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1. Introduction. Let X be a subset of C**'
such that #X = #» + 1. It is said that X is in
general position if any # + 1 elements of X are
linearly independent. From now on throughout
the paper we suppose that X is in general posi-
tion. Put
X0) = {a= (a,,...,a, a,.,) €X:a,,=0}

and v = # X(0).
It is easily seen that 0 < v < n. We introduce
the following notion to refine the fundamental
inequality of H. Cartan for holomorphic curves
(1.

Definition 1. We say that
(i) X is maximal (in the sense of general position)
if and only if for any Y in general position such
that X< Y C"', X =Y.

(ii) X is v-maximal if X is
#X(©0) = v

The purpose of this paper is to give an ex-
ample of y-maximal subset of C"* for any v(1
< vy < n). Applications to the value distribution
theory of holomorphic curves ([2], [3]) will appear
elsewhere.

2. Lemma. We use the following notation.
(a) The difference product of xy,..., Z,:

4,=Ax,...,x,)= I (xr;,—x) =

1<i<j<n

n—1 n-2 1
X xy Z,

.
.

maximal and

Xt z, 1
(b) The elementary symmetric polynomials in x,
A
On = 0o(xy,. .
O = 0,(xy,. .
O = 0,(xy, . .

ST, =1,
L) =x, + 0+ x,,
ST, = XX, + ;i +
+ xn-—lxnr

.....

= 0, (Xyy. 0 T) =Xy Ty
o Xy, o

onn = o.n(xly- . ~yxn) = xl e .Z'n,

ann+1 = an+1(xlr- M xn) = 0.

(c) We put

fu® =0, t,.., ") G=0,1,...,n+1).

These f,; are polynomials, which are not
identically equal to zero except f,,41.

Lemma 1. Forj=1,...,n,

o;(xy,...,x,) = 0,(xy,...,2,_,)

+ o, (x,..., 2, )x,.

This is easily seen from the definition of the

elementary symmetric polynomials.

Lemma 2.
al a'z .... an an+l
non=l L. r 1
(1) PR
n _n-1
x” xn ..... xﬂ 1
n+1 i-1
=4, 2 (=1 Opj-19;
j=1
z i-1
= An j§ (_ 1) an—lj—l' (aj - ‘rnaj+l)

The first equality is well-known and we can
prove the second one by Lemma 1.

Let e, ..., e, be the standard basis of
Cn+1,

Lemma 3. For any vector (a,, . .., a,,
a,,,) of C™"' which is not equal to 0, ae,, or
Be,.,, there exist complex numbers a,, . . . ,a,
different from each other for which the vectors

(@y,..., Qy 0y, (@y,...,a, 1),...,

(a,,...,a, 1)
are linearly dependent, where & and B are any
complex numbers.

Proof. We have only to find x; = a;(j =1,
.. .,n) different from each other for which the
determinant (1) reduces to zero.

(a) The case when at least two of ay,. .., &,
are different from zero.
Put z, = t* 'z, (k = 2,...,n) and substi-

tute them into (1). Then

o,(xy,...,x,) = xif,; D G=1,...,n)
and the right-hand side of (1) divided by 4, is
equal to

(2) a, — af Dy + -+

+ (_ l)n_lanf;m—l(t)xl - + (_ 1)nan+1f;m(t)x1n-
Let ¢t = t,(#* 0) be any number for which
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ty+1(k=1,...,n—1) and
fiit) #0G=1,...,n)

and substitute it into (2). Then, (2) reduces to a
polynomial in x, (say, g(x;)) of degree I(1 <1
< m) with at least two terms. We consider the
equation g(x) = 0. This equation has at least
one non-zero solution by the choice of #, and
since g(x) has at least two terms. Let @, be one
of its non-zero solutions and put

a, =t 'a, (k=2,...,n.
Then, a,, ..., a, are different from each other
and the determinant (1) reduces to zero for x; =
a,(j=1,...,n).
(b) The case when only one of «,,.
rent from zero.

Let a; # 0 (2 <7 < n). Then, the determi-
nant (1) is equal to
3) (1D A@,...,x)0_(x,..., 1)a,.
Substitute x, = a, =k (k=1,...,n— 1) into
(3) to obtain
o (xy,...,x) =0,,1,2,...,n—1,z,) =p+qx,,
where p and ¢ are positive integers. We take x,
=a, = —p/q. Then, a ..., a, are different
from each other and the determinant (1) reduces
to zero for these x; = a,; (j = 1,..., n).

