qcan) ¢ = Oa
9¢ 9¢  10Acan
D n —=A n,s5_ A )
(Dean) ds M0z 28z¢
where
—-3/2 3n—2
can = 4 2 71E n P 7
@ SR Jr,277)*1/20Jr4(,2777*1/2c7)27
1
E= 2 - 4 2 Acan = :
P 7 2(z —n~Y20)

The compatibility condition of (SLcan) and (Decan)
is given by the following Hamiltonian system:

%_ Jdo

Hean = —4dno, — = —
(ca) Os no Ds np

(cf. [4, Prop. 2.1]). In what follows (pcan, Ocan) de-
notes a solution of (Hean) and Fean = p2,, — 402,
that is,

Tean(s,1) = A(n)e*™ + B(n)e ",
(8) Pean(8,m) = 72A(77)62n5 + 2B(7])672775,
Ecan(n) = *1614(77)3(77),

with  A(n) = 2777"/214”/2 and B(n) =
Zn_”/ ’B,, /2 being formal power series with con-
stant coefficients. Then the following theorem holds:

Theorem 4.2. For any given 2-parameter
(o, ) and a point ty in question, there ex-
ist a mneighborhood V of tyg, a neighborhood U
of © = /o, formal series (A(n),B(n)) =
(Cn"2A,2, > 1 "/2B,3), and formal series
z(z,t,m) = Zn_”/an/g(x,t) and s(t,n) =
Zn’”/an/Q(t) whose coefficients z, /5 and s, /5 are
holomorphic on U x V and V respectively, so that
the following holds: If ¢(z,s,n) is a WKB solution
of (SLcan) which also satisfies (Dcan), then

0z\~1/2

) Yz, tm) = (ﬁ) ¢(z(z,t,n), s(t,m),m)
satisfies both (SL) and (D).

For the proof see [4, Prop. 3.1]. In our case, by the

same reasoning as that used in [9, §2.3] for the un-
derlying linear equations of (P;), we can verify that
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z(x,t,n) and s(t,n) are homogeneous for H of de-
gree —1/2 and —1 respectively. Furthermore, A(n)
and B(n) can be taken so that

(10)  A(p)=2""*a, By =2""p
may hold and E =
(11) E = —4\2a3 = 4Res
See [9, §2.3] for the proof of (10) and (11).

Ecan(n) also satisfies

/7 Dodd-

As in [9, §2.3], we take the following WKB so-
lutions of (S Lcan):
1
¢j: — 1/22):EE/4 X

VToaa (

z z E
exp £ (77/ T 1dz —|—/ (Todd —nT_1 — 4—) dz) ,
0 o) Z

where T' = >~ o o n_”/QTn/g is a solution of the
Riccati equation associated with (SLcan) and Toda
denotes its odd part. For the fundamental prop-
erties (such as the well-definedness) of ¢ we re-
fer the reader to [9, §2.3] and only recall the fol-
lowing important properties here: e*"*¢. also sat-
isfy (Dcan) ([9, Lemma 2]) and further ¢4+ are ho-
mogeneous of degree —1/4 for a scaling operator
H:(2z,8,n0) — (r~ Y2z, 1s, ).

Between ¢+ and (6) we have the following

Proposition 4.3.

0z
(12) ¥ = (L) P os et o). s(tm) )
(k = 0,00) hold with
(13)
CE_LOO) _ 2:|:5E/166ins(t,n), Cj(EO) _ e:F”E/‘lC(iOO).

Using Theorem 4.2 and the homogeneity of wioo), foxs
and (z(z,t,7n),s(t,n)), we can prove Proposition 4.3
by the same argument as in the proof of [9, Prop. 3].
Note that the second relation of (13) is an immediate
consequence of (7) and (11).

Combining Proposition 4.3 and the connection
formula for ¢+ ([9, Prop. 4]), we obtain the following
connection formulas for the WKB solutions (6): Here
we label the Stokes curves and the Stokes regions
near © = +/t as is indicated in Fig.3. We also use
the notation wik)’R (k = 0,00) to denote the Borel

sum of ?/ff ) in a Stokes region R here and in what

follows.

GUNFsmt _ g ORy e

k),R;
Ck) Qj— 1]¢()

(14)

w(k)7RJ‘71 _ w(k)vRJ
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Fig. 3. Stokes curves and Stokes regions near z = v/.

Fig. 4. Paths of analytic continuation (9, ~(¢) and ~(°°)
and Stokes curves for arg v/t > 0. (A, B, C, ...designate
the label of Stokes regions.)

on Cj for j = 1,3 and

(k),R; (k),R;
15) YT =y
15 (k)R- (k).R; | O (k).R;
7/}—771:7/} +C(k)]1jw

on C; for j = 2,4, where C(k) (k = 0,00) are defined
by (13) and a;_1; are given as follows:

21 9= E/2,(j—1)miB/4

; + 20
16) (—1)U+D/2P T 20 WWeT
(16) (2

for j = 1,3 and

)(j—2)/2p —20 V2w 9E/2 (1—j)miE/4

2 T(1+%)

for j = 2,4 with (p,0) = (Pean; Tean ), E = —4v203.

5. Computation of the monodromy data
of (SL). In this section, using the connection for-
mulas (14) and (15), we explicitly compute the mon-
odromy data of (SL).

