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1. Introduction. Recently, H. Gauchman and G. Toth introduced a
method of constructing new examples of eigenmaps between spheres from
known old ones ([1]). As a consequence, they proved the following theorem
by applying it to those A,-eigenmaps obtained in [2]-[4].

Theorem A. For m = 5, there exist full A,-eigenmaps

mm+3) _

f:8"—>S z 7,
where r = 1,2,3,4,5,7,11,12,13,16.

Here a map f : S” — S” is said to be A,-eigenmap if all components of f
are spherical harmonics of degree 2, and is called full if its image is not con-
tained in any totally hypersphere of S”.

Theorem A implies, in particular, that full A,-eigenmaps f : S*— " ex-
ist for n = 4,7,8,9,13,15,16,17,18,19. However, in their approach the
existence of full A,-eigenmaps f : S*— S” is missing for # = 3,5,6,10,
11,12,14 (for m» = 2 the non-existence is proved in [1]).

The aim of this note is to show the following theorem which supple-
ments Theorem A.

Theorem B. Let k = 1. Then the following hold.

(1) There exist full A,-eigenmaps f : S¥* g for B+ 3k <1< 2K + 4k
+2, 1=K +3k—2

(i1) There exist full A,-eigenmaps f : S#*2 o S! for kP + 5k + 3 < 1< 2K
+6k+51=k+5k—2+2s(k—1DO<s<k+1) orl=k"+5k+1.

Our method of proof is different from that of H. Gauchman and G. Toth
and, in fact, makes an essential use of orthogonal multiplications R’ X R"—
R in constructing these maps. As a corollary of Theorem B, we obtain for
instance

Corollary. There exist full A,-eigenmaps f : S*— S" for n =10,11,
12,14.

This corollary combined with a result in H. Gauchman and G. Toth then
implies that Theorem A is true for # such that 1 < » < 13 or » = 16.

2. Existence of orthogonal multiplication for m = 2. An orthogonal
multiplication F : R™ X R"— R” is by definition a bilinear map such that
| Fx, )] =1zl Y |, where || || denotes the Euclidean norm. F is said to
be full if the image of F spans R’.

It is well-known that if F : R" X R"— R’ is an orthogonal multiplica-
tion, then the Hopf map defined by

folx, 9 = (zI” =yl 2F, 9), z,y€ R"
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gives rise to a A,-eigenmap from S# ! into S”. Note that from its definition
the Hopf map is defined only on odd dimensional spheres. However, for even
dimensional spheres S* we can construct A,-eigenmaps f : St—s' by ortho-
gonal multiplications as follows.

Given two A,-eigenmaps g : S" ' — 8" B §"'— S and an ortho-
gonal multiplication F : R” X R" — R’, we define
(1) flx, ) = (g, h(y), V2F(x, y)),
where £ € R”, y € R”. Then it follows from || g@ | = lzl>, |2 | =y}
and [ F(x, ») | = [z gl that

I, »lF=dzI*+1yH?

which implies that f gives rise to a A,-eigenmap f : S
Moreover, if g and & are full A,-eigenmaps and F is a full orthogonal multi-
plication, then f defines a full A,-eigenmap.

In this section, we shall prove the existence of orthogonal multiplica-
tions F : R™ X R"— R” when m = 2.

We assume m < . Since F : R™ X R"— R’ is a bilinear map, we may
write

m+n-1__ Sb+q+ 7—1'

Flx, y) = 2 a,xy,;,

where x = (x,,...,2,) €ER",y= (y,,...,y,) € R" and a;; € R’. Since
IF, pll=lz|lyl wehave

@y, a;) = 0y
(2) ay, ap> = 0

lay, a;p +<a;, a0 =0 GFj,k+D,

which imply that {a@,,}s_, is an orthogonal system in R’, and hence »n < 7.
1

Moreover, since F is full, we have n < » < mn.
Following the method due to M. Parker [2], who employed it in the case
m = n, we now define an mn X mn-matrix G(F) by

I, Ay, A

G(F) := A:21 In A:Zm

Ay Ay o 1,

where I, denotes the # X 7 identity matrix and A;; the # X #-matrix whose
entries are

ADu=Ffay, a2, 1<k 1<
Owing to (2), A;; is a skew-symmetric matrix and A;; = — A;;.

Note that the determinant det G(F) of G(F) coincides with the Gram's
determinant with respect to the system of vectors {a;}. Hence it holds that
rank G(F) = 7.

