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§1. Introduction. Let Q(x, y) = ax’ + bxy + cy® be a positive defi-
nite quadratic form with discriminant d = b — 4ac, where a, b and ¢ are
real numbers and @ > 0. Then the Epstein zeta function {(s, @) is defined
by

(s, @ = %Z' Qlx,y)™° foro=R(G) > 1,

where x, y runs over all integers excluding (x, y) = (0,0) and s = ¢ + it
with real numbers o and £. We put
VId]

k="3,

It has been the subject of many mathematicians to study the distribution of
the zeros of {(s, @ from the view point of the comparison with that of the
Riemann zeta function {(s). {(s, @) does not in general have Euler product
expansion, while that of {(s) has been the key source for the proofs of var-
ious properties of the distribution of its zeros. Hence it is natural that
{(s, @ has in general the properties which the functions like {(s) never
have. For example, {(s, @) has in general a real zero between 0 and 1 (cf.
Bateman-Grosswald [2]). In certain cases, {(s, @) has even infinitely many
zeros in R(s) > 1 (cf. Davenport and Heilbronn [4]). On the other hand, sur-
prisingly enough, the Epstein zeta functions have in general also the prop-
erties which one has expected only to the functions like {(s). For example,
C(s, @ has infinitely many zeros on the critical line R(s) = 1/2 (cf. Kober
[9]). More recently and more strongly, it has been shown under certain
hypothesis by Bombieri and Hejhal [3] and Hejhal [7], that almost all the
zeros of {(s, @) with integral a, b and c lie on the critical line Rs = 1/2.
So we are left in the mist.

A remarkable result, bridging these two opposite directions, proved by
Stark [13], is that “k-analogue” of the “Riemann Hypothesis” hold for the Ep-
stein zeta functions. The purpose of the present article is to show that
“k-analogue” of GUE law fails for the Epstein zeta functions. As we have
shown in [5][6] (cf. also [1] and [11]), this should be distinguished completely
from the other zeta functions like {(s).

We start with recalling Stark’s “k-analogue” of the “Riemann Hypoth-
esis”. Stark [13] has shown that

for k > K, all the zevos of {(s, Q) in the region — 1 <0< 2, —2k <t
< 2k are simple zevos; with the exception of two veal zevos between O and 1, all
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are on the line 6 = 1/2 and that for 0 < T < 2k,
T kT 1 1
N(T, @ = —log (=, ) + 0ogh(T + 3) log log(T + 3)¥),

where N(T, Q) denotes the number of the zevos of {(s, @) in the region — 1
<o<2,0LtL T

As is seen in Stark’s paper [13], we have for 0 < T < 2k,
N(T, Q) = Fo(D) + A,(D),

where .
1 k\2*tiT 1 1 . 1 .
F, (D) = — arg (;) + —arg I‘(E + zT) + ;argC(l + 427
and
|4,(D | < C,
C being always some positive constant.
Since .
1 k\zHT 1 1 T _ T kT
- arg (;) + yarg F(E + zT) = ?10g<e_n') + 0,

the number variance with which we are concerned is

1 2T-2 ar 2
7 (Solt+—%7) = Sa) at,
log -
where we put
Seld =~ arg (L + i20) + Ag(D.
If it obeys GUE law, then it must be that

1 2T-2 ar 2
7 (ot + —25) = Se®) dt ~ Cloga as a— .
' log =
Contrary to this, we can show the following theorem.

Theorem. For k > K and 0 < T < k, there exists some positive constant
C such that

lT,[:T-Z (so(r+ j:,’ij) — Se) dt<C
T

1 T
uniformly for positive a < P log kT

Consequently, we see that as k— o

1 2k—-2 2

[ (set+ —2E—) = s,00) ar< ¢
k log (k™ /m)

uniformly for positive a < (1/7) log (k*/7). Thus we see that “k-

analogue” of GUE law fails for the Epstein zeta functions.

To prove the above theorem, we shall prove the following lemma which
is more general than what we need.

