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Abstract:

In this note, we will completely classify all of rational solutions of the A,

Painlevé equation, which is a generalization of the fourth Painlevé equation. The rational so-
lutions are classified to three types by the Backlund transformation group.
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1. Introduction. In this note, we will com-
pletely classify all of rational solutions of the Ay
Painlevé equation. The A, Painlevé equation is
a member of the family of the A, Painlevé equa-
The Aél) and
Aél) Painlevé equations correspond to the fourth and
the fifth Painlevé equations, respectively. The Ay
Painlevé equation is the first equation of the A,

tions found by Noumi-Yamada [6].

Painlevé equations, which is not the original Painlevé
equations.

The solutions of the Painlevé equations are gen-
erally transcendental. But it is known that the
Painlevé equations have special solutions which can
be expressed by algebraic functions or solutions of
linear equations. Rational solutions of all types of
the Painlevé equations are completely classified now.
Any solution of the first Painlevé equation is tran-
scendental. For the second Painlevé equation, a nec-
essary condition for the existence of rational solu-
tions is found by [8] and Vorob’ev [7] showed that
Yablonskii’s condition is sufficient in 1965. For the
other types of the Painlevé equations, rational solu-
tions are classified in 1977-2000 [2, 1, 5, 3, 4].

The Painlevé equations have the Backlund
transformations, which transform a solution to an-
other solution of the same equation with differ-
ent parameters. It is shown by Okamoto that the
Béacklund transformation groups are isomorophic to
the affine Weyl groups. For Py, Py, Pry, Py, Py,
the Béacklund transformation groups correspond to
A§1)7 Agl) ) A§1)7 A§1)7 A§3)7 Dil), respectively.

Nowadays, the Painlevé equations are extended
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The A, Painlevé equation; affine Weyl groups; Bécklund transformations;

in many different ways. Noumi-Yamada discovered
the equations of type Al(l)7 whose Béacklund trans-
formation groups are isomorphic to W(Al(l)). In this

note, we deal with the equation of type Ail) and call
it the A4 Painlevé equation.

fi = fifix1 — fixe + fixs — fiza) + i,
(i=0,1,2,3,4)
fot+rfit+ ot fa+ fa=t,

where ’ is the differentiation with respect to t. We
consider the suffix of f; and «; as elements of Z/5Z.
From (A4), we have Z?:o a; = 1. The equation (Ay)
is essentially a nonlinear equation with the fourth
order.

The Bécklund transformation group of (A4) is
generated by sg, s1, S2, S3, sS4 and 7

(A4)

sila) = —ay, si(ay) =aj+a; (j=i+1),
si(ay) =a; (j #i,0 £ 1),
silfi) = fon sify) = f; £ 0‘— (G=it1),
si(f) =1 G#4i+1),
fori=0,1,2,3,4 and

m(a;) = 1, 7(f5) = fitr (0< 7 < 4).

The Bécklund transformation group (so, s1, S2, S3,
84, ) is isomorphic to the extended affine Weyl group
W (AM).

We will completely classify rational solutions of
the A4 Painlevé equation. The result is that rational
solutions are decomposed to three classes, each of
which is an orbit by the action of W(Ail)). The
details will be republished elsewhere.

Our main theorem is
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Theorem 1.1. The Ay Painlevé equation has
a unique rational solution if and only if the parame-
ters (a;)o<j<a satisfy one of the following three con-
ditions.
(1) QQ, A1, ...,04 € 4.
(2) For somei=0,1,...4,

(ai7 ai+17 ai+27 ai+37 ai+4)

j:%(171717070) mod Z
j:%(17—17—17170) mod Z.
(3) For somei=0,1,...,4,
(Quiy Qig1, Qig2, Qit3, Qita)
%(171,171,1) mod Z

%(1,2,1,3,3) mod Z,

with some 7 =1,2,3,4.

(4) Furthermore, by a suitable Bdicklund transfor-
mation, the rational solution of f; in the class
(1), (2), (3) above is respectively transformed to
the following.

