158 Proc. Japan Acad., 79, Ser. A (2003)

[Vol. T9(A),

Strong unique continuation property of two-dimensional

Dirac equations with Aharonov-Bohm fields

By Makoto IkOMA and Osanobu YAMADA

Department of Mathematical Sciences, Ritsumeikan University
Noji Higashi 1-chome, 1-1, Kusatsu, Shiga 525-8577
(Communicated by Shigefumi MORI, M. J. A., Nov. 12, 2003)

Abstract:

We study the unique continuation property of two-dimensional Dirac equations

with Aharonov-Bohm fields. Some results for the unperturbed Dirac operator are given by De
Carli-Okaji [2]. We are interested in the problem how the singularity of Aharonov-Bohm fields at
the origin influences the unique continuation property.
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1. Introduction. It is well known that, if
any harmonic function u(z) in a domain @ C R"
satisfies

Ou(xo) =0

for all multi-indices « at a point 2o € €, then u(z)
vanishes identically in . Recently, it is shown by
Grammatico [3] that, if Q contains the origin and
u € Wli’CQ(Q) (Sobolev space) satisfies

%

Vu
|x|| |

M
(1) |Aul < FE Ju(e)] +
(a.e. on Q) with M >0 and 0 < C < 1/+/2, and

(2) lim 5_6/ |u|?dx = 0,
e—+0 |z|<e

then u(z) vanishes identically in £ (one can see some

related works in the References of Grammatico [3]).

Then we say that the inequality (1) has the strong

unique continuation property. If u(z) satisfies (2),

u(z) is said to vanish of infinite order at the origin, or

to be flat at the origin. We can not expect the strong
unique continuation property for every C' > 0. For
Alinhac-Baouendi [1] shows that, if C' > 1, there is
a non-trivial complex-valued function v € C*°(R?),
which is flat at the origin satisfying supp v = R? and
(1) with M =0 (see also Pan-Wolff [6]).

For corresponding problems to the Dirac opera-

tor
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Lo = Q;pj (p‘z——, n22>a
; iPj J /T 0u;

where o; are N x N Hermitian matrices satisfying
ajar + aroy = 205N (N = 2[("+1)/2]), De Carli-
Okaji [2] shows that, if a positive constant C' < 1/2,
then the inequality

(3)  |Lou| < % lu| a.e.on Q (ue Wh2(Q)N)

has the strong unique continuation property, where
lu| = v/|u1]? + |uz|? (see also Kalf-Yamada [4] and
Okaji [5]). The restriction on C' < 1/2 is needed to
treat the angular momentum term (spin-orbit term)
but the radial part of Ly. As is also pointed out by
De Carli-Okaji [2], the counter example by Alinhac-
Baouendi [1] implies that a certain restriction on the
constant C' in (3) is also necessary. In fact, if we set

up = 0u = (01 —i02)v, ug:=du = (01 +ida)v,

then we can see that u; and ug #Z 0 are flat at the
origin satisfying (1) with the same constant C' > 1
(cf. Corollary below). It is an open problem what
happens for 1/2 < C < 1. In this note we inves-
tigate the strong unique continuation property for
2-dimensional Dirac operators with Aharonov-Bohm
efect, which is one of singular magnetic fields at
the origin, and give a perturbation to the spin-orbit
term. Our proof is given along the same line as in
De Carli-Okaji [2] and Kalf-Yamada [4].

2. The
dimensional Dirac operators with Aharonov-Bohm
fields

result. Let wus consider 2-

Lg:=0-D =01D1 + 02D,
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where

o1 = 0
=1y

O =
~~
Q
2o
Il
7N
=)
o |

~.
~~_

.0
Dj = pj = bj(z) = —ig— —bj(x),
J
X X
bi(z) = —ﬁﬁ, bo () :=ﬁ@,

and 0 is a real number. Such a magnetic field has
a delicate singularity at the origin in spectral theory
(see, e.g., Tamura [7]).
Put (:= 3 — [§], where [-] is Gauss’s symbol.
Theorem 1. Let Q be a connected open set in
R? containing the origin. If u € Wéf(ﬂ)2 is flat at
the origin and

Co
4) Logul < —|u

a.e. on Q for a positive constant Coy < y(03) with

1_225 <0§B<%>,
v(B) = ’ <%SB<§>,
-5 (g=i<d),
B (30,

then u vanishes identically on Q.

Corollary. Let Sz := D3} + D3 be the
Schrédinger operator. Let € be an open set contain-
ing the origin. If v € Wli’CQ(Q) is flat at the origin
satisfying
Co

5 S| <

Dol
a.e. on Q for a positive constant Cy < ~(f),
then v wvanishes identically on Q, where |Dv| =
V| D1v|? 4+ | Dav)?.

For the proof of Corollary, let us put vy := (D1 —
iDs9)v and ug := (Dq 4 iD3)v. Since v is flat at the
origin, we can show that Dyv and Dyv are flat at the
origin by using (5). Therefore, u; and ug are flat at
the origin and satisfy

Uy — U2
Div=——2 Dyv=———
1v ) ’ 2V 2 ’

DlDQ’U = D2D1’U.