Lemma. For any 0 in 1/2 < 0 <1, there exists a positive constant
0(0) which may depend on o such that

fT” (arg(C(o + i(t + 1)) — arg(C(o + it)))? dt
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= A
n=2 n°’ log’ n
uniformly for 0 < h L T, where A(n) is the von-Mangoldt function defined by
_[logpifn= p" with a prime number p and on integer k = 1
Aln) = :
0 otherwise.

It is clear that this for 0 = 1 implies our Theorem stated above, since
Ao(d = 0QD).

§2. Proof of Lemma. Suppose that 2 < X = T < T? a is a suffi-
ciently small positive constant which may depend on 0. We put

1 1 2
soom Lt 2man (5 L 2
%= g ax \B~ 3 Tog X
o running here through all zeros 8 + i7 of {(s) for which

(1 — cos(hlog w)) + O(T*°)

316-11
lt— 7 < Tog X -
We put further
A(n) forl1<u<X
Ay = | A (log (X®/n))? — 2(120g (X /n))? for X < < X°
2(log X)
A(n) (log (X°/n))* /2(log X)° for X* < n < X°.

Under these notations, we shall use the following Selberg’s explicit formula
(cf. p. 239 of Selberg [12]) for 0 = 0y, and t = VX.
! Ay (n) Ay (n)
C (S) = 2 Z ;i Tir
n<x? n n<x® n **
Then we get for t = T and for ¢ = 0y,
arg(L(oc + i) = — f 3% (u + if) du

Ay(n)

= 3 Z o+it + O(
ncxsn  logmn

= M) + O(R()), say.

+o(r%

D + 0(Xi % log ).

1_0
o x

5 A l + log t>>

Ox tit
n<x® n

We put

_[1 ifo=oy,
flo, 0 = {O otherwise.

Now for any 1/2 <0 <1,
2T
fT (arg(Clo + i(t + W) — arg(C(o + i) dt

_ TZTf(a, t+ 1) fo, ) (arg(C(o + it + 1)) — arg(C(o + iB))? dt

+ j;zr (1—f(o, t+mf(o, D) (argllo+ it + ) — arg(Llo +iH))*dt

=S, + S,, say.
Since arg({(c + it)), arg({(c + i(t + h))) < log T for 0 = 1/2, we get
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2 2T 2 2T
S, <log’T [ (A —fo,Mdt+10g' T [ A= flo, t+m)dt
T T
= log® T(S; + S)), say.

. 1
S; < \ {T < t < 2T ; there exists 8 + iy in the region 8 > —;— + fog X'
3 3
Xz Xz 1 1
T— Tog X <ryrL2T+ Tog X such that ) il?fgi"” B> <§ + J>§} ‘
—<Tgx
b5+ TogX
x3(5-3) X
<2 = < (o, D,
. lfoTSZTth log X log X

8>(z+o)g
where we put

(o, D = min(T5 G2 71G)z0-G+)2)) 106 T
We notice that we have used Theorem 1 in p. 128 and Theorem 1 in p. 131
of Karatsuba and Voronin [8]. (One might get a better estimate if one does
1 3

not use a trivial estimate Xs(‘9 z) € X2.) In a similar manner we estimate
S”, and get 32
S, <<10gXLIf(a Dlog’T.

To evaluate S;, we use the above formula for arg({(c + if)) and
arg({(oc + i(t + h))).We get first

s, = T" Flo, t+ 1) flo, i) (M + h) — M(D)? dt

+ 0(/];2T (Mt + h) — M(®)* dt /j;CTR(t)zdt> + O(LCTR(t)Zdt)

= S; + 0(/S, VS;) + 0(Sy), say.
2T
S, = j; M+ B — M®D)* dt

+ fT" (Fo, t+ W) flo, B — 1) (ME+ h) — M®)’ dt
=S, + S, say.

