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1. Introduction. Let X be a subset of Cn+t

such that #X-> n + 1. It is said that X is in
general position if any n + 1 elements of X are

linearly independent. From now on throughout
the paper we suppose that X is in general posi-
tion. Put
X(0) {a (al,..., an, an+ l) X a,+ 0}

and v-- #X(0).
It is easily seen that 0 <--v <--n. We introduce
the following notion to refine the fundamental
inequality of H. Caftan for holomorphic curves

([11).
Definition 1. We say that

(i) X is maximal (in the sense of general position)
if and only if for any Y in general position such
thatX Y C"+ X- Y.
(ii) X is u-maximal if X is maximal and
# x(o) .

The purpose of this paper is to give an ex-

ample of u-maximal subset of Cn+l
for any

_< v <_ n). Applications to the value distribution
theory of holomorphic curves ([2], [3]) will appear
elsewhere.

2. Lemma. We use the following notation.

(a) The difference product of x1, xn

An A (X Xn) II (X Xj)
li<jn

n-1 n-2
X X Xl 1

n-1 n-2
X Xn X 1

(b) The elementary symmetric polynomials in

a,o ao(xl,...,Xn) 1,
a, a(x,...,x,) x + + x,,
(7n2 (72(Xl, Xn XlX2 2f_ XlX3 + -- Xn_lXn,

ann-1- an-l(Xl, ,Xn) Xl Xn-1
+ xl"’" x,,_2x,, + + x2 x.,

ann (7n (Xx, Xn) Xl Xn,

ann+l (7n+l(Xl," Xn) O.
(c) We put

fnj(t) ai(1, t,..., tn-l) (j- 0,1,..., n + 1).
These fni are polynomials, which are not

identically equal to zero except fnn+l.
Lemma 1. For j= 1,...,n,
(7j (Xl,- Xn) (7j (Xl, Xn-- 1)

+ (7i_ (XI, Xn- 1) Xn.

This is easily seen from the definition of the
elementary symmetric polynomials.

Lemma 2.
Of10 Ofn Ofn+
n n-1

X X X 1
(1)

i=1

i=1

The first equality is well-known and we can

prove the second one by Lemma 1.
Let el,...,en+l be the standard basis of

Cn+l.
Lemma 3. For any vector (c1, crn,

Cn+ 1) of Cn+l
which is not equal to O, ce1, or

/en+l, there exist complex numbers al,... ,an
different from each other for which the vectors

(01’ n, n+l (a’, a,, 1),
n(a,,... ,a,, 1)

are linearly dependent, where cr and /3 are any
complex numbers.

_Proof We have only to find x a(d" 1,
n) different from each other for which the

determinant (1) reduces to zero.

(a) The case when at least two of ax,...,
are different from zero.

tk-Put x ix (k 2, n) and substi-
tute them into (1). Then

(7j (Xl,. ,Xn) X/nj(t) (j 1,..., n)
and the right-hand side of (1) divided by An is

equal to

(2) Ol crf (t)x +
+ (-- 1)n-lcrnfn_l(t)x-i + (-- 1)nCrn+iAn(t)x.

Let t- to( 4: 0) be any number for which
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kto 4= 1 (k 1,..., n- 1) and

L(to) o (i 1,..., n)
and substitute it into (2). Then, (2) reduces to a

polynomial in x (say, g(xx))of degree /(1 <--l
_< n)with at least two terms. We consider the
equation g(x)- O. This equation has at least
one non-zero solution by the choice of to and
since g(x) has at least two terms. Let a be one
of its non-zero solutions and put

k-a to a (k=2,...,n).
Then, a,..., an are different from each other
and the determinant (1) reduces to zero for x
a(j-- 1,...,n).
(b) The case when only one of az,..., an is diffe-
rent from zero.

Let c 4:0 (2 <--j<_ n). Then, the determi-
nant (1) is equal to

(3) (-- 1)-A(x x,,)a_(x,...,
Substitute x- a---- k (k-- 1,..., n- 1) into

(3) to obtain

a_(Xl,..., Xn) a_1(1,2 n 1, x,) p + qx,,
where p and q are positive integers. We take xn

a,,- --p /q. Then, al,. an are different
from each other and the determinant (1) reduces
to zero for these x a (j 1,..., n).

