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Abstract:

Let p be an odd prime number, K a CM-field, and K.,/K the cyclotomic Z,,-

extension with its n-th layer K,, (n > 0). Let A,, be the Sylow p-subgroup of the ideal class group
of K. For the odd part A, of A,, it is well known that the natural map A, — A, |, is injective.
The purpose of this note is to show that an analogous phenomenon occurs for the Galois module

structure of rings of integers of a certain class of tamely ramified extensions over K,, of degree p.
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1. Introduction. We first introduce some
notations. Let p be a fixed odd prime number. Let
K be a number field containing a primitive p-th root
Co of unity, and O the ring of integers of K. De-
note by Pk the subset of Ok consisting of integers
« such that (i) @« = 1 modulo all prime ideals of K
over p and (ii) the principal ideal aOf is square free
in the group of ideals of K. Let Tk be the subset
of Pk consisting of elements « such that the cyclic
extension K (a!/?)/K is at most tamely ramified at
all finite primes, and let Ng be the subset of Pg
consisting of elements « such that K (a'/?)/K has a
relative normal integral basis. Here, one says that a
finite Galois extension L/K with Galois group G has
a relative normal integral basis (NIB for short) when
Oy, is free of rank one over the group ring Ok [G]. By
a well known theorem of Noether, we have N C Tk
For a prime divisor v of K over p, let K, be the com-
pletion of K at v, and Uk, the group of principal
units of K,. We put

KX =1]K), Ux=]]Uxw

v|p vlp

Here, v runs over the primes of K over p. We often
regard K* as embedded in KX diagonally. We put
m = (o — 1. The following lemma is well known (cf.
Washington [6, Exercises 9.2, 9.3]).

Lemma 1. For a € Py, the cyclic extension
K(a'/?)/K is tame (ie., o € Tk) if and only if
a = uP mod 7P for some u € Uy .

Let L/K be a finite extension unramified outside
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p. Then, we can naturally ragard Px as a subset of
P, and we have T C Tr,. We also have Ng C Ny,
by a theorem in Frohlich and Taylor [1, (2.13)]. Fur-
ther, the notation Tx N Ny, has a sense and denotes
the subset of T consisting of elements o € T such
that L(a'/?)/L has a NIB.

Let K be a CM-field with ¢, € K*, and KT the
maximal real subfield of K. For a module M over
the group ring Z,[Gal(K/K™")], let M and M~ be
the even part and the odd part of M, respectively.
In view of Lemma 1, we put

Tﬁ:{aeTK|aEupmod7rp, Hueufg}.

Let K be as above, and let K, /K be the cyclotomic
Z,-extension with its n-th layer K, (n > 0). For
brevity, we put

T,=Tk,, Tf=TF, N,=DNg,.

It is well known that K., /K is unramified outside
p (cf. [6, Proposition 13.2]). Hence, for m > n, we
naturally have T,, C T},, N,, C N,, and we can use
the notation T,, N N,,, because of the fact we have
remarked above. It is known that for sufficiently
large n, K /K, is totally ramified at all the primes
over p (cf. [6, Lemma 13.3]). Denote by e (> 0) the
smallest integer such that K, /K, is totally ramified
for at least one primes over p. We can also say that
e is the largest integer such that K./K is unramified
at all the primes of K. We prove the following:

Theorem. Under the above setting, the follow-
ing assertions hold.

(I) Let m > n > e be integers, and let
o be an element of T, . Then, the cyclic ex-
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tension K,,(a'/?)/K,, has a NIB if and only if
K,(a'?)/K, has a NIB. Namely, T, N\ N,, C N,,.

(IT1) Assume that e > 1. For any integer n with
e>n>0, (T, N Npy1)\ Ny is an infinite set.

Let A,, be the Sylow p-subgroup of the ideal
class group of K,,, and A, = lim A, the induc-
tive limit of A, with respect to the inclusion maps
K, — K, (m > n). It is well known that the nat-
ural map A, — A, is injective (cf. [6, Proposi-
tion 13.26]). The above theorem is a Galois module
analogue of this result. As for the even part Al ,
it is conjectured that A = {0} by Greenberg [3].
In [5], we have studied the even part 7,7 when K
is an imaginary abelian field satisfying AJ = {0}
and some additional conditions. We proved that (i)
in contrast to the conjecture A} = {0}, we have
T.F NN, C N, for all n which are sufficiently large
“compared” with the Iwasawa A-invariant of the odd
part A, and that (ii) for relatively small n, very
delicate phenomena occur for the subset 7,7 N N, of
T, .