Moreover, we have
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V2C

|Lpul = V2|(D} + D3| < | Dol

||
CO \/
= lur — ual? + |ug + usl?
V2|z|
Co
=77 |u|a
||

which gives from Theorem 1 that u; = us = 0 and
(Ov/0r) = 0 in Q. Since v is flat at the origin, we
have v = 0.

3. Proofs.
tions. Let

>z >z
. J J
D, = g Dy, o= g oj,
r —
j=1

Here we introduce some nota-

- i0102($1D2 — xQDl)

+ 03(301]?2 — zop1 — B),

. 1 0
03 :=— —10102 = 0 -1 .

The spin-orbit operator S is written by polar coor-

where

dinates 1 = rcos @ and x5 = rsinf as

which can be regarded as a self-adjoint operator on
L?(S")2. Then we have

(7) o-D=o, (D,«—l—%S), o2 =1,

(8) oD, =D,o,, 0.5=-So,, D.S=S8D,,
1
2
9) Dr=> o)

on C§°(R?\ {0})2. The last inequality can be shown
by a commutator relation

1 )
b d]-

Lemma 2. For a real number m we put

AI:U-D—i—mU,«.
r
Then we have

(10)
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on C§°(R?\ {0})2, and the spectrum o(S) consists
of discrete eigenvalues

(11) {n+éiﬁ|neZ}.

Proof. The properties (7), (8) and (9) give

A"A = [0,« (D,« + iS) + @ar]
T T

[ (o) -5
r r

- [DT - ;i(s —m)] [D,« + ;(S—m)]

which shows (10). Since S has a complete orthonor-
mal eigenfunctions in L?(S1)2,

E(7) () ven

we obtain (11). O

Lemma 3. There exists a sequence of positive
numbers m; (j =1,2,---) withmj; — 00 as j — o0
such that

l7= (o - Dyull = v (B) =™ ~ |

for any u € WH2(R?)? whose support does not in-
clude a neighborhood of the origin, where y(3) is
what is defined in Theorem 1.

Proof. Let p € CP(R?\ {0})%. In view of
Lemma 2 we have

/ 2o - Do|*dx
R2
:/ |A(r_m<p)|2dx
R2

>minjn+ g — m|2/ r2m=2| ol 2de
nez R?2

for any ¢ € C§°(R?\ {0})? and m € R. Seeing
the definition of (/) in Theorem 1, we can find a
sequence m; — oo such that

. 2 _
min|n £ —m;[" = 5(6).

For a given u € W12(R?)? whose support does not
include a neighborhood of the origin, there exists a
sequence {p;}j=12.. C C(R?\ {0})? such that
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0; — uin WH3(R?) (j — o00), which completes the
proof. Ol

Lemma 3 yields the following

Lemma 4. Suppose that u € Wli’CQ(Q)2 is flat
at the origin with (4). Let Bg, := {x € R?: |z| <
Ro} € Q. For any Ry < Ry there exists a positive
constant C1 = C1(Ro, R1) independent of m; such
that

12 hor-c [

BRl

< 2002/ 7 2m 2|y ? de
Ri<|z|<Ro

+C’1/ 72 |u)? da,
Ri<|z|<Ro

where m; is the one given in Lemma 3.

Proof. Fix 0 < Ry < Ry and take § > 0 and a
smooth function x5 € C§°(0, Ro) such that

P2 2|y dr

1 6<r<R)
xs(r) = 0 (r<5/2)
and
Cod™ 1 (6/2<r <)

Ixé(T)IS{ Gy (Br<r< R0

for a positive constant C. Then Lemma 3 and the
condition (4) yield

(13) (8 / P2y 2
6§7‘§R1

< ~(8)? / P22y sl de

(723 (o - D) (su) [ de

<
< 2/ P 2m [0225_2 + 0027“_2] |u|? dx
5/2<r<s

+C’02/ P 2mi =2 |y do

6§7‘§R1

+ 2/ P 2m [022 + 0027“_2] |u|? da.
Ri<r<R»

Since u is flat at the origin, the last three integrals
tend to zero if 6 — 0. Therefore we have (12) with
Cy =2C3. O

Proof of Theorem 1. Let Br, C € and take
0 < Rz < Ry < Ry. In view of (12) we have
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2m.; _ .
- () [ =0 n Gnza,
Ry Br, T where Ry := Ro[1+{2(Co+18]) +1}7']. By re-
9 91 2m; o2 12 peating this procedure we have v =0 in 2. 1
< [v(B)” - Col By J/ rmT T ] de Acknowledgement. This paper is partially
R

1

< 2C§R?mj/ r2mi =2 |y)? do

Ri<|z|<Ro
2m; _ .
+ C1R; ’/ P2 |u|? da
Ri<|z|<Ro

2
u

< 2002/ L

Ri<|z|<Ro T

+Cy / |u|? da.
Ri<|z|<Ro

Making m; — oo, we have v = 0 in Bg,. Since R;
and Ry are arbitrary, we have v = 0 in Bp,.
Assume that there is g € Q with |zg] = Ro.
The condition (3) yields
Co + ||
|u

x

Set e = (1 —e)xg for 0 < e < Ry. If
RQ—E
1+2(Co+ 1))’

then we can find a positive constant C’ < 1/2 such
that

O0<p<

I
|Lou| < ———
| — x|
where B, (z.) is the open ball with radius p and cen-
ter z.. This fact implies, by De Carli-Okaji [2],

lul] in QN B,(x.),
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