3. Result. Let
n--1Vn= {(an a a 1)’a C}U{el}

Proposition 1. Vn is 1-maximal.

Proof. It is easy to see that Vn is in general
position and # Vn(O)--1. We have only to
prove that for any vector

x (a,..., a, a+) ( 0)
which does not belong to Vn, VnU {x} is not in
general position.

0 or cl--(a) When a 4: O, cr On+
an 0, cn+ 4: 0, it is trivial that V.U

{x} is not in general position.

(b) When x 4: ce or flen+x for any complex num-
bers a and /3, Vn U {x} is not in general position
by Lemma 3.

Proposition 2. For any p (1 <_ p <_ n- 1),
the set

n-1U., ((a",a ,...,a,a, +l)’aC)U(e}
is p + 1-maximal.

Proof It is easy to see that
(a) #Un,(O) p + 1 and (b) U., is in general
position.

We have only to prove that for any vector
X-- (al,... an, On+1) (:#: 0)

which does not belong to Un,, the set Un, (x}

is not in general position. In fact the vector
X’ (tXI,... tXn, Ofn+ tXn+l_p)

does not belong to Vn and VnU {x’} is not in
general position by Proposition 1 and so U,p U
{x} is not in general position.

Propositions 1 and 2 give us the following
Theorem 1. For any u(1 <--u <--n), there

is a u-maximal subset of Cn+ in the sense of
general position.

Remark. There is no 0-maximal subset of
C in the sense of general position.

In fact, suppose that there is a 0-maximal
subset X of C in the sense jof general position.
Then, for any vector x (a, /3) of X such that/3
ve 0, el and x are then linearly independent.
This shows that X is not 0-maximal, which is a
contradiction.

Problem. Is there any 0-maximal subset of
Cn+l

in the sense of general position for n _> 2
9

4. Extension. The purpose of this section
is to extend the result obtained for subsets of
Cn+ in Section 3 to sets of holomorphic curves.

Let F be a field of meromorphic functions in
the complex plane and h a holomorphic curve
from C into pn(c) with a reduced representation

(h,..., hn+1) C Cn+l (0}.
Further, we put

H(F) {h [h,..., hn+]’h/hk F(4"- 1,
n + 1) for somek(1 -< k-< n+ 1)}.
Then, H(F) pn(c). Let X be a subset of

H(F) such that #X _> n + 1. It is said that X is
in general position if for any n + 1 elements hq

[h,..., hn+q] (q= 1,...,n + 1) of X,
det (h) 4: 0.

From now on throughout the section we sup-
pose that X is in general position. We set
X(0) {h [h,..., hn, hn+] X’h,+l 0}
and #X(0) u.
It is easily seen that 0 <--u<--n since X is in
general position.

As in the case of Cn+x, we give a definition
for X.

Definition 2. We say that
(i) X is maximal (in the sense of general position)
if and only if for any Y in general position such
thatX Y c H(F), X Y.
(ii) X is u-maximal if X is maximal and #X(0)

U.

We shall give an example of u-maximal sub-
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set of H(/’) for any (1 K u _< n). We set /n+l
((tEl,... an+l)" O( F(j 1,..., n + 1)}.
Lemma 4. For any (al,..., an+) Fn+l

which is not equal to 0,
and are any elements of F, there exist a,...,
an in F different from each other for which the
determinant of vectors
(al,..., a,+l), (a,..., al, 1),..., (a,..., a,, 1)

is identically equal to zero.

Proof We shall find a F(j= 1,
n) for which the determinant (1) reduces to

zero identically.
(a) The case when at least two of ,..., n+
are not identically equal to zero.