3. Result. Let

V,={d",a"}..

Proposition 1. V), is 1-maximal.

Proof. 1t is easy to see that V, is in general
position and # V,(0) = 1. We have only to
prove that for any vector

x= (..., Q, &) (F0)

which does not belong to V,, V,U{x} is not in
general position.
(a) When o, # 0, o, = - = a,,;, =0 or a; =

c=a,=0, a,,; ¥ 0, it is trivial that V, U
{x} is not in general position.
(b) When x # «e, or Be,., for any complex num-
bers a and B, V,U {x} is not in general position
by Lemma 3.

Proposition 2. For any p (1 <p<n—1),
the set

U,=1{@" a",...,d" a,a+1):ac O U{e}
is p + 1-maximal.

Proof. 1t is easy to see that
(a) #U,,(0) =p + 1 and (b) U,, is in general
position.

We have only to prove that for any vector

x= (a,..., a, a,.) (F0)
which does not belong to U, ,, the set U, ,U {a}

.., a, is diffe-

La,1):a € CtU{e).
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is not in general position. In fact the vector

x' = (... Ay Apyy — Cpiyp)
does not belong to V, and V,U{x’} is not in
general position by Proposition 1 and so U, ,U
{x} is not in general position.

Propositions 1 and 2 give us the following

Theorem 1. For any v (1 < v < n), there
is a y-maximal subset of C”* in the sense of
general position.

Remark. There is no O-maximal subset of
C? in the sense of general position.

In fact, suppose that there is a O-maximal
subset X of C” in the sense of general position.
Then, for any vector x = (&, 8) of X such that 8
# 0, e, and x are then linearly independent.
This shows that X is not O-maximal, which is a
contradiction.

Problem. Is there any O-maximal subset of
C"™' in the sense of general position for n = 2
2

4. Extension. The purpose of this section
is to extend the result obtained for subsets of
C""" in Section 3 to sets of holomorphic curves.

Let I" be a field of meromorphic functions in
the complex plane and 2 a holomorphic curve
from C into P"(C) with a reduced representation

(hyy...y By : C— C™ — {0},

Further, we put
HI) = {h=1h,... hy,l:h/heTG=1,
.,n+1)forsome k(1 L k< n+ 1)}

Then, H(I') D P"(C). Let X be a subset of
H(I'") such that #X = n + 1. It is said that X is
in general position if for any # + 1 elements 4,
=y ... by @=1,...,n+1) of X,
det(s,,) # 0.

From now on throughout the section we sup-
pose that X is in general position. We set
X0 ={r=1n,...,h,, h,,, ] €EX:h,.,=0}
and #X(0) = v.

It is easily seen that 0 < v < # since X is in
general position.

As in the case of C"+l, we give a definition
for X.

Definition 2. We say that
(i) X is maximal (in the sense of general position)
if and only if for any Y in general position such
that X YC HUI), X =Y.

(ii) X is v-maximal if X is maximal and #X(0)
=

We shall give an example of y-maximal sub-
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set of H(I") for any v(1 < v < n). We set I
={(,..., ), ET(G=1,...,n+ 1D}

Lemma 4. For any (ay,...,a,,) € """
which is not equal to 0, oe, or Be,., where «a
and 3 are any elements of I, there exist a,,. . .,
a, in I' different from each other for which the
determinant of vectors

(@y,...,e,), @,...,a,1,...,(a,...,a,1
is identically equal to zero.

Proof. We shall find x;=a, €I (j=1,
..., n) for which the determinant (1) reduces to
zero identically.

(a) The case when at least two of «a, . .
are not identically equal to zero.