2. Proof of Theorem. The following
lemma is a consequence of a theorem of Goémez
Ayala [2, Theorem 2.1] (cf. also [4, I])

Lemma 2. Let K be a number field with {y €
K>, and o an integer of K relatively prime to p
such that the principal ideal aOg is square free in
the group of ideals of K. Then, the cyclic extension
K(a'?)/K has a NIB if and only if @ = € mod 7P
for some global unit € of K.

Let K be a number field with {; € K*, and Ex
the group of global units of K. Let £x be the closure
of Ex NUk in Ugk:

Ex = Ex NUK.
We put
Z/I;{l) ={u € Uk | u=1mod 7}.
For a finite extension L/K, we put
Hyp =Ux N UDEL)

regarding Uy as a subgroup of Uy in natural way.
Clearly, we have

UE)SK C Hg 1.

For each n > 0, we denote by (,, a primitive p"*!-st
root of unity. Let pp (K) = ({,) be the group of
p-power roots of unity in K. When K is a CM-field,
it is known that Ex = £ (¢,) and Ex = ((,) (cf. [6,
Theorem 4.12]). Therefore, when both K and L are
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CM-fields with iy (K) = (Ca) and ppe (L) = ((b)s
we see that

(1) U (Ca) € Hgp = U 0 (U)(G)).

Lemma 3. (I) Let K be a number field with
o € K*, and L/K a finite extension unramified
outside p. Then, Tk "N = Ni if Hx 1, = Z/[I(;)EK,
and (Txk N NL)\ Nk is an infinite set in other cases.

(IT1)  Assume further that both K and L are
CM-fields, and let pp=(K) = ((o) with a > 0.
Then, Tz NNy € N if Hyp = (U) " (Ca), and
(T N NL) \ Nk is an infinite set in other cases.

Proof.  First, let us show the “if” part of (I).
Let a be an element of Tx. Then, by Lemma 1,
« = uP mod 7P for some u € Ug. Assume that a €
Tk N Np. By Lemma 2, we see that o = ¢ mod «P
for some ¢ € £,. From the above congruences, we
obtain u € Z/Iél)EL. Hence, v € Hg 1 = Z/[I((l)SK,
and o = n? mod 7P for some n € k. Therefore,
K(a'/?)/K has a NIB by Lemma 2. Thus, we obtain
Tk NN = Ng.

Next, let us show the final part of (I). Take
an element u of Hg ; with u ¢ MI((I)SK. By the
Chebotarev density theorem, there exist infinitely
many principal prime ideals £ = aOg of K such
that @« = uP mod 7P. We see from Lemma 2 and
the conditions on w that L(a'/?)/L has a NIB but
K(a'/P)/K has no NIB. Hence, (Tx N Nz) \ Ng is
an infinite set.

The assertion (II) is shown similarly. (]

Let K be a CM-field with ¢, € K*, and
ppoo (K) = () with @ > 0. Put L = K(Cg41)-
Then, L/K is a cyclic extension of degree p un-
ramified outside p, and L is also a CM-field with
iy (L) = (Car1)-

Lemma 4. Under the above setting, we have
Hy = (Z/lf((l))*«a) if and only if L/K is ramified
for at least one primes of K over p.

Proof. By Lemma 1, L/K is unramified at all
the primes over p if and only if {, = vP mod =P for
some u € Uy. We see that the last condition holds
if and only if v = (441 mod 7 for some u € Uy.
On the other hand, we see from (1) that U (Ca) G
Hjy 1 if and only if there exists a semi-local unit u €
Uy such that u = (441 mod m. This is because the
congruence ¢, = (,4+1 mod 7 can not hold for any r.
The assertion follows from the above. []

Now, we obtain the Theorem immediately from
Lemmas 3 and 4.
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