We first determine ax as follows. Put, tx (0 l < n 2) and t-( 2,...,n- 1),
and substitute them into (1). Then by Lemma 1
the determinant (1) devided by An is equal to

n+l

(4) a + X (-- 1) i-1 i-1

j=l

1-1(t) a+lXl.
=1

Let t to( 0) be any number for which

to 1 ( 1,..., n- 2), f.-._l(to) 0
U 2,..., n) and tof,__(to) + f,-a-l(to) 0
(l=O,...,n--2;j=2,...,n+l).
Substitute t to into (4) and (5), then we have

n+l

(6) G(Xl) {tof,_,_(to)
+ A--(to)}ax(-1 G(x) tH(x),

where

a(Xl) l) -lfn_._ to) Xl

H(Xl 1-1(to) +Xl
There are only a finite number of functions

in F which satisfy
(7) G(x1) 0 (l 0,1,..., n 2) and H(xx) O,
so that we can find Xl a in F which does not
satisfy any equations in (7)"
(8) G(aa) 0 (l= 0,..., n- 2) and H(a) O.

Next, We choose x a (k 2,..., n- 1)
and x an as follows:
(9) x a= to-lal (k=2,..., n-- 1)

and x, an G(a)/H(al).
Then, by the choice of to and Xl al, al,..., an
are different from each other and they belong to

F. In fact,
(i) It is easy to see that aa,..., an-1 are different
from each other.
(ii) an :/: ak (tc 1 n- 1). Contrary to the
assertion, if an ak for some k (1 _< k <_ n-- 1),
then an taa (1 k- 1) and from (6) and (9)

G(al) G(al) 1)taH(a
G(al) anH(al) O,

which is contrary to (8).
(iii) It is easy to see that aa,..., an-1 belong to F
since aa does.
(iv) an belongs to /" since c1,..., Crn+l, al F
and / is a field.

For these xj aj(j 1,..., n), the deter-
minant (1) is equal to

A (al,..., an) {G(a) anH(al) }
as in (6), which is identically equal to 0 by (9).
(b) The case when only one of cry.,..., cn is not
identically equal to zero.

Let cU (2 <-- j <-- n) be not identically equal
to zero. Then, as in the case of Lemma 3, Case
(b), for

x a k (k= 1,..., n-- 1)
and Xn a, u/v,

where a_a(1,..., n- 1, xn) u + vxn, u and
v being positive integers, the determinant (1) is
identically equal to zero.

Let ,V,,(C) ([an, a, 1]’a C}U
([1,0,..., 0]} and

n].H.(r) {if n, fn-lg, fgn-a, g f
and g are entire functions without common zeros
such thatf/g F(g :/: 0) or f- 1 (g- 0)}.

Then, Hn(F) Vn(C).
Proposition 3. H.(I") is 1-maximal.

Proof It is clear that Hn(/3 is in general
position and #Hn(F)(0)= 1. We have only to
prove that for any holomorphic curve

h [ha,..., hn+l] H(F)
which does not belong to Hn(F), Hn(F)t.J {h}
is not in general position.
(a) When ha :/: 0, hz h,+a 0 or h
0,..., hn O, hn+ =/= O, it is easy to see that the
set is not in general position.
(b) The other cases. The set is not in general
position by Lemma 4 since

(f n, f n-Xg,. fgn-1, gn)/gn i,n+Z
and (ha,..., hn+a)/h F+a

for g 4:0 and h 4: 0.
Proposition 4. For any p(1 <--p <-- n-- 1),

the set
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Hnp (F) {if n, f n-lg, fgn-X, gn + f
pgn-]

[fn, fgn-1, gn] Un(F)}
is p + 1-maximal.

Proof It is easy to see that
(a) #Hn(F) (0) p + i and
(b) H(F) is in general position.
We have only to prove that for any holomorphic
curve

h-- [h hn+ 1] H(F)
which does not belong to Hn(F), the set
H,p(F) U {h} is not in general position. In fact,
the holomorphic curve

h’= [h hn, hn+ hn+_] H(F)
does not belong to Hn(F)and ttn(F)U {h’} is
not in general position by Proposition 3 and so,

H(F) U {h} is not in general position.

Propositions 3 and 4 give us the following
Theorem 2. For any u (1 <-- <_ n), there

is a v-maximal subset of H(F) in the sense of
general position.
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