We first determine x; = @, as follows. Put
2,=t2, 0<I1<n—2)andz, =tz
k=2,...,m—1),
and substitute them into (1). Then by Lemma 1

the determinant (1) devided by 4, is equal to

4) a,+ %1 (= DNy ® + Sy (DY

<y Ay

M=

(5) =2 (DY L Wax]™

j
1 Z i-1 i

-t 2 (=1 fn—1j—1(t)a'j+1x1-
j=1

Let t = t,(#* 0) be any number for which
th =1 (k=1,...,n—2), f_y_1(t) # 0
G=2,...,m) and tof,_j;_,(t) + fo_;1 () #* 0
(I=0,...,n—2;5=2,...,n+1).
Substitute ¢ = £, into (4) and (5), then we have

(6) G/(x) = a, + ’%:: (= 1)j—1{ttl>f;a—1/—2(to)

+ foya eyt = Glxy) — texr,H(xy),
where

G(x) = Zl (— 7Yy ) ey ™,
j=

1

H(z,) = i (= 1)j_lfn—1j-1(to) a;‘+1x{_l-

=1

There are only a finite number of functions
in I" which satisfy
(7 G(x) =00U=0,1,...,n—2) and H(z) =0,
so that we can find x; = @, in I" which does not
satisfy any equations in (7):
(8) G,a)#0U=0,...,n—2) and H(a,) # 0.

Next, We choose x, = a, (k=2,...,n—1)
and x, = a, as follows:
9 z,=a, =t 'a k=2,....,n—1)

and z, = a, = G(a,)/H(a,).

Then, by the choice of ¢, and x;, = a4, a,,..., a,
are different from each other and they belong to
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I'. In fact,
(i) It is easy to see that a,,..
from each other.
(i) a, # a, (k=1,..., n — 1). Contrary to the
assertion, if a, = a, for some k (1 < k< n—1),
then @, = tya, (I = k — 1) and from (6) and (9)
G,(a) = G(a,) — tya,H(a,)
= G(a) — a,H(a) = 0,

which is contrary to (8).
(iii) It is easy to see that a,,..
since a, does.
(iv) a, belongs to I' since aj, . .
and I is a field.

For these x; = a;(G = 1,. .., n), the deter-
minant (1) is equal to

A(ay,..., a){G@a,) — a,H(a)}

as in (6), which is identically equal to O by (9).
(b) The case when only one of a,,..., «, is not
identically equal to zero.

Let @; (2 < j < n) be not identically equal
to zero. Then, as in the case of Lemma 3, Case

., @,_; are different

.» @,_; belong to I"

Oy, @ €T

(b), for
r,=a,=k (k=1,...,n—1)
andx, =a, = —u/v,
where o,_,(1,...,n—1,2,) = u + vx,, # and

v being positive integers, the determinant (1) is
identically equal to zero.

Let V,(C) = {[a", . .
{[1,0,..., 01} and

HO ={r"f""g, . ...f8" " g:f
and g are entire functions without common zeros
such that f/g € I'(g #0) or f=1 (g = 0)}.

Then, H,(I") 2 V,(C).

Proposition 3. H,(I") is 1-maximal.

Proof. 1t is clear that H,(I) is in general
position and # H,(I") (0) = 1. We have only to
prove that for any holomorphic curve

h=1lhy,..., h,,,] € HI)
which does not belong to H,(I"), H,(I') U {h}
is not in general position.
(a) When A, #¥ 0, hy,=--+-=h,.,,=0o0r h; =
0,..., h,=0, h,,; 0, it is easy to see that the
set is not in general position.
(b) The other cases. The set is not in general
position by Lemma 4 since

(fn, fn—lg’. . fgn—l, gn)/gn = Fn+1

and (hy,..., h,,)/h, € T
for g # 0 and Ak, # 0.

Proposition 4. For any p (1 < p <n — 1),
the set

.,a,1l:ae C}U
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an(r) — {[fn’fn—lg,' ) .,fg"_l, gn _'_fﬁgn-ﬁ] .
[f".... 7", &1 € H,(D)}
is p + 1-maximal.
Proof. It is easy to see that
(a) #H,,(I')(0) = p + 1 and
(b) H,,(I') is in general position.
We have only to prove that for any holomorphic
curve

h=1hy,..., b, € HTI)

which does not belong to H,,(I"), the set

H,,(I') U {h} is not in general position. In fact,
the holomorphic curve

w = 1lhy..., h, Pypir — hn+1—p] € HWT)
does not belong to H,(I") and H,(I") U{h'} is
not in general position by Proposition 3 and so,
H,,(I') U {h} is not in general position.
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Propositions 3 and 4 give us the following

Theorem 2. For any v (1 < v < ), there
is a v-maximal subset of H(I") in the sense of
general position.
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