S < /fT" 1 — f(o, H) dt /j;ﬂ M+ h) — M®)* at

2T 2T

+ /f A — f(o, t+ ) dt /f (M@t + h) — M®)* at
T T

= VS5, VS; + VS7 /S, say.

So we are left to evaluate S,, S; and S,.
2T = 2
- n® — 7@
Se = f, (T ) at
_ l 2T 2 _ 1 2T 2 l 2T 2
=3[ voa-3[ voa+g[ Inorad
=S+ S; + S, say,

where we put
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n=Z —M)——<i~ 1).

o+it ih
n<xsn  logn ‘n

S, & = Ay (m) A (n) < 0(X, 0,
mn<x® (mn)’ log m log n log(mn)

We get simply,

where we put
ifo=1

1
o(X, 0) = { _
X /log’ X if1/2 <0< 1.
By Montgomery and Vaughan [10], we get

2
=2 % (T+ 0 ))—A—(”% 1
n<x3 log"n n
= Ti ——4—(’1—)2— (1 — cos(hlogn))

n=2 logn

2
<Tn§X nAl:;)z n> * O<n§r3 nz';/'11 iz)gz n>

3 —A—@—(l — cos(hlogn)) + 0( T

X20‘—l lO

T2 :
n=z 1"’ log’ n
where we put
log log X ifo=1
2,(X, 0 =1 _sa-0 .
X /logX if1/2<o0<1.
Using Montgomery and Vaughan [10] again, we get

S<<f2T

Aafirtn)/lx(n) ( lm _ 1)( 1”l _ 1) dt
mn<x3 (mn) logmlogn ‘m n
7| 5 alk) |a(k) I
<f =G a < =T+ 0w)

KT Z dR,¥+ Z d),™¥ < T+ X" 1og’ X,

k<Xx$ k<Xx$
where A m A ) [ 1 1

— x\M) Ax\n _ 1 = 3.

alk) = m‘,zk log mlog n <m"' 1><n”’ 1) <dk) = ,%,:, 1
mn<Xx?
and we have used the estimate
> d*(k) €< Ylog' Y.

k<Y
Finally, we get, by using pp. 248-251 of Selberg [12],

1
X2 (et Ax(n) |?
S5 < logz X (f Oy itit

dt + Tlog T)

n<x3*mn

1
2~C

X S (vTTog X (j; XTI"’fTCT

log
+ Tlog' T) < TX /"™,

Consequently, we get

j;" (arg(Llo + it + h)) — arg(Llo + D)) * dt

Ay
pexs p" " log’ X

o

<

J

) + 0@,x, ),
gX

(A),
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= A’(n)

_ _ +13a_7g0 1
= T,Ezin” logzn (1 — cos(hlogn)) + O(T 2 —_‘/1—55;’—7>

6a(l1—o0)
T

+ o(T%( D)y 4 O(l_g‘T“> + O(T*W(o, Diog T

+ o(TH(T " log T+ logTT)\/Wa,—TT).

Here we can choose an optimal @ and get our Lemma as described in the
introduction, although we shall not describe it explicitly.

§3. Concluding remarks. 3-1. It is clear that Stark’s remainder term
in N(T', @) can be replaced by O(log log 7).

3-2. More generally, we can evaluate the mean values

j:r (arg(L(o + i(t + h))) — arg(C(o + it)))* dt.

Here we notice only that we have the following asymptotic formula for an
integer Kk =2 1 and for any 1/2 < g < 1.

j;zr (arg(Llo + i)  dt = TC(o, k) + O(T'7°“"),

where we put

o, =D % (%) -1 5 Aw)....Aw)
2% oM\ J mm=2 (ny...m;)" logm,...logn;
> Almy) .. . A(m,,_)
Ny =M. Mgy IOg m.. ~10g Mok—j
and 0(o, k) is a positive constant which may depend on ¢ and k.
3-3. It is noticed by Professor Ramachandra that the remainder
terms in the above mean value theorems for ¢ = 1 can be improved. For

example, when k = 1 and o = 1, the last remainder term can be replaced by
O(loglog 7).
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