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The University of Aizu
(Communicated by Shokichi IYANAGA M. J. A., Dec. 12, 1994)

1. Introduction. Let R or C be the field of real or complex numbers,
S(R™ or S(C™ the unit sphere in R” or C” and x — & the usual conjuga-
tion in C.

We denote by F the Hilbert space of analytic functions f(w) of # com-

plex variables w = t(wl, Wy, ..., w,) € C”, with the inner product defined
by

(f,e) =xn" Lﬂf(w)g(w) exp(—w, [*= - —|w, )dw, - dw,,
where
dw, -+ - dw, = du, - - - du,dv, - - - dv,, w; = u; + 1v;(u;, v; € R),
and by H the usual Hilbert space L*(R").
V. Bargmann constructed in [1] a unitary mapping A from H onto F
given by an integral operator whose kernel is considered as a generating

function of the Hermite polynomials. More precisely, f= A¢ for ¢ € H is
defined by

fw = [ Aw, npwdt,

where
_ _—wa 1 2 172
Alw, ) = n " I exp{— 5 (w; + ) + 2 wt,|.
j=1

On the other hand, in [5] we showed that similar constructions are
possible for the Gegenbauer polynomials C;,, m = 0,1,2,..., which essen-
tially give the zonal spherical functions on the homogeneous space SO(n)/
SO(n — 1) = S(R"). That is to say, let F, be the Hilbert space of analytic
functions f of one complex variable on the unit disk B in C, with the inner
product given by

{f, &,= ng(w)Px(l w|dudv (w=u+ iv, u, v € R),

where

1 -1 2 N2
o= _[s 1 — 9% s (A>1/2)
a-1 ra—=a _ 1 b 222
g 1’(2,2—1).[03 (11— 9%} ©<a<1/2),
and let K, be the usual L* space on the open interval (— 1,1) with respect
to the measure (1 — %" "?dz. Then we have the following proposition (cf.

0,(H) =
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o Proposition 1. A unitary operator, f = A, 9, of K, onto F; is defined by
f = [ A, Dptr @ = A,
where
27’ raq+1 1—w
T aQ — 2wt + wH**?
= _Zii/;rl_"_(l_{m%) (m + D ChOw™.

We should remark that A,(w, ) can be regarded as a generating function of
the Gegenbauer polynomials and the following generating function expansion
plays an important role in the proof of this proposition.

A—2wt+u)? =3 CLw”, (—1<t<1, w|<1D.
m=0

A(w, ) =

As stated above, the Gegenbauer polynomials give the spherical func-
tions on the space SO#)/SO(n — 1) = S(R"), more precisely, for a zonal
spherical function ¢ on SO()/SO(n — 1) = S(R"), there exists a unique
nonnegative integer p such that

¢ ="C, Py Cr ), b="(by,..., b) € S(RM.
Here the identification SO(n)/ SO — 1) = S(R") is given by kSO(n — 1)
— ke,, k € SO(n) and ¢, = '(1,0,..., 0) € S(R™.

Let us turn to the analogous geometrical object Un)/ U — 1) =
S(C™). Let H,,(f,) be the space of restrictions to S(C™) of harmonic polyno-
mials f(€, &) on C" which are homogeneous of degree p in & and degree ¢ in
& Then it is known (cf. [4], [3]) that Hp(f; is U(n)-invariant and irreducible,
and moreover L*(Un)/Un — 1)) = @, H,,. In what follows, we de-
note by ¢;,'Z the zonal spherical function which belongs to H;f,) (cf. [4]).

The purpose of the present paper is to give a construction similar to
that for the Hermite or Gegenbauer case for the functions ¢,(,Z). The proof
will be published elsewhere.

2. Result. Suppose that # = 3 throughout this section.

Let A > — 1 and we denote by o, the function on the open set (0,1) X
(0,1) in R” defined by

o, (u, v) = (uv)mj;

min1/ul/o) f (ty, ty)
T

where

fitw, v) = () ™*{Q —w@ — )}
Let F, be the Hilbert space of analytic functions f(&, n) of two complex
variables (&, ) € B X B, the direct product of the unit disk B in C with
itself, with the inner product defined by

f, &= fl;m L& me, me (| €1, 1 1) dé&dn,
where

dé = d&,d&,, dn = dn,dn,, E =& + 1§, n =1n, + in, &, n, € R,
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and let K, be the usual L’ space on the unit disk B in C with respect to the
measure (1 — | 2D 'dzxdy, z=x+ iy, x,y € R. If we put A =n — 3,
then we have the following:
Theorem 1. A unitary operator, f = A, @, of K,_, onto F,_5 is defined by
F&m = A& 0200 — |2V dzdy,
<

[F4

where
n—2)(n—1) 1—&n
A&, n;2) =
S 2 11— & — nz+ &”
= "ﬂ:,zz Z otatn- DR,; (2)&n".

(The definitions of the functions R;:” will be given in Proposition 2.)
We only remark that the following proposition in [6], which gives a
. . n) . .
generating functions ¢,,, is a key to solving the problem.
Proposition 2. Ifw, z€ C,|w| <1,]|z| <1, then

(1 — 2Rew2) + | w'™" = = RP@uw'd,
9.4=0
where

Ry = (" +‘Z At - 2) ), b="(b,,..., b) € S,

and the identification Um)/U(n — 1) = S(C™) is given by kU(n — 1) —
ke, k€ Uw) and e, = '(1,0,...,0) € S(C"). The series on the right hand
side comverges absolutely and uniformly for |z| <1 and |w| < o for each
0<p<1. ‘

References

[1] Bargmann, V.: On a Hilbert space of analytic functions and an associated integral
transform Part I. Comm. Pure Appl. Math., 14, 187-214 (1961).

[2] Erdeélyi, A. et al.: Higher Transcendental Functions. Vol. 2, McGraw-Hill, New
York (1953).

[3] Faraut, J. and Harzallah, K.: Deux Cours d’Analyse Harmonique. Birkhauser,
Boston (1987).

[4] Johnson, K. D. and Wallach, N. R.: Composition series and intertwining operators
for the spherical principal series I. Trans. Amer. Math. Soc., 229, 137-178
(1977).

[5] Watanabe, S.: Hilbert spaces of analytic functions and the Gegenbauer polyno-
mials. Tokyo J. Math., 13—2, 421—-427 (1990).

[6] Generating functions and integral representations for the spherical func-
tions on some classical Gelfand pairs. J. Math. Kyoto Univ., 33—4, 1125-1142
(1993).

[7] —: Generating function for the spherical functions on a Gelfand pair of excep-

tional type. Tokyo J. Math., 17—1, 229-232 (1994).