First, we review the monodromy data of (SL)
(cf. [2]). As in Fig.4, let us take base points xg, Too
and paths of analytic continuation () (k=0,c,00).
Further, we take fundamental systems % of holo-
morphic solutions near zp (k = 0,00). Then, ac-
cording to [2, §2], the monodromy data of (SL) is
given by the following set of matrices

(17) (-1

{Moa MC; MOO}?

where the matrices My, (k =0, ¢, 00) are defined by
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(W) (ko) =
(KN (%, 02 = (9, 9 M..

Here and in what follows v, (f) designates the ana-
lytic continuation of f along a path ~.

Remark 5.1. Since z = 0 and = = oo are ir-
regular singular points (with Poincaré rank 1/2) of
(SL), the monodromy matrices My and My, are ex-
pressed in terms of the (triangular) Stokes matrices
So and S as

(", " )Mj, (for k = 0, 0),

0 —i
My = SoJ, My, = JSs with J =
—i 0
Note that the matrix J appears as an effect of cross-
ing a cut emanating from x = 0 or x = co. In the
case of (SL) we can also confirm the following

(18) *(MO)il = (Mc)ilMooMo
Thanks to (18), if we write

1 0 1 0 c d
7Soo: =
a 1 b 1 e f

Sp =

we find that all monodromy data are determined
once a and d are computed.

In what follows, we adopt the Borel sum of wik)
near zj (k = 0,00) as fundamental systems of solu-
tions, i.e., o} = wi}),c and ¢ = (fo)’E, and com-
pute My, M, when arg v/t > 0 and arg v/t < 0 respec-
tively. To illustrate how the computations are done,
we explain the computation of M for arg v/t > 0 in
details here.

First, we consider the analytic continuation
from a point x; in Region A to a point zo in Re-
gion B (cf. Fig.4). It is described by the connection
formula (14) for j = 3, that is,

(19)
(0),A ,(0),A (0),B ,(0),B 1 0
(W77l = (Wi ) |
C(o) azs 0

Second, we discuss the analytic continuation from x»
to xg. We divide this step of analytic continuation
into the following three substeps; (i) from x5 to zp
along vpp, (i) from xp to x4 across a Stokes curve
emanating from /#, and (iii) from x4 to zo along
~vac (cf. Fig.5). The substep (i) is described by

(D)o (W02 w0 = O 00y [

-t 0
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Fig. 5. Paths ygp and yac.

the substep (ii) is described by the connection for-
mula (15) for j = 4:

c®
@O 0Py = i g0y | e
0 1
and the substep (iii) is described by
(20)
0 1
0),A 0),A 0),C 0),C
(ac) 02 = @02 |
i

Combining these three substeps, we obtain
(21)

1 0
0),B 0),B 0 (0),C
WP Py = (€ O [ Lo
C(o) azs 1

for the analytic continuation from xs to zg. Finally,
(20) also entails

(22)
(2L (B0, OC) — (p @4 0:A4) 0 —
—i 0

which describes the analytic continuation from zq to
x1. We thus conclude from (19), (21) and (22) that
23) @00 = @O
with

1 0 0 —3
(24) My = C(o) c©

C(o) az3 — @ azs 1 —i 0

for arg v/t > 0.

The computation of M, for arg/t > 0 and that
of My and M, for arg\/t < 0 can be done in a similar
manner. Here, omitting the details of computations,
we give only the consequence of them:

C(O) (C(O))Z C(O)
5 — S Sty 012034 ey 12
25) M.= | G ol
(25) M= (c©)y2 C(o)
c @34 BIE)
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for arg v/t > 0, 2*9E/8;76 + 29E/867i7rE/4EL
(-7 +1) (7 +1)
1 0y [0 —i (30) _o-9Bs_ B gobssgmBia_ O
(26) Mo=| co c© ‘ ) r(-£+1) r(Z+1)
— o423 — Sy 212 1 - 0 3 -
- + 99E/8 & _99E/8__ @
= _
@) (7 +1) INEE)
oo c© with £ = —4y2a3 and E = —4/2a3. By (30) we
M — o> oo 12 find that (o, 8) and (&, 3) are different in general.
cT | @)y c (C)? This is the Stokes phenomenon for ¢(t,n; a, 3) and

) 34 =y — =y 412034

for arg v/t < 0.

Using these results together with (8), (10), (11),
(13), (16) and (17), we thus obtain the following for-
mulas (with £ = —4v/2af) for the relevant mon-
odromy data a and d explained in Remark 5.1.
(When arg Vit > 0)

iv2n3

— _9—9E/8+1/4
D(—%+1)

a

_ 99B/8+1/4,~irE[4_V 2mar

@) r(f+1)

d =99E/8+1/4 vama .
L(f+1)

(When arg Vit <0)

iv2n3

— _9—9B/8+1/4
N(-£+1)

a

1 Q9E/8+1/4 inE/4 V2mo

. LT +1)

d —929E/8+1/4 V2ra .
L(§+1)

6. Connection formula for 2-parameter
instanton-type solutions of (P). Finally we
discuss the connection formula for 2-parameter
instanton-type solutions of (P).

Let us now suppose that a 2-parameter solution
q(t,n;a, B) in {t;arg\/t > 0} and a 2-parameter so-
lution q(t,n;&,@) in {t;arg\/t < 0} may represent
the same holomorphic solution of (P). Then, thanks
to the result of [2], the corresponding monodromy
data of (SL) for argy/t > 0 should coincide with
that for arg v/t < 0. Since the monodromy data is
explicitly given by (28) and (29), we thus conclude
(ar, B) and (&, 3) should satisfy

(30) gives their connection formula.
Acknowledgment. We are deeply grateful to
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Stokes curves.
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