(1) (f07f17f27f37f4):(t70707070)7 with

(0407061706270437044) = (170707070)7

t tt .
(2) (f07f17f27f37f4)_(575757070)7 with
111
(0407061706270437044) = (57 57 37070)7
ttttt .
(3) (f07f17f27f37f4)_(575757575)7 with
(a0, 1, 4z, @ a)_(lllll)
0, &1, k2, Ck3, k4 ) — 575757575'

We will sketch the proof of Theorem 1.1. Firstly,
we will get a necessary condition of the parameters
by comparing the residues of f;. Secondly, we will
transfer them to the fundamental domain of W(Ail))
by Bécklund transformations. Lastly, we obtain a
sufficient condition by comparing the residues of an
auxiliary function G (see (4.1)).

2. Necessary condition. In this section,
we will give a necessary condition for the A4 Painlevé
equation to have rational solutions. We will compare
the residues of f;. If (fj)o<j<4 is a rational solution
of the A4 Painlevé equation, f; is expanded at t =
¢ € C, oo in the following way.

Proposition 2.1. If (fj)o<j<4 s a rational
solution of the Ay Painlevé equation and f; have
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poles at ¢ € C, then c is a simple pole and the
residues of f; are given by one of the following:
(1)
(Resc fi, Resc fit1, Resc fivo, Resc fits, Rese fita)
=(1,-1,0,0,0) (for somei=0,...,4).
(2

—_—

Res. fi, Resc fiy1, Resc fit2, Rese fiy3, Resc fita)
(-1,0,1,0,0) (for somei=0,...,4).

(3

—_—

Res. fi, Resc fi+1, Resc fit2, Rese fits, Rese fiva)
(0,3,1,—1,-3) (for somei=0,...,4).
Proposition 2.2. Assume that (f;)o<j<4 5 a
rational solution of the Ay Painlevé equation. Then
the Laurent expansion of f; at t = oo must be one of
the following. Furthermore its coefficients are deter-
mained inductively.

Type A i)
fi=t+ (—it1+Qite —aits + i)t L +O(2),
fore=(~D a7 4+ 0(72)  (1<k<4).

Type A ii)
fi=t+(—=14a; — 20,42+ 20,44t 1+ O(t72),
firr=t+ (1 —ait1 — 2010+ 20 14)t 7 +O(t72),
firz=ipat 1 +0(t72),

Jits=—t+ (=344 — i+ ir1 +3;2)t 71 +O(t72),
fi+4:_05i+4t_1 +O(t_2).

Type B For somei=0,...,4,
fi=t/3+ (qtip1— qigo — Bigs — aipa)t 1+ O0(t72),
fir1=t/3+ (qigo— @i — iy + i)t~ 1+ 0(t732),
Jiva=1t/3+ (; — a1 + @its + 3,4t 71+ O(t72),
firs=3aipst ™ +O(t72),
fita=—3aat ™1+ 0(t72).

For some 1=0,...,4,

For somei=0,...,4,

Type C
Te=t/54 (Bagt1+ pr2 — prs — 3agra)t ™
+0(t™%) (0<k<4).

Proposition 2.3. Assume that (f;)o<i<a is a
rational solution of the Ay Painlevé equation. Then
fi are odd functions.

Proof. The map

(fi(t)o<i<a — (= fj(—t))o<i<a

preserves (Ay). This map keeps the Types in Propo-
sition 2.2 and the parameters (o;)o<i<4. From the
uniqueness of the coefficients of the Laurent expan-
sions of f; at t = o0, fi(t) = —fi(—t). Therefore, f;
are odd functions. U

By comparing the residues of f;, we obtain
a necessary condition of the parameters where
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(fi)o<j<a is a rational solution of (A4).

Theorem 2.4. Assume that the Ay Painlevé
has a rational solution. Then it is necessary that the
parameters (o, a1, o, a3, ) satisfy one of the fol-
lowing conditions. (Here we identify the parameters
that are transformed to each other by the Bdicklund
transformation 7.)

(1) (77/0777/1777/2777/3777/4) ny €74,
Q) (5 %% % + 5.5, -%) modZ
with ni,ng,ng € {0, 1,2},
2{)&_’_%7%_’_2”2 +7l5377%177g1 +n2
"3) mod Z
with nyi,n2,ng € {0,1,2,3,4}.

Type A, B and C correspond to (1), (2) and (3),
respectively.

3. Fundamental domain. We will transfer
the parameters given in Theorem 2.4 to the funda-
mental domain of the affine Weyl group W(Ail)) by
Béacklund transformations of the A4 Painlevé equa-
tion.

