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§1. Let k be a real quadratic field of discri-
minant A. Let x be the non-trivial Dirichlet char-
acter of k and L(s, %) the L-function attached to
X. In [2], Hua obtained the following upper bound
for L, x):

L, %) < %logz] +1.
It was shown in [7] that, in the case 4 = 1 (mod 4)
La, x Sélogd +7r— :

2 ’
where 7 = 0.57721... is Euler’s constant. Let
(> 1) be the fundamental unit of k and % be the
class number of k. From the class number formu-
la, the above upper bounds yield respectively the

following inequalities
VA

hlogsé‘/—f_—logA-i—T,

VA 1
hloge < —~log4 +«/Z<%—-—>.

4
We denote -‘[Zl_A—logA +—‘/§— by H(4) and

4

log A + \/Z(% - %) by W(A), respectively. In

the following, we restrict ourselves to the case
when 4 is a prime p of the form 4z + 1. In this
case, T. Ono has obtained the following inequal-
ity in his paper [6]:

h 2 w w
es-\/?(l+w)(1+—2—>-“(1+7>
=_2_<n+a)>
b\ n )
and <n:w>is the gener-

alized binomial coefficient.

Putting O(p) = log <—\/% (n _; @ >> we have an
upper bound

where w = 2

hloge < O(p) =log2 —llogp + ﬁ: log<1 +Q>.
2 P k

*) Dedicated to Professor Hiroaki Hijikata on his

60th birthday.

In this paper, we shall show O(p) < H(p) for
any p=5 and O@) <W() for 5 < p < 661
and O(p) > W(p) for p = 673. Since it is ob-
vious that W(p) < H(p) for any p = 5, we have
the following theorem.

Theorem. With the above notation, we have

O < W) < H(p) for the cases 5 = p
< 661,

W) < 0@) < H(p) for the cases p = 673.

§2. Since the gamma function I'(x) is logar-
ithmically convex (see [1]), one can easily show
the following lemmas 1, 2 for 0 < s < 1, using
the functional equation I'(x + 1) = xI'(x):

Lemma 1. For any natural number n and any
s > 0, we have the inequality

n’ n+s
< ("1

Lemma 2. For any 0 <s<n(E N), we
have
nts) 22n)°
n = Ird+s-
-1_1+
Combining the fact n=p y > 2‘/5 = w

for p = 13, and the above lemmas, we have
Lemma 3. Forany primep = 4n + 1 = 13,
n’ c(nto) o _2@n°
Ira+w — n =T+ w)
From Stirling’s formula, one knows

1
) 1 e’

< < .
\/ﬁw‘”% F(l + Cl)) \/—2—7[0)‘“%

From the right hand side inequality in Lemma 3
and the right hand side inequality of this formu-
la, one sees

o) < log (

4(2n)%e”
V2mpw 2

£) < HQ) + A®),
where A(p) = % (1 +1logl6 —logm — logp).

2

Since A(p) is a monotone decreasing function and
AQ17) = —0.102... <0, we have O() < H(p)
for p = 17. In the cases p = 5 and 13, a direct
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computation shows the inequality O@() < H(®).
Hence O(p) < H(p) for any prime p = 4n + 1
= 5,

On the other hand, from the left hand ‘side
inequality of Lemma 3 and the left hand side ine-
quality of Stirling’s formula, one sees

o) > @logp +\/7pB(p) + C + D),

Vb — 1> _logp
Vb Vb
C= %(1 +log2 —logm) = 0.274... and D(p)
_1, -1 1
2% +1 6Gph + 1
D(p) are monotone increasing functions, we have

B(1277) =0.0783... > r— % = 0.0772. ..

and C + D(1277) = 0.241..., and we obtain
o) > W) for p = 1277. Finally, a direct
computation for 5 < p < 1249 shows O()
< W(p) for any prime p = 4n + 1 < 661 and
W) < O(p) for any prime p = 4n + 1 = 673.

where B() =1—log2 + log(

Since B(p) and
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