338 Proc. Japan Acad., 68, Ser. A (1992) [Vol. 68(A),

81. On the Cardindlity of Value Set of Polynomials
with Coefficients in a Finite Field

By Javier GOMEZ-CALDERON

The Pennsylvania State University
(Communicated by Shokichi, [IYANAGA, M. ]. A., Dec. 14, 1992)

1. Introduction. Let F, denote the finite field of order ¢ where ¢ is a
prime power. If f(x) is a polynomial of positive degree d over F,, let
V,={f(x):x € F,} denote the image or value set of f(x) and | Vf| denote
the cardinality of V. Since f(x) cannot assume a given value more than d
times, it is clear that

[%l]+1slvf|s

where [x] denotes the greatest integer < x. Uchiyama [3] has proved that if
F, is of sufficiently large characteristic and

() = f@

xr—y
is absolutely irreducible, then | V,l > % for all d = 4. Carlitz [1] has also
proved that | V,| > -% “on the average.” More precisely, Carlitz proved that
v
a,€F,
where the summation is over the coefflclents of the first degree term in f(x).
In this note we determine a lower bound for | V, | when (d q) =1,

at < g and the multiplicative order of ¢ modulo p, is p —p, ! for all
prime power p;' || d. We prove that

|V, |2 7__ —,
1+ 2 9D)/lem(@@",...,00,"))

Dld
where D = py* po*+ - -p2” and @ (D) denotes the Euler Phi Function.
2. Theorem and proof. We will need the following two lemmas.
Lemma 1. Let f (x) be a monic polynomial over F, of degree d < q. Let #
f (x y) denote the number of solutions (xr, y) in F X F, of the equation
f @, 9) =f@) —fy) = 0. Assume

#f %z, y) < cgq
for some constant ¢, 1 < ¢ < d. Then

%slvfl.

Proof. Let R, denote the number of images of f(x) that occur exactly
¢ times as x ranges over F,, not counting multiplicities. Then

d d d
iR =gq, |V,|=2XR,and #f*x,y) = X i*R,.
i=1 i=1 i=1
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Hence, we can apply Cauchy-Schwarz inequality to obtain
d 2
¢’ = (Z iR,)
i=1

(£r)(ER)
< #f@, ) |V

2 2
Therefore, | V,| = — 4 >4 >4
Y A ) B

Lemma 2. Let d > 1 denote an integer with prime factorization given by
d = pi it
For (t, s) = 1, let ord,(s) denote the multiplicative order of s modulo t.
Assume ord,.e(q) = 0 (p;“) = 7' — f'_l fori=1,2,..., 7. Let D denote a
divisor of d and write

IN

D =pf1 ;z. .. :ry
where 0 < b, < a; fori = 1,2,..., 7. Then
ordy(g) = lem(8 (1), 0 ®,),...,0 B,)).
Proof. Assume ord,s(q) = e < @@ with 1<b,<a. So ¢°=1
mod p;* and then 1 + ¢° + ¢* + -+ + ¢®""° = 0 mod p,. Therefore,
¢ =1=@@ —1DA+g¢+ - +4¢""

b+1

= 0 and p;,",
where p, e < p, B @1) = p,(p) — p™) = @ (P!*"). Thus, an induction argu-
ment gives
q¢° = 1 mod p;*
for some positive integer ¢ such that ¢ < ﬂ(pf’), a contradiction to the fact
that ord,a(q) = @ (p;"). Therefore, ord,x(q) = g, for1 <b, < a, and i
=1,2,...,r So,
ord,(q) = lem(8 (0}, 8 B),..., 0 ()
We are ready for the theorem:
Theorem 3. Let f(x) be a monic polynomial over F, of degree d. Assume
d,q) =1 and at < q. Let the prime factorization of d be given by
d=pi'p b
Assume ord,e(q) = 0 (0f) = pi' — p7" fori=1,2,..., 7. Then
I Vfl 2 g b b ’
1+ 2 0WD)/lem (8@Y,..., 6(,))

Dld

where D = py poz- - -p’r

y .

Proof. Let the factorization of f*(x, y) = f(x) — f(y) into irreduci-
bles over F, be given by

fr@ = 1@, ).
Let .,
filx, y) = }30 h,(x, y)
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be the homogeneous decomposition of fi(xr,y) so that h;(x,y) is
homogenous of degree j. So, it is clear that
S

2 —y'=Mh
i=1

ing®

We also have, since (d, ¢) = 1, that z' = yd is a product of @(d) polyno-
mials,

xd - yd = n QD(x’ y)
Did

where @,(x, y) factors into @(D)/ord,(q) distinct irreducibles polynomials
in F,[x, y] of the same degree ord,(g). Therefore
9 (D)
SS 2 Sd @)
Now, if f;(x, y) is absolutely irreducible over the field F,, then
#fix,y) < d,—1)d,—2)Vq + df +4q [2, pp.330-331]

where d; = deg(f;(x, y)).

For fi(x, y) not absolutely irreducible, the situation is simpler and we
estimate

#fi(x, y) <d.
Therefore, if d < W we obtain :

B x, y) < é #f(x,y)

<= @~ D@, -2 Vg +d +sq
i=1
N
<X diVg+ sq
i=1
<A+ s)g.
Hence, combining with Lemmas 1 and 2 we obtain:

4
RANES

— q
1+ X @(D)/1lem (0 @),..., 00"
d
where D = pf‘ ’Z’Z' . 'pr’.

Corollary 4. With notation and assumptions as in Theorem 3, if
= a, = 1, then

RARES
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