Theorem 3.1. 1) The parameters in Theo-
rem 2.4 (1) are transformed to (1,0,0,0,0).

1) The parameters in Theorem 2.4 (2) are trans-
formed to one of

(1 L1y 0) (2 0707370), (370707270)7
3'3'3 373 373
(07l701 1) (Ol 0
333 3’
2 1
0,0,2.0, ) 1,0,0,
( 3:03) (

III) The parameters in Theorem 2.4(3) are
transformed to one of

11111 3 11
(_7_7_7_7_)7 (170707070)7 (_707_7_70)7
55 5 55 5 55

(10220) (12002) (31001)
5755’ 55’ 5 557775/

The case (1) and the following cases are impor-
tant because the other cases do not give rational so-
lutions.

Proposition 3.2. If the parameters in Theo-
rem 2.4 (2) transformed to (:1)), },)7 },)70 0)

with ng, ...,

(ai7 ai+17 ai+27 ai+37 ai+4)

1
2(1,1,1,0,0) mod Z
) 1
£2(1,-1,-1,1,0) modZ,

holds for some i =0...,4.
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If the parameters in Theorem 2.4(3) trans-
formed to (3,41, 1,1 1)

(ai7 ai+17 ai+27 ai+37 ai+4)

(17 1,1,1,1) modZ

5
%(1 2,1,3,3) mod Z,
0

4
4. Sufficient condition. In this section, we
will give a sufficient condition for the A4 Painlevé

holds for some i =

equation to have a rational solution. We will check
the fifteen cases given in Theorem 3.1. From Propo-
sition 4.1 below, we can prove the main theorem.
Proposition 4.1. Among the fifteen cases
given in Theorem 3.1, rational solutions exist only
for the following three cases:
Case 1, that is,
(1,0,0,0,0),
(¢,0,0,0,0),

Qo 061706270637064)2(1 Llo ,0) in Case I,

(

(

( 30303
(fo, f1, f25 f3, f1) =

(

(

Qp, (1, (2, (3. a4)

Jo, f1, f2, f3, fa) =

1 1
(§t7 §t7 §t7 07 0)7
g, 1, (g, i, Qug) =

11111 :
(575757575) m CGSEIII,

fo, 1, fo, f3, fa) = (31, 8, £t, £, 5t).

Proof. In the above three cases, we obtain ra-
tional solutions easily. We will consider the other
twelve cases.

We take the following auxiliary function:

(4.1) G = fofifo+fifofs+fofafat+fafafo+fafofr.

If G has a pole at t = ¢ € C, Res G is ajya +
Qitd, Q OF iyl + Qyq, for some ¢ = 0,...,4.
Therefore, Res. G is non-negative. Since it is eas-
ily checked that Res., G is positive except for the
case (ag, 1,9, a3, 04) = (07 },)7 },)7 :1))70) (A4) does
not have rational solutions in the eleven cases other
than (07 },)7 },)7 :1))70)

We will consider the case of (07 %7 %7 %,0). In
this case, Ress, G = 0 and we have:

1
f0:§t—t_1—6t_3—90t_5+---7
1
f1:§t7
1
f2:§t7
fs = L6t 90t
f4EO.
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If fo and f3 have a pole at ¢ € C, Res, f3 = —1
and Res. fo = 1 from Proposition 2.1(2). If c € C\
{0} is a pole of fy and f5, —c is also a pole since fy
and f3 are odd by Proposition 2.3. Because Ress fo
and Res,, f3 are odd integers, ¢ = 0 is a pole of fy
and f3. Therefore, fy and f3 are expressed as

k
—1 -1 —1
f3_T+Zl(t—Cj +f+0j)7

Jj=

1 &K1 1
fO: t+¥+Z(t—Cj +f+0j)'
=1

Since the coefficient of t~! in f3 is negative and the
coefficient of t~1 in fy is positive, it contradicts the
Laurent expansions of fy and f3 at ¢t = oo. |

Remarks. Murata [5] used the analysis of the
Riccati equation to obtain the sufficient condition.
But we do not use the analysis of the Riccati equa-
tion. In the case f3 = f4 = 0 and az = a4 = 0,
(A4) is equivalent to the fourth Painlevé equation.
Therefore, we also showed that rational solutions of
the fourth Painlevé equation can be classified only
by the method of residue calculus.
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