We set m = 2. Then G(F) is a 2n X 2n-matrix given by

11, - A] _
G(F) = [A L]oa=-a

Proposition C. A full orthogonal multiplication F : R? X R"— R exists

if and only if ¥ is even.
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Proof. First, we prove that rank G(F)(= 7) is even whenever a full
orthogonal multiplication exists. Recall that the characteristic polynomial of

G(F) is
1—wl —A
aet(GR) = uly) = det [ TP T4
Noting the formula

det [A B] = |det[A+y=T1BI

B A
where A and B are real matrices and || denotes absolute value, we have
det(G(F) — pl,,) = |det [A1 — w1, +V— 1A] %

Since A is skew-symmetric, det [(1 — ¢) I, + v— 1A] € R, and therefore
(3) det(G(F) — ul,,) = {det [Q — w1, + /— 1A]1}%
On the other hand, there exists a full orthogonal multiplication F : R* X R"
— R™ exists and is defined by
(4) F(x,y) = (24, Ty, TiYsr Tolor . - 1 T1Yns Tolly) s
where £ = (2, 2,) € R’, y = (y,, . . . ,y,) € R", which realizes the case
r = 2n. Hence it follows from (3) that 7 is even.

Next, note that two vectors (2,¥;, L¥;, L,¥;, X,¥;) and (xy; + Ly;, Ty,
— Z,Y;) have the same norm. Then it is easy to see that an orthogonal multi-
plication F : R* x R"— R is obtained from F in (4) by

)
F" (x, ) = (X, + T, TiYy — TY1, Tz ToYss e - s T1Yns 59,

since |FP, )| =|F(, y | Similarly, F?:R* x R"— R™™* from
F9 by

F? (z, ) = (@ + T, Ty — Tty TiYs + Tolfsy oYy — Tofss - 1 T1n Tly)
which is an orthogonal multiplication satisfying | FP@,pl=IF®
(x,y) | = F(x, y) |. Repeating this process, we can inductively define

orthogonal multiplications
F' Rz X R”_"RZW—S)

for0 < s < [%] where [a] denotes the maximal integer such that [a] < a.

Hence the proposition follows.

3. Proof of Theorem B. We first note that it is known by H. Gauch-
man and G. Toth ([1]) that there exist full A,-eigenmaps

h:S°—S? for qg=2,4,5,6,7,8, and

h:S*—S* for ¢ =4,7,9,10,11,12,13.

We are going to prove the odd dimensional case (i). Even dimensional
case (ii) can be proved by the same argument.

From Proposition C, there exist full orthogonal multiplications F : R? x
R**—>R" for r=2k+2+2s(0<s<k+1). We assume that full
A,-eigenmaps 4 : S** — S exist for all ¢ satisfying $%<q9=<q, 4, 4. €N
and g, < §,). Set
(5) Q1= @t 2k + 4, gy =4, + 4k + 6.

Then we can construct full A,-eigenmaps

f . SZIH-B—" Sl
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for g4 < I < §,,, in the following fashion.
Let gz, z,) = (| z, I° — | z, I, 22,,), and define
fx, = (g, h(y), V2F(z, y),
h and F being as above. Then f : SZH3  §U*2 gives rise to a full
A,-eigenmap. Since ¢, <I<§, and »=2k+2+2s 0<s<k+1),
q + 7 + 2 takes any integer satisfying
¢ T2k+4<q+r+2=<g,+ 4k + 6.
Now, recall that when k = 1, the above examples due to H. Gauchman
and G. Toth show that full A,-eigenmap 5 : S®— S? exists for 4 < ¢ < 8.
Hence we may take ¢; = 4 and g, = 8. Then it follows from (5) that
g, =k + 3k, G, =2k"+ 4k + 2.
Hence we obtain full A,-eigenmaps f : S#* 8% for kX 4+ 3k < ¢ < 2K +
4k + 2.
On the other hand, by making use of h: S°— S? we obtain similarly
full A,-eigenmaps
f:8°—= 8" for0<s<2,
from which we can also construct inductively full A,~eigenmaps
f S, St,,’
where t, = k* + 3k — 2 + 2s(k — 1) (0 < s < k). Note that since #, = g,

if s = 1, these examples are contained in the previous case when s = 1.

Consequently, we see that full A,-eigenmaps

f Sztc+1__) Sl
exist for [ = k* + 3k — 2 or k* + 3k < I < 2k + 4k + 2.

Remark. By the same argument we can construct more examples of full
A,-eigenmaps. For example, it is known by the result due to M. Parker that
full orthogonal multiplications F R®*X R*— R’ exist for r=4,7,
8,10,11,12. By making use of this, we can construct full A,-eigenmaps

f:8°—5'
for ] = 12,14 and 15 < [ < 26.

The author would like to thank Professor S. Nishikawa who suggested
him the problem with valuable comments and Professor H. Urakawa for his
helpful discussions.
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